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Abstract

A theoretical study is made on stochastic fluctuations in
power reactors. The theory is demonstrated by treating a
specific but widely existing example of non-boiling liquid-
-cooled and -moderated reactor operated with either natural
convection or forced circulation.

In Chapter I, attention is first directed to the thermo-
dynamical analysis of the elementary transport processes of the
energy released by fissions through the fuel and coolant.

A set of equations for the lumped reactor system are derived
for the state variables, i.e., coolant flow-speed, coolant
temperature and fuel temperature. A noise source bringing
about fluctuations of the coolant flow-speed is assumed to be
the most influential among all the noise sources. This idea

is taken into the stochastic model by using the Langevin method.

As a result of the above treatment, a stochastic descrip-
tion is given for the transport processes of nuclear, thermal
and hydraulic quantities by deriving the Markoffian master
equation and subsequently the moment equations., The theory is
examined by reference to the neutron noise spectrum for the
two kinds of the coolant flow pattern, It is shown that the
theory can describe quantitatively, at least in part, the
actual obsarYed noise, in particular the anomalous growth of
neutron noise spectra at lower frequencies.

In Chapter II, the model is extended to three different

reactor systems: (a) where there exists a relaxation process



corresponding to the effect of buoyant flow; (b) where a control
or fuel element vibrates randomly, due to coolant flow-rate
fluctuations; (c) where there are fluctuations in the inlet
temperature with a non-white spectrum.

The noise spectra are derived for various state quantities
with use made of the Langevin procedure. The theory is illust-
rated by referring chiefly to the neutron noise spectra, and
comparing with the results of observations. It is shown that
the noise sources in guestion contribute significantly to the
spectra, as compared with a low frequency component due to an
inherent noise source in the coolant flow, In particular,

a strong resonance peak of the spectra arises from the coupling
between the random mechanical vibrations and the coolant
flow-rate fluctuations,

In Chapter III, numerical calculations have been made of
both noise spectra and relative standard deviations for fluctu-
ations in various quantities, such as neutron number, coolant
temperature and coolant flow-speed. The calculations are based
on a stochastic model of Chap. I and carried out for the case
of natural convection cooling, at various values of reactor
power up to 100 kW: Some of the results are compared with
experiment, Tt is shown that the low-=frequency fluctuations,
caused by coolant flow-speed fluctuations, become significant
at increased power levels, and above several kW, the fluctua-

tions in flow are visibly reflected in those of neutron number,
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Introduction

On account of the stochastic nature of neutron chain
processes, the number of neutrons present in a reactor
fluctuates. The fluctuations of-neutron population in a reactor
at zero-power and their space- and time~correlation have been

: : : N4 . (1)
studied to full extent in theory as well asvexperiments .

The zero-power theories, however, are applicable only to a
reattor operated at very low power-levels where thermal and
hydraulic effects add only a small contribution to the
reactivity.

One of the recent proble%s in reactor noise analysis is,
therefore, to develop a theory of stochastic fluctuations in
power reactors operated at higher power levels, as well as to
investigate the fluctuations experimentally., The present paper
is a theoretical attempt in this direction,

Until now, noise spectrum measurements have been performed
in many liquid-cooled and -moderated reactors operated at
higher power-levels by observing fluctuations in the neutron
population, the fission gamma-rays, the coolant temperature
and the coolant flow-rate(z)-(lz). The experimental results
show unusual frequency components of the neutron noise spectra,
which can hardly be explained by the zero-power theory; for
example, an anomalous growth in the lower frequency region,
the appearance of resonance peaks at specific frequencies and

so on, The measurements also give the following pieces of

information on these components, The loyer frequency component
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(2) (3)-(6)

increases in its amplitude with rising power-level
{8)(11), and the shapes of these unusual components change
completely according to the type of the coolant flow, i.e.,
natural convective cooling or forced circulation(s)(g)(lz).

The experimental results further show that there is a strong
similarity between the noise spectral shapes of the neutron

fluctuations and of the coolant temperature fluctuations(u)(gl.

From these results, it is considered as follows. Neutron
fluctuations are modulated by internal reactivity fluctuations
induced mainly by fluctuations of the cooclant temperature
through the temperature coefficient of reactivity. And the
temperature fluctuations, probably, arise from the statistical
nature of such transport phenomena as heat transfer from fuel
to coolant, convective heat currents created by the coolant
mass flow, steam void generation in the BWR and so on. We
note here that these phenomena are particular to flowing fluid
or closely related to the property thereof.

Now, there have been in the past a number of attempts
directed toward developing a theory of reactor noise(lj)"(zu).
Above all, Nomura's noise analysis with the BWR is a study of
high interést(zu). He showed that the dominant noise source
is the random generation of steam voids and that the neutron
noise spectrum is determined in large part by the behavior of
the voids in the two-phase flow. His theoretical results well
describe the power spectrum of neutron fluctuations in the

JPDR, For other stochastic models of a reactor, the stochastic

equations of the transport processes of heat energy have been



given intuitively for the temperatures of either the whole

(13)-(18) (19)

reactor system
(20) (22)*

or solely of the fuel and coolant
« But the equations for the above two kinds of
temperature are of such form that they cannot be derived
without the assumption of 1ittle.0r no variations in the coolant
flow-rate. This derivation will be given in Eq, (1.26)'.
Thus their stochastic models for an at-power reactor are
described, principally, for the heat conduction phenomena in
the fuel, i.,e,, the heat energy production by fission and the
heat transfer to the coolant, which are also the noise sources
constituting a characteristic feature of these models.
Consequently, it follows that the theories in question are
applicable only to a reactor operated at low power-levels where
the coolant flows so quietly as to have little influence upon
the reactivity.

. The principal purpose of the present paper is therefore
to develop a theory of power reactor noise applicable to
at-power reactors, such as for example a liquid-cooled and
-moderated reactor operated at any level from very low power
to full power with natural convection or forced circulation
without coolant boiling. A reactor of this type is introduced

into the theory as a power reactor model,

»

* In Refs, (21) and (23), a theory of power reactor noise
is developed without the explicit use of stochastic equations

for state variables,



The theory will be presented in Chapter 1.

(25)

The basic concept adopted in the model is as follows .
The coolant flowing through a reactor core is usually accompanied
by random variations in the flow-rate, which are responsible
for fluctuations in the coolant temperature, and thereby in the
internal reactivity, by virture of the temperature coefficient
of reactivity. In order to ascertain how satisfactorily the
present model can account for the anomalous growth of the noise
spectra at lower frequencies, a semi-quantitative analysis has
been made in the frequency domain for the power spectral density
of the neutron fluctuations in a reactor operating under either
natural convection or forced circulation, by comparing with
the observations reported by many investigators(z)-(lz).

In Sec. 4 of Chap. I, this analysis will be described.

Now, a convincing number of experimental results obtained
on noise spectra, chiefly related to neutron fluctuations,
point toward the existence of some intrinsic noise sources

and/or reactivity feedbacks besides those taken up in Chap. I,
which play a role in present-day power reactors, TFor example,

(6)

Yamada and Kage have shown that a resonance peak observed
in the spectra on the Hitachi Training Reactor (IHTR) was due
to the reactivity change caused by random vibrations of the
control rods, induced by coolant-flow fluctuations. A similar
resonance peak was also observed at the Oak Ridge Research

(26) (7)

Reactor (ORR) by Stephenson et al. and Robinson s
Earlier, Boardman(27) had pointed out that in the Dounreay

Fast Reactor (DFR) only a minor portion of the power fluctuations



were due to the inlet coolant temperature fluctuations, and
that there was a large low-frequency component in the reactor-
-power noise that was independent of the inlet coolant tempe-
rature instability. Experimental results obtained in other

reactors have been reviewed by Thie{za).

Recently, Kosély and Williams(ZB)

have made an attempt to
deal with the neutron fluctuations induced by the inlet tempe=-
rature fluctuations and the random mechanical vibrations of

a control rod, Their model of a reactor is based on the results

(?)’

of.Robinson who derived a distributed-parameter model to
describe the dynamic behavior of a system with the aid of
one-dimensional temperature equations for the fuel and coolant,
where heat energy is produced by fission and transferred from
the fuel to the coolant by conduction, 'For the inlet tempera-
ture fluctuations, the assumption of white-noise is taken, and
for the reactivity changes due to the fluctuations, the functions
given by Robinson are used. On the other hand, the reactivity
changes due to theirandom mechanical vibrations are expressed
in terms of the Lorentzian type of noise spectrum, which has
been derived from the theory of random vibrations, making use
of the work of Williams(29) and Reavis(BOI. This form of
spectrum which is the same as expressed by Eq. (2.38), is
applied only for angular frequencies near a resonance peak,

as will be seen later, It has been pointed out that the

strong ascendance of the spectra towards decreasing frequencies

at the left hand side of the peaks cannot be understood with-

out presuming other possible noise sources,.
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On the basis of a stochastic model of Chap. T, in which
a noise source briging about fluctuations of the coolant flow-
=speed had been taken into account, the present author studied
theoretically an effect of possible noise sources in non=boiling
liquid reactors on stochastic flﬁctuations in various state
quantities(Bl). The model is extended to three different
reactor systems: (a) where there exists a relaxation process
corresponding to the effect of buoyant flow; (b) where a control
or fuel element vibrates randomly, due to coolant flow-rate
fluctuations; (c) where there are fluctuations in the inlet

-

temperature with a non-white spectrum.

The theory and its application will be presented in

Chapter II,

Now the theoretical treatment and analysis in Chapters
I and II for power reactor noise has brought out many problems
that require further investigation.

Some examples will be given in Sec, 5 of Chap. II.

In order to ascertain how quantitatively the present
stochastic model can describe the experiments, numerical analysis
was made of both noise spectra and relative standard deviations

for stochastic fluctuations in a natural convection non-boiling

(32)

light-water reactor Some of the results are compared

(1) (5) (8) (33) (34) _

with the observations

The detail of the analysis will be described in

Chapter III,

The present analysis was treated the case of natural

convection cooling, but it is possible to apply our stochastic



..

model to the case of forced circulation. When more experimental
data are available, it should be very interesting to compare
with such data the numerical calculations based on our stocha-
stic model,

Recent interest in power noise investigations stems from
the need for a gaining a better understanding of the stochastic
fluctuations in an at-power reactor in order to assemble
information on the reactor kinetic parameters and/or to detect
anomalous behavior of reactor components, Actually, a number
of experimental studies have been pePformed with various types
of reactor at many different power 1evels(35). One of the
problems that have been drawing attention in the field of
reactor noise analysis is therefore to formulate simple
theoretical models of at-power reactors that provide results
agreeing acceptably well with the observed data, Such a

problem is left future investigation.
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CHAPTER I

Theory of Stochastic Fluctuations

in an At-power Reactor

§ 1. Introduction

In order to develop a theory of power reactor noise,
there appear to be two fundamental problems which require =
examination, The first is to investigate the noise sources,
namely the random events occurring in the thermal ang hydraulic
transport processes of heat energy released by fissions.

The second is to establish a set of stochastic equations that
describe thermodynamically the state of the coolant and fuel,

The principal aims of the present chapter is therefore
to obtain solutions to the two fundamental problems, for the
purpose of developing a theoretical model of a reactor appli-
cable to at-power reactors, such as for example a liquid-
-cooled and -moderated reactor operated at any level from
very low power to full power with natural convection or forced
circulation without coolant boiling. A reactor of this type
is introduced into the theory as a power reactor model,

First of all, we shall study the mean behavior of this
reactor system by deriving the transport equations for mass,
momentum and energy. In Sec, 2.1, a set of equations that
express thermodynamically the non-equilibrium states of the
coolant and fuel are introduced in the local forms with the

(36) (37) _

aid of the theory of non-equilibrium thermodynamics



e

In Sec. 2.2, these equations are transformed into equations of
an equivalent lumped system and finally reduced to a setl of
equations for the three state variables, i.,e.,, temperature
and flow-velocity of the coolant, and temperature of the fuel,

This reductive derivation is performed by making use of
the physical simplification of the present reactor model,

We note here that the set of equations are connected with the
conservation laws for the energy in the fuel and the momentum
and energy in the coolant, including the conservation law of

the mass, and further that every coefficient is expressed
strictly in terms of the system parameters of this reactor
model. Therefore it is clear that the set of equations obtained
finally are soundly founded.

In Sec. 2.3, the set of equations are transformed into
the dimensionless forms convenient for stochastic description,
and the resulting equations are examined by observing the
dynamical behavior of their linearized forms, Now, in order
to discuss the thermal and hydraulic noise sources, we shall
derive the set of stochastic equations by replacing the state
variables with the corresponding stochastic state variables,
Then it is easy to see that each term of the stochastic equations
arises from the random occurring event and further expresses
its rate of occurrence,

In Sec. 2.4, a number of noise sources are discussed in
reference to a representative modern reactor, by classifying
them into three kinds. The first is the well-known nuclear

noise sources arising from the branching processes within the
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(1)

neutron chain reactions . The second is the thermic inter-
nal noise sources due to the above-mentioned random events
occurring in the transport processes of the energy. The third
is the external noise sources of a kind that cannot be predicted
explicitly from the set of stochastic equations, such as for
example, a noise source bringing about fluctuations of the
coolant flow-rate and the random vibrations of control or

fuel plates.

The above-mentioned noise source bringing about flow
fluctuations, which seems to an inherent noise source in fluid
flow, is considered to be the most influential noise source
for all the fluctuations considered as a whole in the present
reactor model, This idea is taken into the model as follows,
Assuming that this noise source has a white-noise spectrum,
and using the stochastic equation for the coolant flow-rate
as the Langevin equation, we can relate the amplitude of the
auto-correlation for this noise source to a variance of fluct-
uations of the coolant flow-rate with use made of the Einstein
relation. The variance is easily estimated by the standard
deviation of the fluctuations, which appears in the theory as
a phenomenological parameter.

Now, the general formalism of the stochastic.theory has

[38)(39), A straightforward applica-

been presented in detail

tion of this formalism to power reactor noise has been made

by using the Markoffian master equation method and/or the
(13)-(23)

Langevin method . Among these, Saito's works are

representative of the practical application of the methods.
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In the present paper as well, the Markoffian formalism is used
in a similar, but slightly more compact, fashion. The present
stochastic processes, however, are described in such manner

as to mgke its physical nature as clear as possible, by giving
explicit forms to such quantities as transition probability,
relaxation matrix and diffusion matrix,

In Sec. 3.1, the transport processes of nuclear, .thermal
and hydraulic quantities are written in an explicit form of
the Smoluchowski equation (Markoffian master equation), so
that the moment equations are derived. By assuming a quasi-
-linear nature for the processes, we obtain in Sec. 3.2 the
spectral density matrix as well as the first- and second-
moment equations.

Section 4 is devoted to illustrative examination of the
theory and model, An example is given for a power reactof
operating in either natural convection or forced circulation.
A discussion is presented on the neutron noise spectrum by
giving attention to its frequency dependence in the lower
frequency region, such as its slope and amplitude, The theo-
retical.results are compared with the actually observed spectra

measured in at-power reactors(z)-(g)(10)-(12}.

8 2 Transport Processes of Heat Energy in a Reactor
2.1, Mass, Momentum and Energy Transport Equations

In the present model, the coolant is considered to be a

”~

single component system, in which reactions such as void
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generation do not occur, The mass density A2 (2,t) obeys the

equation of continuity:

3
> P + VIPVU) = 0 (1.1)

)

where U™( X ,t) is the velocity of the coolant, The momentum
is carried only by mass flow, and produced by the volume force
rvpxg(x and by the surface force J;E}dS, where X denotes the
external force exerted on a unit mass such as buoyancy and
gravity, while O represents the stress tensor exerted on a
unit area, In what follows, we shall assume that viscous flow
has negligible influence on the state of the coolant, so that
we have 0= ~-P1, where P and 1 are pressure and unit dyadic

respectively.’ Then the equation of motion can be written in

the form
3
P>V + PV VYV = pX - VP . (1.2)

This is a Navier-Stokes equation involving no viscosity.

Next, we obtain an expression of the thermodynamical state
of a coolant that is exchanging heat and matter with the
surroundings. The expression is written in the form of the
balance equation for the internal energy, involving the heat
and diffusion flow. However, with help of the phenomenological
laws between the thermodynamic fluxes and forces, we can write
down an alternative form of the energy transport equation,

(36){3?). In a system

using the Maxwell and Gibbs relations
in question, we shall take the following equations for the -~

absolute temperature T(X ,t) and the pressure P(2,t), i.e.,
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PCV%T*‘PC‘,V'VT :-""'d_'y;?T V-v-v-q ) (1.3)

POV P +PC,V-VP =—-L»3PCPV-V~‘—’£-V-Q )

where Cv and Cp are the heat capacity of the coolant at a
constant volume and that at a constant pressure respectively,
while ¥ is the compressibility and @ the coefficient of cubic
expansion., On the right-hand side of the above equations,
heat expansion and heat flow are taken into account.
.

The 5ymb01'9 represents the second law heat flux flowing

out of the system by heat conduction, The linear phenomeno-

logical equation for @ is

Q@ = -LvaLaT (1.5)

using V1nT for the force, and the heat transfer coefficient
L for the phenomenological coefficient., Regarding two neigh-

boring systems as homogeneous, we obtain

veT=2L | aT=Tp-Te>o , (1.6)

where TF and T, are the uniform temperatures in fuel and coolant

C

respectively. THence the heat flux is given by

9 = -(F)(Te-Te) =~ h(Te-Te) e

where h=L/T is the heat transfer coefficient commonly used,
For the state of the fuel, in which nuclear fission and
heat conduction take place, we can easily obtain for the absolute

temperature the equation

F
PrCI T = - VG + G2, & (1.8)
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where K)F is the fuel density, CE the fuel heat capacity, g
the fission energy, Zg the macroscopic fission cross section
and @ the local neutron flux. TFor the two homogeneous systems
considered in Eq. (1.6), it follows that the heat flux ﬁiF is
equal to -Q defined by Eq. (1.7).

For the reactor noise at higher power, we must consider
a multi-component system such as a steam-water mixture associated
with phase change, The state equations will be derived in
local forms for the state variables, i.e., mass density of
each chemical component, its flow velocity, temperature and
pressure, These equations become more complicated, but they
are indispensable for the stochastic description of this reactor
noise, In particular, the kinetic equations for density and

pressure will play an essential role, because we are dealing

with high pressure and boiling phenomena.,

2,2, Transport Equations of a Lumped System

In this éection, we shall simplify the state equations
obtained in the previous section into a set of equations for
an equivalent lumped system., Regarding the coolant as a homo-
geneous system and carring out the integral v;lj;dx over the

c

coolant volume V_, we obtain from Eq. (L.1),

4 p, +-.b.:£(p\f‘)-d5 =0 (1.9)

and from Eq. (1.2), (See Appendix I)

P BV, = JQVC'J;(pV‘)alS - g (PVV)-dS+pXc+T: (- P)l(-;lslo.)
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Here the average density pc and velocity U“ are defined by

Pe(4) —~—f POGBAN , Vo) =57 j'pm YU+ d K .(1.11)
c
The average external force is
I J‘ -
- I .12
which can be written in terms of the buoyancy force, dependent

on the average temperature TC of the coolant, and of the

gravity force:

PcXe = (P~ P9
=[Pw“‘ Pw{|—i'%”l(Tc—Tw)}3J9 R (1.12)°"

where Tw and FL are the temperature and density outside the
system respectively, and 9 the gravity constant, Developing
the right-hand side with respect to am(Tc-Tw) and retaining

only the linear term, we have

PeXe = Jm(Tc_Tu)ng . (1.13)

In the same manner, we have from Eq. (1.3)

cCpedeTe =

W W, Te - 2ds B
and from Eq, (1.4)

C:Pc—i'épc = S

—%P{Pc(.V'V)o vafq ds (1.15)

where the average temperature TC and pressure Pc are defined by

| x
Te = FE\?E&P“‘ ATOCOA, Pe= P,_v,,{,fﬂf*)f’(‘f'ﬂ”l (1-16)
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where again, Cs and C; are the heat capacities of coolant at
constant volume and at constant pressure respectively.
The second term on the right-hand side of Eqs. (1.1l4) and
L]

(1.15) is a result of the following approximate procedure,

Using Eqs. (1.2) and (1.4) in a stationary state, we have

(V) = 2@ D -CRAVX L dm

x (v-Q (1.17)
R - & vt Sepe T

and from Eq. (1.7)

) J_f _ om | E
v V)o = Ve vc(v\?)dx - Cp Pe Ve hb(TF TC) bO) ’ (1.18)
where ho is the heat transfer coefficient and Sh the heat
transfer area, i,e., h0 ZhSh.

Thus we have obtained the four equations that describe
almost exactly the thermodynamical state of the coolant.
Further, for the model reactor operated at low power level,
the fluctuations of density and pressure are not as important
as those of temperature and flow-rate in determining the dyna-
mical state of the coolant, because there is neither boiling
nor high pressure. Therefore, we assume that in Egs. (1,10)
and (1.14), the density Fg(t} can be replaced by the steady-
-state value Pb and that Eq. (1.15) can be written in the form

of a steady-state equation:
y - _ G . _ Yom ;
‘%’gipof)am'ds == T%Po(sv' V), chg;‘l dS ) (1.19)

whose explicit expression can be obtained by using Egs. (1.7)
and (1.18).
Then we have the following equations to represent the

thermodynamical state of the coolant.
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Po%‘fc "'-'-'\ll_t'_{vt: 'LPVdS = gs PVU 0‘5}

t (8~ 0y)Pu9 + % § (-P)T-dS (1.20)
c5 Lo 5 6 = %{B‘L pV-dS ——Le}:\f- ds}

—d= (v V), (273 +6) + b ho(BF- 6c) ,  (1.21)

where we have used Egs. (1.7), (1.13) and the relation T(°K)=
273+ 8. (°c). .

We now apply these equations to a coolant channel. The
coolant flow can be regarded as a one-dimensional flow along

the fuel element., Therefore the surface integral of a flux J

can be written in terms of inflow J

1? outflow Jz and flow area
Sc’ i.0.,
[Fas= waps, . (1.22)
Under the assumptions of
Ve () =“12‘{V‘1'+ U":(*c)} , V)~ tomst. g (1.23)
Bett) = 5{ 0,4+ 620}, 6,~ comst. , (1.24)

the state equations of the ccolant become

%pb%“‘l = :%-:-. %(UI'*\;Q)(P)U)-P|U\|)"(P3v:~P}\,fit)]
tdom(8e-BW)PWY + Ve b -PILdS ,  (1.25)

S po & Be

I

2 [0e (PaVz — P = £ (206 - 01) P V2 ~8,V; }

~ B2 (VU)o (273+ 8+ ho(B-8e) . (1.26)"

# It may be worth while to compare Eq. (1.26) with the



it ] B

corresponding equation in Refs. (19), (20) and (22). Assuming
that there is little or no variation in the mass {low-rate of
the coolant, i.e., PV} = PaVa= PoVo (constant value), and
that the thermal expansion of the coolant can be neglected,

1.8, am=0, Eq. (1.26) becomes
C,“-%Gc =~3—‘—G’E€i"—(ec—9i)+ho(6r—9e) , (1.26) "

where cnfcfp%vc is the total heat capacity of the coolant,
and LC=VC/SC the length of a coolant channel. .
This equation, however, remains different from the corres-
ponding one in Refs. (19), (20) and (22), in which the coeffi-
cient of the first term on the right-hand side has been repre-

sented by CmUB/Lc! and the inlet temperature ©, has not been

described,

These equations are the conservation laws of momentum and
energy including the conservation of mass flux,.

At the end of this section, we shall examine Eq. (1.8),
for the fuel, in a similar manner. Carrying out the volume

integral V;lj\dﬁLover the fuel volume V., we obtain
L
F — : 3
Prl T =~ [ 2-dS +4; fz,fvrzfcux ,  (1.27)
where the average temperature TF is
g
T, {t)= VFLFT(x,ﬂdx : (1.28)
The fission energy production can be written in the form
V4 FBd = HVIENG (1.29)
1

where V", L. and N(t) are the thermal neutron speed, the macro-
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scopic fission cross-section and the total number of neutrons
present in the core. Then the law of energy conservation in

the fuel is expressed by

PEC O = -4 ho(Br-80) + WINW . (1.30)

which has the same form as used in the Refs. (19), (20) and (22).

As mentioned above, we have now been able to derive in
definite form the set of equations for the three state varia-
bles in concise expressions of the conservation law. Every
coefficient is expressed strictly in terms of the system
parameters of the present reactor model, We note here.thaﬁ

these equations are based on the various simplifications of

the model,

2.3. Properties of Transport Equations

T
We now rew&te the set of equations in dimensionless form
convenient for the stochastic description of energy and momen-
tum, Firstly we replace with extensive values the intensive

quantities used in the set of equations, taking heat energy

released by one fission as an energy unit, to obtain

¥
F(t‘) = EICVPFVFGF(U s M(t) = '?E;C\(rlpdvcec(t
|
cy =
Qlt) = %Cvscez(oz v, (e) Q = J.c S,8,P,V (1.31)
- |IpnC 1
Ty =g%Po¥c®1 » T,=30,P VO, ;

where Gg is a steady~state value of eé[t)u

-

Secondly we rewrite Eqs, (1,30), (1.26) and (1.25) in

the form
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d
E;F(t) = VZ4N(t) = ht(F_qM) ,
(1.32)
LM(t) = M(d,Q-4,Q,)- dzq(2M-Tl)-de1T]}v(E0+¢3M)
+h, (F=nM)
% y (1.33)
) _
fa(e) = O ( 7419;+4,Q) (4,0-4;0;) - %<d§Q2~ raZe?)
+ xg(M=T) + Q_ (1.34)

where a number of coefficient are newly defined as follows:

a I
B 1 % PeVy
Be = —F———"o ' = —=
CVVF PF Cv Povc
- q - q
d, = d =
1 € 2 c 0
Cv IDOVcel Cv Povcaz
273V a
= _q:l'ﬂ.__ . c - n e 1
By = gl Wl 5 8= 0NV >~(1.35)
5 P
vi o0
- 2 0 _ P, 0
*B 2y m/’wasc 20 2 » e _'._1-a(92-81)
0 ¢
_ 2 c 0 )
Qp = » Cvscez {02 J’(—Po)l das
PO cq s ' .

We further investipate the kinetic behavior of the state
variables about the small deviations around the steady-state.

The deviations are defined by

N(t)

I

N(t) - N, Flt) = F(t) - F,

(1.36)

M(e) = M(6) =My, QTe) = ale) - q
7

where N,, Fy, M, and Q, are the steady state values of the

variables. Taking the linear approximation, it follows that
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fiﬂl\‘ = N - - T v (1'

=¥ Aa N (ht_ulNo)F + {htnﬂ,lzNO)M p 37)
a[ ~ . P e fad 1. 8
<M= b F - (b+hn)¥ - aQ (1.38)
d ~ - e - - (1. )
dt Q xBM AQQ ? i

where the fission rate A. dependent on temperature is expanded

in the form

faad

A* =T Ngo+ plg + UM (1.40)

while b, d and /\Q are defined by

b=2d,0, +e , d=d,(M-T;) , Ay= (3-Y1d,Q,(1.41)

Thus, a set of linearized equations (1.37)-(1.39) have
been derived definitely together with the various relaxation
constants. These constants are specified completely by the
many system parameters of the present reactor model, and are
connected with the physical events related to the transport
processes of heat energy. For instance, ht is the heat trans-
fer coefficient between the fuel and coolant, b and AQ strongly

depend on the coolant flow-rate, x_ arises from the buoyancy

B
effect and d from the convective mass flow. Such knowledge of
the relaxation constants will be very helpful in understanding
the time-dependent behavior of the set of kinetic equations
(1.37)-(1.39).

We should here take note of the coupling between the
deviations of the coolant temperature and flow-rate, which is

expressed by the two coefficient d and x For at-power reactors

Bl

in natural convection operation, this coupling plays an important
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role in the stability of reactor dynamics. Evidently, this
coupling effect will be observed in experiments of power reactor

noise,

2.4. Noise Sources

Now let us discuss the noise sources characteristic of
stochastic fluctuations in the present reactor model. In the
present paper, noise sources will be classified into the foll-
owing three kinds, First is the nuclear noise sources, which
arise from the neutron branching processes., These have been
well described by the zero-power theory and its related

(1)

experiment .

Second is the thermic internal noise sources, which are
due to the physical events relevant to the transport processes
of heat energy released by fissions. In order to derive this
kind of noise source, we shall transform the set of equations
(1.32)-(1.34) into a set of stochastic equations by replacing
the state variables used therein the corresponding stochastic
state variables, It will then be easily seen that each term
of the stochastic equations corresponds to the random occurring
physical event and its rate of occurrence, as has been mentioned
in the previous section, All of these events are related to
the transport processes of the energy. On account of the
statistical nature of these random events, it is assumed that
all of them occur at random so as to increase or decrease the

related stochastic variables by one energy unit, being of

magnitude q. The rates of occurrence of these events can,
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therefore, be determined by the individual terms of the set of -
stochastic equations (1.32)-(1.34).

Third is the external noise sources which are those of
a kind that can not be derived from the set of stochastic
equations. As actual examples, we can mention such noise sources
as bring about fluctuations of some physical quantities in the
coolant, i.,e., flow-rate, inlet temperature, inlet flow-rate
and so on. DBut their statistical nature is at present almost
unknown. As other examples, we can give the random mechanical
vibrations of control rods or fuel plates,

Now, some of these external noise sources appear to play
an essential role in the present stochastic model, i.e., a
liquid-cooled and -moderated at-power reactor operated with
either natural convection or forced circulation. From among
these noise sources we shall choose one that is predominant
and which would appear to affect the fluctuations as a whole
more significantly than the other noise sources, for instance,

(1)

prompt neutron generation by flission at very low power level
and steam ;oid generation in the BWR(EM).

Relevant phenomena are considered as follows. Fluctuations
of the coolant flow-rate are invafiably present at any power-
-level in any at-power reactor of the present type. This is
naturally expected from the fact that liquid flow through a
ﬁarrow channel can scarcely be free from flow-rate fluctuations,
These fluctuations of flow-rate, namely of heat removal rate,

cause temperature fluctuations of the coolant and consequently

lead to significant reactivity input through the negative
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temperature coefficient., Accordingly, a predominant noise
source in the present stochastic model is assumed to be that
which causes fluctuations of the coolant flow. This noise
source can be considered inherent in the statistical nature
of turbulent flow and hence its ;ompleta description should be
almost impossible even with the theory of turbulence, and far
less with the present transport theory.

Nevertheless, the phenomenon can be easily taken into
account in the present stochastic model by using the following

Langevin equation for fluctuations of the coolant flow-rate,

& Qo) = = A@QLe) + By (k) (1.42)

This corresponds to Eq. (1.39), except that the external force

X, is neglected for the sake of simplicity. We will not inquire

B
e
into the origin of the random driving force QQ(t), but we assume

that its correlation time is infinitely short, namely

L S e [}
= - 1oh
< Gl g ()= 20,6 (t,-t,) (1.43)
Further, we introduce the Einstein relation

2D, = 2 N.<LQ2%> (1.4L4)
Q Q .
This variance of a'can be related to a standard deviation «

expressed in percentage by using the definition (1.31) for Q(t):

ne ~2
.___\‘<Q>)(100 = .______.__V<L‘;2>x]_oo = Q (1.45)

Q0 2
Consequently we obtain the amplitude of the correlation function

N
for the random driving force QQ(t]:

ZDQ = ‘?'AQ(D‘QOX 10"2)2 . (1.46)
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where a is introduced as parameter in the present model,

We here add some remarks on the relaxation constant AQ
and the relative standard deviation a for the following two
cases, In the case of natural convection, the expression (1.41)
for AQ will hold approximately, since there is little influence
from the exterior of the system., Accordingly, a is the only
parameter in this case, In the case of forced circulation,
the mean mass flow of coolant is kept controlled, but the mass
flow itself is largely disturbed, Therefore, the fluctuations
of the coolant flow are determined by physical conditions
prevailing, not jnside, but outside the system, so that the
relaxation constant AQ differs from the expression (1.41).

In this case we consider both AQ and o to be parameters.

8§ 3. Stochastic Fluctuations in an At-power Reactor

3.1, Markoffian Description

In this section, a stochastic formulation is made on the
assumption that the present randdm processes are Markoffian,
First, we shall define a state vector @A, whose components are
the following random variables, i,e., the number of neutrons
N, the number of precursors C, the fuel temperature F, the
coolant temperature M and the coolant flow-rate Q, We note
that the latter three variables defined by Eq. (1.31) will be
regarded as discrete values describing the number of units of
heat energy where each unit is of magnitude gq. Consequently,

a state vector is defined by
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(1.47)

o)
il
O=2=H0=

Next, we shall define the probability wyg,8t of a transition
from a state (i to another state &s in time At by any given
event, A number of random events have already been discussed
in Sec. 2.4. The nuclear and thermic internal events are
defined fully in terms of their kind and statistical nature,
In order to introduce into the present Markoffian formalism
the inherent event of fluctuations in the coolant flow-rate,
we denote the rate of occurrence of this event by f(Q), and
assume that this f(Q) contributes little to the relaxation of
flow-rate fluctuations, but greatly to the noise sources, as
has been mentioned in Sec., 2.4, Al% of the random events are
presented in Table 1.1. The neutron removal rate ‘Ac includes
both capture and leakage, and also depends on the fuel and
coolant temperatures, like fission rate Af in the expression

(1.40) Pf(v) is the probability of v, prompt neutrons, and

0
Vi the precursors born in a fission,
Consequently, the transition probability wyqAt is defined

as follows:

P = (]
Wdla at —I:ACN 6N',N+1 + SéN',Nul +W§ﬂﬂ%N'Pf(“)6N',N-vO+1X

] ik g ]
60',C-V16F',F—1 + AC 6N'.N-16U',C-l + h.t(r T'IlM )X

GF"F.;.]_(SMI ,M=1 + {(EO+GM')+d2Q' (2P1'—T1)+M'del}X

Sye men * {4 QT MR8y, o L (- )4+
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d’
zvji- ( Yd,Q,+d,Q" )d Q'+ f(Qr )}5 va-1 t
{2a,Q%+L(va,Q +a,01)a,Q, }6 Jat (1.48)
2 oz 11772 171) 7Q',Q+1 ’ ’
where &, . is the Kronecker delta; and when there is no varia-

y
tion of a random variable in an event, the corresponding

Kronecker delta is omitted, e'g"/qC(M')N'éNl,N+16C',C6F',F
6M|,Méqc,q is written ‘AC(M')N'éN',N+1'

Following the theory of random processestja)(39), the

distribution function P(@\,t) of a state ©« at time t is written

in the form of as Markoffian master equation, or Smoluchowski
consistency condition:
r r
P(Q,t+ at) = 5 P(Q,t)P(qla, at) , (1.49)
ol

where P( CIW(L,At) is the probability of a transition from a

L ]
state QOa to a state ©O. in time At, We assume that for small

At this equation can be expanded into form

P(dlﬁ, At ) = 6(&-&’)(1- hat) + atWoa ; (1.50)

where [oAt is the total transition probability out of @ in time A4t

Tadt = ¢§ Wad st

1

{I\CN + 5 + MN +AC + ht(F-qM) + (E0+9M) +
d Q(ZM-T ) + Md Q + d QlT + Md Q + x (M-T ) +

Qp + 2V d'Q, +(Yd,Q+d,Q)Q + F(Q) + 2d,Q* +

+(Yd.Q +dz°-)dn‘11}“‘ ‘ (1.51)
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We can easily find that the transition probability (1.50)
satisfies the normalization and initial conditions. 7The Marko-

ffian master equation (1.49) can be written in the form
a ’ ' ‘
gPla,t) = 5 P(Q,t)Waa - RP(O,t) (1.52)

The first term on the right-hand side represents the rate of
transitions from all states a’ to the state €, and the second
the total of the transitions out of the state @,

Making use of the master equation (1.52), we can obtain
useful moment equations including the effect of non-linear
feedback, by introducing the n-th moment l)n of the transition

probability (1.48) in the form

n! Dn( dA)At. - E wﬂ.’ﬂ. (u—d)"ﬁt . (1.53)

It then follows that
20> = <Ala)> (1.54)
a%,_((f) = 2{QA(Q)> + 2{D(Q)> , (1.55)
2ca’> = KAA@)D +6<ADIR)D + 6<D(R)>) (1, 56)

where we use the drift vector /\(CL) as an abbreviation for
[)1((1) and the diffusion matrix D(Q.) for E32((L). From the
expression (1.48), we obtain, respectively
~AN + (V-1) AN + AC + 8
.v_l/\f.N - AC
A@)=[ AN - b (F-nM) (1.57)
M(sz—del)-{sz(ZM—Tll-de'lTl}-(E0+9M)+ht{F-nM)
£ (Yd,Q,+4,Q) (d,Q-4,Q, ) -2 (45Q®-Ya Q] ) #xp (M=T ) +
+Q_+ £(Q)
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2Dy H—W;-T)'A{.N..xc To-10 AN 0 0
* VI A N4AC VAN 0 0
2D(Q)= * * /\f.N-f-ht(F-'f}M) -ht(F-T]M) 0 |(1.58)
* » #* 2DM 0
» * »* * 2DQ

where * signifies a symmetrical element on account of the cyclic

property of 2[)2, and

2Dy = AN + (v -1)°AN +2C + 5 (1.59)

2D, = M(d,Q+d,Q,) +{d2Q (2M-T, ) +d1Q1T1} +(Eg +eM)+h, (F-WM),( 1.60)

o A 2. 22 2B
2D, a;(rdlqlﬂizQ) (d2Q+d1Q1)+a-;(d2Q +Ydel)+xB(M—Tw)+
+Qp+-f(Q] . (1.61)

We note here that the matrix (1.58) is also the autocorre-
lation of the Langevin noise source(js)(39), and that £(Q) in

Eq. (1.61) can be written from Eq., (1.46) in the form

fl@ = 2N\glag X107 )% | (1.62)

The moment [)n for n23 can be obtained in the same manner,
but it is then necessary to assume some further conditions in
respect of predominant noise source f(Q).

Generally speaking, these moment equations may be analyzed
by expanding [)n[(l} for deviations from the steady state values,
and by adopting certain approximations to deal with what is
known as the hierarchy(ZI)(ja) for the higher moments, Illowever,

it is difficult to consider that such a higher order effect
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should make any significant contribution to fluctuations,

The effect, possibly, would become a small correction at most,
and more preobably negligible, because of the quasi-linear nature
of most noise problems, ThereCfore we assume that the stocha-
stic processes in the present theory can be treated as quasi-

-linear.

3.2, Quasi-Linear Processes and Noise Spectrum

Let us now define the absorption and fission rates depen-

dent on the fuel and coolant temperature by

Aﬂ.z /\C"" Af & A&o(e:!e:){l'BJgF"eu’e\- }

(1.63)
o 0 (e ~
m - L
Ae = Apotor,001{1-8,8-8,8.1 . ,
where gF and q:are small deviations from the respective steady

state values, and Bi (i=1,2,3,4) should be determined by a large
number of material parameters of the system., The total multi-
plication rate and the temperature coefficient ag are written

in the form

-Ma+ oA = F{(p-B)-0; &0, &} (1.64)
with
a, = -Bj{l-f>)+ﬁl(1-s1 y G, = -Bbtl-f3}+62(1-81 , (1.65)

and

ae =-a; - a, [ (6k/k)/deg. ] , (1.66)
where the customary kinetic parameters are used, i.e., neutron

generation time £ , reactivity P and delayed neutron fraction B,

Furthermore, we rewrite Af and -Aa+v0ﬁ¥ in the form
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~ ~
F

_ 1A
Af = opap b By F 4 wM o (1.67)
~Aa +55 Ap = %‘i + pj’n‘-‘ N (1.68)

using the definitions of Eq. (1.51), with

by = A9 _ 3 TS W

Il

- B -
F¢ F F_F "1 ° 2 ye ,.C 2
CVP \'f CvaVc
(1.69)
- 1 q - 1 q
U, & =t fy, B, = el
3 { F.F.F "1 ° 4 F C 2
Cvp \'f Cvfbvc .

Now we shall expand into powers of & =0 - Ob the drift
vector ;\((L) in Eq. (1.57) and the diffusion matrix 2 D(Q.)
in Eq. (1.58), and retain only the non-vanishing terms of lowest

order, Using Egqs. (1.37)-(1.39) with the results (1.67) and

(1.68), we obtain

Ala) = A(a)) - Ne | (1.70)

2D(Q) = 2D( Q) =2D W7
The steady-state values (ln should be chosen so that

Atog,)=0 (1.72)
where we have employed the mass conservation law for the steady
state, i.e., d,Q,=d,Q,, and ﬁave supposed that f(Qol is far
less effective for the equation of mean regression,

The relaxation matrix f\ leads to

-B " - 0
_j%_. -)\ u3N0 “uNo
- A =ViH Ny =ViHRNg 0
(1.73)
A% ~Neo ? T L TR L N T
0 0 -h¢ b+hen d
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Making use of Eq. (1.72), we obtain the diffusion matrix 21D by

2D (WOELT-TARN,  (T-1)ARNg O 0
* | (VE+97 )Aj-.N(; Wi AN 0 0
2D = | o+ g 2MaNg ANy 0 (17w
* #* * EDMM 0
# » # . * 2Dy

with the definition

-B
- vo(vo-li/\mNo + 2(-%-)}:0 ; (1.75)
200 = 2{ApoNo *+ 4,9 (Mot T} (1.76)
_ 2 g B
2D, = (6+2Y)d2Q0 + z/\Q{ aQ, X 10 = 5 (1.77)

where we replace f(Q) in Eq. (1.61) by Eq. (1.62), which is
assumed to be the predominant noise source in this model,
Consequently, the equations of the first moments and the

variances become

d _

gt <o> = -Aca> y (1.78)
d n i (1.79)
£ <ea> = 2D -Acaa> - <ou>A

2
+ -

where /\ is the transpose of /\. The steady state moments

{O\O\) can be obtained by solving the stationary form of Eq.
(1.79), which is the concrete expression of the Einstein relation.

For the case of linear regression laws as in Eq. (1.,78),

we can easily find the correlation function matrix and the
spectral density matrix with use made of the matrixes (1,73)

and (1-?b)(38)(39). We write here the spectral density matrix
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y . T
Pw) = 2Gw) 2DG(-(w) , (1.80)
where the Green function matrix (G(iw) is given by
G(iw) = (WwE +A)" (1.81)

together with the unit matrix E.

§ 4. General Features and Neutron Noise Spectra

In what follows, we shall discuss the general features of
the present stochastic theory and model, referring to the noise
spectrum of neutron fluctuations. In particular, we take note
of the frequency dependence of the noise spectrum in the lower
frequency region, namely its slope and amplitude. And we
compare these dependences with the corresponding ones of actually
observed noise spectra, A comparison of this kind will permit
simple verifiication of the validity of the model and theory.

Let us first consider the general features of the noise

spectra., From Eq., (1.80), the (r,s) component is

. _ 5 . Loyt (1.82)
Prs(lw) Ei,ilGri(lw)(2Dij}Gj5(-lw) 5

In this model, there are two predominant noise sources, one
being the neutron generation by fission constituting a nuclear
noise source, the other being the thermodynamical noise source
existing in the mass flow of coolant, causing flow fluctuations,
The former has been already elucidated clearly by the zero power
theory, and the latter is assumed in the present theory.

Therefore we take the following simplified spectrum based
»
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on the definitions (1.75) and (1,.77):
Prs(iw) & hDNNGrl(iw)Gsl(-iw)+uDQQGr5(iw)Gss(-iw) (1.83)

The autocorrelation spectrum PNN(iw) of neutron noise is

E(ZDQQ
2DNN

GIS{iw)

PNN(iw) = QDNNlGll(iw)lz 1+

) . (1L.84)

Gllfiw}
The Green function Glltiw) is the transfer function with the
notation T(iw), which includes the various feedback reactivity
mechanisms, Moreover we define the input noise source I(iw) by

2 (2D
QQ
1.8

(EDNN) . ( =

Gls(im)

I(iw) & LD 1+ Gll(iﬁj

NN

L.1. Neutron Noise Spectra in Natural Convection Cooling

As a typical example of the present model, i,e., a liquid-
-cooled and -moderated at-power reactor, let us consider the
case of natural convection cooling with light-water. 1In such
a reactor, the reactivity feedback largely depends on the

variations in the coolant temperature, so that

Ulﬁ:O 5 uz_f,a.o and LIBQO . (1.86)
From Eq. (1.81), the transfer function is given by
1
s+ =L
T(s) = [
A enll, (s+ AL (1.87)
P \B LN fo't Q
s+-,z+ﬂ s+\ ¢ L 0[5+,AQ)F(5T+de(s+H;T ,
with
2
F(s) = (S+ht)(5+b+htﬁ)—htﬂ . (1.88)

-~
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The transfer function is shown in Fig., 1.1 together with the
noise sources as random driving forces. The physical meaning
of this block diagram are clear from Eqs. (1.37)=(1.39) and
from the Langevin viewpoint,

The input noise source is wfitten in the form

luj+ht

i _ 2
) = g1+ ey Nod) | Ty A TP aa T A (Twehy)

(1.89)
ZDNN}

Z(ZDQQ

Assuming 71«1 from the definition (1.35), we take the approxi-
mation

Flin) & (iw+hy) (iw+b) (1.90)
and neglecting the effects of heat expansion and buoyancy from

the definitions (1.35) and (1.41), i.e.,

AQ &b & 24,0, and xy =0 , . (1.91)

the input noise source can be expressed in the form

2
(puNOd) (BDQQ)

I(iw) & LD A1+ (1.92)
. NN 2 22
(w™+b7) ZDNN
In the case of w<b, we obtain
N _ 2 2. -l
g} ae unNN[u 7 == {az{ 6°,- 91’} e ],(1.93)

where we have used the definitions (1.31), "(1.41), (1.69),
(1.75) and (1,77). The second term between the brackets can

be easily estimated by making use of the following values in

common use:

<
I
1

V= 2,6 y VoVo 543

‘ , = 107% [(8K/k)/c]

and the predicted values at 100 kW then become

(1.94)

1

10-h [sec] , a

)
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NO = 10]'2 [neutrons ]}

5 (1.95)
93 - 91 = 2'c)] , b= 0.1 fsec'll .

Here, b is determined by the definitions (1.31), (1.35) and
{1.41):

_ _ 0)-1 -
b = 24,0, = 2{{vc/sc)/u§} : (1.96)
while with use made of the parameters(uo),
Vc 0
5, = 60 fem] , VY, =3 {cm/sec) (1.97)

Consequently, the input noise source (1.93) reduces to

I(iw) & 4D {1+ 105x(12} for w< 0.1 , (1,98)

NN

Now, 2DQQ has been expressed in terms of the standard deviation

a of fluctuations in coolant flow-rate, From Eqs, (1.77) and

(1.91), it is

~ -4 2 2
2DQQ = {de + 2Xx1077Q b}QO
.2 .2 2f%
= 2X10 @& bQy for a>» 2 X10 - [%](1.99)

" which has been used in Egqs. (1.93) and (1.98).

To estimate d, defined by (1.35), if we adopt

C - 2 . 0 i o
C PV, = 2.80X10 [kw/*C] , 6, = 36.0 {%6]
(1.100)
]
a = 3.23%107*% [law-sec] 4
the condition requisite to permit use of Eq. (1.99) as 2DQQ is
a = 1.1x10'6 (%31 . ¥ (L.101)

This clearly shows how effective the noise source for turbulent

flow is to the present reactor model, as has been mentioned for
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the external noise source in Sec, 2.4, Supposing that the

standard deviation a is equal to only 1 %, 2D.. is completely

QQ
dominated by the noise source for turbulent flow, and thereby
the input noise source (1.98) shows an increase of amplitude
beyond comparison with the nuclear noise source. This increment
is the same in the neutron noise spectrum PNN(iw).

In the case of w>b, we easily obtain the frequency depen-
dence of the input noise source in the form

2D
. -4 2 QQ
I{iw) =& L"DNN {1+ w (uh—NOd) (%)} , (1.102)

and the noise spectrum PNN{iw) also has the same dependence,
since the transfer function of a low power reactor is almost
constant in a frequency region for which A<w<-(P=B8)/2 .

Now, neutron noise spectra have been measured in light-
-water-cooled and -moderated reactors under natural convection
at various power-levels up to 100 kW, e.g., HTR(é), KUR(Q)(5),
and TTRl(B). In comparing the experimental observations with
the theoretical results (1.98) and (1.102), it is seen that the
present stochastic model not only has correct qualitative
features, but also ;eveals semi~quantitative agreement with
the experiments,

In passing, let us consider another stochastic model for
a power reactor, which contains no contributions from fluctua-
tions in the coolant flow-rate, i.e., a reactor model such as
could be described by the usual equations for neutrons and
precursors, Egq. (1,30) for the fuel temperature and Lq. (1.261' .

for the coolant temperature, together with the related noise
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sources, This means that the inherent noise sources of the
power reactor arise solely from the elementary events relevant
to the coolant temperature fluctuations, principally, heat
transfer from the fuel to the coolant. The input noise source,

therefore, can in this case be written in the form

G,, (iw) |2/2D
n . & 14 MM
T uDNN{H Gypliw) (EDNN)}
5 (iw+ /\Q){iw+ht) 2 ZDWI
& WDy i+ () Ng) (Tut AgTF(T0) #paliurh, ]| |20y
2
gy 241527 (20
~ TUNN 202 \2Dyy, . (1,305 )
Consequently, it follows that
T4 =8 - (1.104)
i) & LLDNN 1+ 5.9X 10 for w<« 0.1 P =
2 2 EDMM)
- 10
R~ QDNN{1+ w (uuNO) (§5§§ } for w»0.1 . (1.103)

where we have used the definitions (1.31), (1.35) and (1.76),
and the above-mentioned values (1.94), (1,95) and (1.100),
These results evidently disagree with the actual observed noise

(4)-(6) (8)

spectra Most of the theoretical studies for power

reactor noise, however, have been discussed on a stochastic

model of this kind(19)(20)(22) or else on an even simpler
one (13)-(18)



_39_

4,2, Neutron Noise Spectra in Forced Circulation Cooling

As an another example of this reactor model, we. shall
consider the case of forced circulation., Attention is first
directed to the relaxation constant AQ of fluctuations in the
coolant flow, which will differ from the definition (1.41), as
noted in Sec, 2,4, Accordingly, it is presumed as follows.

There are three types of relaxation phenomena. First 1s
the slow relaxation due to the regression of fluctuations
through the whole recirculation flow. This kind of fluctuations,
even if the amplitude is very small, appear to have a marked
effect on the other fluctuations in the reactor system, on
account of the large coolant flow-rate. In the present study,
this phenomenon is expressed with the Langevin equation (1.42)
and estimated in Eq. (1.46) in terms of two phenomenological
parameters, a and AQ. The second phenomenoﬁ is the fast rela-
xation due to the local fluctuations of turbulent (low, which
we shall not discuss in this chapter. The third is the osci=
llatory relaxation which arises from the random mechanical
vibrations of the control rod(j)(6), fuel plates and other
structural components, This will be discussed in a next chapter,

For the time being, we shall only outline roughly the
frequency dependence of the input noise source, as well as the
noiselspectrum. In the case in question, the flow-speed of
the coolant is in general fast enough to consider, on acbount

of (1.96), that

N, < b \fg (1.106)
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Therefore, the input noise source (1.89) can be written in the

form

plLNOd 2 ZDQQ
A.b 2D for w<« /\Q , (1.107)

I(iw) = 4D {1+(
NN 5 NN

4

u,N.dy2 /2D
-2("L70 QQ
bDNN{1+ w ( 5 ) (E“EE

} for /\Q« W<« b’(1.108)

2D
ox, uDNN{i+ w (uuNOd) (531_)} for w» b , (1.109)

where we have taken the approximation (1,90) and neglected the
effects of thermal expansion and buoyancy. From these expre-
ssions we may state as follows, If the flow-rate is not very
high, i.e., bE:AQ, the inputrnoise source wili take the form

of the frequency dependence (1.107) and (1.109), which has a
close resemblance to the case of natural convection. On the
other hand, for sufficiently large flow-speed, it will be
expressed by (1.107), (1.108) and I(iw)E:uDNN for w>b.
Therefore, its frequency dependence is w-z, which can be termed
characteristic of the case of forced circulation.

Now, let us try to compare these two cases with the neutron
noise spectra observed in at-power reactors of forced circula-
tion cooling with light-water. The former case, probably,
should correspond to the spectra in HTR(B](G) (Lhere the flow
speed is about 16 cm/sec with forced circulation and 2 cm/sec
at 100 kW with natural convection), except for the resonance

peaks actually observed due to control rod vibration. The
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latter case should be applicable to the spectra from JMTR(II)

(flow speed about 7 m/sec with forced circulation), KUR(lo}

{about 10 m/sec with forced circulation and 3.7 cm/sec at 100

(ho))
b ]

kW with natural convection ORR (see Fig. 6 in Ref. (7)
or Figs. 1 and 4 in Ref. (23)) and MURR (see Fig. 10 in Ref.
(12)). In this latter case, the above-mentioned second and/or
third relaxation phenomena are quite conspicuous,

We shall here compare our results with the power spectral
density measurements conducted on the Sodium Reactor Experiments
(SRE)(E). In®*such a liquid-sodium-cooled reactor, hydraulic
flow fluctuations cause variations in reactivity by varying
the the amplitudes and gradients of fluctuations of the coolant
temperature. Hence, the present stochastic reactor model should
be applicable to the SRE, The shape of the input noise spectrum
given by Egqs. (1.107), (1.108) and I(iw)Q:uDNN for w>»b, corres-
ponds to the driving function noise spectra (Fig, 4 in Ref. (2)
). And the frequency dependence of the neutron noise spectrum
taken in the form wﬁg, agrees with the observed spectra (Figs.

6 and 8 in same).

It is important to note that the standard devi?tion of
fluctuations for turbulent flow need not nearly be as large as
the case of natural convection. The reason is as follows.

The flow speed, i.,e., Q is very large, so that the noise

01
L]

source EDQ in Eq. (1.46) becomes extremely large. If we take

the same order of magnitude for the input noise source as the

case of natural convection, the standard deviation o will

become a very small value,
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g 5, Concluding Remarks

In what precedes, we have fulfilled the two principal
aims stated in the beginning:
(1) Of determining the noise sources occurring in the
transport processes of heat energy
(2) Establishment of a set of system equations for the
thermal and hydraulic state variables
Here it should be emphasized that the present thermodyna-
mical investigation, though it has been made on the mean beha-
vior, provides us wiﬁp a reliable basis for the study of power
reactor noise. This has permitted us to proceed to a stochastic
description of the random processes,.
The present theory has been proved to be fairly reliable
upon comparison with actually-observed neutron noise spectra.
In the case of natural convection, assuming that there are a
few percent of fluctuations in the coolant flow-rate, the theory
gives a semi-quantitative agreement wilh the noise spectra
measured in reactors, e.g. KUR(u)(S), HTR(6] and TTRI(S).
In the case of forced circulation, with much lower proportion
of fluctuations, the theory can explain in a satisfactory

0
manner the noise spectra in HTR(B}(6), JMTR(lll, KUR(1 ),

(12) and SRE(Z). Consequently, we conclude that

ORR(7), MURR
the theory is widely applicable to the present type of at-power

reactors.
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Table 1.1 Elementary events in an at-power reactor:

Elementary Event Its rate Net Number by event
Neutron Removal /\CN =1 neutron
Neutron Source s 1 neutron
(vo—l) neutrons
Fission AFN V, pPrecursors
1 energy in fuel
}
-1 precursor
Decay AC
‘ 1 neutron
-1 energy in fuel
Heat Transfer ht(F-nM)
1 energy in coolant
Heat Expansion E0+eM -1
Energy Inflow d1Q1T1 1 energy in
Energy Outflow sz(EMuTl) -1 T
Mass Inflow Md1Q1 -1
Mass Outflow Msz 1
Buoyancy xB(M—Twl 1
Pressure Q 1
P
2 2.2
Momentum Inflow -y d1Q1 1 momentum of
Momentum Outflow 2d2Q2 -1 coolant outflow
d,
Mass Inflow a:(Yd1Q1+d2Q )Ql -1
Mass Outflow (Yd1Q1+d2Q)Q 1

Unknown event

£(Q)
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CHAPTER II

Effect on Stochastic Fluctuations
of Possible Noise Sources

in Non-Boiling Liquid Reactors

§ 1. Introduction

In the present chapter, we shall treat stochastic fluctu-
ations in a system at power, where there are, chiefly, three
kinds of noise sources, i.e., the statistical nature of neutron
chain reaction, the inherent noise source in fluid flow as in
Chap. I, and noise arising from: The effect of buocyancy in the
coolant flow*, the random vibrations of a control or fuel

#3#
element, and the inlet temperature fluctuations .

* In Chap. I, this effect is first incorporated in the
model, but then discarded from consideration further on in the
same chapter when is undertaken.

*# The inlet flow fluctuations have already been studied in
Chap. I. In the case of forced circulation, the coolant {low
of a core will fluctuate in one block, roughly in a single
phase, owing to the very high flow-speed. It then follows that
the fluctuations in question can be expressed in terms of Eq.
(1.42), embodying a parameter Aq. On the other hand, in the
case of natural convection cooling, we have discussed fluctu-
ations in the outlet flow-rate, and thereby assumed the flu-

ctuations in glestion to be white noise.
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A theoretical treatment is applied, making use of the
(38) (4

Langevin method s on the basis of the stochastic model
presented in Chap. I: A set of linearized equations (1.37)-
-(1.39) embodying thermodynamic and hydraulic state variables
are adopted as the Langevin equations, which contain source
terms to represent random driving forces., The random forces
have white noise spectra, whose amplitudes are given by the
corresponding components of the matrix (1.74). We shall
furthermore take the linear Langevin equations of first order,
considered to govern variables representing the displacement
of the randomly vibrating element and the inlet temperature,
In the present paper, these equations are taken as séarting
point for further analysis. Explicit expressions are derived
for the noise spectra associated with the above-mentioned
variables., Examples of the spectra thus determined are compared
with the results of observation.

In Sec, 2, some simplifications on the model presented
in Chap, I are considered, and also, the effect of buoyancy
acting on the coolant flow is studied. 1In Sec. 3, we shall
consider a system where random vibrations are induced in the
control or fuel element by fluctuations in the coolant flow-
-rate, Tn Sec. 4, we shall study a system characterized by
inlet temperature fluctuations, which have been assumed in
Chap. I to be white-noise, Sec. 5 is devoted to a short

summary‘and a brief discussion on the theoretical treatment

of at-power reactor noise,



§ 2. Buoyancy Effect in Coolant Flow

2.1, Simplified Model Reactor

Let us define the Markoffian random processes discussed

in Chap. I with use made of the Langevin equation:

LX) = - A (t) + (¢ , (2.1)

where ix{t) represents the fluctuations in the set of state
variables defined by (1.47), referred to the respective steady-
-state values, and /A is the relaxation matrix defined by

N
(1.73). The random driving forces & (t) are governed by the .

relationships

<Z(t)> =0, (2.2)

<E (£) S(u)> = 2D8(t-u) , (2.3)
where 2D is the diffusion matrix given by (1.74). By Langevin
treatment of the linear Markoff processestjg)(hl), we obtain
the noise spectrum matrix

= -1
P(w) = 2(iwE +A)~"2D (-1wE + AO 71, (2.4)

where f\+ is the transpose matrix of /A, and E the unit matrix.
Let us now discuss the noise spectrum relevant to the

simplified model reactor (SMR) based on three assumptions:

(a) that the strongly influential noise sources affecting the

fluctuations as a whole are the neutron generation by fission

and the noise source bringing about fluctuations in the coolant

flow-rate, i.e., in the matrix (1.74),

all Dy, = 0 but Dy, = Dy ¥ 0 and Dgg = Dgq ¥ 03 (2.5)

-
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(b) that the reactivity feedback largely depends on the vari-
ations in the coolant temperature through the changes of the
total multiplication rate of neutrons, i.e., in Eqs, (1.67)

and (1.68),
and (c) that the ratio 1n of the total specific heat between

that of the fuel and that of the coolant is very much smaller

than unity, so that Eq. (1.88) reduces to

F(s) = (s+h ) (s+b) . (2.2)
2.2 Discussion

For the neutron fluctuations, the noise spectrum can be

written in the form
Poy(w) = |T(iw)] %1(w) (2.8)

where the transfer function T(iw) is given by the expression

(1.87) combined with Eq. (2.7), and the input noise source

2
, (dpuNO) EDQQ)}
I(w) = 2(2D ){1+ ,( ' « {2.9)
N” {mz-(b/\quad)}zmz(bmn)z 2Dy

This function clearly reproduces the resonance-like structure
observed on the spectrum, which is due to coupling between the
fluctuations of the coolant temperature and those of the cool-
ant flow=rate brought about by the effect of buoyancy.

In fact, for xB=0; the input noise source reduces to

2 2D
a 1 Q0
I(w) = 2(2D ){1+(u N )2 ( )} (2.10)
NN Wl (ZLE ZaR B/ |

r
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which means that the hydraulic flow fluctuations governed by
the decay constant AQ cause variations in reactivity by vary-
ing with a decay constant b the amplitudes and gradients of
the fluctuations in the coolant temperature. A further discu-
ssion on input noise source of tﬁe form (2,10) has been given
in Chapter I.

Now, buoyancy brings upon a power reactor a negative-
-feedback effect, since an increase in the coolant temperature
due to an increase in the energy transferred from the fuel
leads to an increase of the coolant flow-rate, which in turn
decreases the coolant temperature, as is seen from Eqs. (1.38)
and (1.39). Hence it should be of interest to examine in some
detail this feedback due to buoyancy, Applying the expressions
(1.91) and (1.96) to b/\a, and (1.31), (1.35) and (1.41) to xgd,

we obtain

bA, = {%2_’(7}’%_}2 o (V)% | (2.11)
C C
S 0 ' 0
xgd ~ 20 G4(0.-6;) = (8.-6)) . (2.12)

Tt follows from this that the feedback effect due to buoyancy
appears distinctly in the neutron noise spectra of reactors
that are operﬁted with natural convection cooling at full power,
on account of the relatively slow coolant flow combined with
a large temperature difference between the moderator-coolant
and the inlet flow.

We next discuss the noise spectrum PQQ(w) of the coolant

flow-rate fluctuations, which can be written for the SMR in



-50-

the form

m2+b2
. 2 2 2
{m -(bAQ+de)} +w (b+AQ]

(b, N x )2 2D
X {1+ [T, (iw) 2 t f0 B ( NN)} , (2.13)
{ 7o w1 (w?+n2) (w?+b%) \#aq

PQQ(w) = Z(ZDQQ)

with the zero-power-reactor transfer function

Tyls) = (2.14)

1
TR
€ 0s5+h

Here we have let ph=0 on the supposition that variations in
the reactivity emanating from coolant tempefature fluctuations
are far less influential on fluctuations in the coolant flow-
-rate, This noise spectrum also reveals a resonance-like

structure induced by buoyancy. For x,=0, Eq. (2.13) reduces to

§ s (2.15)
w2+hé

which follows directly from Eq. (1.42) combined with the rela-

P (w) = 2(2D

QQ QQ

tion (1,43).

Other noise spectra, if necessary, can be easily obtained
from the matrix (2.4) on the SMR, with consideration given to
the influence of buoyancy effect, As examples, the auto-
-correlation noise spéctrum PMM(w} of the coolant temperature
fluctuations and the cross-correlation noise spectrum PNM(m)
between the neutron and coolant-temperature fluctuations are
given in the Appendix II, All the spectra mentioned above
have been calculated numerically as function of power-level,

The results of this calculations will be shown in a next chapter,
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§ 3. Random Mechanical Vibrations

3.1. Stochastic Model

We shall adopt

ad_ta'(t) = -AQaTt} + £X(t) +€;(t} ’ (2.16)
d™~ — I\-—t) +/\—-‘t) 1
a’Ex(t’ = “kx(t) - gl Ex ’ (2.17)

as the phenomenological Langevin equations for the coolant
flow-rate fluctuations a1t) and the displacement ﬁTt) of the
element, Here E;(t) and E;(t) are the random driving forces,
AQ and Ax the relaxation constants, and f and g (fg>0) the
coefficients representing the coupling between the flow-rate
fluctuations and the random mechanical vibrations, These two
equati;ns can be written in the form of a second order differ-

ential equation in Q)

f—i—;_a'(t) ¢ Ng2QTe) + w2QTH) = E516) (2.18)

witn Ao = Ay + N (2,19)
wZ = Agh, + Te (2.20)

T £ (2.21)

tolt) = Axga * fg; ® é% Q °

This is essentially an equation representing the damped harmonic
oscillator, and agrees in, form with what follows from an
inspection of the noise spectra of coolant flow-rate fluctua-

tions observed in the HTR(G), in which it was found that

resonance peak was due to the random vibrations of a eontrol rod,
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We now discuss the random driving forces in Eqs. (2.16)

and (2,17), which are required to satisfy the conditions

<’§;(t)E;(u)> = 2D, 6(t-u) , (2.22)
<<E;(t)f:(u):> =0, (2.23)

<f;(t)E:(u)> 2D 6(t-u) . (2.24)

With the help of the Einstein relation(38) (1) st then rollows

that
2 2 2
4('&')27 } £(Ax+w0)(2DQQ) + £ (2D”)
2 A 02 ' (2.25)
o%o
N (A2+w2) (2D._) + g2(2D
<%)?%> =18 o 120 ’ B <elg0/ . (2.26)
= . Aowo

For convenience, we take a case where the coupling does not

exist, i.e., f=g=0. Then the variances become

<@?% = ﬁ—l,-\a(znqq) , (2.27)
(2.28)

~ 2 _ 1
<(X)™> = ;2-7\;(211“) .
The noise source 2DQQ’ if necessary, can be evaluated with a
standard deviation of fluctuations in the coolant flow-rate,

as in Eqs. (1.45) and (1.46), while 2D __ is related to the mean

amplitude of random vibrations of a control or fuel element.

3.2, Stochastic Formulation

Let us describe the random processes of the present system

by using the Langevin equation as in Eq. (2.1). The stochastic



model is the same as employed in Chapter I, except for the

existence this time of the above-mentioned coupling condition.
Fad

Accordingly, the state vector € consists of a set of random

variables, i,e,,

b P P P e e S~ -
“+ = (Ni FlM’ x) ’ (2‘29)

’ »

and the relaxation matrix f\ can be written in the form

(2.30)

|

|

|

|

A = |
1

|

|

!

I

where /\0 is the matrix given by the upper left-hand 4X4 sub-

matrix of (1.73). The amplitude 2D, of the correlation

DN
function for ﬂ;(t) now becomes

I o 0
! 0 0
200 : 0 0
= r a8 2.31
20 ={_ + ______ o , (2.31)
0O 0 0 0; 2Dy, O
]
0o 0 0 ¢ | 0 2D

where 2D is the matrix defined by the upper left-hand 4X4

submatrix of (1.74).

3.3. Analysis

in order to illustrate the influence of the random mecha-
nical vibrations on the fluctuations as a whole we shall take
the noise spectra associated with the neutron fluctuations and

the coolant flow-rate fluctuations in the SMR. The neutron
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noise spectrum can be expressed in terms of both the transfer

function T(iw) and the input noise source I(iw):

1
s+~£+5
T( iw) =
ol {B A . PNoBghpo } *{2.32)
-P+p Qs+k x_d(s+h, ) (s+A,)
=g (s+h ) (s+b)+ B 2 t 5 . .
s +Aos+wo S=iw

2 2
d (“u”o)

I( iw) = 2(2D )| 1+ 2
s ’(32+A05+m§)(s+b)+de(s+ﬁ*)‘2

- ZDxx
X {l5+ﬂx|2(2DQQ)+ f (Eﬁ;;)}} _ g (2.33)

S=W

Note that for xp=0 Eq. (2.33) becomes

2 2 D
A (1gN,) 2 QQ 20y
I(w) = 2(2D,..) |1+ 2 (w2+A )( )+f ( )].
NN {iw -we) +W Aﬁ w2+b2) 2DV¥ 2Dyn

(2.34)

Thus the neutron noise spectrum has the resonance compo-

.

nent dominateﬁ by a single angular frequency wo and damping
constant AD' The transfer function ,(2.32) reflects the effect
of the coupling phenomenon, by which the chgyes in coolant
flow-rate due to the random vibrations of the element immedia-
tely affect the displacement of an element randomly vibrating
from its mean position. This effect acts as temperature reac-
tivity feedback, as can be seen from Eq. (1.87) and Fig. 1,1,

On the other hand, the input noise source (2,33), and also
(2.34), exhibit a certain resonance peak. Let us now consider
‘two special cases,

(i) In the underdamped case (wOS>A0), the function reaches



a maximum at w=w,, whose magnitude depends on both the stand-
ard deviation of the coolant flow-rate fluctuations and the
mean amplitude of the random mechanical vibrations, by virtue
of the relations (2.27) and (2.28). The sharpness Aw, of a
resonance, namely the half width of this maximum, in the

expression (2.34) is

A
AUJO s Aoil-z—wgo-) ’ {2.35)

which shows that the half width is roughly described by the
two relaxation constants AQ and 'Ax’ in other words, by the
regression of fluctuations through the recirculation flow as
a whole (cf, Sec. 4.2 of Chapter I) and the damping characte-
ristic of random vibrations of the structural elements. This
statement should be valid in approximation at the resonance

frequency w, in view of the relation (2.20), In particular,

0
it AQ has a flow-speed dependence like that in the expression
(141}, 'AQ increases with the flow-speed, so that W shifts
toward higher frequencies. This behavior has been observed
experimentally in the ORR by means of power-spectral-density
measurements (see Figs. 1 and 2 in Ref. (26) and Fig. 6 in

Ref. (7)).

Let us now turn our attention to the frequency dependence
of the input noise source of the form (2,33). In this instance,
we shall take the example of forced circulation cooling, in
which the value of b, defined by Eq. (1.96), becomes very

large, the flow-speed being in general very fast, For the

case in which the random mechanical vibrations significantly

-~



contribute to the input noise source (2Dxx§>2DQQ), we obtain
2 2
k) o (o) (m2), oo
2(2D ’ .
NN {(w5-0?) 2+02A2 }(w?+b?) 2Dyy

which leads to

I(w) A~ a® (th ) fz(szx)

for uJ(m0 ’

2(20_.7 uz 2D
NN NN (2.37)

0

2
d(p,N.) 2D
s 1 Lo fz( xx) £ o
e Er- or UJ—--UO 1]
{(wo-w)2+(/\0/2)2} mgb2 NN (2.38)
a2 (n N ) 2D
o~ Y : Z(Z—Dxx) for w,<w<b,
b NN (2.39)
2D
~ -6 2 2.2
o= (p ND) (‘ﬁ_—) for b<w .
. 2NN (2.40)

These results will be later compared with observations.

(ii) In the strongly overdamped case | A0$>w0), €.8.,
where the flow-speed of the coolant is extremely slow, or where
a randomly vibrating structural element is rapidly restored to
its original place (namely /\Q«Ax, fga0), the input noise

source (2.33) is reduced to

I{w) A Aty N 2 [2Bnn
T 0 , (2.41)
2I2DNNF ﬂw+l\Q] (1w+b)+de EDNN |

This is the input noise source given by Eq. (2.9), which has
been discussed in detail in Chapter I and in the previous

section,

Let us finally consider the noise spectrum associa%ed with
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fluctuations in the coolant flow-rate:

2 .2

w"+A 2 2 (2D )
P.,(w) = 2(20,,) X {“ _L( “) , (2.42)
e Q (wg—w2)2+wzhg w2+Ai 2Dnq

where we have put ph=0 and x.=0, as in Eqs. (2.13) and (2.15).
We shall now discuss two particular cases:

(i) The underdamped case, where the spectrum exhibits a
resonance peak, and whose frequency and half-width are the
same as in PNN(m). In a system where a control or fuel element

should vibrate significantly on account of a large quantity of

coolant flow, Eq. (2.42) leads to
2

- L (2D__) for waw. . (2.43)

~
Paolw) = }wo-w)2+(A0/2)2 ;E XX 0
(1ii) The strongly overdamped case, when Eq. (2,42) is
reduced to the form of Eq. (2.15).
Other n&ise spectra, if necessary, can be easily obtained

from the component of the matrix (2.4) in combination with the

matrixes (2.30) and (2.31).

J.4. Discussion

In actually operating reactors, the random mechanical
vibrations of a structural element should probably exert an
effect, not upon the whole coolant flow, but upon only a port-
ion thereof. This portion will then obey the Langevin equation
of the form taken by Eq. (2.18), while the remaining portion
of the coolant flow will be described by Eq. (1.42). Accord-

ingly, it follows that stochastic fluctuations in such a system
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are subjected to the coolant temperature fluctuations induced
by the two kinds of fluctuations in the coolant flow-rate: the
one arising from the noise source 2Dxx and the other from the
2DQQ given by Eq. (1.77) together with Eq. (1.42),

As an pertinent example, we-shall take up the neutron
noise spectrum for the case of forced circulation cooling,
which has two different types of frequency component: one of
resonance-like structure given by the input noise source (2.36)
with the transfer function (2.32), and the other of the form
taken by the expressions (1.107), (1.108) and (1.109) together
with (1.87). This result, in particular the predicted slope
of the spectrum, is qualitatively in agreement with the obser-
vations obtained on the ORR (see Figs. 1, 2 and 3 in Ref. (26)
and Figs. 6, 12 and 13 in Ref. (7)).

Considerations along similar lines can be pursued in
respect of the noise spectrum of the coolant flow-rate fluctu-
ations to derive the components represented by the expressions
(2.15) and (2.43). This result should, in pr%&iple, correspond
to the spectra from the HTR (see Fig. 7 in Ref. (6)).

As an another example of forced circulation cooling, we
shall consider the.case where the flow-rate is not very high,

but where, nevertheless, a structural element vibrates randomly,

We have, in this case,
bk,/\qn../\o and 2D__ R'FDQQ ; (2.44)

so that the input noise source (2.34) may be written in the

form
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2 2
fs | N_) 2D 2D
I(w) A "Efg;g—_”{Ai(iﬁgg) + fz(szx)- for wih,, (2.45)

2(2Dy ] wgb NN NN
2 2
a(p,N.)< ([2D 2D
L0 QQ -2_.2 X X
= — (zn )+ vt (:o:ﬁ“' for Agcudug » (2.46)
w NN NN
0
2 2
d”(p, N_) 2D 2D
~ 1 5 g 0 wg(EDQO)+f2(2Dxx)}
(wo—w)2+(AO/2) wo NN NN
For wSUgs  (2,4%)
2D 2D
-4 .2 2 QQ -2_.2 XX
. oy 'd (”uNo) (2DNN)+ w f (2DNN)} for w>uw, .
(2.48)

These results should be applicable directly to the observed
neutron noise speétra at 50 Watts on the HTR, in which the
coolant flow-speed is 16 cm/sec at any power level in forced
circulation, (see Figs. 4 and 6 in Ref. (6)). Introducing

the low-frequency component in the expressions (1.107)-(1.109)
into the present case, the above results can be compared with
the neutron noise spectra observed on the HTR at various power

levels (see Figs. 1, 5 and 8 in Ref. (6)).

§ 4. Inlet Temperature Fluctuations
L.,1, Stochastic Model
We consider a system subjected to fluctuations in the

inlet temperature of the coolant on the basis of the model

adopted in Chapter I. We now assume the Langevin equation
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for the fluctuations:
SR8 = =AT (D) + B0, (2.49)

where TZ(t) corresponds to the fluctuations in the inlet tempe-
rature Bl(t) in reference to the definition (1.31), and Ai
is a relaxation constant regarded as a phenomenological para-

meter, The random driving force E:(t) has the property

<‘E‘i’(t)>z 0, (2.50)
<E‘.1f(t}’.£‘;'(u]> = 2D, 6(t-u) . (2.51)

The amplitude 2Dii can be easily expressed in terms of a stan-
dard deviation a, of the fluctuations as in Eq, (1.46):
2)2

2D, , = 2l\i(aiT1X10 . (2.52)

14
Next it is necessary to regard the constants 91 in Eqgs.
(1.24) and (1.26) and Tl in Eq. (1.33) as variables. The

linearized equation (1.38) for the coolant temperature is

therefore rewritten in the Langevin form:
' P P =
SMTe) = 0, F6)-(b+n,n)H(£) -aQTe) +oT] (£)+E 1) ,(2.53)
where the coefficient p is newly defined by

p=dQ, +dQ >0, (2.54)

and the random driving force E;(t) has the same properties as

E:(t), except that the amplitude 2D is as defined by Eq.

MM

(1.76). The linearized equations for the other variables,

namely Eqs. (1.37) and (1.39), are valid without modification,
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h.2., Noise Spectra

We now define the whole random processes of the present
system by using the Langevin equation of the form represented
~os

by Eq. (2.1). The fluctuations €© from the respective steady-

-state values are given by

+
& = (¥5,% W37 (2.53)

I 0 0
0 0
/\o : 0 0
A = I d =P , ( 2. 56 )
————————————— T——-—-—--
0 =Xy | AQ 0
0 | o /\i

where we have used Eqs. (2.49) and (2.53) together with Eq.
(1.78) for the other variables. And the diffusion matrix,

defined in Eq. (2.3), becomes

oD . {2.57)

whose element can be seen from Eqs. (2.3) and (1.74) together
with Eq. (2.5). Thus the noise spectrum matrix P (w) of the

form given by Eq. (2.4) is completely determined,

4,3, Analysis and Discussion

(1) Noise Spectrum for Neutron Number

Let us consider first the neutron noise spectrum for the
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SMR. From the (1,1) component of the matrix lb(m), we obtain
the desired spectrum: the transfer function T(s) is of the

same form as Eq. (1.87) with Eq. (2.7) for F(s), and the input

noise source takes the form

. 2l 2
d”(p, N_) 2D
I(w) = 2(2Dy) |1+ ‘*g . '(qu)
(bAQ+de—u1 ) +(b+AQ)2w2 2UxN
2 2 .2 (2D..
X g1+ L 2Ag (znll)} : (2.58)
- a” w +Ai QQ

This is identical with the expression (2.9) for the case
2Dii=0 or p=0, and with the corresponding Egs. (1.89) and

(1.107)=(1.109) for both the above cases and x.,=0.

B
In what follows, therefore, we shall confine our attention
to an analysis of the quantity written between the curly brackets
in Eq. (2.58). This quantity is the ratio of frequency compo-
nent between that arising from the inlet temperature fluctuations
and that from the flow-rate fluctuations. The contribution of

this quantity to the neutron noise spectrum can be easily

estimated according to whether the ratio is much greater than

unity or not so much, Now the quantity in question becomes
2 Ag [2D
1+-R§ _-a..é_llj‘_i for w«AQ and Ai : (2.59)
d A{ QQ
2(2D, .
P ! (2.60)
e Bm] oS A

Thus a difference between those two quantities arises from the

value of Aé/ﬂg. The expression (2.59) can be rewritten in the
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form

AQ(Ql)Z( eg )2
Ai @ 92_ 82

where we have used the expressions (1.41), (1.77), (2.51) and

(2.54) for 4, 2D 2D,

QQ’ . G i
the definitions (1.31) and (1.35). This result shows how

and p respectively together with

sensitively the inlet temperature fluctuations influence the
neutron noise spectrum,

For example, in the case of natural convection cooling,
we can make use of the parameters presented in Egs. (1.95)
and (1.100) to obtain the Iesult

2
1+ ( 0% ) AQ (2.62)
a ’Ni

Assuming AQ Q=Ai, the condition of ai for obtaining a value

of the expression (2.62) much greater than unity is

1 2
G-i>>'—3—2l1 . (2.63)

This is an expected result.

(2) Noise Spectrum for Inlet Temperature

Let us now consider the power spectral density Pii(w) of
the inlet temperature fluctuations and the cross power spéctral
density PNi(m) between the neutron and inlet-temperature
fluctuations, From the (6,6) and (1,6) components of the

matrix ‘)(w), we obtain for the SMR

Pii(w) = 2(2Dii)(wz+ Ai)-l ’ (2.64)



~Glj=

(iw+ A)

X thoT(im) ‘ (2.65)

with the transfer function (1.87) for T(s). Neither of these

spectra contain components arising from the noise sources ZDNN

and ZDQQ.

From the spectra (2.58), (2.64) and (2.65), we may state
as follows., There is a correlation between the neutron and
inlet-temperature fluctuations, but it would be expected to

-

be small because of the presence of the noise sources 2D

QQ
and ZDNN' This can be seen clearly if we consider the
coherence function
Co. (w) = [PNi(m)I (2.66)
Ni
JPNN(MJ) ﬁii‘w)
il
2,2 22 2 2 2 2 2 -
. (bﬂu+x8d—w ) +(b+AQ) w* w AT f2Dy . d%(w +A7) (2040 72
B 2 B 2 7w
(ppuNo) w +AQ 2D, . P (w +AQ) 2D, .
=1 . (2.67)

(i) In the lower frequency region where I(w)ﬁ>2(2DNN),

the function can be written in the form

Cyy (0) A 1 (2.68)
ﬁ—ff—f w=+ AZ[%Pag
pz w2+ Ag. Euii

(ii) In the higher frequency region where I(w)22(2D

NN)’

we have

2D,

> N -2 ii
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It follows from these results that the coherence is signifi=-
cantly different from unity when an inherent noise source in
fluid flow constitutes a possible noise source in non-boiling
liquid reactors,

Now, it bhas been reported bﬁ Boardman(27) that in the
reactor noise measurements on the DFR, only a few of the ﬁower
fluctuations are due to the inlet coolant temperature noise,
and that in particular, there is a large low-frequency compo-
nent in reactor-power noise which is not due to the inlet
coolant temperature as measured by tne-plenum thermocouple.
Our results, though qualitative, are compatible with his

observations.:

(3) Noise Spectrum for Coolant Flow-rate

We shall here draw attention to the coherence function
CNQ{w} for fluctuations in the neutron number and the coolant
flow-rate. For the SMR, the noise spectrum PQQ(w) for the
coolant flow=rate fluctuations and the cross noise spectrum
PNQ[w) between the neutron number and coolant flow-rate fluctu-

ations are given by

(2.70)

(w) = 2(20g0) (w+ A2)7Y,

Paq

PNQ(w) 2(2DQQ)T(im)(—dpuN01(1m+b)"1(§2+ Ag)“z’ (2.71)

which have been obtained from the (5,5) and (1,5) components
of the matrix F’(w), with xB=0 for simplicity. The cross noise
spectrum PNQ(w} consists of two kinds of amplitude response

Lo
function to the random driving force EQ:
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(=iw+ AQ) s (2.72)

and
T(iw)(-dpuﬂo)(iw+b](iw+ AQ) . (2.73)

The former corresponds to that of the coolant flow-rate and
the latter to that of the neutron number, and thus the physical
meaning of PNQ(w) becomes clear,

Now, the coherence function in question is written in the

form
IPNQ‘W)]

JbNN(m) J§QQ(W)

1
2 2 2.8 2, 2 Zig } ==
1+(ZDNZ)(UJ + Ng) (w*+b%) +(2131.1)p (= AQ) |72
2D d2(ubNG}2 ZDQQ dz(w2+'Af)

CNQ(w)

1]

Q
(2.74)
where we have used Eqs. (1.87) and (2.58) for T(s) and I(w)
respectively with szo. A discussion on the frequency depen-
dence of CNQ(w) can be made in the same manner as presented
in Eq. (2.67).

It follows from our results for CNi(w) and C,..(w) that

NQ
it may be possible to derive the major noise source in the
present type of power reactor by observing experimentally the

values of CNi(w) and CNQ(w) in an appropriate frequency region,

If we have the result
Cyy (W) < Cyqlw) (2. 75)

it would be expected that the coolant flow-rate fluctuations

contribute more significantly to the system under considera-
-
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tion than the inlet temperature fluctuations,

Recently the coherence functions CNi(w) and CNQ(w) have
been determined by Batch and Klickman(uz) in the core of the
Enrico Fermi reactor at three power levels : 0.05 Mwt, 56 Mwt
and 88 Mwt, They concluded that two major noise sources ZDQQ
and 2D, ; are present independently of each other, and that the

inlet temperature fluctuations influence reactor power more

than the coolant flow-rate fluctuations.

§ 5 Short Summary and Some Remarks .

)

On the basis of the stochastic model presented in Chapter
I, we have studied the frequency responses of a system to the
random driving forces of: (a) buoyancy effect, (b) random
mechanical vibrations and (c) inlet temperature fluctuations,
These responses were all considered over the whole range of
freguency through combination with the low-~frequency component
due to an inherent noise source in the fluid flow, Thus we
have been able to compare satisfactorily these theoretical
results with the observations. An illustrative analysis bhas
been made, principally for the neutron noise spectra, but
other noise spectra, if necessary, can be readily obtained
and illustrated,

Now the theoretical treatment in the previous and ﬁresent
chapters for a study of at-power reactor noise has brought
out many problems that require further investigation. To give

some examples:
”~
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(i) Noise sources strongly influencing the entire
fluctuations

A parameter has been introduced into the model in the
form of a relative standard deviation of fluctuations in the
coolant flow-rate, but the theoretical estimation of its
magnitude remains to be undertaken, Another question is the
number of effective noise sources existing in a power reactor.
Thie‘zs) has pointed out that there are many kinds of intrinsic
noise sources in various types of at-power reactors.

(ii) The choice of a set of random variables

A set of random variables required to describe the kinetic
behavior of a reactor system can be chosen with the aid of the
theory of non-equilibrium thermodynamics, as bas been done in
Chapter I. These variables will constitute a set of variables,
sufficient to permit a Markoffian description to be formulated,.
In practice, however, we shall deal with fewer variables in
order to simplify the model in so far as possible, Attention
should first be directed to the problem of how we can systema-
tically carry out this reduction of wvariables, Next, we must
consider a random variable that assumes a number of different
values in a system, e.g,, there may be a number of different
kinds of coolant-flow speed in a core.

(iii) Local fluctuations of temperature and flow-rate

We have hitherto dealt with the fluctuations in a lumped
system. 1In actual noise experiments, however, local fluctua-
tions in the state quantities are usually observed. The

relation between the actually observed quantities and the
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theoretical values has not yet been made adequately clear.
(iv) Description of nonlinear processes
As a general expression of nonlinear feedback processes,
a convolution form has been employed. In the previous and
presenl chapters, the feedback processes have been expressed
in terms of linearized equations of first order. It should
be of interest to discuss this problem together with tbe

correlation function of random driving force,



-

CHAPTER TII

Analysis of Stochastic Fluctuations in a
Natural Convection Non-=boiling

Light-water- Reactor

5 1, Introduction

In the present chapter, we have calculated numerically
for the stochastic model of Chapter I, both the noise spectra
and the variances of stochastic fluctuations in neutron number,
fuel temperature, coolant temperature and coolant flow-speed.
The calculations have been made for various levels of reactor
power for the case of natural convection cooling, using a
plausible set of parameters for a typical light-water reactor,
for example, the Kyoto University Reactor (KUR)(S). The results
have been illustrated in terms of an analytical expression
derived for the simplified model reactor (SMR), which has
already been obtained in Chapter 11 on the basis of the model
of Chapter I. Some of the results are compared with the obser-

(5) and Utsuro{h) in the KUR, and

vations of Utsuro et al.
'Nomura(s) in the TTR1. It will be seen that our model is valid
for explaining in a satisfactory manner the experimental results

(3) (6) in the HTR, though

obtained by Yamada and Yamada et al.
the resonance like behavior of the noise spectra is not taken
into consideration.

In Section 2, a number of model parameters used here are

shown. And we shall choose the value of the, parameter a (%),
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which is introduced in the present model as an adjustable
parameter to express a relative standard deviation of fluctu-
ations in the coolant flow-rate for the case of xB=0 (see Sec.
2.4 of Chap. I).

Numerical calculations of the noise spectra have been
made for a delayed critical system (f):O] for five different
values of the reactor power P from 10 W to 100 kW, For these

calculations, we have adopted an analytical expression of the

spectrum obtained from an element of the noise spectrum matrix

Plw) = 2(iwE + A)" 22D (-iwE + AH™L, (3.1)

where A and 2D are given by the expressions (1.73) and
(1.74) respectively, and E is the unit matrix. The results
of these calculations will be shown and discussed in detail
in Section 3,

Section 4 is devoted to the discussion of the variances
and the relative standard deviations obtained numerically.
IThe calculations bhave been performed for a delayed critical
system (2 =0) from P=1 W to P=100 kW, and for a subcritical
system from reactivity £ = =10 ¢ (P10 mW) to P = ~10”0 ¢

(P>=100 kW), by using the algebraical equation

2 D= ALoAD + Jolol> f\+ " (3.2)
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8 2, Model Parameters and Steady-state Values

Numerical calculations were performed with use made of
a number of nuclear and material constants and model parame-
ters, whose vaiues are presented in Tables 3,1 and 3.2. Our
values of those parameters were chosen to be applicable to a
typical light-water reactor, such as for example the KUR(S),
and it has been assumed that the values are independent of
variations of the reactor power level P (kW).

The present calculations were made, furthermore, on the

assumption of the following two relations:

Uﬁ = 1,16p%+23 (cm/sec) , (3.3)
empilically obtained from measurements of the coolant flow-
-speed \fg at various power levels on the KUR(uO); and

by = 11.7(0 - 82?32 (kwec™h) (3.4)
for all power levels. Such a relation has been employed in
the case of heat transfer by natural convection(hj). The

coefficient has been so determined that the heat transfer
coefficient ho becomes 20 kw°C-1 when the temperature differ-

ence eg- 6?_\ is 5 °C at P=100 kW. Here the value of h, bas
been computed from the stationary form of Eq. (1.30) for the

applicable fuel temperature, i.e.,
0 0
hy, = P/(85-0) . (3.5)

Let us now express the steadf-state values of the state
quantities as a function of P, To determine the number of

neutrons present in a reactor, we find that in a delayed
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critical system it is

) (3.6)

while in a subcritical system, we obtain from Eq. (1.72)

NO = -':"Q'P_S ! (3-?)

as a function of the reactivity A, from which we can readily
determine the reactor power by making use of Eq. (3.6).

For the number of delayed neutron precursors, we have

vl P ( )
= — 3.8
Co =1 q .
From the stationary form of Eq. (1.26) and the relation

(1.18), the coolant temperature can be written in the form

5] +_._._.P_._._{|__“7i‘.{;n_}
o _ ! 2ScCHP VUL KAcCS -

[+ £ ¥
2S.C AU KA CF

(3.9)

together with the relation (3.3) for Ug, so that the coolant

outlet temperature becomes

[} 0 —_— 0 ' u
32 = 2 ec - 81 (C) , (3.10)
in view of the relation (1.24), An expression for the fuel

temperature is obtained from’'the relation (3.4) and (3.5), i.e.,

0y = 0+ (b)) - 011

In Fig. 3.1, the steady-state values of state quantities
obtained above are plotted as a function of P.

Using the relations (3.3)=-(3.11), an analytical expression
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was obtained as a function of P or @2 for such quantities as
the thermo-hydraulic variables defined by Eq. (1.31), the
relaxation constants by Eqs. (1,35), (1.41) and (1.69), and
consequently each element of the matrices (1.73) and (1.74)
for /\ and 2> respectively. 1In Fig. 3.2, typical relaxation
constants are shown for various values of reactor power.

In order to calculate numerically the noise spectra and
the variances, we need to know the value of the parameter a
defined by the expression (1.45). Then we have computed the
neutron noise spectra for different values of a at P=100 kW

and A =0, The value of a was chosen such that a reasonably

good fit with the experimental results of Utsuro et al.(E),
and Nomura(a) was obtained. The result was that
a=1% for TIR1 .
(3.12)

1]

L % for KUR .

The values of a, chosen here, were adopted for our calculations
made for various power levels up to 100 kW, This treatment,
though undoubtedly quite crude, has, nevertheless, revealed
many interesting features of our stochastic model, as will be

seen later,

§ 3. Noise Spectra

3.1. Noise Spectra for Neutron Number

/
In Fig. 3.3, we have compared the calculated neutron noise

spectra with the results of measurements performed in the

KUR(5) and.TTRl(B). We have also shown the theoretical noise
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spectra for the two different cases: (a) when power level is
1 kW, and (b) when it is 4 kW, of which 1 kW is produced as a
result of nuclear fissions and 3 kW is due to the other reac-
tions, such as for example, fission=product gamma heating,
The results of this experiment méy be confirmed indirectly by
observations in the KUR on the fission-product decay heat
energy*. But whether this should hold true in the present
case remains to be proved experimentally.

The transfer function and the input noise source are
plotted in Fig. 3.4 for five different values of P. Corres-
ponding analytical expressions applicable to the SMR are
represented by Eqs. (1.87) and (2.9), respectively, togeth;r
with Eq. (2.7) for F(s).

With the foregoing choice of values for the paramet;r a,
it is seen that the general configuration of the calculated
spectra roughly agree with the corresponding experimental

results in respect of both break frequency and slope of the

* Recently, measurements of fission-product decay heat have
been performed in the KUR by observing the coolant mean flqw-
~-speed 50 hours after shutdown upon 100 hours of operation at

3 MW(QO). The decay heat energy was about 10 kW. This experi-
ment was undertaken later. than when the noise spectra shown in
Fig. 3.3 were obtained, at which time the full power of the

KUR was 1 MW, The decay heat corresponding to this smaller

power may hence be estimated to have been about 2 kW.
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low-frequency component., It may be judged from this that the
low=frequency fluctuations result from the coolant flow-rate
fluctuations: its characteristic relaxation constants depend

on the mean flow-speed of the coolant as indicated by Eq. (2.11),
and its amplitude on the deviations of the flow speed from the
mean value as given by Eqs. (1.44) and (1.77). The higher the
power level, the faster becomes the flow speed, which increases
the low-frequency component, This relation is shown in Fig.

(3)

3.4. Such behavior was also observed by Yamada and Yamada
et al.(ﬁ) in the HTR,

We shall now present some remarks on the experimental and
theoretical neutron noise spectra, First, there is the possi=-
bility that the low frequency fluctuations in th? neutron
number arise from a combination of several kinds of reactivity
change caused by corresponding local fluctuations in the coolant
temperature, which, in turn is generated by variations in the
flow—speed of the coolant. Such local fluctuations should be
considered to have their inhberent relaxation constant and noise
source, The neutron noise spectra would thereby acquire a
complicated structure., In fact, as shown in Fig, 3.3, there
is a significant difference in the experimental results obtai-
ned from the KUR at P=100 kW for the two kinds of core config-
uration embodying either four water plugs (triangles in Fig.
3.3) or none (open circles in same),

Secondly, it is seen from Figs., 3.3 and 3.4 that the
calculations reveal an obtuse peak in the neighborhood of =

0.2 rad/sec at higher power levels, This peak is due to the
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effect of buoyancy in the coolant flow, as discussed in Sec.
2,2 of Chap. II.

Thirdly, the origin of the low-frequency fluctuations is
not always dependent on reactor power level. For example, in
a reactor at low power level, and carrying a large fission=
product inventory, the Coolant-flow will be caused, chiefly,
by the decay heat energy, so that the low-frequency behavior

as
would not be coupled directly to power level}vé'case that was
observed in the FNR(g).

Finally, we note here that, in the frequency region above
0.1 rad/sec, the sha;e of the calculated noise spectra is
roughly the same as given by the zero power reactor transfer
function for power levels below a few kW. Hence it follows
that, at such high frequencies and low power levels, the zero

power reactor noise theory can be validly applied to describe

the noise spectrum in question.

3.2. Noise Spectra for Coolant Temperature
L]

Figure 3.5 shows the noise spectra associated with the
coolant temperature fluctuations, whose analytical expression
has been given by Eq. (A3) of Appendix II for the SMR, The
general shape of the spectra is almost independent of reactor
power for the power levels shown. It is determined, mainly,
by a freguency component generated by the coolant flow-rate
fluctuations, Hence it is possible to write the spectra in

the simpler form
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2

N d

o 2(2D,_.
{0%- (0 Agrxga)} 2o (b4 2 R

Pyy (W) Y} & (3:13)

The characteristic relaxation constants are, therefore, AQ

and b, The frequency dependence is w_h. These characteristics
are the same as those of the low=frequency component in the
neutron noise spectra., It follows then that the neutron
fluctuations at lower frequencies are caused by fluctuations

in the coolant temperature through the temperature coefficient
of reactivity.

The theoretical results are compared with the coolant-
-temperature noise spectra observed on the KUR at a power level
of 100 kw(u). Fairly good agreement is obtained on the whole:
the characteristic features revealed from our calculations as
expressed in terms of the relaxation constants and the frequ-
ency dependence, is in conformity with the observations, as
can be seen from Fig, 3.5. A similar agreement wilh experiment
is also obtained in the case of measurements performed in an
out-of-pile natural convection heat transfer loop by N'1shih:su:a{33
The present results, however, disagree with those observed in
the FNR at low‘power levels from 1 kW to 5 kW, reported by
Lehto et al.(9). Their experiments show a frequency dependence

2

related to w ~. We have no explanation for this difference in

observed characteristics,
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3.3. Noise Spectra for Coolant Flow-rate

Figure 3.6 gives the noise spectra obtained for fluctua-
tions in the coolant flow-rate. TIts analytical form has been
given by Eq. (2.13) on the SMR. For the power levels shown,

the nuclear noise source 2D is scarcely responsible for the

NN

spectra in question, so that we can rewrite Eq. (2.13) in the

form

m2+b2

PQQ(m) = 2(2D : (3.14)

)
B {wP- (oAg+xga P +? (beA)

The coupling effect due to buoyancy is reflected in the curves:

a resonance structure appears in the vicinity of w=0.1 rad/sec

for higher power levels, The spectra have a frequency depen-

dence related to w_z at higher frequencies. This dependence
(6)

has been observed also in the HTR y though, in addition, a

resonance peak has been found at w28.2 rad/sec.

3.4. Cross Noise Spectra for Neutron Number and Coolant

Temperature

(1) Magnitude

The magnitude of the cross noise spectra PNM(m) between
the coolant temperature fluctuations and the neutron number
fluctuations is shown in Fig. 3.7. An analytical expression
of this PNM(m) has been given for the SMR by Lq., (A4) of Appen-
dix II. 'Our calculations show that the spectra for the'pbwer

levels shown can be expressed in the simpler form
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2 ’
”uNOd To(lwl

. S : (3.15)
{u: - (bAy+x )} 2+(b+I\Q)2m2 :

Pm(w) = 2(2D

QQ)

This simplification consists in assuming that a frequency

component due to the nuclear noise source 2D contributes

NN
little to the spectra PNM(m), and that for higher frequencies
above 0.01 rad/sec the shape of the transfer function T(s) is
nearly the same as the zero power transfer function To(s) (see
Fig. 3.4).
From the spectrum (3.15) as well as from Eq. (AL) of

Appendix II combined with the above assumptions, it follows
that small deviations of the coolant flow-rate are responsible

for fluctuations in the coolant temperature and the neutron

number through the response functions, respectively, of

a{(-10+Ag) (-iwrb) +xga}™t (3.16)
and

To(iw)phnod{(iw+hqi(iw+b)+XBd}-1 . (3.17)

These response functions have already been taken up in the
discussion of the spectra PNN(m) and PMM(w), so the physical
meaning of the results of our calculations is clear,

On comparing the P=100 kW curve with the experimental
points, it is seen that for w<1 rad/sec a reasonably good
agreement is obtained on the whole, but for w>1 rad/sec the
coincidence is not so good, This différence may arise from
local fluctuations in the coolant temperature, as has been

discussed in Sec, 3.,1.
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(2) Coherence
An interesting behavior of PNM(w) is noted for "the

coherence function of the form

]PNM(m)L
CNM(w) = . (3.18)

JbNN(m)/PMM(m)

The results of our calculations for C

NM(w} are shown in Fig.
3.8. For higher power levels, on account of the inherent

noise source in the coolant flow-rate fluctuations, the great-
est coherence occurs between the neutron number fluctuations
and the coolant temperature fluctuations, which is 1.0 at lower
-frequencies, For lower power levels, another kind of coherence
appears in the higher frequency region, though this is very
weak, This is due to the random generation of neutrons by
nuclear fission.

On the SMR, the coherence function in question can be

written in the form

1
Coe(w) = ) [(F.19)
A V 1re '+ (624 AZ-2xpd) P+ (bAp+xa)
2D
g = (d uuNolz(Eﬁ%%) . (3.20)

In writing Eq. (3.19) we have used Egs. (2.8), (3.13) and (3.15)
for PNN(w), PMM(m} and PNM(m) respectively, on the supposition
that we can replace T(iwm) by To{im). In the lower frequency

region, CNM(w) has the form given by

1
J 1+€1(bAQ+de)2 .

CNM(w)

(3.21)

rd
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In particular, for higher power levels, this is nearly equal
to 1.0, because € becomes very large, At higher frequencies,

Eq. (3.19) reduces to
&
Cay(w) = elw? . : (3.22)
These results are reflected on the curves of Fig, 3.8, A break

frequency w, can be easily obtained from Egs. (3.21) and (3.22):

wy Q:hJe+(bAQ+de)2 - (3.23)

It follows from this that the coherence in guestion is depen-

dent not only on the relaxation constants, but also, greatly

on the relative magnitude of the noise source ZDQQ.

(3) Phase

In what follows, we shall deal with the ratio between the

td

imaginary and real parts of PNM(w), which corresponds to the
phase of the complex function PNM(w). In Fig. 3.9 we have
plotted the phase response of PNM(w). From an inspection of
the curves, one very important result emerges: for higher.
power levels, the general behavior of the ratio is nearly the
same as given by the zero power transfer function., Namely,
using Eq. (3.15), we have

ImPNM(w) ) ImTo(iw)
RePNﬁT@T ReTo(iw)
oA
w(1+= )
w2+X2

_2.B w?

£w2+l2

. (3.24)
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However, as reactor power decreases, there is increasing
deviation from Eq, (3.24). An oscillatory behavior of the
ratio is seen at higher frequencies, which is due to the

contribution of the noise source 2Dy, to the spectrum PNM(w).

§ 4. Relative Standard Deviations

L.1. Fluctuations in a Delayed Critical System

Using Eq. (3.2), we have calculated the variances and
the relative standard deviations of fluctuations in state
quantities as a function of P for two different values of
a=1 % and 4 %, In Fig. 3.10, we have plotted the relative
standard deviations which have been expressed in percentage,
Also shown in Fig. 3.10 are the experimental results of the

-

neutron noise measurements performed in the KUR by Oka et al.
(Bb}. It will be seen that the curve for a=1 % has a fair
resemblance with the experimental results, while for a=4 %

a reasonably good fit was obtained with the observed neutron
noise spectra of the KUR at P=100 kW. We note here that the
experimental point at 10 W assumes a value of about 0,22 %
which is quite close to the value of 0.30 % calculated for the
neutron fluctuations not in a critical system, but in a sub=-
critical system, as will be seen from Fig. 3.12, It follows
from this that there is a possibility that the experimental
data for P=10 W were obtained in subcritical state. This

surmise is supported by the fact that in the KUR there is a

considerable contribution of the neutron source resulting
) ”
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from the (¥ ,n) reactions in the D,0 column(uu).

At higher power levels, fluctuations in the coolant flow
speed are somewhat moderated by a feedback effect due to
buoyancy. We should note here that the quantity a (%) which
was introduced in theoretical derivation in the form of an
adjustable parameter plays an important role in determining
the amplitude of a noise source of the coolant flow speed

fluctuations for the case of x,=0, as seen from Eqs. (1.42)-

B
-(1.46). Therefore, the parameter a corresponds to the rela-
tive standard deviation of the fluctuations when we consider
the case xB=0 in our stochastic model,

At bigher power levels, the flow speed fluctuations, while
their relative amplitude is only a few percent, have a dominant
effect on fluctuations in the other state quantities shown,
while at lower power levels a noise source due to the random
generation of prompt neutrons by nuclear fissions contributes
significantly to the fluctuations in the neutron number and
the fuel temperature. This result is as expected,.

In Fig. 3.11, we have shown how influential are the nuclear

noise sources and the thermo-hydraulic moise sources on the

neutron fluctuations. Making use of Eq. (3.2) for the variance
02 of the fluctuations in question, two kinds of the variance
~—-Ui and ci——— can be defined by
°2=<(NN)2>—§ £..(2D)
n 0 n N L PR (3.25)
i, j=1
02 = <(N=-N )2 = 2
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so that we have

o2 = <(N—N0)2)= oi + ci y (3.27)
where fij is a quantity composed of all elements of the matrix
AN . In other words, Gi and ci correspond to the amplitude
responses of the neutron fluctuations to the nuclear and
thermo-hydraulic noise sources respectively, and in the parti-

cular case of the SMR, to 2bNW and 2D respectively., We have

QQ
‘plotted in Fig. 3.11 the ratios oi/oz and ci/oz. It is seen
from the curves in this figure,.as well as in Fig. 3.4, that

as P increases, low frequency fluctuations become more and
“more dominant, and thereby the neutron fluctuations undergo

a marked variation in the wave shapes in the vicinity of P=1

kW for a=1 % and of P=200 W for a=4 %. This bebavior can be
expected to be substantiated by experiment,

We shail here compare our calculations with the observa-
tions of Nishihara{Bj), who has carried out coolant temperature
fluctuations measurements in a natural convection bheat transfer
loop decoupled from neutronics, In his work, the relative
standard deviation is 0,11 % (the root mean square amplitude

is 0,04 °C) and 0.15 % (0.05 °C) for an electric power of 200

W and jooyiespectively. It is estimated that the KUR reactor
power of 100 kW is equivalent to an electric power level some=-
where between 200 W and 300 W. In the present study, for
P=100 kW, it is 0.067 % (0.022 °C) for a=4 % and 0,017 %
(0.0056 °C) for a=1 %, Judging from the crudeness of ou;

calculations where the lumped parameter model was used, this
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difference can probably be attributed to the local temperature

fluctuations which have been measured by him,

4.2, Fluctuations in a Subcritical System

In Fig., 3.12, the relative standard deviations of fluctu-
ations in state quantities are shown as a function of the
reactivity /2 (P<0). In the same figure, we have also shown
the results calculated for the neutron fluctuations with the
Zero-power reactor-noise theory. Tts analytical expression

is given by

- =13 -p+B -P
0% y100 = L oo Ayt g Y X100 (%),
Yo V5 2(1+4 2218

(3.28)

where

v T (v-1) .
BN\ po{-5+85+357-1) } & B . (3.29)
Voo 1) Agot2(Z518)

Y, -

For the very subcritical state, the curves for the neutron
fluctuations are the same as that given by zero-power reactor-
-noise theory. But as the core goes critical and the power
increases, the departure from theory accentuates due to feed-
back from the coolant temperature fluctuations. ForiPlé;leO-z
¢, the neutron fluctuations are largely perturbed by fluctua-
tions in the coolant flow-rate through the temperature coeffi-
cient of reactivity,® Such a behavior is similar to that

presented in Fig. 3.10,

For the fuel temperature, our calculated values decrease
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for large absolute values of /R, This result is different
from that in Fig. 3.10. The réZon is as follows, The variance

is related to the corresponding noise spectrum through

"

<(F-F0)2> = -_}l-anF.F(w}dm ; (3.30)

On the SMR, the spectrum PFF(w) for the fuel temperature is
given by
2 2. =1
)

Peplw) = 2(200 )| T(w) | % A2 (0®+02)"1 (3.31)

where we have neglected the thermo-hydraulic contribution of
the noise source ZDQQ, since our attention is focused on very
low power levels below 10 W, With decreasing values of P,
the transfer fungéion T(iw) tends to show a behavior similar
to the zero power reactor transfer function To(iw), as shown
in Fig., 3.4. Therefore, in a delayed critical system, the
amplitude of T(iw), and hence of PFF(m), becomes very large
for small values of w. This is reflected in the curves of
Fig. 3.10. On the other hand, in a subcritical system, the
amplitude decreases with diminishing A, so that we have a
result as shown in Fig. 3.12.

The above-mentioned behavioé is discernible, though only
faintly, in Figs, 3.10 and 3.12 for the coolant temperature
fluctuations at lower power levels. For the coolant flow-rate,

our calculated results are nearly the same as shown in Fig,.

3.10.
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8 5. Concluding Remarks

The main conclusion of the present chapter is that our
stochastic model can be considered to account reasonably well
for the experimental facts regarding random fluctuations in
natural convection light-water reactors operating at various
power levels up to 100 kW. An adjustable parameter a introduced
here plays a significant and quantitative role in determining
the noise spectra and the variances. Our calculations suggest
that we require more experimental data on fluctuations in the
temperature and the flow-speed of the coolant,

The present study has treated the case of natural convection
cooling, but it is possible to apply our model to the case of
forced circulation, for which, however, we require a proper
choice of the values of the two adjustable parameters AQ and a
for different values of flow-speed of the coolant. When more
experimental data are available, it should be very interesting
to compare with such data the numerical calculations based on
our stochastic model, particularly in respect of phase response
and coherence of the neutron number—-coolant temperature cross
noise spectra.

In the present paper, we have adopted the lumped parameter
model based on both thermodynamical analysis of the mean beha-
vior of a system and phenomenological considerations on the
thermo-bydraulic noise sources, We might point out here that
such a theoretical approach should help in understanding the
experimental data and in suggesting new experiments on random

fluctuations in various types of reactor, such as BWR and PWR,
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Table 3.1 Nuclear and material constants
Constants Values Constants Values
5 2.59 a (°c™1) 1.00X10™%
C lo -—1
V{v-1) 5.31 C, AEP (cal §~ 1.00 )
B 7.55%1072 < (atm™ 1) 2.00X107°
A (sec™l) | 7.70x107% P, (3em™) 1.00
q (Mev) 200 i .
Table 3.2 Model parameters
Parameters Values Reference Egs.
? (seo”}) .- 1.00x10™% (1.64)
s (sec™) | a0 | (1.57) &(3.6)
a, (6k/k/°C) 5.65%107 }-(1 i
a, (6k/k/°C) 1.13;(10"“L
By (°c™) 1. ?7x10‘5 .
B, e 1.30x107% | }
0, (°c) 30.0 (1.20)
F a -1,
_ VgfyCy (Keal © 7)) 18.7 (1.8)& (1.27)
vC (2) NN, 6?_ ? R (1.9) o
5. (om®) 1.05%10% (1.22)
(ag = -a, -az)
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Comparison of theoretiéal neutron noise spectra
with experimental results (Refs, 5 and B)

(normalized at w = 20 rad/sec)

calculated for a = 4 %
—————fora=1%
——————— with the theory of zero power reactor noise

100 kw in KUR(og® -1x10’“6k/k/°c)

o

100 kw in KUR(ae® +1X10™°bk/k/°C)

=]
e

e: 1 kw in KUR(ae® -1x10““6k/k/°c)

>
.o

1 kw in KUR(a,® +1X107°6k/k/ °C)
o ¢ 100 kw in TTR (0= -1.28X10"6k/k/ °C)

s: 10 kw in TTR (ag= —1.2BX10““6k/k/°c)
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Fig. 3.4 Transfer functions and input noise source spectra for

values of power levels shown
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Fig. 3.6 Theoretical noise spectra of coolant flow-speed
fluctuations for the same values of P and a as in
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3.10

Relative standard deviations of fluctuations of
state quantities as function of reactor power
level in a delayed critical system

The open circles denote experimental fesults of

neutron noise measurements (Ref., 34).

Curve A : Number of neutrons

B Temperature of the fuel
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Temperature of the coolant

D : Flow-speed of the coolant
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Fig. 3.11 03/02 and Uf/oz versus reactor power
02 is the variance of the neutron fluctuations

arising from all the noise sources, Di from the

nuclear and Oi from the thermal-hydraulic sources,
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Fig. 3.12 Relative standard deviations of fluctuations of
state quan%ities as function of reactivity
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quantities as in Fig. 3.10.
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Appendix I

Equation (1.10) is obtained as follows.
Combining Eqs. (1.1) and (1.2), the momentum conservation

is rewritten in the form
S(PV) +V-(pVUV) = PX -V-P1 (A1)
Carrying out the volume integral, we have

aq‘{:-(ﬂe\};) + %[(PVV‘)'CIS= PeXc = "'tlr_c'-B'P“'ds (A2)

]
which leads to Eq, (1.10) with the aid of Eq. (1.9). The Egs.

(1.14) and (1.15) are similarly obtained using Eq. (1.1).

Appendix II

The noise spectra P (m) and PNM(m) for the SMR:

1 2
Pyv(w) =2 Afe
MM (S+AQ(S+b){ - 4o ?;:*l;—’)t(—g;m'ro(s)} +Xad
Stla
x{d'l(‘zDgg)_i.Ltm To(S) ‘El'f]\'tl (EDNN)}S.W(A3)
- o|Tel® l { ? ity )
Pyw (@) = S4ha)(s+b)t Xed| LAaNed” To(s) (2Paq

¥
S +A
‘ 1 hhe 31 3 { (sS4 +0)+ X4 (2D | e

Seiw
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