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Subordination chains and univalence criteria

Nicolae N. Pascu, Dorina $\mathrm{R}\dot{\mathrm{a}}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{a}\mathrm{n}\mathrm{u}$ and Shigeyoshi Owa

Abstract

The object of the present paper is to give an univalence condition
for asalytic functions in the open unit disk $U$ by using the properties
for subordination $\mathrm{d}_{1}\mathrm{a}\mathrm{i}\mathrm{n}$ .

1 Introduction

Let $U$ be the $0_{1^{)\mathrm{e}\mathrm{n}}}$ unit disk in the complex plane $\mathrm{C}$ , i.e. $U=\{z\in \mathrm{C} : |z|<1\}$ .
We denote by $A$ the cla‘s $\mathrm{s}$ of functions $f(z)$ which are analytic in $U$ with
$f(\mathrm{O})=0,$ $f’(\mathrm{O})=1$ and by $S$ the subcla.ss of the class $A$ consisting of
univalent functions.

If $f(z)\in A$ and $g(z)\in S$ , then $f(z)$ is said to be $su,bordinate$ to $g(z)(\mathrm{w}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{n}$

by $f(z)\prec g(_{\sim}’))\mathrm{i}\mathrm{n}U$ if $f(U)\subset g(U)$ .
A $\mathrm{f}\iota \mathrm{m}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}L$ : $U\cross[0, \infty)arrow \mathrm{C}$ is said to be a $su,bordination$ chain if

$L(\cdot, t)$ is analytic and univalent in $U$ , for all $t\in[0, \infty)$ and $L(z, s)\prec L(z, t)$ ,
whenever $\mathit{0}\leq s\leq t<\infty$ .

The following result concerning subordination chains is due to Ch. Pom-
merenke $’[3]$ .

Theorem 1 Let $L(z, t)=a_{1}(t)z+\ldots$ . be a hnction ffom $U\cross[0, \infty)$ into $\mathrm{C}_{f}$

such that:
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(i) $L(\cdot, t)$ is analytic in $U$, for all $t\in[0, \infty)$ .

(ii) $L(z,t)$ is a locally absotutely continuous fiznction of $t$ ,
locally uniformly $wi,th$ respect to $z\in U$ .

(iii) $a_{1}(t)\neq 0_{f}$ for all $t\in[0, \infty)$ and $\lim_{tarrow\infty}|a_{1}(t)|=\infty$ .

(iv) the family offunction $\{\frac{L(z,t)}{(’\cdot 1(t)}\}_{t\geq 0}$

.
forms a normal family

in $U$ .

Let $p:U\cross[0, \infty)arrow \mathrm{C}$ be an analytic function in $U$ with ${\rm Re} p(z, t)>0$ for
all $(z,t)\in U\cross[0, \infty)$ and such that:

$\frac{\partial L(z,t)}{\partial t}=zp(z, t)\frac{\partial L(z,t)}{\partial z}$ , (1)

$a.e$ . $t\in[0, \infty)$ , for all $z\in U$ .
Then the function $L(z, t)$ is a subordination chain in $U$ .

2 Sufficient conditions for univalence

By using’ TheoreIn 1 we obtain an univalence condition which generalize soIne

known univalence criteria for analytic functions in the open unit disk $U$ .

Let $a(t)$ be a complex valued function on $[0, \infty)$ satisfying:

$\bullet a\in C^{1}[0, \infty),$ $a(0)=1,$ $a(t)\neq 0$ (2)

and

$a(t)+a’(t)\neq 0,$ $t\in[0, \infty)$ ,
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$\bullet \mathrm{t}\mathrm{h}\mathrm{e}$ modulus of $a(t)$ is increasing to $\infty$ . (3)

Deflnition 1 Let $F=F(u, v)$ be a functionfrom $U\cross \mathrm{C}$ into $\mathrm{C}$ and let
$L(z, t)=F(e^{-t}z, a(t)z)_{f}$ for all $(z,t)\in U\cross[0, \infty)$ . We say that the function
$Fsat,isfies(PA)$ conditions if.$\cdot$

(i) $L(\cdot, t)$ is anatytic in $U$, for all $t\in[0, \infty)$ .

(ii) $L(z,t)$ is a locally absolutely continuous function of $t_{f}$

locally uniformly with respect to $z\in U$ .

(iii) the function $\frac{\partial L(z,t)}{\partial t}/z\frac{\partial L\{z,t)}{\theta t}$ is analytic in $\overline{U}_{f}$ for all $t>0$
and $i,s$ analytic $i,nU$ for $t=0$ .

$(iv) \frac{\partial F(0,0)}{\partial\nu}\neq 0$ and $\frac{\partial F(0,0)}{\partial u}/\frac{\partial F(0,0)}{\partial\nu}\not\in(-\infty, -1]$ .

(v) the family of functions

$\{F(e^{-t}z, a(t)z)/[e^{-t_{\frac{\partial F(0,0)}{\partial u}}}+a(t)\frac{\partial F(0,0)}{\partial \mathrm{c})}]\}_{t\geq 0}$

$i,s$ a normal family in $U$ .
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Theorem 2 Let a : $[0, \infty)arrow \mathrm{C}$ be a function satisfyin,$g(2)$ and (3). Fnr-
ther, suppose $F:U\cross \mathrm{C}$ is a function which satisfies $(PA)$ conditions. If

$|G(z, z)+ \frac{a(t)-a’(t)}{2a(t)}|<\frac{|a(t)+a’(t)|}{2|a(t)|}$ , $z\in U$, $t,$ $\geq 0$ (4)

and

$|\underline{\max_{z|=e}}f|C_{\tau}(z,$ $a(t) \frac{z}{|z|})+\frac{a(t)-a’(t)}{2a(t)}|$ (5)

$\leq\frac{|a(t)+a’(t)|}{2|a(t)|}$ , $z\in U\backslash \{0\}$ , $t\geq 0$ ,

where

$G(u, v)= \frac{u}{v}\cdot\frac{\partial F(u,v)}{\partial u}/\frac{\partial F(u,v)}{\partial v}$ , (6)

then $F(z, z)$ is an univalent functi,oni,n $U$ .

Proof. We wish to show that the function $L(z, t)=F(e^{-t}z, a(t)z)$

satisfies the conditions of Theorem 1 and hence $L(\cdot, t)$ is univalent in $U$ , for
all $t\in[0, \infty)$ .

If $F(’ e^{-t}z, a(t)_{\sim}r")=a_{1}(t)z+\ldots$ , then

$a_{1}(t)=e^{-t} \frac{\partial F(0,0)}{\partial u}+a(t)\frac{\partial F(0,0)}{\partial v}$ .

By using the conditions (iv) and (v) of the Definition 1 we have $a_{1}(t)\neq 0$

for all $t\geq 0,$ $\lim_{tarrow\infty}|a_{1}(t)|=\infty$ and the family of functions $\{\frac{L\{z,t)}{a_{1}(t)}\}_{t\geq 0}$ is a

normal family in $U$ . Let
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$p(z, t)= \frac{\partial L(z,t)}{\partial t}/z\frac{\partial L(z,t)}{\partial_{\tilde{4}}}$ , $(z,t)\in U\cross[0, \infty)$ . (7)

Then the condition (1) of Theorem 1 is satisfied for all $z\in U$ and $t\in$

$[0, \infty)$ . It remains to prove that the function $p(z, t)$ has a positive real part
in $U$ , for all $t\in[0, \infty)$ . If

$w(z, t)= \frac{1-p(z,t)}{1+p(z,t)}$ , $(z,t)\in U\cross[0, \infty)$ , (8)

then ${\rm Re} p(z,t)>0$ if and only $\mathrm{i}\mathrm{f}|w(z, t)|<1$ . According with (6) , (7) , (8)
we have

$w(z, t)= \frac{2a(t)}{a(t)+a’(t)}G(e^{-t}z, a(t)z)$ (9)

$+ \frac{a(t)-a’(t)}{a(t)+a’(t)}$ , $(z, t)\in U\cross[0, \infty)$ .

By using the inequality (4) we obtain $|w(z, 0)|<1$ , for all $z\in U$ . For
$t>0$ the function $p(z, t)$ is analytic in $\overline{U}$ and it follows

$|w(z, t)|< \max|w(\sigma, t)|=\max|\zeta|=1|\zeta|=1|\frac{2a(t)}{a(t)+a’,(t)}G(e^{-t}\sigma, a(t)\sigma)+\frac{a(t)-a’(t)}{a(t)+a(t)},|$ .

If we let $z=e^{-t}\sigma$ with $|\zeta|=1,$ $\mathrm{t}_{1}\mathrm{h}\mathrm{e}\mathrm{n}|z|=e^{-t}$ and by using $(\mathit{0})\ulcorner$ we have
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$|w(z,t)|< \underline{\max_{z||=e}}t|\frac{2a(t)}{a(t)+a’,(t)}G(z,$ $a(t) \frac{z}{|z|})+\frac{a(t)-a’(t)}{c\iota,(t)+a(t)},|\leq 1$ .

Since $L(z,t\rangle$ satisfies all the conditions of Theorem 1, it follows that
$L(z,t)$ is a subordination chain in $U$ and $F(z, z)=L(z,0)$ is an univalent
function in $U$ .

Remark 1

1. If $a(t)=e^{t}$ we obtain the univalence condition due to $\mathrm{N}.\mathrm{N}$ . Patcu [1].

2. If
$F(u, v)=f(u)+ \frac{(v-u)R(u)}{1-(v-u)Q(u)}$ ,

where $u=e^{-t}z,$ $v=a(t)z$ and $R(z)$ , $Q$ (z)are analytic functions in
$U$ , we obtain the results concerning univalence criteria due to $\mathrm{J}.\mathrm{A}$ .
Pfaltzgraff [2].
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