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An Improved Approximation Algorithm for Maximum Edge
2-Coloring in Simple Graph

Graduate School of Science and Engineering, Tokyo Denki University

Zhi-Zhong Chen

Abstruct

We present a polynomial-time approximation
algorithm for legally coloring as many edges of a
given simple graph as possible using two colors.
It achieves an approximation ratio of g‘%. This
improves on the previous best (trivial) ratio of %.

1 Introduction

Given a graph G and a natural number t, the
mazimum edge t-coloring problem (called Max
EpGE t-CoLORING for short) is to find a max-
imum set F of edges in G such that F can
be partitioned into at most ¢ matchings of G.
Motivated by call admittance issues in satel-
lite based telecommunication networks, Feige et
al. [1] introduced the problem and proved its
APX-hardness. Their APX-hardness proof in-
deed shows that the problem remains APX-hard
even if we restrict the input graph to a simple
graph and fix the input integer ¢ to 2. We call
this restriction (special case) of the problem Max
SivMPLE EDGE 2-COLORING.

Since MAax EDGE t-COLORING and its special
cases are hard, it is interesting to design approx-
imation algorithms for them. As observed by
Feige et al. [1], MAX EDGE t-COLORING is ob-
viously a special case of the well-known maxi-
mum coverage problem (see [4]). Since the maxi-
mum coverage problem can be approximated by a
greedy algorithm within a ratio of 1 —(1—1)¢ [4],
so can be Max EpGe t-CoLoriNG. In particular,
the greedy algorithm achieves an approximation
ratio of $ for Max EpGe 2-CoLoRING which is
the special case of MAx EDGE t-COLORING where
the input number ¢ is fixed to 2. Feige et al. [1]
has improved the trivial ratio g- to -}-g by an LP
approach. They also pointed out that for Max

SiMPLE EDGE 2-COLORING, the ratio 1§ can be

further improved to % by the following simple al-

gorithm:

Input: A simple graph G.

Ruka Tanahashi

1. Compute a maximum subgraph H of G such
that the degree of each vertex in H is at most
2 and there is no 3-cycle in H. (Comment:
This step can be done in O(n?m?) time [3].)

2. Remove one edge from each odd cycle of H.
Output: H.

Kosowski et al. [7] also considered Max
SmmpLE EDGE 2-CoLoORING. They presented an
approximation algorithm that achieves a ratio of
Q=12 where A is the maximum degree of a ver-
tex in the input simple graph. This ratio can be
arbitrarily close to the trivial ratio § because A
can be very large.

In this paper, we present a polynomial-time
approximation algorithm for MAx SimpLE EDGE
2-CoLoRING which achieves a ratio of 268, To
achieve this, we first design a randomized algo-
rithm and then derandomize it. The analysis of
our algorithm is quite nontrivial.

Kosowski et al. 7] showed that approximation
algorithms for Max SiMpLE EpGE 2-COLORING
can be used to obtain approximation algorithms
for certain packing problems and fault-tolerant
guarding problems. Combining their reductions
and our improved approximation algorithm for
Max SimMpLE EpGe 2-COLORING, we can ob-
tain improved approximation algorithms for their
packing problems and fault-tolerant guarding
problems immediately.

2 Basic Definitions

Throughout the remainder of this paper, a graph
means a simple undirected graph (i.e., it has nei-
ther parallel edges nor self-loops).

Let G be a graph. We denote the vertex set
of G by V(G), and denote the edge set of G by
E(G). The degree of a vertex v in G, denoted
by dg(v), is the number of edges incident to v in
G. A vertex v of G with dg(v) = 0 is called an
isolated verter. An independent set of G is a set



S of vertices of G such that no two vertices of S
are adjacent in G.

A cycle in G is a connected subgraph of G in
which each vertex is of degree 2. A path in G is
a connected subgraph of G in which exactly two
vertices are of degree 1 and the others are of de-
gree 2. The length of a cycle or path C is the
number of edges in C. A cycle of odd (respec-
tively, even) length is called an odd (respectively,
even) cycle. A k-cycle is a cycle of length k. Sim-
ilarly, a k*-cycle is a cycle of length at least k.
A path component (respectively, cycle component
of G) is a connected component of G that is a
path (respectively, cycle). Note that an isolated
vertex of G is not a path component of G.

For a function b mapping each vertex v of G
to a nonnegative integer, a b-matching of G is a
subgraph H of G such that dy(v) < b(v) for all
vertices v of H. When b(v) < 1 for all vertices
v of G, a b-matching of G is called a matching
of G. The size of a b-matching M of G, denoted
by |M|, is the number of edges in M. Given
a graph G and a function b mapping each ver-
tex v to a nonnegative integer, the marimum
b-matching problem is to find a b-matching of
G of maximum size. Similarly, given a graph
G, the mazimum matching problem is to find a
maximum matching of G. G is edge-2-colorable
if E(G) can be partitioned into two matchings.
Thus, Max SimMpLE EDGE 2-COLORING is the
problem of finding a maximum edge 2-colorable
subgraph in a given graph. Note that G is edge
2-colorable if and only if each connected compo-
nent of G is an isolated vertex, a path, or an even
cycle.

For a random event A, Pr[A] denotes the prob-
ability that A occurs. For two random events A
and B, Pr{A | B] denotes the probability that 4
occurs given the occurrence of B. For a random
variable X, £[X] denotes the expected value of
X.

3 The Algorithm

Throughout this section, fix a graph G and a
maximum edge 2-colorable subgraph Opt. Given
G, our algorithm finds an edge 2-colorable sub-
graph of G as follows:

1. Compute a maximum subgraph H of G such
that each connected component of H is an
isolated vertex, a path, or a 4t-cycle. (Com-
ment: The set of vertices v of H with
dy(v) < 1 is an independent set of G be-
cause of the maximality of H.)
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2. Remove one (arbitrary) edge from each odd
7*-cycle of H.

3. For i € {0,1}, let T; be the set of vertices v
of H with dg(v) = 1.

4. Let Vs. be the set of vertices on 5-cycles of
H.

5. Construct an auxiliary graph A4, where
V(A) = To UT1 U Vs, and E(A) consists of
those {u,v} € E(G) such that no connected
component of H contains both u and v.

6. Compute a maximum b-matching M in A,
where b(v) =2 —dy(v) foreachv € ToUT)
and b(v) = 1 for each v € V..

7. Choose one edge from each 5-cycle of H uni-
formly and independently at random and re-
move it from H.

8. Let M’ be the set of all edges {u,v} in M
such that dg(u) + dar(u) < 2 and dy(v) +
dar(v) € 2.

9. Add the edges in M’ to H.

10. For each odd cycle C in H, select one edge
in B(C) N M’ uniformly and independently
at random and delete it from H.

11. Output H.

3.1 The First Analysis

For each ¢ € {1,2,7,9,10}, let H; be the con-
tent of graph H immediately after Step i of our
algorithm. Note that Hj is the output of our
algorithm. Related to H;, we define two sets and
two numbers as follows:

Es. is the set of edges on the 5-cycles of H;.
Es; = E(H,) — Esc.

n7ct is the number of 7t-cycles of H;.

Tpe is the number of path components of H;.

Lemma 3.1 |V(H;) — V(A)| = |Eg| -
2ngcy — Npc-

Proor. For each path component P of Hi,
{E(P)l = |V(P)| — 1 and two vertices of P are
contained in A. So, each path component of H,
contributes 1 to the value of |Egz| — [V(Hy) —
V(A)|. Similarly, for each cycle component C
of Hy, |E(C)| = |V(C)| and two vertices of C
are contained in A. Thus, each cycle compo-
nent of Hy contributes 2 to the value of |Ex| —



|[V(H;) ~V(A)|. This completes the proof of the
lemma. a

Related to Opt, we define five sets of edges as
follows:

e EZ, is the set of edges {u,v} in Opt such
that both u and v are vertices of A.

o EX, = E(Opt) - E4,.

Eg;fc (respectively, E;‘p’z “*) is the set of
edges {u,v} € EZ,; such that some 5-cycle
(respectively, path component) of Hz con-
tains both u and v. (Comment: By the max-
imality of E(H;), there is no edge {u,v} €
E;,“p, such that some path component of H;
contains both u and v. So, the endpoints
of each edge in E[,“p’f °* must appear on the
same 7*-cycle of H,.)

o~ (B VB

° EA,ez = EA -

opt opi

Lemma 3.2 |[EZ,| > |E(Opt)| - 2| Exg| +
4TL7C+ + 2npc.

PRrROOF. Since, each vertex can be adjacent to
at most two edges in Opt, |E(Opt) — E4,| <
2|\V(H;) ~ V(A)l. So, the lemma follows from
Lemma 3.1 immediately. O

Corollary 3.3 |E}°| > |E(Opt)| —
2| Beg| + dnzer. + 2npe — | Egn®| — | Bt

PROOF. Obviously, |Efe®| = |EA,| — (|Ea¢] +

|Efpf ®*]). So, the corollary follows from Lemma
3.2 immediately. =)

Lemma 3.4 For each edge e € M,
Prle € E(Hy)] > £

Proor. Fix an arbitrary edge e = {u,v} in M.
We distinguish three cases as follows:

Case 1: Both u € V5. and v € V5.. In this
case, since Pr{dy,(u) = 1] = 2, Prldy,(v) = 1]
= £, dar(u) <1, and dps(v) < 1, we have Prle €
M'] = &. Thus, it remains to show that Prle €
E(Hy) | e € M’} > 2. Assume that e € M'. If
no odd cycle of Hy contains e, then we are done.
So, further assume that some odd cycle C of Hg
contains e. We claim that C contains at least
three edges of Af’. For a contradiction, assume
that C contains only one edge ¢ of M’ other
than e. Obviously, if we delete e and ¢’ from C,
we obtain two paths P; and P, both of which are
connected components of H;. Moreover, one of
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u and v is an endpoint of P; and the other is an
endpoint of P,. Now, since u € Vs, and v € Vj,
P, and P; must have been obtained in Step 7 by
deleting one edge from each 5-cycle of H;. So,
both P; and P, are of length 4. However, this
implies that the length of C is 10 which is even,
a contradiction. Hence, the claim holds. By the
cliam, we have Prle € E(Hy) | e € M'] > &
immediately.

Case 2: Exactly one of u and v is contained in
Vse. We assume that u € Vi, but v € Vi; the
other case is similar. Then, Pr(dy,(u) = 1] = §
and dps(u) < 1. Moreover, ve Tporv € Ty1. In
the former case, dg,(v) = 0 and das(v) < 2. In
the latter case, dy,(v) = 1 and dps(v) < 1. So, in
both cases, dg,(v) + dar(v) < 2. Consequently,
Prle € M’ > 2 .1 = 2. Thus, it suffices to show
that Prle € E(Hy) | e € M’} > }. Assume that
e € M'. If no odd cycle of Hy contains e, then we
are done. On the other hand, if some odd cycle
C of Hp contains e, then the assumption u € V5,
guarantees that C contains at least two edges of
M’ and hence Prle € E(Hyo) | e € M'] > §.

Case 3: Both u & V. and v € V5.. Then, as
discussed in Case 2 about v, we have dg,(u) +
dar(u) < 2 and dy, (v) + dar(v) < 2. So, Prle €
M'} = 1. Thus, it suffices to show that Prle €
E(H) | e € M'] > L. Assume that e € M'. If
no odd cycle of Hy contains e, then we are done.
So, further assume that some odd cycle C of Hg

- contains e. We claim that C contains at least

two edges of M’. For a contradiction, assume
that the claim is false. Then, the path obtained
from C by deleting e is a connected component of
H;. However, this contradicts the construction
of graph A in Step 5. Thus, the claim holds.
Consequently, Prle € E(Hyo) |e€e M1 >4 O

By Lemma 3.4 and the algorithm, we have the
following corollary immediately:

Corollary 3.5 &[|E(Hw)|] > |Eg| —
Ner + §| Bsel + 35| M|

Lemma 3.6 |M| > |ELr"|/2.

ProoF. Let Af” be a maximum matching in
graph A. Since Opt has no odd cycle, Efz;f’
can be partitioned into two matchings of A. So,
|M") > |EZ;s|/2. On the other hand, since Al
is a maximum b-matching of A with b(v) > 1 for
each v € V(A), we have |M| > |M"|. Thus, the

]

lemma holds.



Theorem 3.7 8[|E(Hw)l] > U8 p(Opt)|

— 175
A5 A,T
105 IESFI 75 lEoptocl ’E C+

Proor. Combining Corollary 3.5 and Lemma
3.6, we have

4 4 ex
ElIB(Hro)l] 2 15zl = nres + £1Bscl + 7 | Egi ™).

So, by Corollary 3.3 and a simple calculation, we
have

EB(H)] > 75|E<0pt)| + 211Bedl + £ Bl

59 8 EASe 4 Aa7c
- 75”7C+ + 75nPC 75' optd - lEopt I

Consequently, since n7. < (|E(H1)| — |Esel) /7
and | Egg| = |E(Hy)| - | Escl, we have

ENEHD)] 2 75|E<0pt)»+ IE(H1)|+

105 105

75 I op5c| 75 IEfptTC+I

Now, since |E(H:)| is at least as large as
|E(Opt)|, the theorem follows. O

The following corollary shows that our algo-

rithm achieves an expected ratio of 3%.

Corollary 3.8

%)%IE(OPM + 125|E‘5_l

Proor. Obviously, IE;:ZC‘Ll < nrey < 1 Egl.
Moreover, since Opt cannot contain a 5—cycle,
Eoptc contains at most four edges {u.v} with
u € V(C) and v € V(C) for each 5-cycle C of H,.
Consequently, E;:,:cl < $|Bs| = 3E(H)| -
3|Egz|. Also recall that |E(H)| > |E(Opt)|.
Now, by the last inequality in the proof of Theo-
rem 3.7, the corollary follows. O

EN E(H)] >

In the next subsection, we will give another
analysis of the algorithm and combine it with the
analysis in this section to obtain a better ratio.

3.2 The Second Analysis

Let K be the graph with vertex set V(A) and
edge set Bz, — (Eo2° U ESTot).

Lemma 3.9 There are at least 3|E};|
vertices v € Vi, with dg(v) < 2.

Proor. Fix an arbitrary 5-cycle C of H;. Let
F be the number of edges {u,v} € E:pf" with

{u,v} € V(C). Let W be the set of the end-
points of the edges in F. Obviously, for each

[ESc'
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v € W, dg(v) < 2. We claim that |W| > %[F{.
To see this, first observe that we always have
|W| > |F! + 1. Moreover, |F| < 4 because Opt
cannot contain a 5-cycle. Thus, the claim holds.
The claim implies the lemma immediately be-
cause summing up 3|F| over all 5-cycles C of H;

yields the bound | 3,:’ ¢ O

Besides Lemma 3.6, we have another lower
bound on |M|.

Lemma 3.10 |M]| |E4,) — |Esc| —
+ %lEcﬁ;tscl + IE:;t7c+|.

Proor. Let h be the number of vertices v € V5,
with dg(v) = 2. By Lemma 3.9, h < |Es.| —
5 1EA Scl

Let £ be the number of vertices v € T with
dg(v) = 2. We claim that £ < 2(n7eq + npe) —

2|Ef,jt7 “*|. To see this, first observe that |T}| =

2(n7c4 +npe). Moreover, if {u,v} € E{,:,Z ¢t then

both dg(u) £ 1 and dg(v) < 1. Now, since no
two edges of Ej,‘:,: “* can share an endpoint, the
claim holds.

Obviously, if we modify K by removing one
edge from each v € V5, U Ty with dg(v) = 2,
we obtain a b-matching of A. So, since M is a
maximum b-matching of A, we have

2n7c+ - 2Tlpc

M| 2 | Byl = |E5pe®) = | Eape T | = h — £.
Thus, by the aforementioned bounds on A and ¢,

the lemma holds. a

Theorem 3.11  E[|E(Hj)|] >

2EOp)] + B + AL
75|EA7C+|

Proor. Combining Corollary 3.5 and Lemma
3.10, we have

91 52
5[|E(H10)i] > |Bg] - '73"7c+ + —'|5'5c|
16 e

So, by Lemma 3.2 and a simple calculation, we
have

EIE(Hw)] 2 2 1E5s| + o2 | B

59
T 75

> 75IE(0pt>|+

A,5¢ A,
nrc+ + |E0Apt5r' + 75|E 7c+'



Consequently, since n7.+ < |Exz|/7, we have

E[E(Ho)]) > 7513(01»5)! 5251Es-¢+ 2 | Bl
+7 IE;:”SC 751E:lptlc+

Since |Esc| + {Fgz| = |E(H,)|, we have

354

El|E(Hro)] 2 .,5|E<0pt)1 el (Iam|+525
2 \BAEe| + | BT,
Now, since |E(Hy)| = IE(Opt)I, the theorem fol-
lows. m]
Corollary 3.12  E[|E(Hy)|] >
B2 E(Opt)| +1%| Bsel-
Proor. By Theorem 3.7, we have
SENEH0)] > S21E(Opt)] + 315|E5,|
4 5o e
~ 525 For Eopt”l - 225115;‘,,{ i

On the other hand, by Theorem 3.11, we have

2E1B(H )] 2 3151E<0pt)| + 5751 Bsd

315
EA 5c EA 7c+|

225I opt 225 opt

So, summing up the left sides and the right sides
of the above two inequalities respectively, we have

1258

EE(H)]] 2 1575

7552 [E(Opt)| + 7= Esel.

105
O

Theorem 3.13  E[|E(Hy)l] >
21 E(Opt)|.

ProOOF. By Corollary 3.8, we have

ENE(H0)] 2 32 E(Opt)] + 712 Frcl
By Corollary 3.12, we have
2ENE(H0)] > et E(Op)] + 71 Bscl

’E5CI
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So, summing up the left sides and the right sides
of the above two inequalities respectively, we have

EIB(Ho)l| 2 522 1E(Opt)] + 1| B(Hy)|
> g E(Opt)].
O

3.3 Derandomization

Our algorithm makes random choices only in Step
7 and 10. To derandomize Step 10, we just mod-
ify it as follows:

10. For each odd cycle C in H, select an arbi-
trary edge of C and delete it from H.

Because the input graph is unweighted, it does
not matter which edge is deleted from each odd
cycle in Step 10. So, it should be clear that the
above modification of Step 10 does not affect the
approximation ratio achieved by the algorithm.

In Step 7, we make a random choice for each
S-cycle. In our above analysis of the algorithm,
only the proof of Lemma 3.4 is based on the mu-
tual independence between these random choices.
Indeed, by carefully inspecting the proof, we can
see that the proof is still valid even if the ran-
dom choices made in Step 7 are only pairwise
independent. So, we can derandomize it via con-
ventional approaches. Therefore, we have the fol-
lowing theorem:

Theorem 3.14 There is an O(n*m3)-
time approximation algorithm for Max
Sivpe Epce 2-Covorine achieving a ra-
tio of 238, where n (respectively, m) is the
number of vertices (respectively, edges) in
the input graph.

PRrOOF. We estimate the running time of the de-
randomize algorithm as follows. Step 1 can be
done in O(n?m3) time [3]. Obviously, Steps 2
through 4 can be done in O(n) time. Step 5 can
be trivially done in O(n?) time. Since b(v) < 2
for each vertex v, Step 6 can be done in O(,/nm)
time [2]. In Step 7, we need to generate O(n)
pairwise independent random integers. A con-
ventional way to do this uses two random seeds
s1 and sy both of value O(n). So, the sample
space of (sy, s2) is of size O(n?). For each sample
(81.82) in the space, we perform Steps 8 through
11 to obtain an output H(s;, s2). This takes a to-
tal time of (n3) because Steps 8 through 11 can



be done in O(n) time. We then find the sam-
ple (s1,52) in O(n?) time such that |H(s, s;)] is
maximized, and further output H(sy, s3). a

4 An Application

Let G be a graph. An edge cover of G is a set
F of edges of G such that each vertex of G is
incident to at least one edge of F. For a natural
number k, a [1, 4/-factor k-packing of G is a col-
lection of & disjoint edge covers of G. The size
of a (1, A]-factor k-packing {Fi,..., Fx} of G is
|FA{+---+|F|. The problem of deciding whether
a given graph has a [1, A]-factor k-packing was
considered in [5, 6]. In [7], Kosowski et al. de-
fined the minimum (1, AJ-factor k-packing prob-
lem (MiN-k-FP) as follows: Given a graph G, find
a 1, Al-factor k-packing of G of minimum size or
decide that G has no [1, A]-factor k-packing at
all.

According to [7], MiN-2-FP is of special interest
because it can be used to solve a fault tolerant
variant of the guards problem in grids (which is
one of the art gallery problems [8, 9]). Indeed,
they proved the following:

Lemma 4.1 If Max Smveie Epce 2-
CoLormva admits an epproximation algo-
rithm A achieving a ratio of o, then Min-
2-FP admits an approzimation algorithm
B ahieving a ratio of 2 — a. Moreover, if
the time complezity of A is T(n), then the
time complexity of B is O(T(n)).

So, by Theorem 3.14, we have the following
immediately:

Lemma 4.2 There is an O(n*m3)-time
approximation algorithm for Min-2-FP
achieving a ratio of %. where n (respec-
tively, m) is the number of vertices (re-
spectively, edges) in the input graph.

Previously, the best ratio achieved by a
polynomial-time approximation algorithm for
MiN-2-FP was § [7], although Min-2-FP ad-
mits a polynomial-time approximation algorithm
achieving a ratio 328=30 where A is the maxi-
mum degree of a vertex in the input graph [7].

5 Final Remarks

When the input graph is restricted to simple
graphs, Max Epce t-COLORING is easier to ap-
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proximate for large values of t. In more detail,
the following algorithm achieves a ratio of Tj—l:

Input: A simple graph G and a natural number
t.

1. Compute a maximum b-matching A of G,
where b(v) = ¢ for all vertices v of G. (Com-
ment: Since an optimal solution F can be
partitioned into ¢ matchings of G, it is a b-
matching of G. Hence, |[E(M)]| is at least as
large as the size of an optimal solution.)

2. Partition E(M) into ¢ + 1 matchings
My, ..., My, (Comment: By Vizing’s The-
orem (10}, this can be done in polynomial
time.)

Output: The largest ¢ matchings among
My ooy Mypy.

When t = 2, the above algorithm only achieves
a ratio of 2. The simple algorithm for Max
SimpLE EpGE 2-COLORING pointed out by Feige
et al. (see Section 1) can be viewed as an im-
provement over the above algorithm. Our new
algorithm can be viewed as a furhter improve-
ment.
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