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Eixamples of Starlike Functions and Convex Functions
of order «

Tadayuki SEKINE*[BA1R E1T]( B RIEZFH)
Shigeyoshi OWA T[EFnE &) (T K E TFE)
Rikuo YAMAKAWA[ L1k (i TR ILFH)

Abstract

H.Silverman determines certain coefficient inequalities and distortion theorems
for univalent functions with negative coefficients that are starlike of order o and
convex of order «v. The same coefficient inequalities and the similar distortion theo-
rems are obtained for such univalent functions with not always negative coeflicients.
We give some examples of those univalent functions and illustrate the images of the
examples by Mathematica. Further we estimate those univalent functions.

1 Introduction

Let A denote the class of functions f(z) of the form
fE) =24 mzt (meN={123}) 1)
n=2

that are analytic in the unit disk U = {z : |z| < 1}.
We first consider the so-called subclasses of analytic functions with negative coeffi-
cients. Let A(n) denote the subclass of A consisting of functions of the form

flz)=2z— Z arz® (ax 20, neN={1,23,---}). (2)

k=n+1

Let T(n) denote the subclass of A(n) consisting of functions which are univalent in U.
Further a function in T'(n) is sald to be starlike of order o(0 < o < 1) if and only if it
satisfies

Re { z]]:(iz))} >a (z€U) (3)
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and such a subclass of A(n) consisting of all the starlike functions of order « is denoted
by Tu(n). Also, f(z) € T'(n) is said to be convex of order a(0 < a < 1) if and only if it
satisfies

Zf”(z) ) i
[Elsa ey @)

and the subclass by Ca(n). The classes T(n), Ty(n) and Cu(n) were introduced by
Chatterjea[l] and these classes have been studied by Srivastava, Owa and Chatterjea[9],
Kiryakova, Saigo and Owa [2], and Sekine[4].
For n = 1, these notations are usually used as T,(1) = T*(a), Cs(1) = C(a) which
were introduced by Silverman|[8].
Using the same way of Silverman(8], Chatterjea[l] determined a necessary and sufhi-
(n

cients conditions for a function in A(n) belongs to T(n) and Cy(n).
Theorem A(Chatterjea [1]). A function f(z) in A(n) is in T,(n) if and only if

Re{l-i—

o0

Y (k-a)uSl-o (0Sa<l) (5)
k=n+1 :
Theorem B(Chatterjea [1]). A function f(z) in A(n) is in Cy(n) if and only ¢f
> kk-—a)aS1—a (0La<l) (6)
k=n+1

Recently, in [5] we introduced the subclass A(n,8) of A, and the subclasses T (n,8)
and Cy(n,8) of A(n,0) in the following manner.
Let A(n, ) denote the subclass of A consisting of functions of the form

flz) =2z— Z eE0g, 25 (ar 20, n € N). (7)
k=n+1 '

We note that A(n,0) = A(n), that is, A(n,0) is the subclass of analytic functions
with negative coefficients. We denote by T7%(n,8) and C,(n, ) the subclasses of A(n,0)
of starlike and convex functions of order o in U, respectively.

We proved the same coefficients inequalities as Chatterjea showed for f(z) in A(n,#8)
as follows.

Theorem C(Sekine and Owa [5]). A function f(z) in A(n,0) is in T;(n,0) if and
only if

Y k—a)u<l-a (0Za<l) - (8)
k=n+1

Theorem D(Sekine and Owa [5]). A function f(z) in A(n,0) is in Cu(n,0) if and
only if

Y k(k—a)a<l-a (0La<l), (9)
k=n+1
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Further we determined the following Distortion theorems.
Theorem E(Sekine and Owa [5]). If f(z) is in T¥(n,8), then
1-— +1 l -« n+l
—|z|"" < < e . 1
o= k™ S VOIS el )
The right-hand equality holds for the function
f(z) =z —.eine——l—:a—z”+1 (z= re”i0+n) r < 1) (11)
n+l—a ’
and the left-hand equality holds for the function

inf l — o Zn+1

flo) =z - et

or<l). (12)
Theorem F(Sekine and Owa [5]). If f(2) is in C4(n, ), then
-« 41 ]l -« ntl
- nt+l < z . 13
- e D= AT SHEIS B (13)
The right-hand equality holds for the function

: l—a ; i3
— ., _ ind n+l — pe—i(0+Z) <1 14
flz)=z—c¢ (n+1)(n+1—a)z (z=re , r<1) (14)
and the left-hand equality holds for the function
. l -« .
— o, __ ind n+l . 1). 15
flz)=z—c¢ (n—}—l)(n—}—l—a)z (z=re™™, r<1l) (15)
2 Examples
Let Aq(n,0,h) denote the subclass of A(n,8) consisting of functions of the form
z)=z— Z eV, 128 (h > —n), (16)
k=n+1 '
)2
where a;, , = (1-a) (0L a<).

(k+h—a)k+1+h-a)k—oa)
Let B,(n,0,h) denote the subclass of A(n, ) consisting of functions of the form

z)=z— Z ¢* D% 2F (h 2 —n), (17)
k=n+1
(1-a)

(k+h—a)k+14h—a)k-a)k
Then we have the following theorems.

where by = 0Sa<l).
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Theorem 2.1. If f(2) € Ay(n,0,h), then f(z) € Ti(n,0).

Proof.
3 3 (1-op
(k — a)agy = (k—a)
k:zn—:}—l k::zn;}-l (k+h—a)k+14+h—a)k-a)
= (1 —a)? —
( a),kz <k+h—a .k+1+h—a>
=n+1
1
=(1-a)’
(1-e) n+l4+h—a
—a)? :
(1 ;a) :1-——a, h—__-_n’
= 1—1@ 2 1 2
| t-a) =9 1 , hs_n
n+l4+h—a l-a
Hence we know that f(z) is an element of T3(n,8) by virtue of the theorem C. O

Using Theorem B, we can also prove the following theorem 2.2.
Theorem 2.2. If g(z) € By(n,0,h), then g(z) € Ca(n,0).
In the case of § = 0, these theorems were proved by Sekine and Yamanaka [6].

Example 2.1. If f(z) € Ao(1,%,—1), then we have

140

_ - i(k=1)Z 1 k
HORS Z~Ze( )m

“uaT T Tl T’

' — 1
1+L +__z_~7 1—12 O (18)

8
- z -
180Vf‘ 294 4482 648
Example 2.2. If g(z) € Bo(1, %, 1), then we have

o0 ) . 1
. . i(k-1)% k
g(z) = =z E e W(k—l)kg’z
1—2 1

1+z2 1 4 4 5
= z- =2+ + o=z
82 b4 19272 500
14i ¢, & . 1—i g 1 4 (19)

T 0s0v3~ © 2058°  3584y2 5832

We show the images of |z| < 1 by the apporoximate expressions for the exarriples with
Mathematica. In view of the figures, we can image that the functions of the examples
2.1 and 2.2 are starlike function and convex function, respectively.
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Figure 2 T
: Image
ge of |2] < 1 by f(z) =
z—= Zi:'l ei(k_1)§ .
(k—1)F o
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Further we estimate the functions in T%(n, ) and Cy(n,0). Let f(2) € Tg(1,%), then
by the theorem E we have :

1 1
2 = 312 S £ < Jel + 51eP (20)
And the right-hand equality hold for the function f(z) = z — -21-\%22 on the harf line
z = re~ ("% also the left-hand equality on z = re~#3). By letting r — 1 for the
function f(z) = z — %22, we have L < |f(2)] £ 2.

1.5

| B R §

Figure 3: Image of |z2| £ 1 by f(z) =z — %\7—%22

|mimIE]

Figure 4: Images of |z] S1 by z — %\‘;—%zz, Z and 2z
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