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Discrepancy of Some Special Sequences

BRRZEHEHEFFE % FikE (Kazuo Goto)
BIRBREFRERFFE KAL FER (Yukio Ohkubo)

Abstract

We obtained some results concerned with the discrepancy of the sequence (an +

Blogn)i,, a ¢ Q, B #0.

First we give some definitions.

Definition 1. Let (z,), n =1, 2, ..., be a sequence of R. Then the discrepancy

of (z,) 1s defined by

Dy(z,)= sup ZX[“ p(zn) — (b—a)],

0<a<b<1

where X(q, 1)(z) is the characteristic function mod 1 of [a, b), that is, X[, b)(z) =1

for {z} =z — [z] € [a, b) and X[, »)(2) = 0 otherwise.
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Definition 2. An irrational number o is said to be of constant type if there exists
a constant ¢ > 0 such that ||ah|| > c/h holds for all integers h > 0, where ||z|| =

min{{z},1 — {z}} for z € R.

Definition 3. An irrational number « is said to be of type n if n is the infimum of
all real numbers T for which there exists a positive constant ¢ = ¢(7, a) such that

R ||ah|| > ¢ holds for all positive integers h.

For an integer s > 1, let U* = {(t1, ... ) ER:0<t <1lforl<i<s}be

the s-dimensional unit cube. We set

1 if {zi} <y (=1, ..., )
X(an): )

0 otherwise

for x = (21, ... ,z,) ER*and y = (y1, ... ,¥s) € U’

Definition 4. For N € N, the discrepancy of the sequence (X,), n =1, 2, ...

, in
R? is defined by
1 & |
DN(xn) = sup ,NZX(xnay)_yl"'ys .
yeU* n=1
y:(y11 oue vys)

where y = (y1, ... ,ys) € U®.

Let a = (ay, ... ,05) € R°. Suppose that 1, a,... ,, are linearly independent
over Z.

Definition 5. For a real number 1, the vector « is said to be of type n if n is the

infimum of all real numbers T for which there exists a positive constant ¢ = (T, a)
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such that
r(h)"||h-a| >c

holds for all lattice points h # 0 in R®, where r(h) = [[;_, max{1,|hi}, h =

(h1y... ,hs).
From Minkowski’s linear form theorem, we have n > 1.

Definition 6. The vector a is said to be of constant type if there exists a positive

constant ¢ such that
r(h)jh-a| > ¢

holds for all lattice points h # 0 in R®.

1 Theorems and Examples
Tichy and Turnwald[4] proved the following:

Theorem 1. For any e > 0
DN((.U) <<01,/3 N_ﬁ'-'lﬁ'*“,

provided « is an irrational number of finite type n > 1.

In 1999, Ohkubo([3] improved Theorem 1 as follows :



Theorem 2. If a is an irrational number of finite type n > 1, then for any € > 0
Dy(w) € N"7 T,

and also if a is an irrational number of constant type, then
Dy(w) <p N~%logN.

We found out an another proof of Theorem 2 and an extension to the multidi-

mensional case as follows (see [1]):

Theorem 3. Let € be an arbitrary positive number, & = (e, ... ,05) € R® and

B=(6, ... ,B,) R withB #0. If1, o, ..., are linearly independent over

Z and o is of finite type n , then we have

Div(na + (log n)) < N~ =77+

Theorem 4. Let o = (o, ... ,a,) ER* and B = (81, ... ,B:) €ER° with B #0.
If1, oy, ... ,o, are linearly independent over Z and a is of constant type, then
we have

Dy(na + (logn)B) <s N~5(log N)°.
Recently, we also generalized Theorem 2.

Theorem 5. Let f(x) be twice differentiable for x > 1. Suppose also that there

exists an irrational number o of finite type n such that either

f'(z)>a, ff(z) <0 or fl(z)<a, f'(lx)>0 forz>1

97
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and f'(z) = a + O(|f"(z)|"/?). Then for any € >0

Dn(f(n)) < N™m7E+e,

Proof. Let h be a positive integer. Applying [5, p.74, Lemma 4.7], we get

N N
Z eZm'hf(n) & Z / eZm’{hf(z‘)—ur}dx + log(B — A+ 2),
n=1 A-1/2<v<B+1/2 71

where A = hf'(N) and B = hf'(1). We set g(z) = h{f(z) — az}. Using integration

by parts, we have

N N N
/ eZwi{hf(:c)—ua;}dm — / e27ri{(ha—u)x+g(z)}dm — / e21ri(ha-—u)a:621rz'g(z)d$
1 1

1
[ e27rz(ha-—u)z'

2mi(ha —v)

N

N

i) L[V g eamittam st

e - g'(z)e z.
1 o —V 1

Hence,

N
/ e27rz'{hf(.7;)-u:z}dx & 1 1
1

N
' 2ri{(ha—v)e+9(2)} 4|
et e | g z

We suppose that
f(z) > o and f’(z) <0 for z > 1.
From [6, p.226, Lemma 10.5] and the hypothesis, it follows that

N
/ gl(x)627ri{(ha—u)x+g(r)}dw
1

1/2 f'(z) —«a 1/2
«h éri‘”‘s’?v{lf"(mll/z}“«h |
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Hence we have

N

. 1
E : 2mih f(n) h1/2 § : 1 —A+2
n=1 A-1/2<v<B+1/2

1 h{f'()-a}+1/2 |
<<h1/2 _71,_ + / —d.’B
l|hc| (|he]] z

+log[h{f'(1) = f'(N)} +2]

< hM? { “hl ” +log [R{f'(1) — o} + 2]}

Applying Erdés-Turén inequality and ) 5, El—/zllﬁxﬂ & mY?8 (see [2, p.123,

Lemma 3.3]), for any positive integer m, we obtain

11 loglh{f'(1) — o} +2]
Dn(f(n)) <<m+ N {Z h1/2||hal| Z R1/2
<<_1_ + L (mn—1/2+5 +m!/?log m)
m N

1 1
il i n—1/2+46
L—+ Nm ,

for any 6 > 0.

Choosing m = [Nﬁﬁﬁ] , we have
Dn(f(n)) < N"77 4 N-mmtamin  Nwmte,

In the case f'(z) < a, f"(z) > 0 for z > 1, the proof runs along the same lines

as above. O

Remark 1. The following was shown by van der Corput: If f(z), > 1, is dif-
ferentiable for sufficiently large z and lim,o f'(x) = a(irrational), then the se-

quence (f(n)) is uniformly distributed mod 1 (see [2, p.28, Theorem 3.3 and p.31,
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Exercises 3.5]). If the function f(z) in Theorem 5 also satisfies the condition
limg e f"(2) = 0, then limye f'(z) = «. Therefore, Theorem 5 gives a quan-

titative aspect of van der Corput’s result.

Examples. f(z) = az + Blog Iog z,or f(z) = az + Blogz.
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