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Analysis of Particle-Size Distributions by a
Dynamic Light Scattering Apparatus with
a Time Interval Digitizer

Yoshisuke TsunasHiMmaA, Norio NkmoTo, Yutaka MaxkiTa, and Michio KuraTa*

Recetved September 14, 1981

The Histogram method presented by Chu ef /. for analyzing the correlation function profile measured
by means of homodyne photon correlation spectroscopy is reexamined and its reliability is established for a
wide variety of autocorrelation functions consisting of bimodal modes. The autocorrelation functions
analyzed are simulated test functions which are constructed for a hypothetical system with bimodal particle-
size distributions, and observed functions which are obtained by a computer-controlled software correlator
with 512 channels for aqueous suspensions of binary mixtures of polystyrene-latex particles of different
known radii.

KEY WORDS: Dynamic light scattering/ Autocorrelation function/ Histogram
method/ Particle-size distribution/ Translational diffusion
coefficient/ Polystyrene-latex spheres/

I. INTRODUCTION

The dynamic light scattering method is extensively used in the study of polymer chain
dynamics as a powerful tool to analyze diffusive motions in solutions.1~® However, the
analysis is often obstructed by the existence of polydispersity in polymer samples or by the
appearance of intramolecular motions. These effects distort the shape of the autocorrela-
tion function 4(r) measured by photon correlation spectroscopy from a single exponential
form, and more or less complicate interpretation of the measured function.

Recently, Chu and his collaborators including one of the present authors have proposed
a histogram method for analyzing the correlation function profile of non-exponential decay.®
In this method, the normalized distribution function of the decay rate, G(I"), is approx-
imated by an equally segmented histogram in I" space and the histogram is determined so
as to minimize a measure of fitness of the computed A4(r) to the experimental one with
respect to the histogram parameters, cf. seq. With 4(r) composed of 96 delay channel
numbers, Chu ef @/. have studied the reliability of the histogram method by simulation and
predicted that if the disturbance from intramolecular motions is absent, the method should
be fairly applicable to the analysis of the polydispersity in macromolecular samples with
either unimodal or bimodal distribution of molecular weight. They have successfuly tested
this prediction by using aqueous suspensions of a polystyrene(PS)-latex® and two low-
molecular-weight polystyrene (M,»=1.03x104 and 1.79x10% in cyclohexane.» All
these solutes, however, have unimodal distributions of particle or molecular dimensions.

¥ B RAE, BAKRR, EE B, £MEEK . Laboratory of Polymer Physical Chemistry, Institute for
Chemical Research, Kyoto University, Uji, Kyoto 611.
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Thus, the reliability of the histogram method has not fully been established yet for systems
with bimodal particle-size distributions.

‘We have recently constructed a computer-controlled software correlator with a channel
number as large as 512. The increase in the channel number up to 512 was naturally
effective in locating the base-line level on the diagram for observed photon correlations,
and allowed us to shape an accurate autocorrelation function 4(r) even for very weak scat-
tered intensity at scattering angles ranging from 10° to 150°. Thus, we are in a position
to try an accurate analysis of 4(r), especially consisting of double or multiple mode distribu-
tions in the decay rate. For example, we are interested in separate determination of
diffusive and intramolecular modes from A(z) of a high-molecular-weight polymer sample,
or in separation of two translational diffusive modes of a mixture of two kinds of particles
or molecules with distinctly different dimensions. For the purpose, we employ the histo-
gram method mentioned above.

In this article, we first review the histogram method of analysis and then apply it to a
series of simulated autocorrelation functions 4(r) which are constructed for various types of
bimodal particle-size distributions with taking a plausible disturbance from noise into
account. Comparison of the particle-size distribution recovered from 4(r) with the one
originally set in the simulation allows us to estimate the reliability of the histogram method
of analysis employed. The histogram method is also applied to mixtures of two kinds of
aqueous PS-latices, each bearing a unimodal particle-size distributions around a mutually
different mean value. It will be shown that the particle-size distribution of each component
latex is actually derivable by using the histogram method from 4(r) obtained for the
mixtures.

II. HISTOGRAM METHOD

1. Unimodal System

When an optical field obeys Gaussian statistics, the normalized photocurrent auto-
correlation function measured by the homodyne method, 4(7), is related to the normalized
first-order correlation function of the scattered electric field, g (r) as ‘

A@)=1+BlgM(7)|2 (1)

where 7 is the delay time and B is the amplitude dependent on experimental condition of
coherence. Bis usually assumed to be an unknown parameter in the data fitting procedure.
For a monodisperse polymer solution, g () can be written as*

lg®(7)|=exp(—I'r) (2)

if the contribution of intramolecular motions is negligible. The decay rate I” is related
to the diffusion coefficient D as

r=pg | (3)

with .
¢=(tmn)sin ©f2) | (4)

where # is the refractive iﬁdex of solvent, Ao the wavelength of the incident light in vacuum,
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and 0 the scattering angle. For a system with a continuous distribution of I, the function
g (1) can be expressed as '

|g(1)(¢)]:ANG(I’)exp(—FT)dF ‘ - ( 5)

where G(I") 41" represents the fraction of the total integrated intensity of scattered light
from the molecules with decay rates between I' and I'4-ZI'. In the histogram method,
Eq. (5) is approximated by a histogram of equally segmented steps AI"in I-space:

M T ;+AT /2 e - -
lgD(n)l= ]:21 Hi'y) rymir 2 ex.p(—l"qu-)dIf (6)
with the normalization condition,
M .
jg Hi(IHAIr'=1 - (7)

Here H(I';) is the height of the j-th histogram step of the width AI" around I'j and A/ is
the number of steps. Hence, ’

AF=(Fmax"“Fmin)/M » . - (8)

A7 is the clock pulse interval for our time interval correlator, and 7 is the channel number
(£511) with 7=z4r.
Substituting Eq. (6) into Eq. (1), we obtain the fitting error 4; for the z~th channel as

Bi=[AGidr)—1]—f] fﬁl (—H (T )Jide} x
{exp[—(F;—I—%AI’)Z‘AT}—exp[—([’,—'——%AI’)MT]}T (9)

Then, values of Z;(I';) can be obtained b}‘r' usAin'g the non-linear least-s'quare fitting pfo-
cedure where the reduced sum of 42 is minimized with respect to a set of A j(l" HE

sy S @se=0 =120 o

where o2 is the statistical fluctuation of data point. The algorithm of Marquardt? was
practically in-use because of its rapid convergence and good fitness.’

In the fitting procedure, the initial values of A ;(I';) and of I range (I'min and I'max)
are to be refined after each computation. The refinement of the former is immaterial, but
some care may be required for the latter. We searched the I" range by setting A i(I';)
equal to zero when its contribution is less than 0.5%, of the maximam value of Z;. Com-
putations were carried out by a FACOM M-160AD computer in our institute:

2. Bimodel System

When the resultant histogram shows a bimodal-like distribution, the measured auto-
correlation function A4(¢47) may be re-analyzed by a splitted bimodal distribution with
g (7) in the form '

o2 M rj+4r;7
eo@I=% B HT [

=1 jy= I'j1—4rip2

exp(—I%4r)dl" 1D

with the normalization condition,
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2 My
121 ]2.1 HfI(FfI)AFI=1 (12)
=1 =

Here A j (I j;), 41", and M : bear the same meanings as before within each mode denoted
by /. The relative intensity of each mode is therefore obtained as the amplitude at =0
in Eq. (11),

M
ar= 21 Hi('indl'y, =1, 2. 13)
ir= '

3. Mean Decay Rate and Cumulants

" The relationship between the cumulant and the moment expressions for g (r) gives
uslr2:8)

InjgW(m)l= 2 LT){(—n)"/n1}

__f,._;_i PN SR —3ua?)rd—.. 14

= T TN i TR G e 4
where Ky is the #-th cumulant, and u» is the #-th moment about the mean of G(I"):

pin = / ("I G(I"ydl" - (15)

Thus, the profile of I' distribution will be expressed by the following values,

Ki=p=F= ["TGI)r=(D).q,

K2=‘u2, Kszp.s, K4=[L4—3M22, ot (16)

where I is the mean decay rate, (D). is the z-average diffusion coefficient. ps/I'2, Vps,
wafpe872, and pafps? represent the z-average normalized variance, the standard deviation,
the skewness (asymmetricity), and the curtosis (peakness) of the distribution, respectively.
Terminating Eq. (14) at X » term and substituting it into Eq. (1), we can obtain the optimum
values for the first to #-th cumulants and moments by using the minimization algorithm of
Marquardt mentioned above. The results are then called the #-th-order fit of the cumulants
method.® It should be noted that the cumulants method can never predict the presence of
bimodal nor multimodal distribution, but analyze the distribution as a unimodal one.

III. SIMULATED DATA ANALYSIS

1.. Simulated Data Generation

The normalized and substantial autocorrelation function B|g®(r)|> with bimodal
distribution was generated by using a Pearson type 1 distribution function for G(I"). This
function is expressed as G(I")=C(I'/h1—1)"(1—1I"|h2)™s with I ranging from /41 to Aa.
Hence, : ‘

/3[g(1)(zz]7.)|2:ﬁ‘=!<{/:261(f') exp(—I7dr)dl4-
/, z‘Gza*) exp(—Tidn)dl'})" an
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‘with
GIM=G(IM+G=(I")
=a1C1([| =1y (1—T| )™ +¢zzCz(F//zafl)m3(1 — T hay™s (18)

Here 21 and a2 represent relative intensities of each mode, and @2=0 for unimodal distribu-
tion. -Cr and Ce are the normalization constants for Gi(I") and Ga(I"), respectively; e.g.,

Crmt= [T —m QT hyar 19

Fx is the amplitude and its value is adjusted to be 0.75 which is a typical value obtained
under our experimental condition.®® We used an argon ion laser equipped with an etalon
as light source. The integrals in Eqgs. (17) and (19) were computed by using a Gauss-
Legendre integral program in FACOM 230-60 Scientific Subroutine Library.

Chu ez @/.9 have used in their simulation a narrow and a broad unimodal distributions
of which us/I™ were 0.05 and 0.143, respectively, and bimodal distributions of which total
we/I? ranging from 0.08 to 0.97. One of the constituent mode of these bimodal distribu-
tions had a variance pz,/I";? ranging from 0.259 to 2.405, and the other a rather small
variance ranging from 0.00279 to 0.0108. Thus, we here test two extremely narrow
unimodal distributions with variances 6.75 X 103 and 1.44 X 10-3, and two bimodal distribu-
tions composed of these unimodal distributions, of which the mixing fractions of the slower
decay mode g1 are 0.30 and 0.80, respectively. The total variance of the bimodal distribu-
tions thus composed are 0.077 and 0.12 as shown in Table II.1 and II.2, respectively.

We simulated two kinds of autocorrelation functions for each distribution mentioned
above, one denoted by A’(z47) is straightforwardly evaluated by Eq. (17), and the other
denoted by A(#47) is constructed by introducing a random error factor into A4’(idr).
Actually, a random number generating in the range bounded by 410.03 x 4’(47)| is added
to A’(z47) at each channel. The simulated correlation function A4(747) thus.constructed
shows a slightly larger scatter of data points as compared with real experimental functions.
Values of parameters, 4, », @, and C, used in the simulation are listed in Table I and II.

Table I. Characterization of the simulated unimodal distribution

G(I"=C(I k1 —1ym1(1— T Aiz)me
In=656.5, k2=970, m1=1.218, ma=1.344, C=0.3406

Histogram

Method Cumulants Method

(M=19)

Cale. no  +3% no error +3%, error
0
Crror €O second fit third fit second fit third fit

DProax 165 1.65 1.65 0.81 1.65 0.81 1.65 0.8L 1.65 0.80 1.64
Tsec 808.9 808.9 808.9 809.0 809.0 809.0 809.0 807.1 808.9 798.3 804.4

p2/103 sec=? 4.41 4.40 4.65 4.51 4.39 4.96 4.56 —0.151 4.04 —54.6 —13.7
ue/I2x 108 6,75 6.73 7,10 6.90 6.70 . 7.58 6.97 —0.232 6.17 —85.7 —21.2
13/104 sec™3 1.17 1.10 0.958 — — 103 23.9 — —  —12600 —2430
p4/107 sec™4 4,30 4.30 4.80 — — — — — — — —
K4f107 sect —1.54 —1.51 —1.67
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Table 11

Characterization: of the simulated bimodal distributions.

C(Iy=a1C1(I' a1 —1)ym(1— I [hg)m2+ (1 —a1) Co(T s —1)ms(1— T ha)™s.
Slow decay mode : £1=656.5, 22=970, m1=1.218, m2=1.344, C1=0.3406.
Fast decay mode : £2=1500; £4=1825, m3=1.372, ms=2.312, C'z=28.88.

1. 2,=0.300

1.1. Histogram Method (Mi+M2=9-+10)
Total Values2

f"/sec‘1
p2f105 sec—2
pefI2x 102
p3{107 sec™3
14{1010 sec—4
Froax

ay

1.2. Cumulants Methoda

Frax
Tsec?
p2f108 sec—2
wa/ 2% 102
p3/107 sec™3

14/1010 sec™4

Slow Decay Mode

Fast Decay Mode

calc.
1388
1.48
7.66
—4.77
4.00

0.300

calc.

1388
1.48
7.66
—4.77
4.00

no error +39% error calc. no error +39, error calc. no error +39, error
1388 1386 809 811 828 1636 1636 1639
1.48 1.46 -4, 41143‘—2b 5.41E-2 5.31E-2 3.84E-2 4.26E-2 4.49E-2
7.66 7.59 0.675 0.823 0.773 0.144 0.159 0.167
—4.76 —4.33 1.17E-3 6.65E-3 2.97E-3 5.38E-3 1.656E-3 2.69E-3
4 02 3.73 4.30E-3 ‘ 6.56 E-3 5.90E-3 3.51E-3 4.03E-3 4.54E-3
1.77 1.77 1.04 1.06 —_ 2.09 2.09
0.301 0.312
no error +39%, error
second fit third fit fourth fit second fit third fit fourth fit
0.69 1.77 0.69 1.77 0.69 1.77 0.69 1.77 0.69 1.77 0.67 1.77
1388 1390 1388 1388 1388 1388 1385 1388 1380 1388 1342 1386
1.57 1.65 1.48 1.52 1.47 1.47 1.43 1.61 0.882 1.63 —7.08 1.32
8.16 8.53 7.70 7.88 7.66 7.63 7.45  8.36 4.63 8.44 —39.3 6.90
— — —4.06 —2.81 —4,88 —5.26 -— — —24.6 0.355 —855 —14.8
— — — — —3.60 —4.84 — — — — —3610 —29.8

VIVIONY ‘N PUE ‘VIIIVIN "A ‘OLOWEN ‘N ‘VWIHSVNAST "A
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2. 21=0.800

2.1. Histogram Method (#/14M2=9-+10)
Total Values

Slow Decay Mode

Fast Decay Mode

calc. no error +3% error calc, no error +39%, error - cale. no error 3% error

Fsect . 974 974 973 809 813 812 1636 1629 1622
12105 sec™2 1.14 1.14 1.11 4.41E-2° 5.64E-2 5.34E-2 3.84E-2 4.35E-2 3.12E-2
pefF2X 101 1.20 1.20 1.17 6.75E-2 8.54E-2 7.86E-2 1.44E-2 1.65E-2 1.12E-2
pa/107 sec™® 5.40 5.00 4.94 1.17E-3 5.09E-3 - 5.44E-3 5.38E-3 4.10E-3 1.82E-2
114/1010 sec™4 4.15 3.82 3.75 4.30E-3 6.98E-3 7.27E-3 3.51E-3 4.742E—3 1.75E-3
Troex — 1.99 1.99 — 1.66 1.66 — 3.36 3.36
a1 0.800 0. 806 0.809

2.2.  Cumulants Methoda2

‘ no erroxr 439, error
calc. i i

» second fit third fit fourth fit second fit ‘ third fit fourth fit
Troax — 0.97 1.98 0.97 1.99 0.97 1.99 0.97 1.97 0.97 1.99 0.96 » 1.99
Dlsec? 974 971 966 974 974 974 974 969 965 970 974 959 972
p2f105 sec—2 1.14 0.917 0.791 1.13 1.10 1.14 1.14 0.879 0.777 0.925 1.15  —0.271 1.00
pef 210t 1.20 0.973  0.847 1.19 1.16 1.20 1.20 0.936 0.834 0.983 1.21 - —0.294 1.06
13/107 sec™3 5. 40 — — 4.98 4.40 5.60 5.78 — — 1.08 5.35 —64.4 0.605
paf1010 sec™4 4.15 — — — — 1.39 1.75 — - — — —148 —6.03

a. Total or resultant values obtained when the resulted bimodal distribution is regarded as a unimodal one.

b. For example, 1.0 E-2=1.0x10-2.

Bupeeog yBry otwreud(q £q suonnqrusiq 9z1§-dPnIed
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2. Analysis of Simulated Correlation Functions

Results of analysis of the simulated correlation function 4(24+) for the unimodal
distributions are summarized in Table I. As expected, the histogram analysis of A’-
functions gives all the moments except us correctly to within a 19, deviation from the input
values. The analysis of A4-functions to which a 3%, randomization has been applied gives
T correctly, pa and wa/I™ within a 59, deviation, and ps, e, and K within a 10%, deviation
from each input value, respectively. The slightly poor reproducibility of s found in the
both cases indicates that the skewness of distribution, especially of narrow distribution as
the present ones, is most strongly affected by the segmentation of variables as compared
with other characteristics of distribution.

In the cumulant analysis, we used two different delay time ranges; one is the entire
range of 74r extending from 7=1 to 512 as is the case of the present histogram analysis,
and the other is a partial space extending 7/=1 to 250. We indicate in Table I the delay
time range by I'rmax, Where 7max is the maximum delay time. The cumulant method
gives poorer results as compared with the histogram method; for example, the former
analysis of the 4-function gives I’ correctly but u» with a 109, deviation from the input
value in the second-order fit with Irmax=1.65. These results indicate that the distribu-
tion used here is too narrow to be analyzed by the cumulants method. '

Figure 1 shows A(¢47), which is abbreviated as 4(?) there, as a function of the channel
number 7 of clock pulse-interval. The percent error of fitting 4; given by Eq. (9) is also
plotted against 7. In the insert to the figure, the histogram Z;(I;) and the input Pearsonian
curve are shown as functions of the decay rate I', where agreement between two functions

SIMULATED DATA
WITH % 3% ERROR
At=4us

~ d

H(r)x103
Ny

(=]

5. 10
rx102ss1

Ali)

0 1 I 1 1 { 1. [ ! { !
0 100 200 300 400 500
CHANNEL NUMBER i

Fig. 1. The autocorrelation function A(7) and the fitting error 4; (in %) plotted
against channel number 7 of clock pulse interval for the simulated unim-
odal distribution with a 3%, randomization. A(Z) is the abbreviation of
A(#47). Insert: The histogram A (I') and the Pearsonian distribution
function for the decay rate I Parameter values used: dr=4 pusec, Troax
=1.65. The dots denote data points, and the solid curve 4(7) shows the
fitting curve obtained by the histogram AZ(I").
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is excellent. Hence, using the histogram method, we can extract reliable information on
G(I') from A(r) even when an extremely narrow distribution as the present one is given.
It is also concluded that our choice of Irmax*=2 is a reasonable one for precise analysis
of the correlation function. Actually, 4(r) attains quite closely its base line when Irmax= 2.

Results of the histogram analysis for two bimodal distributions defined earlier are
summarized in Table II.1 and 2, the former for 21=0.30 and the latter for :=0.80. In
both cases, the total variance us/I® which is a characteristic parameter in unimodal descrip-
tion of the bimodal distributions becomes 10 to 80 times larger than those of the constituent
unimodal distributions. The total I’ is in agreement with the input value within 0.1%
deviation, 2 and pa/I" within 3%, and s and ps within 10%, respectively. These devia-
tions are of comparable order with those obtained for the unimodal distributions. Further-
more, we obtained the following results for the characteristic parameters of each constituent
distributions: (1) I" was in agreement with the input value within 1%, (2) 2 and pe/I2
within 25%,, (3) us and ps was obtained in the same order of magnitude as those of input,
and (4) the relative intensity a; of the weak mode, 7.e. @1 in Table IT.1 and a2 in Table II. 2,
was estimated to an accuracy of 5%,. These results, especially (1) and (4), may be counted
as a strong support for the reliability of the histogram method in application to the separate
estimate of constituent dynamic modes from a multiple-mode correlation function. Again
it is to be emphasized that we used the condition I'rmax 2.

As shown in Table I1.1 and 2, the cumulants method of third- and fourth-order fits,
if used with Irmax2, also gives good values of I' and ws. However, the reliability in
the estimates of higher moments rapidly decreases, and the method gives practlcally no
information about the characteristics of each constituent distribution.

Figures 2 and 3 show plot of 4(?) against 7, and the histograms H;(I';) obtained
from A(z). Agreement of the latter with the input G(I') is again satisfactory.

SIMULATED DATA
WITH *3°% ERROR
(1) ay =030

AT =25pus

A(L)

H(r)x103

rnod st

0 L 1 1 Ll ! 1 1 L 1
0 100 200 300 400 500
CHANNEL NUMBER i

Fig. 2. Plots of 4(¢) against 7, and plots of Z(I') against I" for the simulated
bimodal distribution with a 3% randomization. The relative intensity of
the small decay mode 21=0.30. Parameter values used: 4r=2.5usec,.

Drpax=1.77. The dots and curves bear the same meanings as in Fig. 1.
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SIMULATED DATA
"WITH # 3% ERROR
(2) .a;=0.80

At =4ps’

AdL)

H(r)x103
~nN

rrod st

ot | — 1 1 1 I 1 1 1 1 1
0 100 200 300 400 500
CHANNEL NUMBER i

Fig. 3. Plots of .4(¢) against Z, and plots of AZ(I") against I for the simulated
bimodal distribution with a 3%, randomization. 21=0.80, Ar=4 psec, and
Trnax=1.99. The dots and curves bear the same meanings as in Fig. 1.

In conclusion, if the data-point dispersion of A(r) is less than 3%, and the range of
delay time extends to I'rmax=2, we can expect the histogram method to give the char-
acteristic parameters of bimodal distributions with the following reliances: (1) 99%, on T,
95% on ps, and 90% on us ane pa for the total or overall distributions, and (2) 99% on I,
75% on pe, an order of magnitude of us and w4 for each constituent distributions, and 95%,
on the fraction of constituent modes.

IV. MEASUREMENTS ON BINARY MIXTURES
OF AQUEOUS POLYSTYRENE-LATICES

1. Particle-Size Distribution Function

Consider a polydisperse sample of spherical particles with a continuous distribution of
sizes and denote by f*(#)d» the number fraction of a class of particles whose radii are in the
range between 7 and »-+d». We call f*(7) the particle-size distribution. Since the mole-
cular weight of a particle is proportional to #3, the (number) distribution function of 47 is
given as

SHM)=kr*f*(r) (20)

where 4 is a constant.
According to the theory of light scattering,® the reduced scattered light intensity from
a solution of these particles is given as

RO)=Ko [FH() 2P, 6)d0 @1)

if the molar concentration v is sufficiently small so as to make higher order terms of v
negligible.1® Here, 8 is the scattering angle, 2(#, 6) is the particle scattering factor for
a particle with molecular weight 7 and X is a constant including the square of specific
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refractive index increment. Eq. (21) can be expressed, in terms of 7, as
oo .
RO=K" [ P, 0)dr (22)

On the other hand, the quantity G(I") dI" represents the fraction of the tetal integrated
intensity scattered by all the particles having decay rates from I' to I'+-dI". Hence, we
have

[Taryar=ry [P, 0)ar | (23)

In the histogram method, we devided the I-space into segments of an equal interval
AT, Thus, the j-th step of the histogram extends from I'j(=I;—A4I2) to I'j(=I;+
A4IY2). To define the corresponding step in #-space, we recall the following two relation-
ships:® - ’ o

Diey)y=Ic, Ng*=DeH(1—0.16 clp) @4

Do=rpT|6mm0r (25)

where Do and D are the translational diffusion coefficients at infinite dilution and at total
weight concentration ¢, p the particle density, 2z the Boltzmann constant, and 5o the solvent

viscosity. . Thus, I';; and I'jz are converted, respectively, to #; and 7;z by using the
relationship that

r =5 T(6mm0)(g*| T)(1—0.16¢]p) (26)
Then, the j-th step in »-space may be defined as
ri=(rintri)|2, Advi=rj—7j , @7

and Eq. (23) may be rewritten in the difference form as
HiTNAT=K'v f*(rj)r 8P (75, O)d7; (28)

‘We note that the step interval A#; is not equal but depends on 7. The particle scattering
factor P(z;, 0) for a rigid sphere is written as

P(xy=(3/x3)2(sin x—% COS x)? (29)
with
x=gr=_4n [N sin (9/2) ‘ (30)

where A is the wavelength in the particle. Egs. (28) to (30) enables us to determine the
unnormalized distribution for the j-th class particles, /*(#;), from the histogram A ;(I';).
The normalized distribution 7(#;) is then calculated as

F=f el 2,746 )drs 31)

When the distribution consists of two modes, the histogram analysis of 4(7) is perform-
ed by using Eq. (11). The relative intensity of each mode, @:(/=1, 2), is then written as

My My
azzjzlf] ;,(Fj,)AI‘zszlf (rinyr 18P (7 j1, )71 (32)
1= 1=
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with
2 M
Fly=f*e) 5 2 fHipdri (33)
=1 4=

The mean radius 7 and the standard deviation p2,1/2 of the particle-size distribution either
of the total sample or of its constituents may be calculated from f(»;} or f(#;;) by using the
ordinary procedure.

2. Experimentals

The detail of our computer-controlled dynamic light scattering instrument with a time
interval digitizer has been described earlier.® The polymer samples we used were two
aqueous suspensions of PS-latex particles of 0.176 and 0.091 pm nominal diameter (Dow
Chemical, Lot No. 2M4K and 7EGS5, respectively). The dilute suspensions of each
particle size were prepared as described earlier.® Solutions of desired mixing ratio of
0.091 to 0.176 um particles were prepared by mixing by weight the constituent suspen-
sions in a light-scattering cell through a Millipore filter of nominal pore size 0.22 pm. -
Measurements of the autocorrelation function by time interval method were made at 7"=25°
C, Ao=488 nm, §=30° and 60° for the ¥, component of scattered light from two mixed
suspensions: mixture A; 2.32 X106 g/(g solution) of 0.091 um particles plus 8.90x10-8
g/(g solution) of 0.176 pm particles (weight fraction of 0.091 um==0.965) and mixture B;
2.45%10-¢ g/(g soltuion) of 0.091 pm particles plus 4.21 X 10-¢ g/(g solution) of 0.176 pum
particles (weight fraction of 0.091 um=0.368). Two single particle suspensions:
1.04 X 10-5 g/(g solution) of 0.091 um particles and 5.50 X 10—% g/(g solution) of 0.176 pm
particles were also measured for reference to the mixed suspensions.

3. Analysis of Correlation Functions

Results of the histogram analysis for two single aqueyovus PS-latices are listed in Table
III. We used the number of histogram M=14~20. The reduced decay rates
T'/sin2(9/2) obtained at two scattering angles 30° and 60° were in good agreement within

Table III. Characterization of aqueous suspensions of polystyrene-latex
particles by the histogram method. 7=25°C; lo=488 nm?.

angle, T, Tsin2(8/2), PIER 7, (u2,)172, b Trmax
degree sec1 secl 10-2 10-%cm 10-8¢cm

(1) @=0.176 wm; ¢==5.50 % 10-¢ g/g solution.

30 220+ 3 3290+40 1.4940.04 8.70+0.10 0.33+0.01 1.67
60 814+ 2 . 3260+ 8 1.73+0.05 8.80+0.01 0.36+0.01 1.67
ref. — 3278¢ — 8. 804 0.124 —
(2) d=0.091 pm; ¢=1.04x10-% gfg solution.

30 428+ 5 640070 3.85::0.56 4.47+0.05 0.27+0.02 1.10
60 1610420 645070 6.46+2.44 4.40+0.09 0.36£0.07 1.26
ref. — 6340° — 4,554 0.29¢4 —

a. Uncertainties represent the standard deviations of the data fitting.

b. (uz,)1/2==(standard deviation of » around 7)={f(»r—7)2/*(»)dr|f f*(r)dr]2/2.

c¢. Calculated from fcalczqzkg 7|6mno7, with 7, the nominal radius of Dow Chemical.

d. Nominal values of Dow Chemical.
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1.5%, with the theoretical values calculated from Egs. (24) and (25) with c=0. = The average
radii of the particles # estimated from f*(») by using Eq. (28) agree also within 2~~39,
with the nominal values of Dow Chemical. Thus, taking the fitting uncertainties indicated
in Table III into consideration, we may conclude that, irrespective of the scattering angles,
T and 7 obtained are in perfect agreement with Dow Chemical’s values determined by
electron microscopy. The small values of pe/I?, actually of a order of 10-3, indicate that
that the PS-latices used have very narrow size distributions. This is confirmed by com-
paring the estimated standard deviations (ue-)!/2 with nominal ones as shown in Table
III. The tendency that PS-latex particles with a large size give (uar)1/2% two or three
times larger than the nominal value has already been recognized in the histogram analysis
by Chu ef al.®

In Fig. 4 are plotted against I' the decay rate distribution Z(I") for aqueous PS-latices
of 4=0.176 and 0.091 um, respectively, at 30° and 60°. The normalized distribution
functions of particle size, f(#), are also shown in Fig. 4. It is notable that f(») derived from
H(I) for two scattering angles have a similar shape of /(») as it should be.

Results of the histogram analysis for aqueous suspensions of PS-latex mixtures are
summarized in Table IV. . We used bimodal type of hystograms with M1+ M>=7-+-8
or 9412, where subscripts 1 and 2 denote the particles of 4=0.176 um and 0.091 pm,
respectively. The average radii 77 and standard deviations (uer)i1/2 for each mode
(/=1 and 2) are tabulated in the table. The relative intensities 21 of the first component
with 4=0.176 um were also estimated by using Eq. (32). These are to be compared
with the calculated intensities ai,carc=c171s3 P1(0)[[c17:n3 P1(0)+-ca72a3P2(0)] where the

(1) d=0176 pm
0= 30° 9=60"
4 1.2 30°
~ 1.0
o
= 0.8 60"
T 2 et
£ 05 =
x 0.4
0 § O i ] 0 1 i 0
2.0 24 7 8 9 8 9 10
ro2 s 71078 ¢m
(2) d= 0091 um
6=230" 6= 60"
30°
1.2 1.2 60°
~ 0.2
o
i 08
T 0.6 3
=4 01
s " o4
ol 1 3 9 1 oLl 11
4 5 12 16 20 4 5
ri102 7 111078 em

Fig. 4. The histogram G(I') plotted against the decay rate I', and the normalized
particle-size distribution f{») plotted against the particle radius » for the
aqueous suspensions of PS-latex particles. (1) The nominal diameter
d=0.176 pm and (2) 4=0.091pm. Z7=25°C, Ao=488 nm, and the scat-
tering angle #=30° and 60°. \
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Table IV, Characterization of binary mixtures of aqueous polystyrene-latex particles
with different sizes by the histogram method. 7=25°C; Ag==488 nm.2
slow decay mode fast decay mode totalb
T T Iy T T x

angle 41 2 .tz 3 o 2
’ snxgyy el ey el sin2(8]2) wal I’
degree X sec x 108 X sec X108 X sec x 102

(1) Mixture A .
caf(c14¢2)=0.965; c1=8.90 X 10~8 g[g solution; ¢2=2.32x 10~¢g/g solution.

30 3320+40 6.71+0.70 6350+20 4.23+0.39  5740+30 4.90%0.33
60 3250+80 5.57+1.00 639040 4.69+1.65 596030 3.9710.56
ref. 3278¢ — 6340¢° — — —_
(2) Mixture B
caf(c14¢2)=0.368; c1=4.21 X106 g/g solution; c2=2.45x10-6g/g solution.
30 3320£30 9.23+1.25 6310+20 2.83+0.79  3540+70 5.32+0.99
60 3260£60 8.73+1.00 6250460 3.25+1.27 3670+£50 7.99+1.55
ref. 3278¢ — 6340¢° —_ — —
slow decay mode fast decay mode
angle, a1 71 (uar)112 72 (pzy)21/2 Troax?
degree x102 X 108 cm X108 cm X108 cm x 108 cm
(1) Mixture A
30 20.3+1.9 8.57+0.10 0.62+0.05 4.50:-0.02 0.29-40.01 1.97
60 13.5+4.1 8,80+0.30 0.6440.08 4,45+0.04 0.27+£0.04 3.12
ref. 20.2(30°)  8.80¢ 0.12¢ 4, 55¢ 0.29¢ —
16.4(60°)4
(2) Mixture B
30 91.4+5.4 8.50%£0.09 0.714£0.07 4.5640,02 0.2410,03 1.81
60 86.5£4.3 8.71+£0.13 0.68+0.08 4.58+0.04 0.26+0.07 1.87
ref. 91.9(30°)4 8.80° 0.12¢ 4,55 0.29¢ —
89.7(60°)4

second subscript # denotes the nominal values.
g/(g solution) of particles with £==0.176 and 0.091 um, respectively.

. Uncertainties represent the standard deviations of the data fitting. Subscripts 1 and 2
(except pe and pa,) denote the particles of @=0.176 um and 0.091 pm, respectively.

. Total values obtained when the resulted bimodal distribution is treated as a unimodal one.

. Calculated from I, 1,ca1c=(£p 7 |Bmno71n)g? with 71, the nominal radius of Dow Chemical of
/-mode (/=1,2).

d. Calculated from a1,ca1c=c171s2P1(0){[c17 143 P1(0) - c27243 Pa(B)].

. Nominal values of Dow Chemical.

nominal radii of Dow Chemical; z.e., #1»=0.088 um and 72,=0.0455um, respectively.

is clearly seen from Table IV that I'//sin%(6/2) and 7 for each mode are, irrespective
of scattering angles and of mixed ratio of single suspensions, in good agreement with

the corresponding reference values within an error of 29, and 3~49%,, respectively.

we take the fitting uncertainties into consideration, we can say that the constitutive
(uer)12/2 as well as 'y and 7:(/=1,2) at given scattering angles can be fairly well estimated
by the histogram method, though (u2-)11/2 for larger particles are again overestimated
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PS-LATEX MIXTURE A=60°, T=25°C
(1) MIXTURE A, At=dps
(2) MIXTURE B, AT=4yus

\ ‘ o

(2)

i 1 1 1 1 | i 1 1]

1
4] 100 200 300 400 500

CHANNEL NUMBER i

Plots of A4(z) as a function of channel number 7 obtained for binary mix-
tures of aqueous PS-latices with different diameters, 4=0.176 and 0.091
um, at 7’=25°C, Ap==488 nm, and 8=60°: (1) mixture A, fraction of 0.091
pm particles 0,965, 4r=4 psec; (2) mixture B, fraction 0.368, dr=4 usec.
The dots denote A4(7) and the solid curves represent the fitting curves
obtained by the histogram analysis. For the curve (2), its ordinate is
sifted downward by 0.5 in order to avoid its overlapping with the curve

.

(1) MIXTURE A

1 6 =30" d = 0.091um
d=0176 ym
0 ! r‘!ﬁxl 1 1 }
0.1 0.3 0.5
02 (2) MIXTURE A
0=60°
" |
o
: 0 l_rH“?jjﬂ_l 1 i
I 06 1.0
T 1.5
(3) MIXTURE B
L 9=30"
0 ). 1 1 P s W) ]
01 0.3 0.5
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The histogram H(I") plotted against the decay rate I' for binéry mixtures
of aqueous PS-latices with different diameters, #=0.176 and 0.091 um:
(1) Mixture A; the fraction of 0.091 pm particles 0.965, §=30°; (2) mix-
ture A, §=60°; (3) mixture B, fraction 0.368, §=30°; (4) mixture B, =
60°. 7=25°C and Ao=488 nm.
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by a factor of 5 or 6. In addition, it should be emphasized that the relative intensities of
each mode evaluated by the histogram method are in good agreement with the theoretically
calculated ones to within 59, deviation. Figure 5 shows, as an example, a plot of the
measured points of correlation functions 4(?) and the fitting curves resulted from the
histogram analysis as functions of channel number of clock pulse interval 7, which were
obtained for two mixed suspensions A and B at 7'==25°C, y=488 nm and §=60°.

In Fig. 6, we show plots of Z(I") distribution for two mixed suspensions A and B at
scattering angles 30° and 60°, respectively. For each mixture, it can be recognized that
the relative histogram area of slow decay mode 1 decreases slightly with increasing scattering
angle from 30° to 60° (see, also @1 in Table IV). This effect may be attributed to more
rapid decrease of P(6) for 0.176 pm-particles as compared with that for 0.091 wm-particles.

By using Eqgs. (32) and (33), we can obtain the normalized size distribution f(») for
mixed suspensions A and B. Figure 7 shows the results, where a pair of /() obtained at
scattering angles 30° and 60° are plotted against the particle radius # for mixtures A and B.
It should be noted in Fig. 7 that the main regions of # for each mode can be definitely
settled, irrespective of the scattering angles and of the mixing ratio of two components.
That is, the main region for each constituent particles of the present mixtures extends over
r=4~5x10"6 cm and »=7.5~10 X 10~¢ cm for the particles with nominal sizes, 4=0.091
and 0.176 um, respectively. This certifies clearly the following situations; (1) the ex-
perimental result that (uzr)11/2 for mixed suspensions gave 2 times larger deviation than
that for single size suspensions (see Tables III and IV) does not exert any substantial
change on the shape of f(#) distributions and (2) the individual /() estimated from mixed
suspensions represents the true size distributions with reasonable accuracy.

(1) MIXTURE A _is
2 d=0091um 4 =0.176 pm
r J10e,
r: *x
=1t =
dos
0 L 0
.5 1"
r/t0 " cm
(2) MIXTURE B 79
2r
- . 6 o~
30° 2
- %
il 80° =
- 1F -
43
0 1 1 1 1 0
4
r110°8 cm

Fig.7. The normalized particle-size distribution f(r) plotted against particle
radius # for binary mixtures of aqueous PS-latices with different diameters:
(1) Mixture A, fraction, 0.965; (2) mixture B, 0.368. 7'=25°C, A0=438
nm, and 8=30° and 60°.
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In conclusion, we were able to establish the reliability of the histogram method for
the analysis of bimodal distributions of which constituent distributions are both as narrow
as pzr/Is2 =0.001 and to show that the relative intensity of each constituent is also deter-
minable from A(7) with reasonable accuracy. .
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