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'ON AN EQUIVALENCE RELATION BETWEEN
EFFICIENCY AND IDEAL EFFICIENCY

BIEASALREABTILHAN | BKEH (Tetsuya Nuriya)
BIRKERAETH¥M?2 REKE (Daishi Kuroiwa)

-1 Interdisciplinary Graduate School of Scxence and Engineering, Shimane University
2_ Interdisciplinary Faculty of Science and Engineering, Shimane University

Abstract

- In previous researches, the set of all weakly efficient points and the set
of all properly efficient points in vector optimization were represented by
using the sets of all efficient points with respect to convex cones. In this
‘paper, we consider a representation of the set of all ideal efficient points.
by using the sets of all efficient points, which is a representation similar to
the above. :

1 ,IntAroduction,

Let E be a topological vector space and K be a convex cone of E which is not
the whole space. A binary relation “<g” on E is defined by -

z<kYy N yeExz+ K. (z,y€E)
First, we state well-known notions of efficienéy in vector optimization, see [6].

Deﬁnitioh 1. Let A be a nonempty subset of E and K a com)ez cone of E which
s not the whole space. We say that ‘

(1) T € A is an ideal efficient point of A with respect to K ify € z + K for all
. YyEA

(2) z € Aisan efficient poznt of A with respect to K zf Yy E a:+K for all y € A |
withz € y+ K;

(3) z € A is a properly efficient point of A with respect to K if there exists a-
convex cone L of E, which is not the whole space, such that K \ [(K) is
contained in intL and x 18 an efficient point of A wzth respect to L, where .
I(K)=Kn(—-K), :

’ (4) Supposing that intK is nonempty, z € A is a weakly efficient point of A
‘with respect to K if x is an efficient point of A with respect to intK U {6};
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The set of aZl efficient points (resp. properly efficient points, weakly efficient
points and ideal efficient points) of A with respect to K is denoted by Min(A | K)
(resp. PrMin(A | K), WMin(A | K) and IMin(4 | K)). o

WMin(A | K) and PrMin(A | K) can be represented by using the sets of
all efficient points with respect to convex cones. Concretely, it is clear that
WMin(A | K) = Min(A | intK U {6}), and a representation of the set of all
~ properly efficient points was given by Nieuwenhuis.

Theorem 1 ([1]). Let A be a nonempty subset of E and K be a convez cone.
Assume that a sequence { Ky }nen of closed convez cones such that K\ {6} C intK,

-~ and K, C K, for each n € N, and K ﬂ K,,. Then, we ha've

neN

* PrMin(A | K= Mm(A | K)

neN

In this paper, we consider a representation of IMin(A | K), which is the same
as WMin(A | K) and PrMin(A | K), by using the sets of all efficient points.
First, we state a representation of IMin(A | K) when K is closed, and we give
scalarization for 1deal efficiency by using the representatlon of IMin(A | K )

2 Main results

: Remember that a convex cone K is said to be pointed if and only if I(K ) {0}
‘where 6 is the origin of E.

Theorem 2. Let A be a nonempiy subset of E, and K a closed pointed co'n'uei‘
cone of E, which is not the whole space. Then the following equations hold:

IMin(A | K) = Min(4 + (-K)° U {6} | K»)._

Example 1. Let E = R?, K = R2, 4; = {(z,5) | z > 0,y < 0, ||(z,9)]| < 1}
and Az = {(z,9) | ||(=, y)|| 1}, where R, is the set of all nonnegative real
numbers. Then,

A CKFU0) = (0-1)+ R\ (- RZ\{(o 0},
Aot (KU = (LD TR\ (R,

and we can check

IMin(4; | K) = Min(A4, + (~K)°U{6} | K) = {(0,~1)},
IMin(4z | K) = Min(4; + (—K)°U{6} | K) =
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Figure of Ezample 1.

- Next, we give a scalarization for ideal efficiency by using the representation
of the set of all ideal efficient points. In the previous resea.rches, we obtained the
: followmg scala,nzatlon for weak efﬁ(:lehcy

Definition 2 ([5]). A functzon f:E — R is said to be monotomc with respect
to K if

z <k 1,5 # y=>£(z) < f(¥),
and f is said to be weakly monotonic with respect to K if

v

T <k y=>f(z) < f(y) T Sintxugey ¥ T #F y=>F(z) < f(y).

Theorem 3 ([5]). Let A be a nonempty subset of R™ and K be a closed pomted
convez cone.. Then,

(1) z is a weakly efficient pomt of A with respect to K if and only if there ezists
a continuous weakly monotomc function f from E to R such that f(z) is
the minimum of f on A.

(2) z is a properly efficient point of A with respect to K if and only if there exist
_a closed pointed convex cone L of E with K \ {6} C intL and a continuous
fu.nctzon f from E to R such that f is monotomc with respect to L and
f(z) is the minimum of f on A. , |

By using Theorem 2 and 3, we have the following theorem.
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orem 4. Let A be a nonempty subset of E and K a closed pointed convex

cone. The following assertions are true:

(D

2)

if © is an ideal efficient point of A with respect to K, then there ezists a
continuous weakly monotonic function f from E to R such that f(z) is the
minimum of f on A+ (—K)°U {6},

if there ezist a closed pointed convex cone L of E with K \ {6} C intL and -
a continuous function f from E to R such that f is monotonic with respect
to L and f(x) is the minimum of f on A+ (—clL)CU{H}, then z is an ideal
efficient point of A with respect to K.
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