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1 Introduction
In this paper, we are concerned with Cauchy problem of the porous nlediunl

equations:

(P) $\{$

$u_{t}=\mathrm{d}\mathrm{i}\mathrm{v}(u^{l}\nabla u)$ , $(x, t)\in \mathbb{R}^{N}\cross[0, \infty)$ ,

$u(x, 0)=u_{0}(x)$ , $x\in 1\mathrm{R}^{N}$ ,
(1)

(/: even natural nulllber,

$u_{0}(x) \in.,\bigcap_{71=0}^{\Pi}H^{\prime\iota}.’(1\mathrm{R}^{N})$ .

This type of equations have been studied by so many people and Inany inter-
esting results have been obtained so far. Among theIn, concerning the regularity
of solutiions, the H\"older continuity of $u$ has been well known. However, as for the
estimate for the derivative of $u$ itself, little is known. It is also well known that
(P) does not admit any time global classical solutions for the case where $\ell\geq 1$ and
$u_{0}\geq 0$ , (see Kalashnikov [8]). On the other hand, in our recent works [13], [14],
and [15], we constructed a time local solution which is smooth with respect to time
and space variables. Our aim here is to investigate the nonexistence of time global
classical soutions and the existence of $\mathrm{t}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{e}$ local smooth solutions of (P). Our main
results are given in the next section, and the sketch of their proofs are given in \S 3.
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2 Main Results
As for the nonexistence of time global classical solutions, we work for the one

dimensional $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\Pi 1$:

$(\mathrm{P})_{1}\{$

$1/_{t}=(|u|^{\ell}u)_{xx}$ ., $(x, t)\in 1\mathrm{R}^{1}\cross[0, \infty)$ ,

$u(x, 0)=u_{0}(x)$ , $x\in 1\mathrm{R}^{1}$ ,
(2)

Under the assuIIlptions that $l\geq 1,0\leq u_{0}\in C^{\infty}(1\mathrm{R}^{1})\cap L^{\infty}(\mathbb{R}^{1})$ , Kalashnikov [8]
showed that the solution $u$ of $(\mathrm{P})_{1}$ does not satisfy $u_{x}\in C(\mathbb{R}^{1}\cross[0, \infty))$ . If one
looks at the Barenblatt solution, one can easily see that the condition that $\ell\geq 1$

is best psossible for the nonnegative initial data. From the view point of physics,
the nonnegativity of the initial dta is very natural requirement. However, from the
mathematical $\mathrm{p}$ oint of view. it is interesting to observe that if we are concerned with
sign changing solutions, this condition $p\geq 1$ is not neccessary for the nonexistence
of global classical solutions as follows.

Theorem 1 Let $v_{0}= \int_{-\infty}^{x}u_{0}(\xi)d\xi$ and $assum\epsilon$

(N.1) $u_{0}$ is symmetric with respect to $x=x_{0}$ .

(N.2) $v_{0}\in L^{\mathit{2}}(1\mathrm{R}^{1})$ .

$The71$ .for each $.\backslash olutio??u$ of $(P)_{1}$ . th $\epsilon re$ exists a positive time $T_{0}$ such that $u(x, \tau_{0})\not\in$

$C^{1}(\mathbb{R}^{1})$ .

As for the existence of time local $\mathrm{s}\mathrm{m}o$oth solutions, our basic assumptions $\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{o}\mathrm{S}\mathrm{e}\mathrm{d}$

on the parameter $\ell_{\partial \mathrm{n}\mathrm{d}}’$ the initial data $u_{0}$ are the following (A.1) and (A.2).

(A.1) $l_{\vee}^{\mathit{1}}$ is an even natural number.

(A.2) $\mathrm{t}\iota_{0}(iL)\in,\}i=\mathrm{u}\cap H^{7\prime \mathit{1}}\infty(]\mathrm{R}^{N})$ .

Then our main result $011$ the existence is stated as follows.

Theoreln 2 Let (A.1) and (A.2) $b\epsilon$ satisfied, then there exists a positive numbcr
$T_{\cup}d\epsilon_{\mathrm{P}^{e\uparrow l}\mathit{9}}di?lO?l||u_{0}||_{W(\mathrm{R}^{N}}2\infty)$ such that Cauchy problem (P) has a unique solution
$1/\in C^{\infty}([0.T_{0}]\cross 1\mathrm{R}^{N}).\backslash ^{\neg}atisfying$

$\sup_{0\leq t\leq T0}||u(\cdot, t)||_{L(\mathrm{R})}\infty N\leq||u_{0}||_{L}\infty(\mathrm{R}^{N})$
. (3)
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3 Proofs
3.1 Sketch of proof of Theorem 1

Let $u$ be a global solution of $(\mathrm{P})_{1}$ and put $u(x, t)= \int_{-\infty}^{x}u(\xi, \dagger)d\xi$ , then we get
$o_{x}(x, \dagger)=u(x, f_{\text{ノ}})$ . Hence it holds that $(\iota)_{I}\mathrm{I}t=(|v_{x}|’\mathit{0}_{x})xx$ . Integrating this over
$(-\infty, x)$ , we find that $v$ satisfies

(E) $\{$

$v_{t}=(|v|^{l}xvx)x$ , $(x, t)\in \mathrm{R}^{1}\cross[0, \infty)$ ,

$v(x, 0)=v_{0}(x)= \int_{-\infty}^{x}u_{0}(\xi)d\xi$ , $x\in \mathbb{R}^{1}$ ,
(4)

Multiplying (4) by $\mathrm{v}$ and integrating over $(0, t)$ , we get

$\frac{1}{2}||v(t)||^{2}L^{2}+\int_{0}^{t}||v_{x}(_{S})||pdPSL\leq\frac{1}{2}||v0||_{L}^{2}2$ , (5)

where we put $p=l+2$ . Furthermore, multiplication of (4) gives

$||v_{t}(t \mathrm{I}||_{L}^{2}2+\frac{1}{p}\frac{d}{dt}||vx(t)||_{L^{p}}p=0$ ,

whence follows that $||v_{x}(t)||_{LP}r$ is rnonotone decreasing. Then, in view of (5). we
deduce

$||v_{\tau},(t)||_{L^{p}}p \leq\frac{1}{2t}||v_{0}||^{2}L^{2}$ . (6)

On the other hand, integrating the identity $( \frac{1}{q}|v(x)|^{q})x=|\iota’|^{q2}-1’\cdot 1)\iota\backslash$ over $(-\infty.d\cdot)$ .
we get

$\frac{\perp}{q}|v(x)|q=\int_{-\infty}^{x}|v|^{q-2}vvd\xi x\leq||v||_{L}^{q-1}2||v_{x}||_{LP}$ , with $q= \frac{3p-2}{p}$ .

Consequently, by virtue of (5) and (6), we obtain

$||v(t)||_{L}\infty\leq(q||v(t\mathrm{I}||_{L^{2}}q-1||v_{x}(t)||_{L^{p})^{/}}1qarrow 0$ as $tarrow\infty$ . (7)

Here, by using the synumetricity of the initial data and the uniquness of solution of
(E), we can conclude that $v(x.t)$ is also symmetric with respect to $x=x_{0}$ . Hence
it is easy to see that $v_{x}(X_{0}, t)=0$ for all $t\geq 0$ . Suppose now that $v(\cdot, \dagger)\in C^{\mathit{2}}(1\mathrm{R}^{1})$

for all $t\in[0, \infty)$ , then we have

$\frac{d}{dt}v(x_{0}, t,)=\frac{\partial}{\partial t}v(x, t)|x=x\mathrm{o}$ $=$ $(|v_{L}.|^{p2}-v_{\mathrm{D}}.(x, t))_{T}|_{x=x\mathrm{o}}$

$=$ $(p-1)|v_{x}(x0, \dagger)|p-\mathit{2}X\iota’(xx0, f)=0$ .

Hence it follows that $u(x_{\cup}, \dagger,)\equiv \mathrm{t}^{)}\mathrm{u}(x\mathrm{o})$ for all $f\in[0, |\infty)$ , which contradicts the fact
(7). Thus it is proved that there exxists a positive tillle $T_{0}$ such that $\iota’(.\mathit{1},\cdot T_{\mathrm{u}})\not\in$

$C^{\mathit{2}}(1\mathrm{R}^{1}),$ $\mathrm{i}.\mathrm{e}.,$ $u(x, T_{0})\not\in C^{1}(\mathbb{R}^{1})$ .
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$\square$

3.2 Sketch of proof of Theorem 2
We here give a brief sketch for prove Thorem 2.

Stepl (Existence of $C^{\infty}$-solutions of $\mathrm{a}\mathrm{p}\mathrm{p}_{\Gamma \mathrm{O}}\mathrm{X}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$ equations)

We introduce the following approximate equations for (P).

$(\mathrm{P})^{\epsilon}\{$

$u_{t}-\mathrm{d}\mathrm{i}_{\mathrm{V}}((\epsilon+u^{\ell})\nabla u)=Pu^{\ell-1}|\nabla u|^{\mathit{2}}$, $(x, \dagger)\in \mathbb{R}^{N}\cross[0, T]$ ,

$u_{\text{ノ}}(X.0)=u\mathrm{o}(X)$ , $x\in$ IR$N$ ,

where $\overline{\mathrm{c}}$ is a positive paranleter.

In order to assure the existence of $C^{\infty}$ -solutions for $(\mathrm{P})^{\epsilon}$ , we have only to show
the following proposition.

Proposition 1 $Fo7^{\cdot}$ any $T>0,$ $n\in$ IN, $\in\in(0,1]a7ldu_{0}\in H^{2n+1}(\mathbb{R}^{N}),$ $(\mathrm{P})^{\epsilon}$ has a
$uniqu\mathrm{f}.\backslash ^{\backslash }olutjo\uparrow \mathrm{t}u^{c}\vee b\epsilon lo?lgi_{7l}g$ to $W^{2.k}(0, \tau;H\mathit{2}(narrow k+1)(\mathbb{R}N))$ for all $k=0,1,$ $\ldots,$

$n$ .

To prove Proposition 1, we reduce $(\mathrm{P})^{-}\vee$ to the following evolution equations in
$H_{n}=H^{2n}(]\mathrm{R}^{N})$ :

$(\mathrm{P})\underline{C}\{$

$n_{t}+\in,4u+u^{\ell}Au=\ell v^{\ell-1}|\nabla u|^{2}$ , $t\in[0, T]$ ,

$(/(0)=1l_{()}$ .

Here $A’/\{--A/1_{1}$, is an opera $\mathrm{t}_{}\mathrm{o}\mathrm{I}^{\cdot}$ in $H_{l}$, defined by $A_{l},=-\triangle$ and $D(A_{\mathrm{t}},)=H^{2_{Jl}+\mathit{2}}(1\mathrm{R}^{N})$ ,
and the illllel $\cdot$ product of $H_{\iota}$, is given by $(u, \iota’)_{H_{7\tau}}=(u, \mathrm{t}’)L^{2}(\mathrm{R}^{N})+(A_{00}^{n_{\mathrm{t}x,A^{n}}}v)_{L()}2\mathrm{R}^{N}$.
In what follows we always assume $u_{0}\in D(A_{n}^{1/2})=H^{2n+1}(\mathbb{R}^{N})$ and denote $A_{\tau\iota}$ and
$A_{\{)}$ simply by ,4.

In solving $(\mathrm{P})^{\in}$ , we regard the terms $n^{\ell}Au$ and $\ell u^{\ell_{-}1}|\nabla u|^{2}$ as perturbations for
$\llcorner’-Au$ . We first solve the following equation with the perturbation $v_{}^{\ell}AU$ .

$(\mathrm{p})^{\epsilon}0\{$

$u_{t}+\mathrm{c}A\wedge u+u^{p}Au=.f\cdot$, $t\in[0, T]$ ,

$u(0)=u_{0}$ ,

where.$t$

. is a given function in $L^{2}(0, T;Hn)$ .
To solve $(\mathrm{P})_{0}\vee c$ , we introduce another auxiliary equation:

$’\backslash (\mathrm{P}\mathrm{I}_{0}^{\mathrm{p}}\vee\{$

$u_{t}+\mathrm{c}A\wedge v+\lambda u^{\ell}A\mathrm{t}=h+.f\cdot$. $f\in[0, T],$ $\lambda\in[0,1]$ ,

$u(0)=u_{0}$ .
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If $\lambda(\mathrm{P})_{0}\mathrm{P}$ has a unique solution $u^{h}$ , we define the operator $\lambda F_{\gamma_{10}}$ by the following
correspondence:

$\lambda \mathcal{F}_{7|0}$ : $h\mapsto u^{h}\mapsto-\eta_{0}(v^{h})^{\ell}Auh$ , $\eta_{0}\in \mathbb{R}$ .

By lIlaking use of the fact that $u^{\ell}Au$ can be decomposed into the sum of the mono-
tone part and the slllall perturbation part. we can show the following $1_{\mathrm{e}111}1\mathrm{n}\mathrm{a}$ .

Lemma 2 There $\mathrm{f}_{\mathrm{c}}\mathrm{t}\cdot i\mathrm{c}\backslash t\neg$ a $(\ldots\backslash ^{\backslash }u.ffi\subset\cdot i\epsilon?ltly.\backslash ^{\neg}mal/)p_{\mathit{0}\backslash iti}.’[])\epsilon 7lu7nbct\cdot\eta_{0}$ and a $po.\backslash ^{\neg}\dot{\iota}ti\mathfrak{l}$ ) $\mathrm{f}$

number $R$ indepen der’t of $\lambda.\backslash ^{\tau}uch$ that $\lambda \mathcal{F}_{\eta 0}b\epsilon come\mathrm{c}\backslash ^{\neg}$ a $co\uparrow?t\Gamma actio7\iota mappi\uparrow l\mathit{9}$ from $K_{R}^{T}$

into itself. rvhere $I\{:_{R}\tau=\{\iota’\in L^{2}(0.T;Hk))||\mathrm{L})||_{L^{2}(0}.\tau;H_{k})\leq R\}$ .

It is clear that $J\backslash (\mathrm{P})_{\mathrm{u}}\vee c$ with A $=0$ ha.s a unique solution. so $0\mathcal{F}_{l0}$, is well defined.
Hence $\mathrm{U}\mathcal{F}_{\eta 0}$ has a fixed point $\mathrm{b}..\mathrm{v}$ the contraction lIlapping principle, which implies
that $\lambda(\mathrm{P})_{0}\vee C$ with $\lambda=\eta_{0}$ admits a unique solution. so $\prime\prime 0\mathcal{F}_{l0}$, is well defined. Hence
$\lambda \mathcal{F}_{\eta_{0}}$ with $\lambda=2\eta_{0}$ admits a unique solution. Thus repeating this procedure finite
tinles, we can construct a unique solution of $(\mathrm{P})_{0}^{\mathcal{E}}$ .

To solve the original approximate equation $(\mathrm{P})’\vee$ , we introduce another lIlapping
$S$ defined by the following correspondence:

$S$ : $hrightarrow u^{h}\mapsto l(u^{h})p_{-}1|\nabla u^{h}|^{2}$ ,

where $u^{h}$ is a unique solution of $(\mathrm{P})^{\epsilon}0$ with $\lambda=1$ and $f=0$ .
By using much the salne arguments as for $\lambda \mathcal{F}_{\eta 0}$ , we can show that there exist a

positive nunlber $R$ and a sufficiently small $T_{0}>0$ such that $S$ becollles a contraction
froln $I\mathrm{t}_{R}’T_{0}$ into itself. Since $S$ does not involve any small parameter such as $\eta_{0}$ for
$\lambda F_{\eta_{0}}$ . we need the smallness of $T_{0}$ . However, by the standard energy $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\iota \mathrm{l}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{s}$ for
$(\mathrm{P})^{\epsilon}$ , we can establish a priori bound for $||A^{1/\mathit{2}}u(f)||_{H_{k}}$ , which assures that the local
solution on $[0, T_{0}]$ can be continued up to $[0, T]$ . Thus the first step is completed.

Step2 (A priori estimates)

The basic tool here is the “ $L^{\infty}$ -energy lllethod $‘$ ( introduced in [13], [14] and [15].

(i) Estinlate for $||u(\cdot, t)||_{L}\infty$

Multiplication of $(\mathrm{P})^{\epsilon}$ by $|v|^{\gamma-2}u$ gives

$||\iota\iota||\prime L^{\gamma}.$ .$\frac{d}{\theta}-1||u||_{L’}$

$+ \circ(\prime r-1)\int|u|^{r-2}|\nabla u|2dX+(r-1)\int|u|^{\ell+2}r-|\nabla u|2dx=0_{C}$.
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whence follows
$\frac{d}{cJ_{\text{ノ}}t}||U||_{L^{r}}\cdot\leq 0$ .

Then we get

$\sup_{0\leq t\leq^{\tau}}||\iota J\text{ノ}(\cdot.f)||L^{r}(\mathrm{R}^{N})$

$\leq$ $||u_{0}||_{L^{\gamma}}(\mathrm{B}^{N})$ for all $?\in[.2, \infty]$ . (8)

(ii) Estimate for $||\nabla u(\cdot, t)||_{L}\infty$ and $||D^{2}u(\cdot, t)||_{L}\infty$ $(2\leq r\leq\infty)$

Here and in what follows, we use the notations:

$D_{i}= \frac{\partial}{\partial x_{i}}$ , $u_{i}=D_{i}u$ , $u_{i,j}=D_{i}D_{j}u$ ,

$D^{\ell_{uD}\ell_{w=\sum D^{\circ}u}}|\alpha|=lD\alpha w$
, $|D^{l}u|=(D^{\ell_{uD}p1/2}u)$ ,

and also use the summation convention.
The direct energy method does not work for this case. However, we can apply

the argulIlent of Oleinik and Kruzhkov [11] based on the change of variables and
$\mathrm{t}\mathrm{h}\mathrm{e}_{d}$ maxinmm principle to get a priori bound of $||\nabla u||_{L}\infty$ . For example, $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln$

11.16 of Lieberman [10] assures that these exists a constant $C_{1,\infty}$ depending only. on
$||u_{0}||L\infty,$ $||\nabla U_{0}||_{L}\infty,$ $||u_{0i_{j}}\cdot||L\infty,$ $l$ and $\overline{\mathrm{c}}$ such that for $i,j\in\{1, \cdots N\}$

$\sup_{\mathrm{u}\leq t\leq T}||\nabla u(t)||L^{\infty}+\sup_{0\leq t\leq T}||u_{i}j(t)||_{L}\infty\leq C_{1.\infty}$

On the other hand, multiplication of $(\mathrm{P})^{\in}\mathrm{b}\mathrm{y}-\triangle u$ and the integration by parts yield

$. \frac{1}{2}\frac{d}{dt}||\nabla\iota l||_{L^{2}}^{2}+\int(_{\mathcal{E}+u^{\ell}})(\triangle u)^{2}dx$
$\leq$ $p. \int u^{p_{-1}}|\nabla u|^{2}|\triangle u|dx$

$\leq$ $\frac{1}{4}\int u|\ell\triangle u|\mathit{2}dX+\ell 2J^{\cdot}u|p_{-2}u\nabla|4dX$

$\leq$ $\frac{1}{4}/\cdot u^{\ell_{|\triangle u|^{2}d_{X}p}2p2}+M_{1}.\infty|\nabla u|_{L}2$ ,

where $M_{1.\infty}= \sup_{0\leq t\leq\tau_{0}}(||\nabla u(t)||L^{\infty}+||u(t)||_{L^{\infty}})$ .

Hence. by Gronwall’s inequality, we obtain the a priori bound for $|\nabla u|_{L^{2}}$ . There-
fore, noting the inequality $|| \nabla_{U_{\text{ノ}}}||L^{7}\leq||\nabla_{U_{\text{ノ}}}||\frac{2}{L7}2||\nabla_{U}J||^{\frac{7-2}{L^{\infty}}}’$ , we deduce the $\mathrm{b}.0$undness of
$||\nabla_{U}||_{L^{7}}$ . for all ? in $[$2. $\infty]$ .
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Next nlultiplication of $\nabla(\mathrm{P})^{-}$
. by $-\nabla\triangle u$ and the integration by parts yield

$\frac{d}{d\dagger}||\triangle u||_{L^{2}}2+\int(\epsilon+u^{\ell 2})|\nabla\triangle u|dx$

$\leq$ $\parallel./\cdot\iota l^{p_{-}1}|\nabla \mathcal{U}||\triangle u||\nabla\triangle u|d_{X+}(J(^{\ell_{-}1}).\int U|\nabla U|^{3}|\ell_{-}2\nabla\triangle u|dx\cdot$

$+/\cdot 2p_{u^{\ell_{-}1}u_{i}}\nabla_{U}\nabla’\cdot\Delta_{1}/ld.\iota$
.

$\leq$ $I_{1}+I_{2}+I_{3}$

$I_{1}$ $\leq$ $\frac{1}{4}.\int u^{\ell}|\nabla\triangle u|^{2}dx+\ell 2\int u^{\ell-\mathit{2}}|\nabla u|^{2}|\triangle u|^{2}$

$\leq$ $\frac{1}{4}.\int u^{p}|\nabla\triangle u|^{2}dx+\ell^{2}M_{1}^{p}.|\infty|\triangle u||_{L^{2}}2$

$I_{2}$ $\leq$ $\frac{\overline{\mathrm{c}}}{4,\wedge}\int|\nabla\triangle u|^{2}d_{X+}P^{2}(\ell-1)2$
” $\int u^{2(^{p}2\rangle}-|\nabla u|6dX$

$\leq$ $-4 \in\int|\nabla\triangle u|^{2}dx+l4M_{1}^{2}.p-\infty\epsilon|1|\nabla u||_{L^{2}}2$

$I_{3}$ $\leq$ $\frac{1}{4}.\int u^{p}|\nabla\triangle u|^{2}dx+4\ell 2/\cdot u^{p-2}|u_{i}|2|\nabla u_{i}|^{2}dx$

$\leq$ $\frac{1}{4}/\cdot u^{\ell}|\nabla\triangle u|^{2}dx+4\ell 2MP|1,\infty|D2u||_{L}^{2}2$

Therefore

$I_{1}+I_{2}+I_{3}$ ...

$\leq$ $. \frac{1}{\mathit{2}}./\cdot(\in \mathrm{i}+\iota l_{J})\ell|\nabla\triangle \mathrm{t}l|\mathit{2}dx+\ell^{2}\mathit{1}|l^{\ell}.(1\infty||/\Delta u||_{L}^{\mathit{2}}2+4||D^{\mathit{2}}U||^{2}L^{\underline{9}})+(^{\prime 4}\mathit{1}1ff_{1\infty}^{\mathit{2}\ell 1}\overline{\mathrm{c}}-||\nabla_{\mathrm{t}}/||_{L}^{\mathit{2}}2\cdot$

Hence, by virtue of the elliptic estimate:

$||D^{\mathit{2}}v||_{L}$ ? $\leq$ $C_{r}(||\triangle \mathit{0}||Lr+||u||_{L^{7}})$ for $?’>1$ , (.9 )

we obtain

$\frac{d}{dt}||\triangle u||_{L^{2}}2\leq C,1||\triangle u||_{L^{2}}2^{\cdot}+^{c_{1}}$, (10)

where $C_{1}$ is a constant depending on $M_{1.\infty},$ $||\nabla u||L2$ and $\in$ . Then. by Gronwall’s

inequality and the relaton $||u_{ij}||_{L^{r}}\leq||u_{ij}||^{\frac{2}{L7}}2||u_{ij}||^{\frac{?\cdot-2}{L^{7}\infty}}$ , we deduce the boundness of
$||D^{2}u||_{L^{7}}$ for all $r$ in $[2, \infty]$ .

(iii) Estimate for $||D^{3}u(\cdot, t)||L\infty$
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(a) Estimate for $||\nabla\triangle u(\cdot, t)||_{L^{7}}$ $(2\leq?\cdot\leq\infty)$

Multiplying $\triangle(\mathrm{P})^{\epsilon}$ by $-\nabla(|\nabla\triangle u|r-2\nabla\triangle u.)$ and repeating the same type of argu-

nlents as above, we can deduce the following estilnate:

$\frac{d}{clt}||\nabla\triangle U(^{f\mathrm{I}}||_{L’} \leq \zeta_{2}^{\gamma}(||\nabla\triangle u(f)||_{L}7+1),$
(11)

where ($j_{2}’$ is a constant depending on $M_{2.\infty}= \sup_{0\leq t\leq T1}||u(\dagger,)||_{W^{2}},\infty(\mathrm{B}^{N})$
. Therefore, by

$\mathrm{G}^{\mathrm{t}}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{W}\mathrm{a}\mathrm{l}1_{\mathrm{S}}^{\cdot}$ inequality, we $\mathrm{c}\mathrm{a},\mathrm{n}$ derive a priori bound for $||\nabla\triangle u||_{L}$ , on $[0, T_{1}]$ . We can

repeat lnuch the $\mathrm{s}\mathrm{a}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}$ argulnent as above for higher derivatives of $u(\dagger)$ .

(b) Estimate for $||\triangle^{2}u(\cdot,\dagger)||L$ ? $(2\leq 7^{\cdot}\leq\infty)$

Next we clerive the $L’$ -estimate for $\triangle^{2}u$ .
Multiplication of $\Delta^{\mathit{2}}/(\mathrm{P})^{\Xi}$ by $|\triangle^{\mathit{2}}u|’\cdot-2\triangle \mathit{2}u$ gives

$||\triangle^{\mathit{2}}u(f)||_{L^{-1_{\frac{c/}{d\dagger}1}}}’..||\triangle 2(ut)||_{L^{\gamma}}$

$=$ $./\cdot\triangle^{2}((\in+u^{p})\triangle u\mathrm{I}^{|\triangle^{\mathit{2}}u|’\triangle dX}..-22u$

$+. \int.\triangle^{\mathit{2}}(\ell_{U^{\ell_{-1}}}|\nabla u|^{2})|\triangle^{2}u|^{\uparrow-}.2/\Delta 2dux$

(12)
$\leq$ $I+.I$

Here we get

I-.$\cdot$

$\leq$ $-. \int.(_{7}\cdot-1)(\in+U^{f}\mathrm{I}|\triangle^{2}u|.l.-2|\nabla\triangle 2u|2d.\iota\cdot$

$+M_{2}||\triangle^{2}u||_{L’}.l\cdot+M_{2}(1+||\nabla\triangle \mathcal{U}||L^{\infty})||\nabla\triangle u||_{L}r\cdot||\triangle 2v||^{\uparrow\cdot-1}L’$.

$J$ $=$ $2./\cdot u^{\ell-1}u_{i}\triangle^{2}Uj$ . $|\triangle^{2}u|^{r}-2\triangle 2?\mathrm{J}dx$

$+(^{\text{ノ}}.J^{\cdot}((\ell_{-1})u^{\ell_{-2}}|\nabla u|z\triangle^{\mathit{2}}u+4U-1D2_{\mathrm{t}J},D\ell 2\triangle u+6Di(\mathrm{t}\prime^{p}-1)y.j\triangle u_{i_{7}}\cdot)$

$\cross|\triangle^{2}u|.l\cdot-2_{/}\triangle^{\mathit{2}_{\{}}\prime d.\iota$
.

$+/\cdot(\cdot.\underline{\rangle}_{U^{\ell-1}}D^{;}$ U. $D3U+2\iota l\ell_{-}1(\triangle Uj)^{2})|\triangle^{2}u|.l\cdot-\mathit{2}\Delta 2Ud_{X}$

$+/\cdot a_{(/^{k}}.$ (U. $\mu_{i},$ $U;k$ ) $\mathrm{t}\iota_{i.k}.|\prime u\triangle^{2}|l-2\Delta^{2}/udx$

$+J^{\cdot}\mathit{0}(u, \nabla?/,, Uj/\cdot)|\triangle^{2}\mathrm{U}|?.-2\triangle^{2}.ud\iota\prime \mathrm{t}$
.

$\leq$ $\frac{\uparrow\cdot-1}{4}J^{\cdot}u\triangle\ell_{1}\mathit{2}u|.l\cdot-2|\nabla\triangle^{2}u|^{2}dx$

$+\mathit{1}\mathcal{V}l_{2}(||\triangle^{2}u||^{;}..L^{r}+(||\nabla\triangle u||_{L^{\infty}}+1)||\nabla\triangle u||_{L^{\gamma}}\cdot||\triangle^{2}u||?’-1L^{r)}$ ’
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Here $\mathit{1}\mathrm{t}/[z$ denotes a constant depending only $011\mathrm{A}l_{\mathit{2}.\propto}.l^{\prime’},$ $N$ and ?. and we used the
elliptic $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{\mathrm{l}11_{\dot{C}}}\{\mathrm{t}\mathrm{e}$ in $L’$ Then, recalling the boundness of $||\nabla\triangle\mu||_{/_{\lrcorner}}$ , a nd 1 be following
elllbed\mbox{\boldmath $\sigma$}[ing inequality

$||\nabla/\Delta_{U}||_{L^{\infty}}\leq\zeta^{\gamma}(l(||\nabla\triangle U||_{L}q+||/\Delta^{\mathit{2}}u||L^{q})$ for $q>\lrcorner\prime \mathrm{v}$,

we dednce

$\frac{d}{dt}||\triangle^{2}U||_{L^{r}}\leq M_{\mathit{2}}(||\triangle^{2}u||_{L}r+1)$ for all $\uparrow>\mathit{4}\mathrm{V}$ . (13)

Thus we establish the boundness of $||\triangle^{2}u||_{L^{7}}$. for all $\uparrow\urcorner>N$ , whence follows the
boundness of $||\nabla/\Delta u||_{L}\infty$ and $||D^{3_{U_{J}}}||L^{\infty}$ .

(iv) Estimates for $||D^{\mathit{2}n}u(\cdot, \dagger 1)||L\infty$ and $||D^{2rI+1}n(\cdot, ’)||L^{\infty}$

For the higher derivatives of $u$ , we can repeat the sarne argument. By using the
following inequality:

$||D^{2n}u||_{L^{\infty}}$ $\leq$ $C_{q}(||\nabla\triangle^{n}u||_{L}q+||u||_{L^{q}})$

$||D^{\mathit{2}n+1}U||_{L^{\infty}}$ $\leq$ $C_{q}(||/\Delta^{n}+1U||Lq+||u||L^{q}\mathrm{I}\cdot$

we can establish the a priori bound for these norms if $u_{()}\in W^{2\prime i.\mathrm{X}}(]\mathrm{R}^{1})$ or $n_{0}\in$

$\mathrm{M}/\iota+1_{\mathrm{R}}(’\underline{\rangle},]\mathrm{R}\mathrm{l})$ respectively.
$\dot{\mathrm{F}}$inally we prove the convergence.

Convergence:

$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 3$ Let $u_{0}\in H^{\mathit{2}k+1}(\mathbb{R}l\backslash \gamma)$ with $k\in$ IN $(k\geq 2)$ . $th\epsilon..n$ th $\epsilon re6X\dot{l}.\mathrm{h}t.$, a $p_{\mathit{0}\backslash i\mathrm{f}i}.|J$’

number $T_{0}dep\epsilon\uparrow\iota di\uparrow lg$ only $\mathit{0}??\ell,$ $||u_{0}||_{W^{2}}\infty$ such that (P) has a unique $.\backslash oluti_{\mathit{0}}\uparrow lu$

$b\epsilon lo?$ ? ging to $C_{T_{0}}^{k}:=\{v\in C([0, \tau_{0]} ; H2k(]\mathrm{R}^{N}));v\in L^{\infty}(0, T_{0};H^{2k+}1(]\mathrm{R}^{\mathit{1}\mathrm{V}}))$ ,
$\mathrm{t})t\in L^{2}(0, T_{0}; H2k(1\mathrm{R}N)),$ $v^{\ell}\triangle v\in L^{2}(0, T_{0};H2k(\mathbb{R}^{N}))\}$ such that

$0 \leq t\leq\sup_{\tau_{0}}||u(\cdot.\dagger)||_{L}\infty(\mathrm{R}^{N})\leq||u_{0}||_{L\infty}(\mathrm{R}N\rangle$
(14)

$M_{ore}ot)e7^{\cdot}T0$ can be $cho.\backslash \neg e\eta$ as a $monoto?\iota e$ decreasi7? $g$ funcfion $of||u_{0}\{|_{W^{2}}.\infty.,uch$ that
$T_{0}ten\Gamma \mathit{4}.\backslash ^{\sim}to$ $\mathit{0}a.\mathrm{s}||u_{0}||_{W^{2}}\infty$ tends to $\infty$ .

$P7^{\cdot}Oof$ of Theorem 3: Let $u_{\epsilon}$ be the global solution of $(\mathrm{P})^{}$ belonging to $C_{T}^{k}$ . Then,
we know that $\{v_{\xi}\}_{\epsilon}>0$ is bounded in $L^{\infty}(0, \tau_{0};H^{2}k+1(\mathbb{R}^{N}))$ and there exists a positive
number $T_{\mathrm{U}}$ depending only on $\ell,$ $||u_{0}||_{W^{2}}\infty$ such that the following inequalities hold.

$\mathit{2}\leq \mathrm{s},\mathrm{t}.\mathrm{t}\leq^{\mathrm{P}\sum|}\infty.\mathit{2}|D’1J_{\text{ノ}\mathrm{P},\vee}||L’+||D4u||_{L^{2}}\leq L_{4}$, (15)
$/=0$
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$\mathrm{C}\wedge J_{()}^{\tau}.0\triangle^{k}||+1_{\mu_{\mathrm{p}}}.||_{L^{2}}2dt+.\int_{0}T_{0}./\cdot u_{\epsilon}^{\ell}|\triangle^{k+}1_{y_{\mathrm{P}}}.(\dagger’)|2dxdt\leq L_{2k+1}$, (16)

$/0^{\cdot}T_{0}||(U_{\text{ノ}r,\vee})_{t}||_{H^{2\mathrm{A}^{\wedge}}}^{2}dt\leq L_{\mathit{2}k+1}$ . (17)

Here $L_{4}$ and $L_{2k+1}$ are independent of $\hat{\mathrm{c}}$ and $T_{0}$ can be chosen as a nlonotone decreas-
ing function of $||u_{0}||vV2\infty$ such that $T_{0}$ tends to $0$ as $||\mathcal{U}_{0}||_{W^{\underline{9}}}\infty$ tends to $\infty$ . Now we are
going to show below that $\{u_{-}.\}_{\vee}\epsilon>0$ forllls a $\mathrm{C}^{\mathrm{t}}\mathrm{a}\mathrm{u}\mathrm{c}\mathrm{h}_{\}}f$ sequence in $C([0, T_{\mathrm{u}}];H2(\mathbb{R}N))$ .
For any $\llcorner=_{1}>0.-\vee \mathit{2}\wedge>0$ . we denote $u_{1}=u_{\vee 1}\mathrm{P}\cdot U_{2}=u_{\in\underline{9}}$ and $\iota v=u_{1}-U_{\text{ノ}}2$ . Then $w$

$\mathrm{s}\mathrm{d}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{i}\mathrm{i}(\lrcorner \mathrm{b}\backslash$

$\mathrm{t}l_{t1^{/}}^{)-\llcorner}--\Delta U_{1}+\in 2\triangle U.2=\frac{1}{\parallel+1}\triangle(d_{\ell+1}w)$ (18)

$=U_{1^{/}}^{p\ell}\mathit{1}\Delta\omega+d\ell\triangle\iota x_{2}w+\ell u_{1^{-1}}\nabla(u1+u_{\mathit{2}})\nabla\omega+l|\nabla u2|^{2}d_{\ell_{-1}}w$, (19)

where $d_{l’}=\iota\iota_{1}^{\ell-1}+\mu_{\text{ノ}^{}\ell}u+1^{-2}2\ldots+u1u_{2}^{p_{-}2}+u_{2}^{\ell-1}$

Multiplication of (18) by $\omega$ gives

$. \frac{1}{2}\frac{d}{d\dagger}||\omega||_{L^{2}}^{2}$ $\leq$
$( \epsilon_{1}||\triangle u_{1}||L^{2}+\overline{\mathrm{c}}2||\triangle u2||_{L}2)||w||L^{2}+\frac{1}{\ell+1}./\cdot d_{p+1}w\triangle wdx$

$\leq$ $(_{\mathcal{E}_{1}+}\hat{\mathrm{c}}_{2})L_{4}||w||_{L^{2}}+L^{l}|4|w||_{L}2||D^{2}w||_{L}2$ . (20)

We differentiate (19) once and multiply it by $-\nabla\triangle w$ . Then it is
$\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{y}*$

to see that
there exists a constant $c_{p}$ depending only on $p$ such that

$. \frac{1}{2}\frac{d}{(]_{\text{ノ}}f}.||\triangle w||_{L}^{2}2\leq(\overline{\mathrm{c}}_{1}+\in_{2})L4||\triangle w||_{L}2+C_{l}L_{4}^{\ell 2}||\triangle w||_{L^{2}}$
. (21)

Hence, by (20), (21) and Gronwall $\mathrm{s}$ inequality, we obtain

$||u)||_{H\underline{)}}\leq||\mathrm{L}\mathit{0}||_{L^{\underline{\mathrm{Q}}}}+||\triangle u||_{L}2\leq 2(\hat{\mathrm{c}}_{1}+\epsilon_{\mathit{2}})L_{4}\epsilon^{(1)L_{4}^{\ell}t}c_{p+}$ $\forall t\in[0, T_{1}]$ .

Thus $\{\iota_{\underline{C}}\}.\mathrm{r}>()\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{l}11s$ a $\mathrm{C}^{\mathrm{t}}\mathrm{a}\mathrm{u}\mathrm{C}\mathrm{h}\mathrm{y}$ sequence in $C^{\gamma}([0, \tau 0];H\mathit{2}(]\mathrm{R}N))$ .
Here we note that $u^{\mathit{1}}\triangle u$ and $\ell_{u^{\ell-1}}(Du)^{\mathit{2}}$ are also bounded in $L^{2}(0, \tau_{0};H\mathit{2}k(1\mathrm{R}N))$

since $v_{\vee}c$ is bounded in $L^{\infty}(0, T_{0};H^{\mathit{2}k+}1(]\mathrm{R}N))$ and satisfies (16). Therefore, in view
of (15) $-(17)$ . we find that there exists a sequence $\in_{n}arrow 0$ such that $\{u_{n}\}=\{u_{\epsilon_{n}}\}$

satisfies
$u_{\mathcal{T}l}arrow u$ strongly in $C([0, T_{0}];H2(\mathbb{R}N))$ ,
$\iota\iota_{n}arrow u$ strongly in $L^{\mathfrak{u}\supset \mathrm{O}}([0, \tau_{0}];L_{\iota_{oC}}\infty(\mathbb{R}^{N}))$ ,
$u_{n}arrow v$ weakly in $L^{2}(0, T_{0};H2k+1(\mathbb{R}^{N}))$ ,

and weakly star in $L^{\infty}(0, T_{0};H^{2}k+1(\mathbb{R}N))$ ,
$(u_{\iota},)_{t}-u_{t}$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}1_{y}\mathrm{v}$ in $L^{2}(0, \tau_{0};H^{2k}(\mathbb{R}N))$ ,
$v_{7\iota}^{\ell}\triangle\mu_{7\iota}-g$ weakly in $L^{2}(0, T_{0};H2k(\mathbb{R}N))$ ,
$(/_{u_{n}^{e1}(}-Dun)^{2}-x$ weakly in $L^{2}(0, T0;H^{2k}(\mathbb{R}N))$ ,
$\overline{\mathrm{c}}_{71}\triangle v_{n}arrow 0$ strongly ., in $L^{2}(0, T_{0;}H^{2k}(\mathbb{R}^{\Lambda})\mathrm{r})$ .
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On the other hand, since the convergence of $u_{n}$ to $u$ in $C$ ( $[0,$ To]; $H2(\mathbb{R}^{\mathit{1}}\mathrm{v})$ ) and in
$L^{\infty}(0, T_{0};L_{\iota_{oC}}\infty(\mathbb{R}^{N}))$ implies

$u_{n}^{p}\triangle u_{n}-u\triangle\ell u$ weakly in $L^{2}(0, T_{0;}L2(\mathbb{R}N))$ ,
$\ell u_{n}^{p-1}(Du_{n})^{\mathit{2}}arrow lu^{p-1}(Du)^{2}$ weakly in $L^{2}(0, T_{0;}L2(\mathbb{R}N)\mathrm{I}$ ,

whence follow $g=u^{\ell}\triangle u$ and $\lambda=\ell u^{\ell_{-}1}(D^{2}u)$ . Then $u$ turns out to be t,he desired
solution in Theorem 2. $\square$

Now we are ready to prove our lnain theorem.

Proof of Theorem 2 : Since $u_{0} \in\bigcap_{m=0^{H}}^{\infty}m(\mathbb{R}^{N})$ , Theorem 2 says that solu-
tion $u$ belongs to $C_{T_{0}}^{k}$ for all $k$ . Therefore $u_{t}\in L^{2}(0, \tau_{0};H’’\iota(]\mathrm{R}^{N}))$ for all $m\in \mathbb{N}$ .
Noting that $u_{\text{ノ}tt}=\triangle(u^{p}ut)$ . we know $u_{tt}\in L^{\mathit{2}}(0.T_{\mathrm{u};}Hn1(\mathbb{R}N))$ for all $n\iota\in \mathbb{N}$ , which
inlplies $u_{t}\in.C$ ( $[0,$ To]; $H^{m}(1\mathrm{R}N)$ ) for all $m\in \mathbb{N}$ . Repeating this procedure. we easily
find t,hat $D_{t}^{J}U\in C([0, \tau_{0}];H^{7}\}l(\mathbb{R}N))$ for all $j.m\in \mathbb{N}$ . Then t,he standard $\mathrm{a}1^{\cdot}\mathrm{g}_{\mathrm{U}\mathrm{l}11}\mathrm{e}\mathrm{n}\mathrm{t}$

assures that $u\in C^{\infty}([0, T_{0}]\cross \mathbb{R}^{N})$ . $\square$
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