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CONSTRUCTING LOW-DISCREPANCY SEQUENCES

BY USING $\beta$-ADIC TRANSFORMATIONs

$\mathrm{s}_{\mathrm{Y}O\ddagger \mathrm{T}}\mathrm{I}\mathrm{N}\mathrm{i}\sim$ INOMIYA

IBM Research, Tokyo Research Laboratory

$\mathrm{A}\mathrm{b}\mathrm{s}\mathrm{t}:\mathrm{r}\mathrm{a}\mathrm{c}\subset$ . A new class of low-discrepancy $\mathrm{s}\mathrm{e}\mathrm{q}\mathrm{t}\mathrm{e}|1\mathrm{c}\llcorner^{s}\mathrm{s}$ is const $\mathrm{r}\mathrm{u}$ (:ted by tlte use or $\beta\sim$

adic transforrnations. Here, ’3 is a real number greater lhaf\downarrow l. When $\beta$ is an integer

greater than 2, this $\mathrm{s}\mathrm{e}\mathrm{q}\downarrow \mathrm{l}\mathrm{e}’\downarrow \mathrm{c}\mathrm{c}$

. $\mathrm{b}\mathrm{e}\mathrm{c}:\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{e}\mathrm{s}1$ he generalized van der Corput sequence in
$\mathrm{b}\mathrm{a}$.se $\mathcal{B}$ . It is also shown $\mathrm{t}$ hat for sorne special $\beta$ , the discrepancy of this sequence
decreases in the fastest order.

$0$ . Introduction and background

First. we recall the notions of a uniformly distributed sequence and the discrep-

ancy of points ([Niederreiter 1]). A sequence $x_{1},$ $x_{2},$ $\ldots$ in the $s$-dimensional unit.
cube $I^{s}= \prod_{i=1}^{s}[0,1)$ is said to be uniformly distributed in $I^{s}$ when

$\mathit{1}\varliminf_{\mathrm{V}\infty}\frac{1}{\mathit{1}\mathrm{V}}r\sum_{l=1}’ cJ(_{X)\lambda}n=l\backslash s(J)$

holds for all subintervals $J\in I^{s}$ , where $c_{J}$ is the characteristic function of $J$ , and $\lambda_{\mathrm{s}}$.
is the $s$-dimensional Lebesgue $\mathrm{m}\mathrm{e}\mathrm{a}_{\sim}\mathrm{s}\iota 1\mathrm{r}\mathrm{e}$ . If $x_{1},$ $x_{2},$ $\cdots\in I^{s}$ is a uniformly distributed
sequence, the formula

(0.1) $. \varliminf_{\backslash ^{r}\infty}\frac{1}{\mathit{1}\backslash ^{\tau}},\sum^{9}f\mathrm{n}=1\backslash ^{r}(X_{n})=\int_{I^{s}}f(x)d_{X}$

holds for any Riemann integrable function on $I^{s}$ . The discrepancy of the point set
$P=\{x_{1}, x_{2}\ldots., .X\backslash ^{7}4\}$ in $I^{s}$ is defined as follows:

$(0.\underline{?})$
$D_{N}(B_{J}. \cdot P)=\sup_{B\in B}|\frac{d4(B\cdot P)}{\mathit{1}\mathrm{V}}.-\lambda_{S}(B)|$

where $B\subset\wp(I^{s})$ is a non-empty family of Lebesgue measurable subsets and $\wedge 4(B\cdot., P)$

is the counting function that indicates the number of $n$ , where $1\leq n\leq N$ , for which
$x_{n}\in B$ . When $J^{*}= \{\prod_{i=1}^{s}[0, u_{i}), 0\leq u_{i}<1\},\mathrm{t}\mathrm{h}\mathrm{e}$ star discrepancy $D_{N}(P)$ is
defined by $D_{\backslash }.\cdot,(P)=D_{\backslash ^{\tau}}.(J^{\vee}: P)$ . $\backslash \mathrm{V}\mathrm{h}\mathrm{e}\mathrm{n}S=\{x_{1}, x_{2}, \ldots\}$ is a sequence in $I^{s}$ , we

Key words a.nd phrases. 3-adic transformation. discrepancy. ergodic theory. numerical inte-

gration. van der Corput sequence.
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define $D_{\mathrm{V}}(S)$ as $D_{\backslash }‘.(S_{\backslash },’)$ . where $S_{\backslash }.$’ is the $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ set $\{.\tau_{1,.,2,\ldots,N}rx.\}$ . Let $S$ be a
sequence in I 9. It is known that the following two conditions are equivalent:

(a) $S$ is uniformly $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{C}\mathrm{r}\mathrm{i}\iota$) $1\iota$ tecl in $I^{9}$ ;
$(\mathrm{I}))1\mathrm{i}\mathrm{I}\mathrm{n}_{J}\mathrm{v}_{-}\infty^{D}\wedge\cdot,$ $(S\mathrm{I}=0$ .
The $\mathrm{f}\mathrm{o}\mathrm{l}1_{\mathrm{o}\mathrm{W}\mathrm{i}_{1}}$ classical theorem shows the $\mathrm{i}\ln_{1}$) $\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}$ of the notion of $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{l}$) $-$

ancy.

Theorem 0.1 $(\mathrm{K}\mathrm{o}\mathrm{k}_{\mathrm{S}}\mathrm{m}\mathrm{a}-\mathrm{H}\mathrm{l}\mathrm{a}\mathrm{w}\mathrm{k}\mathrm{a})[1]$. If $fh,a.9$ bounded variation $V(f)$ on $\overline{I}^{9}$ in
the sense of Hardy $\mathrm{r}m(lKr(\iota?l.9e_{j}th,en$ for any.$r_{1},$ $x_{2,\mathit{4}}\ldots,$$X\backslash ’\in I^{9},$ $v\prime e$ have

$| \frac{1}{\wedge j\mathrm{V}}.\sum_{1l=1}^{\iota l}f(X_{\iota})-\int,^{\iota}f(.\Gamma)(lX’,,|\leq V(f)D_{\mathrm{V}}.*(_{X_{1},\ldots,x_{N})}$ .

Schmidt [4] showed that, when $s=1.2$ . there exists a positive constant $C$ that,

depends only on $s$ , and the following ineqtlality holds for $\mathrm{a}11\backslash$ arbitrary point set $P$

consisting of $N$ elements:

(0.3) $D_{\mathrm{J}\backslash }^{\cdot}7(P) \geq C’\frac{(\logarrow\nwarrow_{)^{s-1}}^{\mathrm{Y}}\prime}{\sim\backslash ^{\tau}},,\cdot$

If (0.3) holds. then there exists a $1$) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{e}}$ constant $C$ that $\mathrm{d}\mathrm{e}_{1^{)\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{S}}}$ only on $s$ , and
any sequence $S\subset I^{s}$ satisfies

(0.4) $D_{\backslash ^{r}}. \cdot(s\mathrm{I}\geq C\frac{(\log_{\sim}\backslash ^{\mathcal{T}}\prime)^{s}}{\mathit{1}\backslash ^{\tau}\prime}$

for infinitely many $N$ . Taking account of (0.3) and (0.4), lve define alow-discrepancy
sequence for the one-dimensional case as follows:

Definition 0.1. Let $S$ be an one-dinlensional sequence in $[0,1)$ . If $S$ satisfies

$. \underline{\varlimsup_{\backslash ^{r}\infty}},\frac{\mathit{1}\backslash ^{\gamma}D_{\wedge^{7}()}^{\mathrm{x}}s}{\log A\backslash ^{\vee}},,=C’$ (const),

then $S$ is called a low-discrepancy sequence.

Hereafter we consider only the case where $s=1$ . We now int.roduce the classical
van der Corput sequence [1].

Definition 0.2. Let $p\geq\underline{9}$ be an integer. Every integer $n\geq 0$ has a unique digi $t$

expansion

$n= \sum_{j=0}^{l\infty}a_{j}(n)p^{j}$ , $a_{j}(n)\in\{0,1, . .. , p-1\}$ for all $j\geq 0$ ,

in base $p$ . Then, the radical-inverse function $\phi_{p}$ is defined by

$\phi_{\mathcal{P}}(\eta)=\sum_{j=0}^{1\infty}\mathcal{T}_{j}(a_{j(n)})p^{-j}-1$ for all int,egers $n\geq 0$ ,

where $\tau_{j}$ is a permutation of $\{0,1, \ldots.p-1\}$ . The van der Corput sequence in base
$p$ is the sequence $\mathrm{L}_{p}^{r}/=\{\varphi_{p}(\eta)\}_{n=0}^{\infty}\subset[0,1)$ .
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Theorem 0.2 [1]. For an $arl_{J}itrar?J^{\cdot}integer_{l}’\geq 2_{j}l_{p}" i.\mathrm{s}$ a $lou$’-discrepancy sequence.

Ill the following $1$) $\mathrm{a}\mathrm{f}$ ( of this $\mathrm{p}\mathrm{a}_{1}$) $\mathrm{e}\mathrm{r}$ , the author defines a $\mathrm{c}\mathrm{l}\mathrm{a}_{\mathrm{L}}\mathrm{s}\mathrm{s}$ of $\sec_{1}\mathrm{u}\mathrm{e}\mathrm{n}\dot{\mathrm{c}.}\mathrm{e}\mathrm{S}$ by
the use of $\beta$-adic trallsforlllation ([R\’eny 3], [Parry 2]) and shows that any member
of this cla.ss is a $10\backslash \cdot- \mathrm{c}\mathrm{l}\mathrm{i}_{\mathrm{S}}(.\mathrm{r}e1)\mathrm{a}\mathrm{n}\mathrm{C}_{-}\mathrm{v}$ sequence when $\oint 9=(L+\sqrt{L^{2}+4\mathrm{A}^{-}})/2$, where $L$

and $K$ are integers greater than 1 and satisfy $K\leq L$ . When $\beta$ is an integer greater
than 2, the sequence becomes $V_{\beta}$ .

1. $\beta$-adic transformation
In this section we define the fibred system and the {9-adic $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{f}_{0}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$, following
[Schweiger 5] and [Takahashi 6].

$\mathrm{R}$ , Z. and $\mathrm{N}$ are the sets of all real numbers.all integers, and all $\mathrm{n}\mathrm{a}\mathrm{t}\iota \mathrm{l}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{n}\iota 1\mathrm{l}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{S}$.
$\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{l})\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}\mathrm{l}\mathrm{y}$. $\mathrm{F}o\mathrm{r}x\in$ R. $[x]$ denotes the integer $1$) $\mathrm{a}\mathrm{r}\mathrm{t}$ of.t$\cdot$ .

Definition 1.1. Let $B$ be a set and $T$ : $Barrow B$ be a map. The pair $(B, T)$ is
called a fibred system if the following conditions are satisfied:

(a) There is a finite countable set $A$ .
(b) There is a map $k$ : $Barrow A$ , and the sets

$B(i)=k^{-1}(\{i\})=\{x\in B : k(x)=i\}$

form a partition of B.
(c) For an arbitrary $i\in A$ . $T|_{B(i)}$ is injective.

Definition 1.2. Let $\Omega=A^{\mathrm{N}}$ and $\sigma$ : $\Omegaarrow\Omega$ be the one-sided shift operator. Let
$k_{j}(x)=k(\tau^{j-1}x)$ . We derive a canonical $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{p}^{J}\backslash \hat{r}$ : $Barrow\Omega$ from

$\varphi(x)=(\mathrm{A}_{j}..(X))^{\infty}n=1$ .

$\backslash ’\hat{t}$ is called the representation map.

We have the following commutative diagram:

$B\underline{T}B$

$’.\iota\hat{r}$ $\downarrow\varphi$

$\Omegarightarrow\sigma\Omega$

Definition 1.3. If a representation map $\backslash \rho$

’ is injective, $\varphi$ is called a valid repre-
sentation.

Definition 1.4. Let $’\dot{.}\in\Omega$ . If $\omega\in{\rm Im}(\varphi)$ , $\omega$ is called an admissible sequence.

Definition 1.5. The cylinder of rank $n$ defined by $a_{1},$ $a_{2},$ $\ldots,$
$a_{n}\in A$ is the set

$B(a_{1,2\cdot\cdot,\iota}a\cdot..a,)=B(a_{1})\mathrm{n}T-1B(a_{2})\cap\cdots\cap T^{-n+1}B(a_{n})$ .

We define $B$ to be a c.vlinder of rank $0$ .
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Definition 1.6. Le. $\mathrm{t}_{h},9>1$ and $\beta\in \mathrm{R}$ . Let, $f_{\wedge}’$’ : $[0,1)arrow[0,1)1)\mathrm{e}$ a function defined
$[)\mathrm{y}$

$f_{i},’(_{X})=\beta.\gamma-[\beta_{l,]}.\cdot$ .

Let $A=\mathrm{Z}\cap[0, \beta)$ . Then, we have the following fibred system $([0,1),$ $f_{\beta})$ :

$[0,1)$ $\underline{\int_{\beta}}[0,1)$

(1.1) $\mathrm{t}_{\hat{\prime}\iota}$ $\downarrow\varphi$

$\Omega$
$\underline{\sigma}$

$\Omega$

The $\mathrm{r}\mathrm{e}_{1^{)\mathrm{r}\mathrm{e}\mathrm{s}}}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{n}1\mathrm{a}1^{)}\varphi$ of this fibred system is defined by

$x= \sum_{n=0}^{\infty}\frac{a_{\mathrm{n}}}{i\mathit{9}^{r\iota+1}}\Leftrightarrow\varphi’(.x)=(a0, a1, \ldots, a,\ldots)l\cdot\in\Omega$ .

This fibred system $([0,1),$ $f_{\beta})$ is called a $\beta$-adic $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$. In this situation,

we define $\zeta\rho’\in\Omega$ by

(1.2) $\zeta_{\beta}=\lim_{x\nearrow 1}\varphi(X)$ .

We also define.$\lambda_{\beta}’\subset\Omega$ to be $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ set of all adnlissible sequences.

For a sequence $a\in\Omega$ , we write the i-th elenlent of $a$ as $a(i)$ , that is, $a=$
$(a(1), a(2)_{\backslash }\ldots)$ . We remark that $\backslash \hat{r}$ is not a valid representation at this point,
because $(a_{1}, a_{2}, \ldots , a_{\gamma\iota}, 0, \mathrm{o}\ldots.)$ and $(a_{1}.a_{2}, \ldots, a_{Y\iota}-1. \zeta_{\mathcal{B}}(1), \zeta\beta(2), \ldots)$ are two
different representations of the same $x= \sum_{i=1}^{\iota}’ a_{i}\beta^{-}i$ . In this paper we adopt
the former representation and make $\varphi$ vaIid. We derive the following propositions
directly fronl this definition.

Proposition 1.1.
$\wedge\lambda_{\beta}arrow=\{\omega\in\Omega|\forall n\in^{\mathrm{z}_{\geq}}0\sigma^{n}\omega\prec\zeta_{\beta}\}$ ,

$.u\prime h,ere\omega\prec v’$ means that $\omega$ precedes $\psi$ in lexicographical order.

Proposition 1.2. For an arbitrary $i\in A$ ,

$B(i)=$ $0\leq i<[\beta]otherwise$

$h,olds$ .
Let $\rho_{\beta}(x)=\sum_{\mathrm{n}=}^{\iota \mathrm{x}-}0^{\mathit{0}\mathcal{B}}\gamma l\prime rl-1$. then, we have

$\rho_{\beta}(^{\chi_{\beta}^{arrow}}\wedge)=[\mathrm{o}$. $11$

and the following $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\ln\iota \mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\backslash \overline{\prime}\mathrm{e}$ diagram:

(1.3)
$\varphi 1\dagger\rho[0,1)\beta$

$arrow f\beta$

$\rho\rho\uparrow\downarrow[0,1)\vee^{\wedge}$

$\Omega$
$rightarrow\sigma$ $\Omega$
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2. Constructing the sequence

In this section, a sequence $\mathit{1}\mathrm{V}_{\beta}\subset[0,1)$ is de.fined by the use of $\beta$-adic transformation.
Let. $\beta\in \mathrm{R}_{>1}$ and let $([0,1),$ $f_{\beta})$ be a fibred system (1.3). Let $B=[0,1)$ , and
$A,$ $\Omega,$ $(-\lambda_{;j}^{-}’, \sigma),$

$\rho\beta,$ $\varphi,$ $\zeta\beta,$ $B(a|, \ldots, ar\iota)1)\mathrm{e}$ the same as in the previous section.

Definition 2.1. For an arbitrary $7l$. $\in \mathrm{z}_{\geq 0},$ $arrow \mathrm{x}_{\beta}^{\vee}(\eta),$ $\iota_{\beta}’(r\eta)\subset X_{S},F_{\beta}(n)\in \mathrm{Z}$ , and
$G_{\rho\prime}’(n)\in \mathrm{Z}$ are defined as follows:

$\sim \mathrm{X}_{\beta}^{\vee}(n)=\{$

$\{(0,0, \ldots)\}$ , $n=0$

{ $\omega\in-\mathrm{X}_{\beta}^{arrow}|$ a$r\iota-1\omega\neq(0,0,$ $\ldots)$ and a$r\iota\omega=(0,0,$ $\ldots)$ }, $n\neq 0$

$1_{\beta}’.(n.)=\cup^{n}\wedge \mathrm{x}_{\beta}^{-}(i=0i)$

$F_{\beta}(n.)=\#^{\mathrm{x}}\wedge\beta(arrow n)$

$G_{\beta}(n)= \sum F_{d}’(i)=\#\iota_{\beta}’\prime i=0n(n.)$

It is apparent that
$F_{\beta}(n)\leq([\beta]+1)n-1$

Definition 2.2. For an arbitrary $n\in \mathrm{N}$ , define $l_{r\iota}\in \mathrm{N}$ to satisfy $G_{\beta}’(l_{n}.)<$

$n\leq G_{\beta}(l_{n}+1)$ . Define $\tau_{tl}$ : $X_{\beta}^{-}(n)arrow \mathrm{e}_{i=1}^{n}A$ by $\tau_{n}((k_{1\}^{\wedge}\ldots , k_{tl}))=(k_{r\iota}, \ldots, k_{1})$ .
Induce the $\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}- \mathfrak{c}\mathrm{O}$-left

$1\mathrm{e}\lambda \mathrm{i}_{\mathrm{C}\mathrm{o}}\mathrm{g}’$.
raphical or reverse right-to-left lexicographical order

$\mathfrak{c}0_{\wedge}\lambda_{\beta(l_{\Omega}}-+1)=\{\omega_{1}, \omega_{2}, \ldots, wP\beta(l_{n}+1)\}$; that is to say, for all $i<j,$ $\tau_{n}(\omega_{i})\prec\tau_{rl}(\omega_{j})$

or $\tau_{n}(\omega_{j})\prec\tau_{\mathrm{n}}(\omega_{i})$ holds, respectively. In this situation, the sequence $\mathit{1}\mathrm{V}_{\beta}$ is defined
as follows:

$N_{\beta}=\{\rho_{\beta}(\omega-l_{n})\mathrm{n}\}_{n=}\infty 1$

In this paper, we assume that the elements of $-\lambda_{\beta}^{-}(l_{n}+1)$ are arranged in right-
to-left lexicographical order.

From this definition, we immediately have the following proposition:

Proposition 2.1. If $\beta\in \mathrm{z}_{\geq 2}$ then $N_{\beta}$ is $\mathrm{t}_{\beta}^{r}’$ .

From this proposition, we see that, if $\beta\in \mathrm{z}_{\geq 2},$ $N_{\beta}$ is a low-discrepancy sequence.
We also have the following theorem:

Theorem 2.1. Let L. $K\in \mathrm{N}$ and $K\leq L$ . If $\beta=(L+\sqrt{L^{2}+4\mathrm{A}’})/2$ , then $\mathit{1}\backslash _{\beta}^{\tau}$
’ is

a $lou$’-discrepancy sequence.

To prove this theorem, we provide several lemmas, propositions, and definitions.
We use the following notation for periodic sequences:

$(a_{1}, a_{2.\cdot \mathrm{n}’\cdots n+}\backslash \cdot. ,\dot{a}\dot{a}m)$

$=$ ( $a_{1},$ $a_{2\backslash \cdot\cdot},\cdot,$ a $a+1,$ $\ldots,$
$a$ a$n+m’$ n’ $an+1,$ $\ldots,$ $a_{n+m},$ $\ldots$ )

Let $\beta\in \mathrm{R}_{>1}$ .
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Lemma 2.1. If $\zeta_{\beta}=$ $(\dot{a}_{1}, a_{2}, \ldots , (a_{rn}-1))$ , then $\{F/J(\eta)\}_{n=}^{\infty}1$ and $\{G_{\beta}(n)\}_{n=}\infty 1$

.sati.sfy th, $efoll_{ov}$ )$ingl7,near$ recurrent equations:

$F_{\beta}(n+1 \gamma\})-\sum aiF_{\beta(}i=lr\iota \mathrm{I}n+m-i)=0$ for all $\eta\geq 1-m,$ $n\neq 0$

$(^{\underline{9}}.1.\mathrm{F})$

$F_{\mu^{t}}i(m)- \sum_{i=1}^{\prime l}’ \mathit{0}iF\beta(m-i)+1=0$

$(^{\underline{9}}.1.\mathrm{G})$ $G_{\beta}(n+ \uparrow n)-\sum_{i=1}^{1n}aiG_{\beta}(77+m-i)=0$ for all $n>0$ .

Here we extend the definition of $F_{\dot{\beta}}(n)$ to F,\’e $(-n.)=0$ $(n>0)$ .

Proof. It is apparent fron) the definition of $\beta$-adic $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}_{0}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ that

(2.2.a) $a_{1}=\{$

$[.\beta]$ , $\beta\not\in \mathrm{Z}$

$\beta-1$ . ,
$\beta\in \mathrm{Z}$

and

$(2.2.\mathrm{b})$ $a_{1}\geq\{$

$a_{j}$ , $j=1,$ $\ldots,$ $7n-1$

$a_{\gamma\gamma l}-1$ ,

hold. From Proposition 1.1, we have
$\sim\lambda_{\beta}^{-}(n+m)=\{(x, \omega_{1})|x\in\{0, \ldots , a_{1}-1\}, \omega_{1}\in\wedge \mathrm{Y}_{\beta}(n+m-1)\}$

$\cup\{(a_{1}, .r, \omega 2)|x\in\{0, \ldots, a_{2}-1\}, \omega_{2}\in z\lambda_{\beta}^{\vee}(n+m-2)\}$

:

$\mathrm{U}\{(a_{1,\ldots,1}a_{m-}, x, \omega m)|x\in\{0, \ldots, a_{m}-1\}, \omega_{m}\in\wedge\lambda_{\beta}^{-}(n)\}$

for all $n\geq 1$ , and
$X_{\beta}(0)=\{(\dot{0})\}$

$-\mathrm{Y}_{\beta}(1)=\{(x,\dot{0})|x\in\{1, \ldots, a_{1}\}\}$

$\wedge\lambda_{\beta}^{-}(2)=\{(.\iota, \omega_{1})|x\in\{0, \ldots, a_{1}-1\}, \omega_{1}\in\sim\lambda_{\beta}^{-}(1)\}$

$\cup\{(a_{1}, x,\dot{0})|x\in\{1, \ldots , a_{2}\}\}$

:

$- \mathrm{x}_{\mathcal{B}}^{-}(7n-1)=\{(.r,\omega_{m-2})|x\in\{0, \ldots, a_{1}-1\}, \omega_{m-2}\in z\mathrm{Y}_{\beta}(m. -2)\}$

$\cup\{(a_{1}, x, \omega_{m}-3)|x\in\{0, \ldots, a_{2^{-1\}}}, \omega_{m-3}\in X_{\beta}(m-3)\}$

:
$\cup\{(a_{1}, \ldots, a_{m}-2, X,\dot{0})|x\in\{1, \ldots , a_{m-1}\}\}$

$arrow\lambda_{\beta}^{-}(m)=\{(x, \omega_{f}n-1)|x\in\{0, \ldots, a_{1}-1\}, \omega_{m-1}\in X_{\beta}(m-1)\}$

$\cup\{(a_{1}, x, \omega m-2)|x\in\{0, \ldots , a_{2}-1\}, \omega_{m-2}\in\sim \mathrm{Y}_{\beta}(m-2)\}$

:

$\cup\{(a_{1}, \ldots, a_{m}-1\cdot X,\dot{0})|x\in\{1, \ldots , a_{m}-1\}\}$.
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In the above $\mathrm{e}\mathrm{x}_{1^{)\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{s}}}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{S}}$ , we set $\{0, \ldots, \mathrm{c}x_{i}-1\}=\emptyset$ when $a_{i}=0$ . Remark $a_{1},$ $a_{m}\geq$

$1$ . Then $(2.\dot{1}.\mathrm{F})$ holds. From Definition 2.1, $(2.1.\mathrm{F})$ , and

$F_{\beta}(m)+F_{\beta}(0)= \sum_{i=1}^{r\iota}’ a_{i}Fli(7n-i)$ .

we have

$G_{\beta}(n+7n)=F_{\beta}’(7?+7n)+F_{\beta}(n+m-1)+\cdots+F_{\beta}(0)$

$=a_{1}F_{\beta(}n+m-1)+a_{2}F_{\beta}(n+rn-2)+\cdots+arr\iota F\beta(n)$

$+a_{1}F_{\beta’}(n+m-2)+a_{2}F_{\beta}(n+m-3)+\cdots+a_{rn}F_{\beta(}n-1)$

$+\cdot.\cdot$

$+a_{1}F_{\beta}(m)+a_{2}F_{\beta}(7n-1)+\cdots+a_{\gamma\gamma\iota}F_{\mathcal{B}}(1)$

$+a_{1}F_{\beta}(m-1)+(\mathit{1}_{2}F_{\beta}(’-2)+\cdots+a_{m-1}F_{\beta}(0)$

$+a_{1}F_{\beta}(m-2)+a_{2}F_{\beta}(7-3)+\cdots+a_{m-2}F_{\beta}(0)$

$+\cdot.$.
,.

$+a_{1}F_{\beta}(\mathrm{o})$

$=a_{1}G_{\beta}(n+m-1)+a_{2}G_{\mathcal{B}(\eta}+m,$ $-\underline{9})+\cdots+a_{m}G_{\beta}(\eta.)$ .

Thus $(\underline{?}.1.\mathrm{G})$ holds.

Definition 2.3. For $(k_{1}^{\wedge}, k2, \ldots, k_{h}\wedge)\in\lrcorner\lambda_{\beta}\vee(n)$ , define

$d(k_{1}, k_{2}, \ldots, k_{n}.\cdot)=\min\{\max\{\mathrm{o}, n-m\}\leq d\leq n|1\in B(\sigma^{d}(k_{1}, \ldots, k_{n}))\}$ .

Lemma 2.2. Let $(k_{1}, \ldots, k_{n})\in \mathrm{Y}_{\beta}(n)$ . When $(.k_{1}, \ldots , k_{n})\in-\mathrm{Y}_{\beta}(l)$ and $l<n$ , we
set $k_{l+1}=\cdots=k_{n}=0$ . If $\zeta_{\beta}=(\dot{a}_{1}, a_{2}, \ldots.(a_{m}-1)),$ $th,en$

$\lambda(B(k_{1}, \ldots, k_{n}.))=$ $wh’ enwhen$ $d=n-md>n-m$

v’h.ere $d=d(k_{1}, \ldots, k_{rl})$ and $\lambda$ is $a$ one-dimensional Lebesgue measure.

Proof. From $\zeta_{\theta}=$ $(\dot{a}_{1}, a_{2}, \ldots , (a_{m}-1))$ we have

$(2.3.\mathrm{a})$ $1- \sum^{m}\frac{a_{i}}{\beta^{i}}=0i=1$

$(2.3.\mathrm{b})$ $1- \sum_{i=1}^{lm}\frac{\zeta_{\beta}(i)}{\beta^{i}}=\frac{1}{\beta^{ml}}$ ,

70



where $l$ is an arbitrary $1$) $\mathrm{o}\mathrm{s}\mathrm{i}\zeta \mathrm{i}\mathrm{v}\mathrm{e}$ integer. If $\beta\in \mathrm{N}\geq 2$ , this lemma is t,rivial. We
assume that ($;\neq \mathrm{N}$ . We prove the lemma by induction on $n$ . Consider the case in
which $n=1$ . From the definition of $f_{\beta}$ , (-), and $(2.3.\mathrm{a})$ , we have

$\lambda(B(0))=\lambda(B(1))=\cdots=\lambda(B(a_{1}-1))=\frac{1}{\beta}$

and

$\lambda(B(a_{1}))=\sum_{i=2}^{\iota}\frac{o_{i}}{\beta^{i}}fr$ .

This means that the lemnla’s statement holds when $n$. $=1$ . We show that this
statement holds for $(k_{1}, \ldots , k_{n}, k_{n+1})\in\bigcup_{i}^{71}-\mathrm{x}^{-}=1\beta(+\mathrm{J}i)$ under the induction hypothesis.
For any $n\geq 1$ and $J\subset[0,1)$ ,

(2.4) $f_{\beta}(f_{\beta}^{-}’\iota(J))=f^{-n+1}\rho’(J)$

holds from $f_{\beta}’ \mathrm{s}$ surjectivity. Consider the case in which $k_{1}=0,1\ldots.,$ $a_{1}-1$ , that
is to say, the case in which $d=d(k_{1}, \ldots, k_{l+},1)\geq 1$ and $d(k_{2}, \ldots, k_{n}^{\wedge}+1)=d-1$ . In
this case, $f_{\beta}(B(k_{1}))=[0,1)$ holds., therefore, considering (2.4), we have

(2.5) $f_{\beta}(B(k1\cdots. , k)n+1)=B(k_{2}, \ldots, k_{n+1})$

and

(2.6) $\lambda(f_{\beta}(J))=\beta\lambda(J)$

for an arbitrary $J\subset B(k_{1})$ . From the induction hypothesis,

$\lambda(B$ ( $k_{2}$ , .. . , $k_{n+1}$ )$)=$ $\backslash \mathrm{v}\mathrm{h}e\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{n}\mathrm{n}$ $d-1=n-md-1>\eta.-m$

holds. Therefore, fronl $(^{\underline{\gamma}.5})$ and (2.6), this lemma’s statement holds. When $d=0$,
the statement follows from $(2.3.\mathrm{a})$ and $(2.3.\mathrm{b})$ .

For a sequence $S,$ $S[N]$ denotes the point set consisting of the first $\mathit{1}\mathrm{V}$ elements
of $S$ , and $S[N., \sim lf]=S[N+M]\backslash S[N]$ .

Lemma 2.3. For an arbitrary $(k_{1}, \ldots, k_{n})\in \mathrm{Y}_{\beta}(n),$ $v\prime e$ have

$A(B(k_{1}\ldots., k_{n})’.\cdot:\mathrm{a}\backslash \tau_{\beta[}G\beta(m+d+l)])$

$=\{$

$\sum_{i=1}^{m-n}+da_{n}-d+iG_{\beta}(’+d+l-n-i)$ when $d>n-m$

$G_{\beta}(l)$ $v\prime h,en$ $d=n-m$
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$v’ hered=d(k_{1,fl}\ldots, k)$ and $l\in \mathrm{z}_{\geq\iota)}$ .

Proof. When $\mathrm{r}l=n-m$ holds, it is trivial. Assume that $d>n-m$ . Let $Ii’=$
$(k_{1}, \ldots , k_{n})$ . $\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{l}$ ) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}o\mathrm{n}1.1$,

$\{\omega\in\bigcup_{i=0^{C}}^{n+ll}’\sim\lambda_{\beta}+-(i)|\rho \mathit{0}(\omega)\in B(k_{1}, \ldots, k_{\mathrm{r}\iota})\}$

$=\{(Ii^{-}, X, \omega \mathrm{I})|x\in\{0, \ldots , a_{n-d+1}-1\}, \omega_{1}\in l_{\beta}’(\prime m+d+l-n-1)\}$

$\cup\{(I\iota^{-}, a_{\gamma l-}l+1, X"\omega_{2})|x\in\{0, \ldots , a_{t-d+2^{-1\}}},, \omega_{2}\in \mathrm{Y}_{\beta}(m+d+l-n-\underline{?})\}$

:
$\cup\{(K, a_{n-}d+1, \ldots, a_{\gamma\prime l}-1, x, \omega rn-n+d)$

$|\prime x\in\{0, \ldots, a_{n},-1\},$ $\omega_{m-n+d}\in \mathrm{Y}\beta(l)\}$ ,

holds. In the above expressions, we set $\{0, \ldots, a_{i}-1\}=\emptyset$ when $a_{i}=0$ . Therefore,
we have

$A(B(k_{\mathrm{l}}, \ldots, k),n\cdot\dot{\mathrm{g}}\mathrm{v}_{\beta}[G_{\beta(}n$. $+l)])$

$=’ \sum_{1i=}^{m-\iota+d}a-1n-d+iG\beta(m+d+l-i)+a_{m}G_{\beta}(n+l)$

$= \sum_{i=1}^{m-}a_{n-d+^{G(i)}}i\beta m+n+dd+l-$ .

Proof of Theorem 2.1. From the conditions of the theorem,

(2.7) $\zeta_{\beta}=(\dot{L}, (K^{\cdot}-1))$

holds. Let $\alpha=(L-\sqrt{L^{2}+4I\iota’})/2$ . Then we have

$(2.8.\mathrm{F})$ $F_{\beta}(n)=$ $n\geq 1n=0$

$(\underline{9}.8.\mathrm{G})$ $c_{\beta(n)=}$
from (2.7) and Lemma 2.1. Define $Z_{\beta}(n)$ and $H_{\beta}(n)$ as follows:

$Z_{\beta}(n)=\{\omega\in 1^{r}\beta(n.)|\omega(n.)\neq L\}$

$H_{\beta}(n)=\# Z_{\beta(n})$

The following partitionings of $\mathrm{Y}_{\beta}(n)$ and $Z_{\beta}(n)$ hold.

$l_{\beta}’(n+1)=\{(\omega, x)|x\in\{0,1, \ldots, K-1\}, \omega\in \mathrm{Y}_{\beta}(n)\}$

$(2.9.\mathrm{Y})$

$\cup\{(\omega_{\backslash }, x)|x\in\{\mathrm{A}’, K+1, \ldots.L\}, \omega\in Z_{\beta}(n)\}$
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$(^{\underline{\eta}}.9.\mathrm{Z})$

$Z_{\beta}(n+1)=$ { $(\omega,$ $x)|x\in\{0,1,$ $\ldots$ , K–l}, $\omega\in \mathrm{Y}_{\beta}(n)$ }
$\cup\{(\omega, X)|x\in\{K, Ii’+1, \ldots, L-1\}, \omega\in Z_{\beta}(n)\}$

Then we have
$H_{\beta}’(\eta+1)=KG\rho(n)+(L-Ii.)H\beta(n.)$

,(2.10)
$G_{\beta}(n.+1)=Iic_{\beta}(n)+(L-Ii^{-}-1)H_{\beta(\eta},)$ .

Fron) (2.10) and $\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{n}$) $\mathrm{a}2.1$ , we have

$H_{\beta}(n+\underline{9})-LH_{\beta}(n+1)-IiH"(\dot{k}\mathrm{I}r\iota.=0,$ $n\geq 1$ .

From the same discussion $\partial_{\wedge}^{\zeta}i$ in the proof of Lemma 2.3,

(2.11)
$A(B(k\iota, \ldots, k_{n})’\rho\beta(Z_{\beta()))=}2+d+l\{$

$H_{\beta}(l)$ , $d=n-2$

$Ii’H_{\beta}(l)$ , $d=n-1$
$H_{\beta}(l+\underline{?})$ , $d=n$.

$d=d(k1\backslash .\cdots, k_{\gamma \mathrm{t}}.)$

holds for an arbitrary. $(.k_{1},’. ..\cdot , k_{n})\in 1_{\beta}’$. $(n).$ De.fine
$\triangle(B;P)=A(B^{-};\acute{P})-M\lambda(B)$ ,

where $B$ is an interval in $[0,1)$ and $P=\{x_{1}, X_{2}, \ldots, x_{M}\}\subset[0_{\backslash ,\prime}1$ )$-...\cdot \mathrm{F}\mathrm{o}\mathrm{r}$ a.nyset
$’:.$ r ,

$\mathrm{o}_{d}\mathrm{f}$

points $P,$ $S$ in $[0,1)$ . and any interval $B\subset[0,1)$ ,

$\triangle(B;P\cup S)=\triangle(B;P)+\triangle$(B. $s$),

holds. Considering the order of $\mathit{1}\mathrm{V}_{\beta}$ that we gave in Definition 2.2, we have

(2.12) $\mathit{1}\mathrm{V}_{\beta}[H_{\beta}(n)]=\rho_{\beta}(Z_{\beta}(n))$ .
From Lemma 2.2, Lemma 2.3, $(2.8.\mathrm{G}),$ $(2.11)$ and (2.12), we have

$\triangle(B(k_{1}^{\wedge}, \ldots, k^{\wedge}n)’.\mathrm{v}_{\beta}\mathit{1}[G_{\beta(}2+d+l)])$

(2.13) $=$ $d=nd=d=n-2n-1$

and
A $(B(k_{1}, \ldots, k_{n}),\cdot \mathit{1}\mathrm{V}\beta.[H_{\beta(2}+d+l)])$

$(^{\underline{9}}.\cdot.14)-.$

.

, .

$=A\cdot$

. .

$d..=.nd=d=n-2n-1$
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where $(k_{1}, \ldots.k_{n})\in l_{\beta}’(n.),$ $l\in \mathrm{Z}$ and $d=d(k_{1}, \ldots , k_{n})$ . Define the truncating
operator $r_{k}$ $:\sim \mathrm{Y}_{\beta}^{-}arrow l_{k}’\prime J(k)$ a.s follows:

$r_{k}(\omega)=\{$

$\omega$ , when $\omega\in-\mathrm{X}_{\beta}^{-}(j),$ $j\leq L$

$(\omega(1), \ldots , \omega(k))$ otherwise

For any $i,j\in \mathrm{Z}$ and any cylinder $B$ of rank less than $k$ ,

(2.15) $A(B;\lrcorner \mathrm{V}_{\beta[}i;j])=A(B., 7_{k}(\mathit{1}\backslash ^{\tau_{\mathcal{B}[i}}’:j]))$

holds. Let $(k_{1}, \ldots , k_{n})\in 1_{\beta}^{\nearrow}(n)$ , let $d=d(k_{1}, \ldots, k_{n})$ , and let $M$ be an $\mathrm{a}\mathrm{J}\mathrm{b}\mathrm{i}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{r}\mathrm{y}$

integer $\mathrm{g}\mathrm{r}e$ater than $G_{\beta}’(2+d)$ . Let $l$ be an integer satisfying,

$G_{\beta}(^{\underline{\gamma}}+d+l)\leq M<G_{\beta}(2+d+l+1)$ .

.
Applying partitioning $(2.9.\mathrm{Y})$ and (2.9.Z) recursively for $l_{\beta}’(2+d+l+1)$ , we obtain
the following partitioning $\mathrm{o}\mathrm{f}\sim\prime \mathrm{v}_{\beta}[c_{\beta(}\underline{9}+d+l, +1)]$ :

$\mathit{1}\mathrm{V}_{\beta}[G_{\beta}(2+d+l+1)]$

$=N_{\beta}[c_{\beta(}2+d+l)]$

$\cup\sim \mathrm{V}_{\beta}[G_{\beta}(2+d+l)’.c_{\beta}(2+d+l)]$

:
$\bigcup_{\sim^{l}}\mathrm{V}\beta[(Ii-\prime 1)c\beta(2+d+l)’.G_{\beta(2}+d+l)]$

$\cup N_{\beta}[Kc_{\beta}(2+d+l)’.H_{\beta}(2+d+l)]$

.$\cdot$.
(2.16)

$\cup \mathit{1}\mathrm{v}_{\beta}[Kc_{\beta}(2+d+l)+(L-K-1)H\beta(2+d+l.)’.H_{\beta}(2+d+l)]$

$\bigcup_{\mathit{1}}\backslash r_{\beta}[KG_{\beta}(2+d+l.)+(L-K)H_{\beta}(2+d+l);G_{\beta}(2+d+l-1)]$

:
$\cup \mathit{1}\mathrm{V}_{\beta}[Kc_{\beta}(2+d+l)+^{r}(L-K)H_{\beta}(2+d+l)+I\mathrm{t}^{-G_{\beta}}(\prime 2+d+l-1)$

; $H_{\beta}(2+d+l-1)]$

$\cup$

:

$\mathrm{P}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}-\backslash \mathrm{i}i\tau\beta[_{s’}\iota f]$ in the same way as (2.16). then, from $(^{\underline{9}}.15)$ , the additivity of $\Delta$ ,
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$(\underline{9}.9.\mathrm{Y}),$ $(2.9.\mathrm{Z})$ , and the order we induced to $\mathit{1}\mathrm{v}_{/j}$ , we have

$\triangle(B;\mathit{1}\mathrm{v}\beta[M])$

$\leq Ii^{-}|\triangle(B;i\backslash _{l}^{\mathrm{r}}’[\prime 9G^{1}\beta(2+d+l)1)|+(L-K)|\triangle(B;\wedge’\backslash ^{r}\beta[H_{\beta}(\underline{?}+d+l)])|$

$+Ii’|\triangle(B_{j}.\mathit{1}\backslash _{\rho}^{\mathrm{Y}}’[G_{l}j(1+d+l)1)|+(L-Ii--1)|\triangle(B:^{\mathit{1}\backslash [H()])|}.T\beta\beta 1+d+l$

$+Ii^{-}|\triangle$ (B.$\cdot$

$\mathit{1}\mathrm{V}_{\beta}$, $[G_{\beta(dl)}+]$ ) $|+(L-K-1)|\triangle$ (B.$\cdot$

$A$, $\mathrm{v}_{\beta}[H_{\beta(d}+l$ ) $])|$

.

$(^{\underline{\eta}}.17)$
$+Ii^{-}|\triangle(B;\mathit{1}\backslash _{\beta[}^{r},c_{r(}\rho 2+d+1)])|+(L-K-1)|\triangle(B.\cdot \mathit{1}\backslash _{\beta[H_{\beta}(d1}\prime r2++)1)|$

$+Ii’|\triangle$ (B.$\cdot$
$\mathit{1}\backslash ^{\vee}$

,
$’/\mathit{3}[c\beta(\underline{?}+d)]$ ) $|+(L-K)’|\Delta(B\cdot.\Lambda f[\prime \mathrm{v}\beta H_{\beta}(\underline{?}+d)])|$

$\leq Ii’\sum|\triangle$ (B.$\cdot$

$\wedge \mathit{1}\backslash T[c_{\mathcal{B}}’(i=0l$, $\beta\underline{?}+d+i)]$ ) $|$

$+(L-K) \sum_{i=0}^{l}|\triangle$ (B.$\cdot$

$\mathit{1}\backslash _{\beta}\tau[H\beta(2+d+\dot{i})]$,)$|$

rvhere $B=B(k_{1}, . ., , k_{r\iota})$ . From (2.13), (2.14), (2.17) and the fact that $|\alpha|<1<$

$|\beta|_{\backslash }$

, there exists a constant $C_{1}$ that satisfies the following inequality (2.18) for any
cylinder $B(k_{1}, \ldots, k_{\mathfrak{n}})$ of any rank $n$ and any integer $M>G_{\beta}(2+d)$ .

(2.18) $|\Delta(B(k_{1}, \ldots , k_{n}).,$ $\mathit{1}\backslash _{\beta[_{\mathit{1}}1)}\prime YvI|<C_{1}$

Choose an arbitrary $u\in[0,1)$ . Let $M\in \mathrm{N}$ and 1 be an integer that satisfies

$G_{\beta}(l)\leq M<G\beta(l+1)$ .

$\mathrm{L}\mathrm{e}\mathrm{t}_{}B(u_{1}, \ldots , u_{l})$ be a cylinder of rank $l$ that satisfies $u\in B(u_{1}, \ldots, u\iota)$ . Then we
have

$[0.u)=B_{t_{1}}\mathrm{U}B_{t_{2}}\mathrm{u}\cdots \mathrm{u}Bt_{k}\mathrm{u}R$

(2.19)
$0\leq t_{1}<t_{2}<\cdots<t_{k}=l$

rvhere $B_{t_{\mathrm{i}}}$ is a $\mathrm{c}\}’$-linder of rank $t_{i}$ and $\lambda(R)<\beta^{-l}$ . Fronl $(2.8.\mathrm{G})$ , there $\mathrm{e}\mathrm{x}^{\vee}\mathrm{i}\mathrm{s}\mathrm{t}$

constants $C_{2}$ and $C_{3}$ that satisfy $l<C_{2}\log M$ and $\sim hI\beta-l<C_{3}’$ . Then, from (2.18)
and (2.19), we $\mathrm{h}\mathrm{a}\backslash ^{-}\mathrm{e}$

$|\triangle([0, u);N_{\beta}[M])|<C_{1}C_{2}\log M+C_{3}$ .

The theorem $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \backslash r_{\mathrm{S}}$ fronl this.
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