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COMMON FIXED POINT THEOREMS FOR
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

HAFIZ FUKHAR-UD-DIN
Department of Mathematics, The Islamia University of Bahawalpur

63100, Pakistan
email: hfdin@yahoo.com

Abstract. In this paper, we assume that set of common fixed points
of two asymptoticaJly nonexpansive mappings is nonempty and one of
these mappings is completely continuous. Then $an$ iterative sequence
$\{x_{n}\}$ converges strongly to some common fixed point of these mappings.
If the mappings are not completely continuous but either the nom of
the space is HY\’echet differentiable or the dual of the space has Kadec-
Klee property, then the iterative sequence $\{x_{n}\}$ converges weakly to
some common fixed point of these mappings.

1. Introduction

Let $C$ be a nonempty subset of a real Banach space $E$ . A mapping
$T$ : $Carrow C$ is : (i) nonexpansive if $\Vert Tx-Ty\Vert\leq||x-y\Vert$ for all
$x,y\in C;(ii)$ asymptotically nonexpansive if for a sequence $\{k_{n}\}\subset$

$[1,\infty)$ with $\lim_{narrow\infty}k_{n}=1$ , we have $\Vert T^{n}x-\mathcal{I}^{m}y\Vert\leq k_{n}||x-y||$ for
all $x,y\in C$ and for all $n\geq$ l;(iii) uniformly $L$-Lipschitzian if there
exists a constant $L>0$ such that $||T^{n}x-\mathcal{I}^{m}y||\leq L||x-y||$ for all
$x,y\in C$ and for all $n\geq 1$ ; (iv) completely continuous if $\{Tx_{n}\}$ has a
convergent subsequence in $C$ whenever $\{x_{n}\}$ is bounded in $C$.

It is obvious that nonexpansive mapping is asymptotically nonex-
pansive and asymptotically nonexpansive is uniformly $L-Lirtzi\bm{t}$
but converses of these statements are not true, in general. Asymp-
totically nonexpansive mappings, since their introduction in 1972 by
Goebel and Kirk [4] have $rema\dot{i}$ed under study by vanious authors.
Goebel and Kirk [4] aJso proved: If $C$ is a nonempty bounded closed
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convex subset of a uniformly convex Banach space $E$ and $T$ : $Carrow C$ is
an asymptotically nonexpansive mapping, then $T$ has a fixed point. In
recent years, Mann and Ishikawa iterative sequences have been studied
extensively by many authors to solve one-parameter nonhnear $oper*$
tor equations as well as variational inequalities on a convex set $C$ in
Hilbert and Banach spaces (see, for example [8-11], $[13],[14]$ and the
references therein).

Finding common fixed points of a finite family $\{T_{j} : j=1,2,3, \ldots,n\}$

of mappings acting on a Hilbert space is a problem that often arises
in applied mathematics. Probably the most important case is the one
where each mapping $T_{j}$ is the metric projection onto some closed con-
vex set $C_{j}$ , under the assumption that intersection of all involved sets
$C_{j}$ is nonempty. In fact, many algorithms for $solv\dot{i}$g”convex feasibility
problem” connected to metric projections may be generalized to differ-
ent classes of more general mappings having a nonempty set of common
fixed points; for more details, see [12]. In 2001, Khan and Takahashi
[6] introduced the $follow\dot{i}g$ modified Ishikawa iterative scheme of two
self mappings $S,T$ on a convex set $C$ :

$\{\begin{array}{ll}x_{1}\in C, y_{n}=\beta_{n}T^{m}x_{n}+(1-\beta_{n})x_{n}, x_{n+1}=\alpha_{n}S^{n}y_{n}+(1-\alpha_{n})x_{n}, n\geq 1,\end{array}$ (1.1)

$where0<\delta\leq\alpha_{n},\beta_{n}\leq 1-\delta forsome\delta\in(0)\frac{1}{u})andtheya\triangleright pro\dot{n}matdcommonfixedpointsoftwoasymptotiynonexpansive$

mappings through weak and strong convergence of the scheme. Their
weak convergence result does not apply to $L^{p}$ spaces with $p\neq 2$ be
cause none of these spaces $satis\infty$ the Opial property while the strong
convergence of the sequence has been proved under the assumption
that domain of the mappings is compact. Moreover, the conditions on
the iteration parameters $\alpha_{n},\beta_{n}$ are ako strong.

In this paper, by weaknening the conditions on the iteration pa-
rameters $\alpha_{n},\beta_{n}$ , we, first, approximate common fixed points of two
asymptotically nonexpansive mappings through weak convergence of
the sequence (1.1) in the uniformly convex Banach space $satis\infty g$ one
of the conditions: (i) The space satisfy the Opid property; (ii) The
norm of the space is R\’echet differentiable; (iii) The dual of the space
has Kadec-Klee property. We aJso establish the strong convergence of
the sequence (1.1).
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2. PRLIMINARIES AND NOTATIONS

A Banach space $E$ is uniforniy convex if for each $r\in(0,2$], the
modulus of convexity of $E$ , given by

$\delta(r)=\inf\{1-\frac{1}{2}||x+y\Vert$ : $\Vert x||\leq 1,$ $\Vert y\Vert\leq 1,$ $\Vert x-y\Vert\geq r\}$ ,

satisfies the inequality $\delta(r)>0$ . For a sequence, the symbol\rightarrow (r\’ep.\rightarrow )
denotes norm (resp. weak) convergence. The space $E$ is said to satisfy
the $\infty ial$ condition [7] if for any sequence $\{x_{n}\}$ in $E,$ $x_{n}arrow x$ implies
that $\lim\sup_{narrow\infty}$ Il $x_{n}-x \Vert<\lim\sup_{narrow\infty}\Vert x_{n}-y\Vert$ for all $y\in E$ with
$y\neq x$ . It satisfies the Kadec-Klee property if for every sequence $\{x_{n}\}$

in $E,$ $x_{n}-arrow x$ and $\Vert x_{n}||arrow\Vert x\Vert$ together imply $x_{n}arrow x$ as $narrow\infty$ .
Let $S=\{x\in E : \Vert x\Vert=1\}$ and let $E^{*}$ be the dual of $E$ , that is, the

space of all continuous linear functionaJs $f$ on $E$ . Then the norm of $E$

is $G\delta teaux$ differentiable if

$\lim_{tarrow 0}\frac{\Vert x+ty\Vert-||x\Vert}{t}$

exists for each $x$ and $y$ in $S$. Moreover, this norm is $h6chet$ differentiable
if for each $x$ in $S$, this limit is attained uniformly for $y\in S$. In the case
of mchet differentiable nom, it has been obtained in [13] that

$\langle h, J(x)\rangle+\frac{1}{2}||x||^{2}$ $\leq$ $\frac{1}{2}||x+h\Vert^{2}\leq\langle h, J(x)\rangle+\frac{1}{2}||x||^{2}+b(||h||X^{*})$

for $\mathfrak{N}x,$ $h$ in $E$ , where $J$ is the $R6chet$ derivative of the functional
$\frac{1}{2}||.||^{2}$ at $x\in X,$ $\langle., .\rangle$ is the pairing between $E$ and $E^{*}$ and $b$ is a
function defined on $[0, \infty$) such that $\lim_{t\downarrow 0^{bt}}\perp_{t}\perp=0$ .

A mapping $T$ : $Carrow E$ is demiclosed at $y\in E$ if for each sequence
$\{x_{n}\}$ in $C$ and each $x\in E,$ $x_{n}-arrow x$ and $Tx_{n}arrow y$ imply that $x\in C$ and
$Tx=y$ . Throughout the paper, $F(T)$ denotes the set of fixed points of
$T$.

We need the folowing useful lemmas for development of our conver-
gence results.
Lemma 2.1[3]. Let $\{r_{n}\}$ and $\{s_{n}\}$ be two nonnegative oed sequences
such that

$r_{n+1}\leq(1+s_{n})r_{n}$ for ffi $n\geq 1$ .

If $\sum_{n=1}^{\infty}s_{n}<\infty$ , then $\lim_{narrow\infty}r_{n}$ exists.
Lemma 2.2[6]. Let $E$ be a normed space and $C$ be a nonempty
closed convex subset of $E$ . Let, for $L>0,$ $S$ and $T$ be uniformly
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$L$ -Lipschitzian mappings of $C$ into itself. Define a sequence $\{x_{n}\}$ as
in (1.1). If

$\lim_{narrow\infty}\Vert x_{n}-S^{n}x_{n}\Vert=0=\lim_{narrow\infty}\Vert x_{n}-T^{n}x_{n}||$ ,

then

$\lim_{narrow\infty}\Vert x_{n}-Sx_{n}||=0=\lim_{narrow\infty}\Vert x_{n}-Tx_{n}||$ .

Lemma 2.3 [2]. Let $C$ be a nonempty closed convex subset of a uni-
formly convex Banach space $E$ and let $T$ : $Carrow C$ be an asymptotically
$none\varphi ansive$ mapping. Then $I-T$ is demiclosed at $0$ .
Lemma 2.4 [5]. Let $E$ be $a$ oeflexive Banach space such that $E^{*}has$ the
Kadec-Klee property. Let $\{x_{n}\}$ be a bounded sequence in $E$ and $x^{*},y^{*}\in$

$\omega_{w}(x_{n})$ ( $weak$ w-limit set of $\{x_{n}\}$ ). Suppose $\lim_{narrow\infty}\Vert tx_{n}+(1-t)x^{*}-y^{*}||$

exists for all $t\in[0,1]$ . Then $x^{*}=y^{*}$ .
Lemma 2.5 [14]. Let $p>1$ and $r>0$ be two ffied real numbers.
Then a Banach space $E$ is uniformly convex if and only if there is a
continuous $st_{7}\dot{v}ctly$ increasing convex function $g:[0, \infty$) $arrow[0, \infty$) Utth
$g(O)=0$ such that

$\Vert\lambda x+(1-\lambda)y\Vert^{p}\leq\lambda\Vert x\Vert^{p}+(1-\lambda)\Vert y\Vert^{p}-\pi_{p}(\lambda)g(\Vert x-y\Vert)$

for all $x,y\in B_{r}[0]=\{x\in E:\Vert x\Vert\leq r\}$ , where $\pi_{p}(\lambda)=\lambda^{p}(1-\lambda)+$

$\lambda(1-\lambda)^{p}$ for all $\lambda\in[0,1]$ .

Lemma 2.6[1]. Let $E$ be a uniformly convex Banach space and let
$C$ be a nonempty bounded closed convex subset of E. Then there is a
stnctly increasing and continuous convex jfunction $g$ : $[0, \infty$ ) $arrow[0, \infty$)
with $g(O)=0$ such that, for every Lipschitzian continuous mapping
$T:Carrow E$ and for all $x,y\in C$ and $t\in[0,1],the$ following inequality
holds:

$\Vert T(tx+(1-t)y)-(tTx+(1-t)Ty\Vert\leq Lg^{-1}(||x-y\Vert-L^{-1}||Tx-Ty||)$ ,

where $L\geq 1$ is the Lipschitz constant of $T$.

3. WEAK AND STRONG CONVERGENCE RESULTS

We first prove the following helpful lemmas.
Lemma 3.1. Let $C$ be a nonempty closed convex subset of a normed
space $E$ and let $S,T$ : $Carrow C$ be asymptotically $none\varphi ansive$ map-
pings both with sequence $\{k_{n}\}\subset[1, \infty$) such that $\sum_{n=1}^{\infty}(k_{n}-1)<\infty$ .
If $F(S)\cap F(T)\neq\phi$ and the $sequence\{x_{n}\}$ is defined by (1.1), then
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$\lim_{narrow\infty}$ Il $x_{n}-p\Vert$ enists for all $p\in F(S)\cap F(T)$ .

Proof. For any $p\in F(S)\cap F(T)$ , we have

$||x_{n+1}-p\Vert$ $=$ $||\alpha_{n}(S^{n}y_{n}-p)+(1-\alpha_{n})(x_{n}-p)\Vert$

$\leq\alpha_{n}k_{n}\Vert y_{n}-p\Vert+(1-\alpha_{n})\Vert x_{n}-p\Vert$

$\leq\alpha_{n}k_{n}\Vert\beta_{n}(\mathcal{I}^{m}x_{n}-p)+(1-\beta_{n})(x_{n}-p)\Vert$

$+(1-\alpha_{n})\Vert x_{n}-p\Vert$

$\leq\alpha_{n}\beta_{n}k_{n}^{2}\Vert x_{n}-p\Vert+\alpha_{n}(1-\beta_{n})k_{n}||x_{n}-p\Vert$

$+(1-\alpha_{n})\Vert x_{n}-p\Vert$

$\leq$ $k_{n}^{2}\Vert x_{n}-p\Vert$ .

By Lemma 2.1, $\lim_{narrow\infty}\Vert x_{n}-p\Vert$ exists for all $p\in F(S)\cap F(T)$ as de-
sired.
Lemma 3.2. Let $E$ be a uniformly $\omega nvex$ Banach space and let $C$ be
a nonempty closed convex subset of E. Let $S,$ $T:Carrow C$ be asymptot-
ically $none\varphi ansive$ mappings both with sequence $\{k_{n}\}\subset[1, \infty$)such
that $\sum_{n=1}^{\infty}(k_{n}-1)<\infty$ . Define sequences $\{x_{n}\}$ and $\{y_{n}\}$ by (1.1),
where $\{\alpha_{n}\},$ $\{\beta_{n}\}$ are real sequences in $[0,1] satis\Phi ing\sum_{n=1}^{\infty}\alpha_{n}(1-$

$\alpha_{n})=\infty$ , $\lim\inf_{narrow\infty}\alpha_{n}>0$ and $\beta_{n}\in[\delta, 1-\delta]$ for some $\delta\in(0, \frac{1}{2})$ .
If $F(S)\cap F(T)\neq\phi,then$ there exists a subsequence $\{x_{i}\}$ of $\{x_{n}\}$ such
that

$\simarrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\Vert x_{i}-Sx_{i}\Vert=0=\lim_{iarrow\infty}\Vert x:-Tx_{i}\Vert$ .

Proof. For ffi $p\in F(S)\cap F(T),$ $\lim_{narrow\infty}||x_{n}-p\Vert$ exists as proved
in Lemma 3.1 and therefore $\{x_{n}-p\}$ is bounded. Consequently, $\{$

$y_{n}-p\},$ $\{\mathcal{I}^{m}x_{n}-p\},$ $\{2^{m}y_{n}-p\}$ are bounded. Therefore, we can obtain a
closed baJl $B_{r}[0]$ such that $\{x_{n}-p,y_{n}-p,T^{\iota}x_{n}-p,T^{n}y_{n}-p\}\subset B_{r}[0]\cap C$ .

With the help of Lemma 2.5 and the scheme (1.1), we have

$\Vert y_{n}-p\Vert^{2}$ $=$ $\Vert\beta_{n}(\mathcal{I}^{m}x_{n}-p)+(1-\beta_{n})(x_{n}-p)\Vert^{2}$

$\leq\beta_{n}\Vert T^{n}x_{n}-p\Vert^{2}+(1-\beta_{n})||x_{n}-p||^{2}$

$-\pi_{2}(\beta_{n})g(\Vert x_{n}-T^{n}x_{n}\Vert)$

$\leq k_{n}^{2}\Vert x_{n}-p\Vert^{2}-\pi_{2}(\beta_{n})g(\Vert x_{n}-T^{n}x_{n}\Vert)$ (3.1)
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$Aga\dot{i}$ by Lemma 2.5, the scheme (1.1) and the inequality (3.1), we
infer that

$\Vert x_{n+1}-p\Vert^{2}$ $\leq$ $\Vert\alpha_{n}(S^{n}y_{n}-p)+(1-\alpha_{n})(x_{n}-p)\Vert^{2}$

$\leq\alpha_{n}\Vert S^{n}y_{n}-p\Vert^{2}+(1-\alpha_{n})\Vert x_{n}-p\Vert^{2}$

$-\pi_{2}(\alpha_{n})g(\Vert S^{n}y_{n}-x_{n}\Vert)$

$\leq\alpha_{n}k_{n}^{2}\Vert y_{n}-p||^{2}+(1-\alpha_{n})\Vert x_{n}-p\Vert^{2}$

$-\pi_{2}(\alpha_{n})g(\Vert S^{n}y_{n}-x_{n}\Vert)$

$\leq$ $\alpha_{n}k_{n}^{4}\Vert x_{n}-p\Vert^{2}-\alpha_{n}k_{n}^{2}\pi_{2}(\beta_{n})g(\Vert x_{n}-T^{n}x_{n}\Vert)$

$+(1-\alpha_{n})||x_{n}-p\Vert^{2}-\pi_{2}(\alpha_{n})g(||S^{n}y_{n}-x_{n}\Vert)$

$\leq$ $k_{n}^{4}\Vert x_{n}-p\Vert^{2}-\alpha_{n}\pi_{2}(\beta_{n})g(\Vert x_{n}-\mathcal{I}^{m}x_{n}\Vert)$

$-\pi_{2}(\alpha_{n})g(\Vert S^{n}y_{n}-x_{n}\Vert)$

$\leq$ $\Vert x_{n}-p||^{2}-\alpha_{n}\pi_{2}(\beta_{n})g(||x_{n}-\mathcal{I}^{m}x_{n}||)$

$-\pi_{2}(\alpha_{n})g(\Vert S^{n}y_{n}-x_{n}\Vert)+(k_{n}^{4}-1)Q$

where $Q$ is a real number such that 11 $x_{n}-p\Vert^{2}\leq Q$ .
Rom the above estimate, we obtain the following two important

inequalities:
$\pi_{2}(\alpha_{n})g(\Vert S^{n}y_{n}-x_{n}\Vert)$ $\leq$ $\Vert x_{n}-p\Vert^{2}-\Vert x_{n+1}-p\Vert^{2}$

$+(k_{n}^{4}-1)Q$ ; (32)

$\alpha_{n}k_{n}^{2}\pi_{2}(\beta_{n})g(||T^{n}x_{n}-x_{n}||)$ $\leq$ $||x_{n}-p||^{2}-||x_{n+1}-p||^{2}$

$+(k_{n}^{4}-1)Q$ . (3.3)

Let $m$ be any positive integer. Summing up the terms from 1 to $m$

on both sides in the inequality (3.2), we have

$\sum_{n=1}^{m}\pi_{2}(\alpha_{n})g(||S^{n}y_{n}-x_{n}||)$ $\leq$ $||x_{1}-p||^{2}- \Vert x_{m+1}-p||^{2}+Q\sum_{n=1}^{m}(k_{n}^{4}-1)$

$\leq$ $\Vert x_{1}-p\Vert^{2}+Q\sum_{n=1}^{m}(k_{n}^{4}-1)$ .

When $marrow\infty$ in the above inequality, we get

$\sum_{n=1}^{\infty}\pi_{2}(\alpha_{n})g(||S^{n}y_{n}-x_{n}||)<\infty$

and hence
$\lim_{narrow}\inf_{\infty}g(\Vert S^{n}y_{n}-x_{n}||)=0$ .
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By the properties of $g$ , we have
$\lim_{narrow}\inf_{\infty}\Vert S^{n}y_{n}-x_{n}\Vert=0$ .

Since $\lim\inf_{narrow\infty}\alpha_{n}>0$ , we have $\alpha_{n}>\alpha$ for all $n\geq n_{0}$ . Also
$\beta_{n}\in[\delta, 1-\delta]$ for some $\delta\in(0, \frac{1}{2})$ .

Then the inequality (3.3) reduces to

$\alpha\delta^{2}\sum_{n=no}^{\infty}g(||\mathcal{I}^{m}x_{n}-x_{n}\Vert)$ $\leq$ $\Vert x_{n0}-p||^{2}+Q\sum_{n=n0}^{\infty}(k_{n}^{4}-1)$

$<\infty$ ,

which further, implies that
$\lim_{narrow\infty}\Vert T^{n}x_{n}-x_{n}\Vert=0$ .

Observe that
$\Vert x_{n}-S^{n}x_{n}||$ $\leq$ $\Vert S^{n}x_{n}-S^{n}y_{n}\Vert+||S^{n}y_{n}-x_{n}\Vert$

$k_{n}\Vert x_{\mathfrak{n}}-y_{n}\Vert+||S^{n}y_{n}-x_{n}||$

$\leq k_{n}(1-\delta)\Vert Tx_{n}-x_{n}\Vert+\Vert S^{n}y_{n}-x_{n}\Vert$ .
By lim inf on both sides in the above inequality, we get

$\lim_{narrow}\inf_{\infty}\Vert x_{n}-S^{n}x_{n}\Vert=0$.

Hence there exists a subsequence $\{x_{i}\}$ of $\{x_{n}\}$ such that
$i arrow\infty b\Vert x_{i}-S^{i}x_{i}\Vert=0=\lim_{iarrow\infty}\Vert x_{i}$一架 $x_{i}\Vert$ .

Finally by Lemma 2.2, we get that
$\lim_{iarrow\infty}||x_{i}-Sx_{i}\Vert=0=\lim_{iarrow\infty}\Vert x_{i}-Tx_{i}\Vert$ .

Lemma 3.3. Let $E$ be a uniformly convex Banach space and let
$C,$ $S,T$ and $\{x_{n}\}$ be taken as in Lemma 3.1. If $F(S)\cap F(T)\neq\phi,then$

for all $p_{1},p_{2}\in F(S)\cap F(T),$ $1_{\dot{i}1_{narrow\infty}}\Vert tx_{n}+(1-t)p_{1}-n\Vert$ exists for
all $t\in[0,1]$ .
Proof. The sequence $\{x_{n}\}$ is bounded, since $\lim_{narrow\infty}\Vert x_{n}-p\Vert$ exists.
Hence we may assume $C$ to be bounded. Let $a_{n}(t)=\Vert tx_{n}+(1-t)p_{1}-n\Vert$

Then $a_{n}(0)=||p_{1}-p_{2}\Vert$ and $\lim_{narrow\infty}a_{n}(1)=\lim_{narrow\infty}||x_{n}-p_{2}||$ exists
as proved in Lemma 3.1. Define $W_{n}$ : $Carrow C$ by:

$W_{n}x=\alpha_{n}S^{n}[\beta_{n}7^{m}x+(1-\beta_{n})x]+(1-\alpha_{n})x$ for all $x\in C$.
Obviously $F(S)\cap F(T)\subseteq F(W_{n})$ . Also we can verify that

$||W_{n}x-W_{n}y\Vert\leq k_{n}^{2}\Vert x-y||$ .

89



Set

$R_{m,m}=W_{n+m-1}W_{n+m-2}\ldots W_{n},$ $m\geq 1$ and

$b_{n,m}=\Vert R_{n,m}(tx_{n}+(1-t)p_{1})-(tR_{n,m}x_{n}+(1-t)p_{1})\Vert$ .
Then

$\Vert R_{n,m}x-$ 五,my $\Vert\leq(\prod_{j=n}^{n+m-1}k_{j}^{2})\Vert x-y\Vert$ .

Since $R_{n,m}x_{n}=x_{n+m}$ , we have
$a_{n+m}(t)$ $=$ $\Vert tx_{n+m}+(1-t)p_{1}-p_{2}||$

$\leq b_{n,m}+\Vert R_{n,m}(tx_{n}+(1-t)p_{1})-p_{2}\Vert$

$\leq b_{n,m}+(\prod_{j=n}^{n+m-1}k_{j}^{2})a_{n}(t)$

$\leq b_{n,m}+H_{n}a_{n}(t)$ , where $H_{n}= \prod_{j=n}^{\infty}k_{j}^{2}$ . (3.4)

By Lemma 2.6, there exists a strictly increasing continuous function
$g:[0, \infty]arrow[0, \infty]$ with $g(O)=0$ such that

$b_{n,m}$ $\leq H_{n}g^{-1}(||x_{n}-p_{1}\Vert-H_{n}^{-1}\Vert R_{n,m}x_{n}-p_{1}||)$

$=H_{n}g^{-1}(\Vert x_{n}-p_{1}\Vert-H_{n}^{-1}\Vert x_{n+m}-p_{1}\Vert)$ (3.5)

Combining (3.4) and (3.5), we get
$a_{n+m}(t)\leq H_{n}g^{-1}(\Vert x_{n}-p_{1}\Vert-H_{n}^{-1}\Vert x_{n+m}-p_{1}\Vert)+H_{n}a_{n}(t)$

Now fixing $n$ and letting $marrow\infty$ in the above inequality, we have

$\lim_{marrow}\sup_{\infty}a_{m}(t)\leq\lim_{marrow}\sup_{\infty}H_{n}g^{-1}(||x_{n}-p_{1}||-H_{n}^{-1}\lim_{marrow\infty}||x_{m}-p_{1}||)+H_{n}a_{n}(t)$

and again letting $narrow\infty$ , we get

$\lim_{marrow}\sup_{\infty}a_{m}(t)\leq g^{-1}(0)+\lim_{narrow}\inf_{\infty}a_{n}(t)=\lim_{narrow}\inf_{\infty}a_{n}(t)$ .

This completes the proof.
Lemma 3.4. Let $E$ be a uniformly convex Banach space with a Rahet
differentiable norm and let $C,$ $S,T$ and $\{x_{n}\}$ be as taken in Lemma
3.1. If $F(S)\cap F(T)\neq\phi$, then $\lim_{narrow\infty}\langle x_{n}, J(p_{1}-p_{2})\rangle$ exists for every
$p_{1},p_{2}\in F(S)\cap F(T)$ . Moreover $\langle p-q, J(p_{1}-p_{2})\rangle=0$ for $d1p,q\in$
$\omega_{w}(x_{n})$ , where $\omega_{w}(x_{n})$ denotes the weak $\omega$-limit set of $\{x_{n}\}$ .
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Proof. Take $x=p_{1}-p_{2}$ with $p_{1}\neq p_{2}$ and $h=t(x_{n}-p_{1})$ in the
inequality $(*)$ , we have

$t \langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle+\frac{1}{2}\Vert p_{1}-p_{2}\Vert^{2}$

$\leq$ $\frac{1}{2}\Vert tx_{n}+(1-t)p_{1}-p_{2}\Vert^{2}$

$\leq t\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle$

$+ \frac{1}{2}\Vert p_{1}-p_{2}||+b(t\Vert x_{n}-p_{1}\Vert)$ .
As $\sup_{n\geq 1}$ Il $x_{n}-p_{1}||\leq M$ for some $M>$ O,it follows from above the
above inequality that

$t \lim_{narrow}\sup_{\infty}\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle+\frac{1}{2}\Vert p_{1}-n\Vert^{2}$

$\leq$ $\frac{1}{2}\lim_{narrow\infty}||tx_{n}+(1-t)p_{1}-p_{2}||^{2}$

$\leq t\lim_{narrow}\inf_{\infty}\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle$

$+ \frac{1}{2}\Vert p_{1}-p_{2}||^{2}+b(tM)$

That is,

$\lim_{narrow}\sup_{\infty}\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle$ $\leq\lim_{narrow}\inf_{\ovalbox{\tt\small REJECT}}\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle$

$+ \frac{b(tM)}{tM}M$.
If $tarrow 0$ , then we see that $\lim_{narrow\infty}\langle x_{n}-p_{1}, J(p_{1}-p_{2})\rangle$ exists for all
$p_{1},p_{2}\in F(S)\cap F(T)$ . In particular, we have $\langle p-q, J(p_{1}-p_{2})\rangle=0$ for
all $p,q\in\omega_{w}(x_{n})$ , where $\omega_{w}(x_{n})$ denotes the weak $\omega$ -limit set of $\{x_{n}\}$ .

Now, we are in a position to prove our convergence theorems.
Theorem 3.1. Let $E$ be a uniformly convex Banach space and $C$ be
a nonempty closed convex subset of E. Let $S,T:Carrow C$ be asymptot-
ically nonexpansive mappings both utth sequence $\{k_{n}\}\subset[1, \infty$ ) such
that $\sum_{n=1}^{\infty}(k_{n}-1)<\infty$ . Define sequences $\{x_{n}\}$ and $\{y_{n}\}$ by (1.1),
where $\{\alpha_{n}\}$

)
$\{\beta_{n}\}$ are real sequences in $[0,1]satis\infty g$ $\lim\inf_{narrow\infty}\alpha_{n}>$

$0,$ $\sum_{n=1}^{\infty}\alpha_{n}(1-\alpha_{n})=\infty$ , and $\beta_{n}\in[\delta, 1-\delta]$ for some $\delta\in(0, \frac{1}{2})$ . If
$F(S)\cap F(T)\neq\phi$ , then there ecis$ts$ a subsequence $\{x_{i}\}$ of $\{x_{n}\}$ which
converyes weakly to a common fixed point of $S$ and $T$ pronnded that
one of the following conditions holds:
(i) $E$ satisfies the Opial property;
(ii) $E$ has a $f$}$echet$ differentiable norm;
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(iii) $E^{*}$ has the Kadec-Klee property.
Proof. Let $p\in F(S)\cap F(T)$ . Then $\lim_{narrow\infty}\Vert x_{n}-p\Vert$ exists as proved
in Lemma 3.1. Let $\{x_{i}\}$ be the subsequence as introduced in Lemma
3.2. Since $E$ is reflexive, there exists a subsequence $\{x_{j}\}$ of $\{x_{i}\}$ con-
$verg_{\dot{i}}g$ weakly to some $z_{1}\in C$. By Lemma 6, $\lim_{iarrow\infty}\Vert x_{i}-Sx_{i}\Vert=0=$

$1in4arrow\infty||x_{i}-Tx_{i}\Vert$ and $I-S,I-T$ are demiclosed at $0$ by Lemma 2.3,
therefore we obtain $Sz_{1}=z_{1}$ and $Tz_{1}=z_{1}$ . That is, $z_{1}\in F(S)\cap F(T)$ .
In order to show that $\{x_{i}\}$ converges weakly to $z_{1}$ , take another sub-
sequence $\{x_{k}\}$ of $\{x_{i}\}$ converging weakly to some $z_{2}\in C$. Again in the
same way, we can prove that $z_{2}\in F(S)\cap F(T)$ . Next, we prove that
$z_{1}=z_{2}$ . Assume that (I) is given and suppose that $z_{1}\neq z_{2}$ , then by
the Opial property

$\lim_{n}11^{x_{n}-z_{1}\Vert=\Vert x_{j}-z_{1}\Vert}rarrow$
科科

$< \lim_{jarrow\infty}\Vert x_{j}-z_{2}\Vert$

$= \lim_{narrow\infty}||x_{n}-z_{2}\Vert$

$= \lim_{karrow\infty}||x_{k}-z_{2}||$

$< \lim_{karrow\infty}\Vert x_{k}-z_{1}\Vert$

$= \lim_{narrow\infty}\Vert x_{n}-z_{1}\Vert$ .

This contradiction proves that $\{x_{i}\}$ converges weakly to a point in
$F(S)\cap F(T)$ .

Next suppose that (ii) is satisfied. From Lemma 3.4, we have that
$\langle p-q, J(p_{1}-p_{2})\rangle=0$ for all $p,$ $q\in\omega_{w}(x_{i})$ , where $\omega_{w}(x_{i})$ denotes the
weak $\omega$-limit set of $\{x_{i}\}$ . Now $\Vert z_{1}-z_{2}\Vert^{2}=\langle z_{1}-z_{2}, J(z_{1}-z_{2})\rangle=0$

gives that $z_{1}=z_{2}.Finally$, let (iii) be given. As $\lim_{narrow\infty}\Vert tx_{n}+(1-t)z_{1}-z_{2}||$

exists, therefore by Lemma 2.4, we obtain $z_{1}=z_{2}$ .
Ifwe replace the parametric conditions” $\lim\inf_{narrow\infty}\alpha_{n}>0,$ $\sum_{n=1}^{\infty}\alpha_{n}(1-$

$\alpha_{n})=\infty$ by $0<\delta\leq\alpha_{n}\leq 1-\delta<1$ for some $\delta\in(0, \frac{1}{2})$ in Lemma
3.2, it becomes Lemma 3 of Khan and $Taffihashi[6]$ . Then the above
$th\infty rem$ reduces to:
Theorem 3.2. Let $E$ be a uniformly convex Banach space and let $C$ be
a nonempty closed convex subset of E. Let $S,T:Carrow C$ be asymptot-
ically nonempansive mappings both unth sequence $\{k_{n}\}\subset[1, \infty$) $8uch$

that $\sum_{n=1}^{\infty}(k_{n}-1)<\infty$ . Define sequences $\{x_{n}\}$ and $\{y_{n}\}$ by (1.1),
where $\{\alpha_{n}\},$ $\{\beta_{n}\}$ are oeal sequences in $[0,1]$ such that $\delta\leq\alpha_{n},\beta_{n}\leq$

$1-\delta$ for some $\delta\in(0, \frac{1}{2})$ . If $F(S)\cap F(T)\neq\phi_{f}$ then $\{x_{n}\}$ converges
weakly to a common fixed point of $S$ and $T$ if one of the folloUtng
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conditions holds:
(i) $E$ satisfies the Opial property;
(ii) $E$ has $a$ &chet diffeoentiable norm;
(iii) $E^{*}$ has the Kadec-Klee property.

Next, we prove our strong convergence $th\infty rem$ .
Theorem 3.3. Let $E$ be a unifomly convex Banach space and let
$C$ be a nonempty closed convex subset of E. Let $S,T$ : $Carrow C$

be asymptotically $none\varphi amive$ mappings both Unth sequence $\{k_{n}\}\subset$

$by( 11),wheoe[1, \infty)suchthat\sum_{\{\alpha_{n}\}}n\infty=1(k_{n}-1)<\infty.Definesequenoes\{x_{n}\}and\{y_{n}\}and\{\beta_{n}\}areoealsequencesin[0,1]samhing$

$\lim\inf_{narrow\infty}\alpha_{n}>0,$ $\sum_{n=1}^{\infty}\alpha_{n}(1-\alpha_{n})=\infty$, and $\delta\leq\beta_{n}\leq 1-\delta$ for
some $\delta\in(0, \frac{1}{2})$ . If $F(S)\cap F(T)\neq\phi$ and either $S$ or $T$ is completely
continuous, then $\{x_{n}\}$ and $\{y_{n}\}$ converye strongly to the same common
ffied point of $S$ and $T$.
Proof. As proved in Lemma 3.2, there exists a subsequence $\{x_{i}\}$ of
$\{x_{n}\}$ such that

$\lim_{iarrow\infty}\Vert x_{i}-Sx_{i}||$ $=0= \lim_{iarrow\infty}\Vert x_{i}-Tx_{i}\Vert$ . (3.6)

Since $\{x_{i}\}$ is bounded and $S$ is completely continuous, so $\{Sx_{i}\}$ has a
convergent subsequence $\{Sx_{j}\}$ . Suppose $Sx_{j}arrow z\in C$.

Then

$\Vert x_{j}-z\Vert\leq\Vert x_{\dot{f}}-Sx_{j}\Vert+\Vert Sx_{j}-z\Vertarrow 0$ .

Hence $x_{j}arrow z$ . Then (3.6) assures that $z$ is a common fixed point of $S$

and $T$. As $\lim_{narrow\infty}$ Il $x_{n}-p\Vert$ exists for all $p\in F(S)\cap F(T)$ , so $x_{n}arrow z$ .
This completes the proof.
Remark 3.1. Our weak converence Theorems apply not only in
Hilbert and $L^{p}$ spaces $(1 <p<\infty)$ but ako to the spaces whose dual
has the Kadec-Klee property. Our strong convergence result improves
$Th\infty rem2$ of Khan and Taksahashi[6] due to the folowing reasons:

(i) Compactness of the domain is replaced by the complete continu-
ity;

(ii) Conditions on iteration parameters are weaker than those used
in [6].
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