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Abstract

In previous researches, the set of all weakly efficient points and the set
of all properly efficient points in vector optimization were represented by
using the sets of all efficient points with respect to convex cones. In this
paper, we consider a representation of the set of all ideal efficient points.
by using the sets of all efficient points, which is a representation similar to
the above.

1.Introduction
Let $E$ be a topological vector space and $K$ be a convex cone of $E$ which is not
the whole space. A binary relation $(\leq_{K}’)$ on $E$ is defined by

$x\leq\kappa y\Leftrightarrow^{def}y\in x+K$. $(x,y\in E)$

First, we state well-known notions of efficieney in vector optimization, see [6].

Definition 1. Let $A$ be a nonempty subset of $E$ and $K$ a convex cone of $E$ which
is not the whole space. We say that

(1) $x\in A$ is an ideaZ efficient point of $A$ with respect to $K$ \‘if $y.\in x+K$ for all
$y\in A$;

(2) $x\in A.is$ an efficient point of $A$ with respect to $K$ if $y\in x+K$ for all $y\in A$

with $x\in y+K$;

(3) $x\in A$ is a properly efficient point of $A$ with respect to $K$ if there erists a
convex cone $L$ of $E$ , which is not the whole space, such that $K\backslash l(K)$ is
contained in intL and $x$ is an efficient point of $A$ with respect to $L$ , where
$l(K)=K\cap(-K)$ ;

(4) Supposing that intK is nonempty, $x\in A$ is a weakly efficient point of $A$

with respect to $K$ if $x$ is an efficient point of $A$ with respect to intK $\cup\{\theta\}$ ;
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The set of all effcient points (resp. properly efficient points, weakly efficient
points and ideal efficient points) of $A$ with respect to $K$ is denoted by ${\rm Min}(A|K)$

(resp. $PrMin(A|K),$ $WMin(A|K)$ and IMin$(A|K)$ ).

WMin$(A|K)$ and $PrMin(A|K)$ can be represented by using the sets of
all eMcient points with respect to convex cones. Concretely, it is clear that
WMin$(A|K)={\rm Min}(A|intK\cup\{\theta\})$ , and a representation of the set of all
properly efficient points was given by Nieuwenhuis.

Theorem 1 ([1]). Let $A$ be a nonempty subset of $E$ and $K$ be a convex cone.
Assume that a sequence $\{K_{n}\}_{n\in N}$ of closed convex cones such that $K\backslash \{\theta\}\subset intK_{\dot{n}}$

and $K_{n}\subset K_{n+1}$ for each $n\in N$ , and $K= \bigcap_{n\in N}K_{n}$
. Then, we have

$PrMin(A|K)=\bigcup_{n\in N}{\rm Min}(A|K_{n})$ .

In this paper, we consider a representation of IMin$(A|K)$ , which is the same
as WMin$(A|K)$ and $PrMin(A|K)$ , by using the sets of all efficient points.
First, we state a representation of IMin$(A|K)$ when $K$ is closed, and we give
scalarization for ideal efficiency by using the representation of IMin(A I $K$).

2 Main results
Remember that a convex cone $K$ is said to be pointed if and only if $l(K)=\{\theta\}$ ,
where $\theta$ is the origin of $E$ .

Theorem 2. Let $A$ be a nonempty subset of $E$ , and $K$ a closed pointed convex
cone of $E$, which is not the whole space. Then the following equations hold:

IMin$(A|K)={\rm Min}(A+(-K)^{c}\cup\{\theta\}|K)$ .

Example 1. Let $E=\mathbb{R}^{2},$ $K=\mathbb{R}_{+}^{2},$ $A_{1}=^{\iota}\{(x, y)\cdot|x\geq 0, y\leq 0, ||(x, y)||\leq 1\}$

and $A_{2}=\{(x, y)|\Vert(x, y)\Vert\leq 1\}$, where $\mathbb{R}_{+}$ is the set of all nonnegative real
numbers. Then,

$A_{1}+(-K)^{c}\cup\{\theta\}$ $=$ $(0, -1)+\mathbb{R}^{2}\backslash (-\mathbb{R}_{+}^{2}\backslash \{(0,0)\})$,
$A_{2}+(-K)^{c}\cup\{\theta\}$ $=$ $(-1, -1)+\mathbb{R}^{2}\backslash (-\mathbb{R}_{+}^{2})$ ,

and we can check

IMin$(A_{1}|K)$ $={\rm Min}(A_{1}+(-K)^{c}\cup\{\dot{\theta}\}|K)=\{(0, -1)\}$ ,
IMin$(A_{2}|K)$ $={\rm Min}(A_{2}+(-K)^{c}\cup\{\theta\}|K)=\emptyset$ .
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Figure of Example 1.

Next, we give a scalarization for ideal efficiency by using the representation
of the set of all ideal efficient points. In the previous researches, we obtained the
following scalarization for weak efficiehcy.

Definition 2 ([5]). A function $f$ : $Earrow \mathbb{R}$ is said to be monotonic with respect
to $K$ if

$x\leq\kappa y,x\neq y\Rightarrow f(x)<f(y),$ .

and $fi_{8}$ said to be weakly monotonic with respect to $K$ if
$x\leq Ky\Rightarrow f(x)\leq f(y)$ , $x\leq int_{K\cup\{\theta\}}y,$ $x\neq y\Rightarrow f(x)<f(y)$ .

Theorem 3 ([5]). Let $A$ be a nonempty subset of $\mathbb{R}^{n}$ and $K$ be a closed pointed
convex cone.. Then,

(1) $x$ is a weakly efficient point of $A$ with respect to $K$ if and only if there exzsts
a continuous weakly monotonic function $f$ from $E$ to $\mathbb{R}$ 8uch that $f(x)$ is
the minimum of $f$ on $A$ .

(2) $x$ is a pmperly efficient point of $A$ with respect to $K$ if and only if there exist
. a closed pointed convex cone $L$ of $E$ with $K\backslash \{\theta\}\subset$ intL and a continuous
function $f$ from $E$ to $\mathbb{R}$ such that $f$ is monotonic with respect to $L$ and
$f(x)$ is the minimum of $f$ on $A$ .

By using Theorem 2 and 3, we have the following theorem.
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Theorem 4. Let $A$ be a nonempty subset of $E$ and $K$ a closed pointed convex
cone. The following assertions are true:

(1) if $x$ is an ideal efficient point of $A$ with respect to $K_{f}$ then there exists a
continuous weakly monotonic function $f$ from $E$ to $\mathbb{R}$ such that $f(x)$ is the
minimum of $f$ on $A+(-K)^{c}\cup\{\theta\}$ ;

(2) if there $e$ vist a closed pointed convex cone $L$ of $E$ with $K\backslash \{\theta\}\subset intL$ and
a continuous function $f$ from $E$ to $\mathbb{R}$ such that $f$ is monotonic utth respect
to $L$ and $f(x)$ is the minimum of $f$ on $A+(-c1L)^{c}U\{\theta\}$ , then $x$ is an ideal
efficient point of $A$ with respect to $K$ .
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