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Weyl’s Relation on a Doubly Connected Space
and the Aharonov-Bohm Effect

日立製作所基礎研究所 廣川真男 (Masao Hirokawa)

1 Introduction.

There are cases in wllich quantum particles move in a multiply connected space. A
remarkable example is the Aharonov-Bohm $\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}[1]$ , where an experiment is set up to keep
electrons from $\mathrm{p}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{t}\dot{\mathrm{r}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ into a region of non-vanishing magnetic field (e.g. Ref. [2, 3,
4]). However, in quantum mechanics, the lnomentum is represented by the generator of a
translation operatol$\cdot$ , $|\mathrm{b}\mathrm{o}$ that it takes a special consideration when the underlying space has
“holes” inaccessible to the particles.

More precisely. in tlle stalldard quantum mechanics in $\mathbb{R}^{N}$ , tlle momentum and position
$0_{\mathrm{I}})\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}$ are defined to be self-adjoint operators, $p_{j}$ and $q_{j}$ , acting on a Hilbert space $\mathcal{H}$

and satisf.ving Heisenberg’s canonical comnlutation relations (CCR):

$\{$

$[p_{\dot{J}}, q,’]=-ih\delta_{jj}$ ,

$[p_{J}, p_{j’}]=0=[q_{j}.q_{j’}]$ , $j,j’=1,2,$ $\cdots,$ $N;N\in$ N.
(1)

on a dense subspace ill $\mathcal{H}$ .
It is $\mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}-\mathrm{k}\mathrm{n}\mathrm{o}\backslash \mathrm{v}\mathrm{l}\mathrm{l}$ that the $\mathrm{W}^{f}\mathrm{e}\mathrm{y}1’ \mathrm{s}$ CCR for strongly continuous one-parameter groups,

$\{_{C^{-\rho}}is\}_{-}J$ {$\infty<S<\infty’$ C
$j$

-
$tqJ$ } $-\supset \mathrm{c}!<t<-\backslash ’$ ,

$\{$

$e^{it_{\mathit{1}_{J}}}$( es $=\mathrm{e}\mathrm{x}_{1^{)}}[-ist\gamma_{\iota}\delta_{jk}]e^{i}e^{it}Sp_{k}q_{J}$ ,
$e^{ii_{S}}l_{\mathrm{W}\prime_{\xi}}r/\mathrm{A}=\epsilon^{i_{S}q_{k}}$ eitq, , $e^{itp_{j}}\epsilon i_{S}\rho_{k}=e^{i_{S}\rho_{k}}$eitpJ (2)

$(.\sigma.f\in \mathbb{R}_{\backslash }j, k, =1. \cdots. .\backslash ^{\mathrm{v}})(\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}’\iota 1\mathrm{l}\dot{\mathrm{t}}$nes $\{]J_{j}.\cdot, q_{\dot{r}}\}$ uniquely up to unitary equivalence. The irre-
ducible $\mathrm{r}\mathrm{e}_{1^{)\Gamma \mathrm{e}\mathrm{S}}}\mathrm{e}\iota 1\uparrow \mathrm{a}\mathrm{C}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}l\cdot\rho.j\cdot r/./\cdot$ are unitary equivalent to the Schr\"odinger representation by
von Neumann’s uniqueness $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\Gamma \mathrm{e}\ln$ (see Theorem VIII.14 in Ref.[5]). Thus, these $p_{j},$ $q_{j}$ sat-
isfy Heisenberg’s $\mathrm{C}(_{-}^{\mathrm{t}}\mathrm{R}$ . (’onversely, those self-adjoint operators $p_{j},$ $q_{j}$ satisfying Heisenberg’s
CCR lead to Weyl’s. $\ln$ this sense, tlle two CCR’s are equivalent.

The equivalence of the two $(_{-}|\mathrm{C}\mathrm{R}’ \mathrm{S}$ . Heisenberg’s and Weyl’s, presents a problem when
the underlying space $\mathbb{R}^{\mathrm{V}}\mathrm{i}\backslash \backslash$ replaced by a lnultiply connected one, $\mathbb{R}^{N}\backslash \mathrm{h}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{s}$ . While Weyl’s
$\mathrm{C}^{\tau}$ CR inlplies Heisen berg’s (see Corollary of Theorem VIII.14 in Ref.[5]), the converse is not
necessarily true. Nelson gave a mathematical exanlple in non-Euclidean space to show it is
llot true (see C’orollary and Nelson’s $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{m}_{1^{1}}$) $\mathrm{e}$ on p.275 in Ref.[5] $)$ . More realistic examples
were givell by Reeh [6] a $1\iota \mathrm{d}$ Arai $[_{l}^{-}]$ {Or the case of the Aharonov-Bohm effect with a string of
nlagnetic field of zero radi $\iota\iota.\backslash$ . $r1^{\mathrm{t}}\mathrm{h}\mathrm{e}.\mathrm{y}$ considered a particle moving on a plane with holes of the
$0$ -radius, $R=0$ . Though it must be remarked that what they called momenta were actually
the $\mathrm{m}\mathrm{a}\mathrm{s}\mathrm{s}-\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{S}- \mathrm{v}\mathrm{e}]_{\circ}\mathrm{c}\mathrm{i}\mathrm{C}.\mathrm{v}$ operators, Jノ j $-\mathrm{q}A_{j}$ , which is called the $\mathrm{m}\mathrm{v}$-momentum (kinetic
momentum) by Feynman (see Ref.[8, (21.14)]) where $j=x,$ $y$ , i.e. $N=2,$ $p_{x}\equiv p_{1},p_{y}\equiv p_{2}$ ;
and $\mathrm{q}$ is a charge, these $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{l}\cdot \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{f}\mathrm{S}$ do satisfy Heisenberg’s CCR but do not Weyl’s unless
the magnetic flux going througb the interior of every rectangular closed curves in $\mathbb{R}^{2}$ , has a
vaJue of an illteger multiple of $2\pi hc/\mathrm{q}$ .
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In this $\mathrm{p}\mathrm{a}_{\mathrm{I}}$ ) $\mathrm{e}1^{\cdot}$ , we deal with a ullderlyillg space with a disc-shaped hole of a finite radius
R. $(l_{R}\equiv \mathbb{R}^{2}‘\backslash D_{R}. lJ_{R}\equiv \mathrm{t}\{.\cdot\{...|/)|.\iota^{\mathit{2}}.+y^{2}\leq R^{2}\}(R>0)$ . We shall extend Reeh’s and Arai’s
result with $R=0$ to the case of $R>0$ . Our method is to reduce the disc by a conformal
mapping to a line seglllen $\mathrm{t}$ , and $\mathrm{i}_{11\mathrm{V}\mathrm{O}}\mathrm{k}\mathrm{e}$ Arai’s argument using the fact that the segment has
Lebesgue measure zero as dose Arai’s point hole.

In 2, we shall show that there are uncountably many different self-adjoint extensions of
$\frac{\hslash}{\mathrm{i}}\frac{\partial}{\partial x}$ and $\frac{\hslash}{i}\frac{\partial}{\partial_{J}?}$ with suitable boundaly conditions on $\partial D_{R}$ . However, in 3 it turns out that

none of the self-adjoint extensions of $\frac{h\partial}{i\partial x}$ and $\frac{\hslash}{j}\frac{\partial}{\partial y}$ satisfy Weyl’s CCR.
$\ln 4$ , therefore. we define momentum operators as generators of shifts along the stream

lines of an incompressible $\mathrm{v}\mathrm{o}\mathrm{l}\cdot \mathrm{t}\mathrm{e}\mathrm{X}$ -free flow passing by the disc $D_{R}$ . The position operators are
defined ill the standard $\backslash \mathrm{v}\mathrm{a}\mathrm{y}$ a,s multiplication by stream-line coordinates. Such a construction
using stream lines was once lll.d de by $r\mathrm{r}_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{a}}\mathrm{g}\mathrm{a}[9]$ to extract a collective mode of motion of
a many-particle systenl.

To establish that $\mathrm{t}$ he canoniC’A pairs so defined have $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{q}\mathrm{u}\mathrm{e}\backslash$ self-adjoint extensions sat-
isf.ying Weyl’s CCR. we $\iota\iota.\backslash \mathrm{e}$ a confornlal (Joukowski) transformation to reduce the disc $D_{R}$

to line segment $[_{-2R}, \mathit{2}R]$ alld follow Arai’s argument using the fact that $\mathrm{t}$he- holes have
Lebesgue measure zero. Of course, the canonical pairs satisfy $\mathrm{H}\overline{\mathrm{e}}\mathrm{i}\mathrm{s}\tilde{\mathrm{e}}$ nberg’s CCR also.

In 5, we shall introduce magnetic flux to show that Weyl’s CCR for the mv-momentum
with respect to the llew coordinates is destroyed by the A.haronov-Bohm phase, while Heisen-
berg’s renlaills valid. The canonical pairs are the same as those in 4, and both CCR’s, Weyl’s
alld Heisenberg’s, are valid. $l\backslash i\mathrm{e}$ shall watch how the Joukowski transformation maps poles
of the gauge $\mathrm{P}^{\mathrm{O}\mathrm{t}\mathrm{e}}\mathrm{l}\iota \mathrm{t}\mathrm{i}\dot{\epsilon}\{\mathrm{J}$ . $r_{1’ \mathrm{h}\mathrm{e}1\iota}$ . the point we wish to make here is that the Aharonov-Bohm
effect shows itself in $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ algebra of $\mathrm{o}_{\mathrm{I}^{)\mathrm{e}1^{\cdot}\mathrm{a}\mathrm{t}}}\mathrm{o}\mathrm{r}\mathrm{S}$ besides the well-known change in the.interfer-
ence pattern. As a conclusion of our assertion in this paper, we shall show in 5 that the
Aharonov-Bohm effect appears in Weyl’s CCR for just coordinates by the Joukowski trans-
formation, not $(x, y)$-coordinates, which is caused by inequivalence between Weyl’s CCR and
Heisenberg’s.

Naturallv. the $\mathrm{r}\mathrm{e}^{\mathrm{c}}.,\mathrm{u}1\uparrow_{\mathrm{S}}$ in ,1 alld 5 and be extended to the $\mathrm{c}\mathrm{a}‘ \mathrm{s}\mathrm{e}$ where the underlying space
is Rienlanll surface $\mathrm{C}\mathrm{O}1\iota \mathrm{r}_{0}\mathrm{r}\mathrm{I}\mathrm{t}\mathrm{l}\mathrm{a}\mathrm{l}1.\mathrm{v}$ equivalent to $\mathbb{R}^{2}\backslash [-2R, 2R]$ .

2 Realistic Case: Hole of Fillite Size.

We deal with the case $\langle$

$)t\cdot\zeta l_{R}\mathrm{d}\mathrm{e}\mathrm{f}=\mathbb{R}^{2}\backslash D_{R}$, where $D_{R}=\mathrm{d}\mathrm{e}\mathrm{r}\{(x, y)|x^{2}+y^{2}\leq R^{2}\}$ , for the
fixed radius $R>0.$ We denote $\mathbb{R}^{2}\backslash \{(0,0)\}$ by $\Omega_{0}$ . We set $\mathrm{m}=h=c=\perp$ . .

We consider a spinless charged particle with the charge $q\neq 0$ moving in the plane
$\Omega_{R}$ under the influellce of a nlagnetic field which goes through $D_{R}$ perpendicularly to the
plane and vanishes outside. Let $\mathrm{A}(x, y)\mathrm{d}\mathrm{e}\mathrm{f}=(A_{x}(x, y),$ $A_{y}(x, y))$ be a gauge potential of the
magnetic field. $A_{j}$ may be singular at points inside $D_{R}$ , but we assume that

. $1,\cdot\in\subset^{\mathrm{w}}’$

.
$(\overline{\Omega/;})$ . $j=X$ ./1. (3)

$f \mathit{3}\{.\mathit{1}^{\cdot}.(/)=‘\frac{()}{(J\iota}(\mathrm{t}\cdot \mathrm{f}.\cdot.\cdot.-|\iota’(.\mathrm{t}\cdot,\mathrm{t}/)-\frac{\dot{c}\overline{J}}{\partial?/}.4_{x}(.\mathrm{t}., y)=0,$ $(x, y)\in\Omega_{R}$ , (4)

$\backslash \mathrm{v}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\overline{\Omega_{R}}$ denote the closLre of $\Omega_{R}$ .
In this section, we shall find that there are uncountably many self-adjoint extensions of

$-i\partial/.\partial x$ and $-i\partial/\partial y$ on $L^{\mathit{2}}(\Omega_{R})$ although $-i\partial/\partial.x\mathrm{a}\mathrm{n}\mathrm{d}-i\partial/\partial y$ are essentially self-adjoint on
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$L^{2}(\Omega_{0})$ (see Refs.[6, 7]).
For $y\in[-R, R]$ . we define two functions $w_{1,\pm}$ : $[-R, R]arrow \mathbb{R}$ by $w_{1,\pm}(y)^{\mathrm{d}\mathrm{f}}=^{\mathrm{e}}\pm\sqrt{R^{2}-y^{2}}$.

$\mathrm{S}\mathrm{i}11\mathrm{i}[\mathrm{a}1^{\cdot}]_{\mathrm{V}}.,$ $\mathrm{f}\mathrm{o}1^{\cdot}.l\cdot\in[-li$ . $/?]$ . we ($1\mathrm{e}\mathrm{f}_{11}\iota\in\backslash$ two functions $w_{2,\pm}$ : $[-R, R]-\mathbb{R}$ by $w_{2,\pm}(x)\mathrm{d}\mathrm{e}\mathrm{f}=$

$\pm\sqrt{R^{\mathrm{z}}-X2}$ .
Then, we define $y-‘\backslash \mathrm{e}\mathrm{t}\cdot \mathrm{l}\mathrm{i}\mathrm{o}\mathrm{l}|.\mathrm{X}_{y}$ of $\mathbb{R}$ for every $y\in \mathbb{R}$ by $X_{y}=\mathrm{d}\mathrm{e}\mathrm{f}1-\infty,$

$\infty$ ) if $R<|y|$ ;
$(-\infty, w_{1,-}(y))\cup(w_{1,+}(.l/), \infty)\mathrm{i}\mathrm{f}|y|\leq R$ , and $x$ -section $Y_{x}$ of $\mathbb{R}$ for every $x\in \mathbb{R}$ by $\mathrm{Y}_{x}=\mathrm{d}\mathrm{e}\mathrm{f}(-\infty, \infty)$

if $R<|x|;(-\infty, w_{2,-}(_{X)})\cup(w_{\mathit{2}}.+(X), \infty)$ if $|x|\leq R$ .
We define two sets $AC_{loc}^{x}(\Omega_{R})$ and $AC_{loc}^{y}(\Omega_{R})$ of functions on $\Omega_{R}$ by

$AC_{loc}^{x}(\Omega R)$
$\mathrm{d}\mathrm{e}\mathrm{f}=$

$\{f\in L^{2}(\Omega_{R})|\mathrm{f}\mathrm{o}\mathrm{r}$ allnost all $y\in \mathbb{R},$ $f(\cdot, y)$ is absolutely continuous

on arbitrary closed interval $[c, c]’$ contained inside $X_{y}$ such that

$\frac{\dot{c}Jf}{\partial?}..\cdot\in L^{2}(\Omega_{R})\}$ .

and $AC_{lc}^{ty_{O}}(\Omega R)$ is defilled billlilarl.y by replacing $f(\cdot, y)$ by $f\langle x,$ $\cdot)$ .
Let $f$ be in $L^{2}(\zeta\}_{R)}$ . Then we lnake a function $f^{\epsilon \mathrm{x}\mathrm{t}}\in L^{2}(\mathbb{R}^{2})$ as $f^{\mathrm{e}\mathrm{x}\mathrm{t}}(X, y)\mathrm{d}\mathrm{e}=^{\mathrm{f}}f(x, y)$ if

{ $x,$ $y)\in\Omega_{R}$ ; $0$ if $(x,l/)\in \mathbb{R}^{2}\backslash \Omega R=D_{R}$ .

Remark 2.1: Let $f_{1}$ be in $AC_{l}^{x_{oc}}(\Omega R)$ , and $f_{2}$ be in $AC_{l_{\mathit{0}}\mathrm{c}}^{\mathrm{t}y}(\Omega R)$ . Then, we obtain
$D_{x}fi=\partial fi/\partial x$ . alld $D_{y}f_{2}=\mathit{0}f_{2}/\mathit{0}y$ , where $D_{j}(j=x, y)$ denotes derivative in the sense of
distribution with test fu nctions $\mathrm{i}_{1}\iota C_{0}^{\prime t\mathrm{X}}(\Omega_{R})$ which denotes the set of all $C^{\infty}(\Omega_{R})$-functions
witll compact support $\mathrm{i}\downarrow|1\mathit{1}_{R}$ .

We $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}1\mathrm{l}\mathrm{e}$ two opera $\mathrm{t}_{O1}\cdot.\backslash /J_{J}(j=x, y)[)\mathrm{y}$

$l^{J}xD \mathrm{J}r1\mathrm{e}=^{\mathrm{f}}\frac{1}{\mathrm{i}}$. $(= \frac{1}{i}\frac{\partial}{\mathit{0}x}.)$ , (5)

$D(P_{2^{\backslash }})^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}’\{f\in Ac_{loC}^{x}(\Omega R)|\mathrm{f}\mathrm{o}\mathrm{r}$ almost all $|y|\leq R$

$\lim$ $f(x, y)=0=$ $\lim$ $f(x, y)\}$ ,
$xarrow w_{1,-}(y)$ $xarrow w_{1,+}(y)$

and $p_{y}$ is defined $\mathrm{s}\mathrm{i}_{1\mathrm{l}1}\mathrm{i}\mathrm{l}\mathrm{a}1^{\cdot}1.\backslash \cdot$ .
$\ln$ general, we denote [$)D(l’)$ tbe $\mathrm{d}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{n}$ of $0_{\mathrm{I}}$) $\mathrm{e}\Gamma \mathrm{a}\mathrm{t}\mathrm{o}\Gamma \mathrm{s}T$ .

Remark 2.2: $(_{0}^{1\propto}(\mathrm{t}\}n)\subset \mathrm{I})(l^{j}\mathrm{J}^{\cdot})$ , $\mathrm{D}(l^{J}y)$ .

The $1$) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{o}_{1}$ ) $\mathrm{e}\mathrm{r}\mathrm{a}\iota \mathit{0}1^{\cdot},\backslash \mathrm{r}_{l},$ $(j=x, y)$ are realized as self-adjoint operators:

$t],$
$\mathrm{r}[\mathrm{e}=^{\zeta}.\mathrm{t}j$ (the multiplication by $x_{j}$ ),

$D( \mathrm{r}//\cdot\cdot)^{\mathrm{d}}=^{\mathrm{f}}\mathrm{e}\{f\in L^{2}(\Omega_{R})|\int_{\Omega_{R}}dxdy|_{X_{j}}f(X, y)|^{2}<\infty\}$ ,

where $x_{j}\equiv x$ if $j=x$ : alid $x_{\mathrm{J}}\equiv y$ if $j=y$ (see Example 5.11 and its remark 1 in [12] or
Propositioll 1 alld the }) roof of $\mathrm{P}$ roposition 3 in \S VIII.3 of [5] $)$ .

First of all. we note fundamental facts concerning functions in $L^{2}(X_{y}),$ $L^{2}(Y_{x})$ , and
$Ac_{loc}^{\dot{J}}(\Omega R)$ .
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$Lem$ ma 2. 1:
(a) If $f\in L^{2}(\Omega_{R})$ . then $f\in L\underline’(X_{y})$ for almost all $y\in \mathbb{R}$ , and $f\in L^{2}(Y_{x})$ for almost all

$x\in \mathbb{R}$ .
(b) If $f\in.4\zeta_{loc}^{\tau}’(\Omega_{l\}})$ . $\mathrm{t}$ hell liln $f(x, y)=0$ for almost all $y\in \mathbb{R}$ , and $\lim$ $f(x, y)$

$xarrow\pm\infty$ $xarrow w_{1,\pm}\langle y)$

exists for almost $\mathrm{a}\mathrm{J}1|y|\leq R$ .
(c) If $f\in\Lambda C_{l}^{y_{O\mathrm{C}}}\langle\Omega,$)). $\mathrm{t}$ hen Iilll $f(x, y)=0$ for almost all $x\in \mathbb{R}$ , and $\lim$ $f(x, y)$

$yarrow\pm\infty$ $y^{arrow w_{2}},\pm(X)$

exists for almost all $|.|_{\text{ノ}}|\leq f?.$ .

By Lemmas $2.1(b)$ and (c), from now on, we set

$f(w_{1,-}(y), y)^{\mathrm{d}\mathrm{r}}=1\mathrm{i}\ln f(\mathrm{p}Tarrow w1,-(y)x,$ $y)$ , $f(w_{1},+(y),$ $y) \mathrm{d}\mathrm{e}=^{\mathrm{f}}\lim_{1xarrow w,+(y)}f(x, y)$ ,

for $f\in AC_{loC}^{x}(\Omega R)$ , and sinlilarly we use a notation $f(x, w_{2,-}(x))$ for $f\in AC_{l\circ c}^{y}(\Omega R)$ .

There are manv wavs to exl,end
$l^{\mathrm{J}}.’$

. $(j=x, y)$ to self-adjoint operators. We shall show it
in the following theo $\Gamma \mathrm{C}1\downarrow\downarrow$ for $\mathrm{C}\mathrm{o}\mathrm{m}\downarrow^{)\mathrm{r}\mathrm{c}}1\downarrow \mathrm{G}\mathrm{l}1(\iota \mathrm{i}_{1\mathrm{l}}\mathrm{g}$ all self-adjoint extensions of $\mathrm{P}j(j=x, y)$ .

Theorem 2.2: $l^{J}j$ is closed $\mathrm{s}.\mathrm{v}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{l}\downarrow \mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}$ , but not essentially self-adjoint. Furthermore, $p_{j}$

has uncountably many $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}_{\mathrm{C}}\mathrm{r}\mathrm{e}11\mathrm{t}\mathrm{s}\mathrm{e}$ ] $\mathrm{f}$-adjoint extensions.

By Theorelll 2.2 above, we knew tllat there are nlany self-adjoint extensions of $\mathrm{P}j(j=$

$x,$ $y)$ . Ill order to momentuln operators generate shifts, we wish there were a pair of self-
adjoint extensions of $l^{J}\dot,(j=x.y)$ satisfying Weyl’s CCR. As a matter of fact, we shall
realize that there no $\mathrm{s}\mathrm{u}\mathrm{c}[_{1}$ pair in tlle self-adjoint extensions of $p_{j}(j=x, y)$ . After here and
in the next section, we shall see it.

The following corollar.$\backslash$

’ follows $\mathrm{i}11\iota \mathrm{n}\mathrm{l}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}[\mathrm{v}$ from Corollary on p.141 in Ref.[11], which is
the first ,$\backslash \mathrm{t}\mathrm{e}_{1^{)}}$ for colIt $]^{}$

$\mathrm{e}1_{1}\mathrm{c}^{\mathrm{J}}\mathrm{I}1(1\mathrm{i}_{1}$ tlle domain of self-adjoint extensions of $p_{j}(j=x,y)$ :
COrollary: There is a olte-olte $\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{r}\mathrm{e}\mathrm{s}\mathrm{I}$ ) $\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ between self-adjoint extension of $p_{j}$ and

unitary operators frolll $1\backslash$ er $(/J^{*},\cdot-i)$ ollto $1\mathfrak{i}\mathrm{e}\mathrm{r}(p_{j}^{*}+i)$ . Let $U_{j}$ : $\mathrm{K}\mathrm{e}\mathrm{r}(p_{j}^{*}-j)arrow \mathrm{K}\mathrm{e}\mathrm{r}(p_{j}^{*}+i)$

$(j=x, y)$ be an arbitrary unitarv operator, and $p_{U_{j}}$ be the self-adjoint extension of $p_{j}$

corresponding to $l^{t}’/(j=x.y)$ . Then.

$\mathrm{D}(p_{L_{)}’})=\{\varphi 0+\varphi_{+}+Uj\varphi_{+}|\varphi 0\in \mathrm{D}(p_{j}),\varphi+\in \mathrm{K}\mathrm{e}\mathrm{r}(p_{j}*-i)\}$ ,

$/J_{1_{j}}(_{\hat{\vee}\mathrm{u}++}\varphi_{\dagger}l^{\dot{j}}\cdot)/^{\varphi_{+}}=_{l^{\mathrm{J}},\varphi_{0}}.+i\varphi_{+}-i[r_{j\varphi_{+}}$ .

Remark 2.3: $\backslash 1^{j}\mathrm{e}$ can sh $\mathit{0}\backslash$ easily that $\{l^{y}j, \zeta \mathit{1}_{J}\}j=x,y$ satisfies Heisenberg’s CCR on
$C_{0}^{\overline{\infty}}(\Omega_{R})$ . In order to investigate We.$\mathrm{y}\mathrm{l}’ \mathrm{s}$ , we need to show the behavior of $\mathrm{e}\mathrm{x}\mathrm{p}$.[itpj], which
will be investigated $\mathrm{i}\iota 1$ tlle $\mathrm{f}\mathrm{o}[1_{0}(\mathrm{v}\mathrm{i}\mathrm{n}\mathrm{g}$ section. .

For getting descript ion of dolnains of self-adjoint extensions $p_{U_{J}}(j=x, y)$ appropriate
for the boundary condi $\mathrm{t}$ ions on $\mathit{0}D_{R}$ , we get exactly adjoint operators of $p_{j}$ as the following
$\mathrm{I})\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ . lts proof follows frolll Example in VIII.2 in Ref.[5] with introducing an arbitrary

function $j^{2}\in(^{-_{l}}0^{\infty}(\mathbb{R})$ for applving the example in Ref.[5] to our case:
Proposition $(.).\mathit{3}$ :
(a) $l^{J_{x}^{*}=}-i\partial/\partial.?\cdot \mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota])(_{l)^{\mathrm{X}}}x)=.\prime 1\zeta j_{l\iota}\prime l’(JC\Omega R)$ .
(b) $p_{y}^{*}=-?(.)/(.)\nu\backslash \mathrm{t}$ ilh $1$) $(l_{y}^{J^{\mathrm{K}}})=’\iota\subset_{l-}^{\mathrm{t}\mathrm{J}}\iota(^{\zeta l)}\langle J1-R$ .
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We will prepare some lernmas for a while in order to investigate boundary conditions on
$\partial D_{R}$ for functions in $D(l^{J}\iota fJ)(j=x, y)$ .

We define $WS_{\alpha}^{\pm}$. $(\Omega_{R})$ . $\mathrm{t}1_{1}\mathrm{e}$ vector space of weak solutions for $D_{x}f=\pm f$ , by

$1’\mathrm{f}’..9_{x}^{\pm}(\Omega_{R})\equiv\{f\in L^{2}(\Omega_{R})|Dxf=\pm f\}$.

It is evident that
Lemma 2.4: If $\varphi\in \mathrm{I}\backslash \mathrm{e}1^{\cdot}(ljx\mathrm{X}\pm i),$ then $\overline{\varphi}\in \mathrm{T}^{\mathit{1}}VS_{x}^{\pm}(\Omega_{R})$ .

Since $\Omega_{R}$ is opell. for every $(x, y)\in\Omega_{R}$ , there exists $\delta_{x,y}>0$ such that Ball $((x, y),$ $\delta_{x,y})\subset$

$\Omega_{R}$ , where Ball $((x, y)$ , $\delta_{x.y})$ denotes the open ball with center $(x, y)$ and radius $\delta_{x,y}$ . And
Ball $((x, y),$ $\delta_{x,y}/2)\subset B(\iota ll((x, y)$ , $\delta_{x,y})$ . There exists an open perfect square $J_{x,y}$ with center
$\langle$ $x,$ $y)$ such that $\overline{j_{x,y}}\cdot\subset Ball$ $(\langle x, y)$ , $\delta_{x,y}/\mathit{2}),$ where $\overline{J_{x,y}}$ denotes the closure of $J_{x,y}$ . So, we
have $\overline{J_{x,y}}\mathrm{c}\neq\Omega_{R}$ and $\Omega_{R}=$ $\cup$ $\cdot J_{x,y}$ . We denote by $\mathrm{J}$ the set $\{J_{x,y}|(x, y)\in\Omega_{R}\}$ .

$(_{X}.y)\in\Omega_{f\{}$

Let $\rho_{\epsilon}*(\mathcal{E}>0)$ be tbe $1,’ 1^{\cdot}\mathrm{i}\mathrm{e}\mathrm{d}\Gamma \mathrm{i}\mathrm{C}\mathrm{h}.\backslash$ lnollifier. And we set $\varphi_{\epsilon}\equiv\rho_{\epsilon}*\varphi$ for $\varphi\in Ws_{x}^{\pm}(\Omega_{R})$ .
To be exact, let $\varphi^{\mathrm{e}\mathrm{x}\mathrm{t}}$ be a $\mathrm{I}^{\cdot}\iota\iota 11\mathrm{C}\iota \mathrm{j}\mathrm{o}1\mathrm{l}$ which is defined by $\varphi$ on $\Omega_{R}$ , and $0$ on $\mathbb{R}^{2}$ } $\Omega_{R}$ . And we
define $\varphi_{\epsilon}$ by $\varphi_{\epsilon}.(x, y)\mathrm{C}1\cdot \mathrm{f}=^{\mathrm{e}}\int\int_{1\mathrm{R}^{\underline{)}}}\rho\epsilon(x-xy-y)J\lambda 1(x’’\varphi^{\mathrm{e}}, y)’,d_{X}\prime dy’$ .

The following fact can be $\mathrm{P}^{\mathrm{l}\mathrm{O}\backslash (^{)\mathrm{d}}}$
’ easily.

Lemma 2.5:
(a) $\varphi_{\epsilon}-\varphi$ as $\epsilon|0$ in $L^{2}(\Omega_{R})$ .
$\langle b)\varphi_{\epsilon}-\in C^{\prime \mathrm{x}}(\Omega_{R})$ .
(c) For every $J=J_{1}\cross J_{2}\in \mathrm{J}$ and $\varphi^{\pm}\in l\mathrm{t}^{\gamma}S_{x}\pm(\Omega R)$ , there exists $g_{J,e}\in C^{\infty}(J_{2})$ such that

$\varphi_{\underline{\epsilon}}^{\pm}(x, y)=\exp[\pm x].\mathrm{r}_{/\prime}/\sim(y)$ for $(x.y)\in.J$ . Here $g,,\xi$ may be $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ zero-valued function or not.

Let $\{e_{n}\}_{n\in \mathrm{N}}$ be a complete ortbonornlal basis of $L^{2}((-R, R))$ . We define functions $f_{n}^{\pm}$

$(??\in \mathrm{N})$ on $\overline{\Omega_{R}}$ by $f_{n}^{\pm}(x.y)^{\mathrm{d}}=^{\mathrm{e}\mathrm{r}}\sqrt{2}e^{\mp x}\backslash _{\mathrm{x}_{y}^{\pm}}(X)e^{\sqrt{R^{2}-y^{2}}}e_{n}(y)$ , where $x_{\mathrm{x}_{y}^{+}}(x)^{\mathrm{d}\mathrm{e}}=^{\mathrm{f}}1$ if $|y|\leq R$

and $w_{1,+}(y)\leq x;0$ otherwise, and $\backslash _{\lambda_{y}^{-}}(x)^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}1$ if $|y|\leq R$ and $x\leq w_{1,-}(y);\mathrm{o}$ otherwise.

Sinlilarly, we define functions $yr_{n}^{\pm}(n\in \mathrm{N})$ on $\overline{\Omega_{R}}$ by
$)\mathrm{c}_{n}^{\pm}(X, y)^{\mathrm{C}}=^{\mathrm{e}}\mathrm{l}\mathrm{f}_{\sqrt{2}\epsilon\mp}y\backslash ,.\mathit{1}^{\pm}(y)e^{\sqrt{R^{2}-x^{2}}}\epsilon_{\mathit{7}}\iota(\chi)$, where $\backslash _{Y_{\mathcal{I}}^{+}}(y)^{\mathrm{d}\mathrm{e}}=^{\mathrm{f}}1$ if $|x|\leq R$ and $w_{2,+}(x)\leq y;0$

otherwise, alld $\backslash ,.\mathrm{J}^{-}(.\iota/)^{\mathrm{d}}=\mathrm{e}\mathrm{f}$ I if $|x|\leq R$ and $/1\leq u_{2,-}’(.L);0$ otherwise.
Then we get tlle following propositioll:
$\iota_{\epsilon?l\uparrow 7ll},‘\sim).\theta$ :
(a)

(a-1) $\{f_{n}^{\pm}\}_{n\in \mathrm{b}\mathrm{I}}$ is a colllplete orthonornlal basis of $\mathrm{K}\mathrm{e}\mathrm{r}(p_{U}x\mp i)$ .
(a-2) For ever.$\mathrm{y}_{\hat{\vee}}\in \mathrm{I}$) $(p_{\iota},1)$ ,

$\hat{\vee}(\iota\iota_{1,+}’(y), y)=\gamma_{U_{x}}(\varphi_{+} ; y)\varphi(w1,-(y),$ $y)$ , (6)

where

$\sum\infty<f_{m}^{+},$
$\varphi_{+}>_{L^{2}\Omega)m}\mathrm{t}R(ey)$

$\gamma_{\mathrm{t}_{1}}\mathfrak{l}_{\hat{\vee}+}:$ $y)= \frac{n\iota=1}{\infty}$ .
$\prime 1=\sum_{1}<f_{\Gamma\iota}^{-}$ . $\mathfrak{x}\mathrm{r}_{x}.\varphi_{+}>_{L^{2}\{\Omega_{R})}e_{n}(y)$
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(a-3) For every $f_{+},$ $g_{+}\in \mathrm{K}\mathrm{e}\mathrm{r}(l\overline{J}_{O_{\mathcal{I}}}-i)$ ,

$\sum_{71\iota=1}^{\infty}<fmg_{+}>L2\{\Omega_{R})<\overline{+,}\int_{\gamma\iota}^{+},,$ $f_{+}>_{L^{2}(\Omega)}R= \sum_{m=1}’\overline{<f^{-}\eta’ U}\propto \mathrm{r}_{+L^{2}(}xj>\Omega_{R})<f_{m}^{-},$ $U_{x}f_{+}>_{L^{2}(\Omega_{R})}$ .

(a-4) For $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}\varphi\in \mathrm{D}(p_{U_{x}})$ ,

$\int_{-R}^{\prime \mathrm{i}}Cly|\varphi(\mathrm{t}\mathit{1}_{1,+}’(y).y)|^{2}=\int_{-R}^{R}dy|\varphi(w1,-(y),$ $y)|^{2}$ .

(b)
(b-1) $\{g_{n}^{\pm}\}_{n\epsilon \mathrm{N}}$ is a $\mathrm{c}\mathrm{o}\mathrm{m}_{1^{)}}1\mathrm{e}\mathrm{t}\mathrm{e}$ ortllonorlnal basis of $\mathrm{K}\mathrm{e}\mathrm{r}(p_{U_{y}}\mp i)$ .
(b-2) For every $\varphi\in \mathrm{D}(p_{U_{y}})$ ,

$\varphi(x, w_{2,+}(X))=\gamma U(\Psi+;X)y\varphi(X, w2,-(x))$ ,

where

$\sum\infty<g_{m}^{+},$
$\varphi_{+}>_{L^{2}(\Omega_{R})}e_{7n}(_{X)}$

$\wedge\prime_{\mathrm{t}_{\mathrm{V}}\hat{\vee}+}$

.
$(:. \iota\cdot)=\frac{m=1}{\infty}$ .

$\sum_{l\iota=\downarrow}<C_{\gamma}j^{-,U}\iota y\varphi_{+}>_{L^{2}\langle\Omega_{R}})e_{n}(x)$

(b-3) For every $\int_{+,\mathit{9}+}\in \mathrm{I}\backslash \mathrm{e}\mathrm{r}(l^{)}\prime U_{y}-?)$,

$\overline{\sum_{nl=1}^{\infty}}<g_{m},$$g_{+}>_{L\mathrm{t}}2 \Omega_{R})<’/\overline{+}.,+.f_{+}?1>_{I^{2}(\Omega n)},=\sum_{\gamma 11=1}^{\infty}\overline{<g_{\overline{m}},U_{y}g+>L^{2}\mathrm{t}\Omega_{R})}<gm’ U_{y}-f_{+}>_{L^{2}(\Omega)}R^{\cdot}$

(b-4) For every $\varphi\in$ ]) $(p_{\mathrm{t}},y)$ ,

$/- \cdot’|/\mathrm{t}(l.1^{\cdot}|_{\hat{\vee}(.\mathrm{t}}\cdot, \iota\iota’ 2,+^{\mathfrak{l}}\mathcal{I}))|2=\int_{-R}^{R}dx|\varphi(x,$ $w_{2,-}(_{X))}|^{2}$ .

Remark 2.4: $\backslash \backslash \mathrm{t}^{\backslash }$ here note that $\gamma_{U_{j}}$

$(j=X,\mathrm{t}j)$ is depend on $\varphi_{+}$ , which is different

from the $1- \mathrm{d}\mathrm{i}_{1}\iota \mathrm{t}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}1\downarrow‘.\lambda 1$ case (see $1_{\lrcorner}^{\backslash }.\mathrm{x}.\mathrm{d}$ lnple 1 ill X.l in Ref.[11]. Then, why does $p_{U_{j}}$ keep
$\mathrm{s}\mathrm{y}\mathrm{n})\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{y}.t$ The reason ib a:, follows: $1^{\urcorner},\mathrm{o}\mathrm{r}$ instance,

let $f=f_{0}+f_{+}+U_{x}f_{+},$ $j‘=(j0+\gamma c_{+}+[\prime_{T}g_{+}\in \mathrm{D}(p_{U_{l}})$ . Then we have by Proposition $2.3(\mathrm{a})$

and Lemma $2.6(\mathrm{a})$

$<g,P_{U_{x}}f>_{L\{\Omega)}2R-<l^{J_{\mathrm{t}’}}g,$$fx>_{L^{2}\langle\Omega_{R})}$

$=$ $\frac{1}{i}.\int_{-R}^{R}cly(\overline{\gamma_{\iota}..(Cj+\cdot..\mathrm{t}/)-|}\backslash |\gamma_{l}.(\int+\cdot y)^{-}|1-1)\overline{r\supset+(\mathrm{t}\{)1,+(y),\mathrm{t}/\mathrm{I}}f_{+}(w_{1,+}(y), y)$

$=$ $. \frac{2}{i}(\sum_{m=1}^{\lambda}’\overline{<f^{-},,\iota,\ddagger.\mathit{1}\supset c_{+}>L\underline{\mathrm{o}}\mathrm{t}\zeta\},)}\sum^{\infty}\mathrm{t}\prime \mathit{1}=\downarrow<f_{1}^{-},$, $\zeta_{x}.f+>_{L^{2}\{\Omega_{R})}\delta_{mn}$

$- \sum_{=n11}^{\vee}\overline{<f_{7}|+>}\backslash :\downarrow\backslash g_{+L}\underline{\circ}1\Omega R)\sum_{n=}^{\mathrm{p}}1<f_{n}^{+},$
$f_{+}>_{L^{2}\mathrm{t}^{\Omega_{R}}})\delta_{m}n)$

$=$ $. \frac{2}{j}\sum_{m=1}^{\supset\circ}(\overline{<\int_{m}^{-,U_{x}}c\supset+>_{L}2(\Omega_{R})}<f_{n\mathit{1}}-,$
$U_{x}f+>_{L^{2}(\Omega_{R})}-\overline{<f_{m}^{+},g_{+}>_{L}2(\Omega_{R})}<f_{m}^{+},$ $f+>L0(\Omega_{R}))$

$=$ $0$ .
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Now that we have Proposition 2.3 and Lenllnas 2.4-2.6, we can characterize the domains
of $p_{U_{X}}$ and $p_{U_{y}}$ with $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ suitable boundary conditions on $\mathit{0}D_{R}$ , respectively:

Theorem 2.7:
1 (.?

(a)
$p_{U_{1}}=\overline{i}\overline{\partial.\prime\iota\cdot}\backslash \vee \mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}$

$\mathrm{D}(l_{\iota}^{)}1)$ $=$ $\{\int\in.4C_{lo}^{\prime T}(\Omega_{R}\iota^{\backslash })|\int_{-R}^{R}dy|f(w1,\pm(y),$ $y)|^{2}<\infty$ ,

$\mathrm{a}1\iota \mathrm{d}$ there exists $\int_{\mathrm{p}\mathrm{l}\mathrm{s}}\in \mathrm{I}\backslash \mathrm{e}\Gamma(p_{x}-*i)$ such that
$f(w_{1,+}(y), y)=f_{\mathrm{p}1}\mathrm{s}(w_{1},+(y),$ $y)$ ,

$f(\iota\iota_{1,+}’(y), y)=\gamma u_{x}(f_{\mathrm{p}}1\mathrm{s};y)f(w_{1,-}(y), y)$

for almost $\mathrm{a}\mathrm{J}1-R<y<R\}$ .

(b) $l_{\iota_{y}^{r}}^{J}= \frac{1}{j}\frac{()}{d\mathrm{t}/}$ willI

$\mathrm{D}(l)\mathrm{t}_{y}’)$ $=$ $\{\int\in A(j_{loc}^{\mathit{1}}t/(\zeta \mathit{1}R)|\int_{|x|<R}dX|f(X, w2,\pm(x))|^{2}<\infty$

\v{c}llld there exists $f_{\mathrm{p}\mathrm{l}\mathrm{s}}\in \mathrm{I}_{\mathrm{C}\mathrm{e}\Gamma}^{r}(l_{y}j^{*}-i)$ such that
$\int(X, u_{2,+}’(x))=f_{\mathrm{p}\mathrm{l}\mathrm{s}}(x, w_{2,+}(x))$ ,

$\int(x, w_{2,+}(_{X)})=\gamma_{U}(f_{\mathrm{p}\mathrm{l}\mathrm{s}}y; x)f(_{X}, u’ 2,-(x))$

for $\mathrm{a}1_{1\mathrm{n}\mathrm{o}}.\backslash \mathrm{t}\backslash$ all $-R<x<R\}$ .

Now that we obtai $|$ } exaclly tlle botllldal$\cdot$ .V conditions on $\partial D_{R}$ depending on the domain
$\mathrm{o}\mathrm{i}\cdot l_{\iota_{J}}^{J}’(j=x.y)$ . $\backslash \prime \mathrm{t}^{\backslash }\mathrm{c}\mathrm{a}1|$ compreltend the behavior of $\exp[itp_{U_{x}}]$ and $\exp[itp_{U}]y$

’ which
illlplies that no pair. $(^{\backslash }\mathrm{x}_{1)}[i//_{\iota_{\iota}}j]\mathrm{a}\mathrm{l}1(|$ cxp $[it_{l}\mathrm{J}U_{y}]$ , satisfies Weyl’s CCR. It will be shown in
the next section.

3 Behavior of $\mathrm{e}.\backslash _{\mathrm{I}}$) $[i\dagger_{l})_{T}]$ and $\mathrm{e}_{\backslash }^{\backslash \prime}.1$ ) $[?tp_{y}]$ .
In this sectioll, we investigate behavior of $\exp[it_{l^{J}]}x$ and $\exp[itp_{y}]$ . Here arises difficulties.

In fact, we shall find it turns out in this section that any pair of self-adjoint extensions of
$-j_{(})/\dot{(}Jx$ and-i $\dot{‘}$) $/(Jy$ on $L^{\mathit{2}}((\}_{R})$ (loes $\mathrm{I}\mathrm{l}\mathrm{O}\mathrm{t}$ satisfy Weyl’s $\mathrm{C}\mathrm{C}^{\mathrm{t}}\mathrm{R}$ . This is not a case with $L^{2}(\Omega 0)$ ,
which was studie$(1[)$ Reeh[6] and $\mathrm{A}\mathrm{l}\cdot \mathrm{a}\mathrm{i}[7]$ .

Let $\backslash _{fj}+(.\mathrm{t}, .1/)^{c1_{\mathrm{C}}}=^{\mathrm{f}}1\mathrm{i}\mathrm{f}|.(/|\leq/i$ and $l/\tau_{1.\dagger()}y\leq x_{\backslash }0$ otherwise, and $\chi_{B^{-}}(x, y)=^{\mathrm{e}}1\mathrm{d}\mathrm{f}$ if $|y|\leq R$

alld $x\leq\iota\iota_{1,-}’(\mathrm{t}j)$ : $()$ ot herwise. $\mathrm{I}^{\mathrm{I}}’ \mathrm{O}\mathrm{I}^{\cdot}f\in f1C_{f}^{x_{oc}}(\Omega R)$ with $\int_{-R}^{R}dy|f(w1,\pm(y),$ $y)|^{2}<\infty$ , we can
give explicit construction of $\int_{\mathrm{l}\supset \mathrm{I}\mathrm{s}}$ and $\int_{11\mathrm{U}\mathrm{t}\mathrm{S}}$ by

$\int_{\mathrm{I}^{)\mathrm{l}}\backslash }(.I^{\cdot}, y)$

$\mathrm{c}1\mathrm{e}=^{\mathrm{r}}$

$e^{-I}f(u)1,+(y),$ $y)e,+(y)\chi+(xw_{1}B’ y)$ ,

$\int_{\mathrm{t}\mathfrak{n}\mathrm{I}\mathrm{t}\mathrm{q}}(.\iota i.\nu\rangle (\iota_{\mathrm{e},=^{\mathrm{f}}} e^{T}\int(u)1,-(y),$ $y)c-w1,-\mathrm{t}^{y)}\chi_{\epsilon}-(x, y)$ .
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$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{l}|$ , we have $\int J_{\Omega_{l\mathrm{t}}}Cl_{\mathit{1}}.\cdot \mathrm{r}ly|\int_{\mathrm{P}}1_{\mathrm{S}}(x, y)|^{2}=\frac{1}{2}\int_{-R}^{R}dy|f(w_{1},+(y),$ $y)|^{2}<\infty$ , So, $f_{\mathrm{p}\mathrm{k}}\in L^{2}(\Omega_{R})$ .

It is $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{a}\iota$ . that $\int_{\mathrm{p}1\backslash }\in 1\backslash (^{)}1^{\cdot}(/J_{x}-\mathrm{X}i)$ by Proposition 2.3. Similarly, $fnms\in \mathrm{K}\mathrm{e}\mathrm{r}(p_{x}^{*}+i)$ . In the

same way, we defi ne for $\int\in r_{1}’\iota c_{lo_{\mathrm{t}}}^{y}\backslash (\Omega_{R})$ with $\int_{|x|<R}dy|f(X, w_{2,\pm}(x))|^{2}<\infty$ ,

$\int_{\mathrm{I}^{)}\mathrm{S}}1(x.y)$

$\mathfrak{c}\mathrm{I}\mathrm{e}=\mathrm{f}$

$e^{-y} \int(x, w2,+(X))e\chi+(w_{2,+()}xAx, y)$ ,

$\int_{1\iota \mathrm{u}\mathrm{t}\mathrm{S}}(X, y)$

$\mathrm{d}\mathrm{e}\mathrm{f}=$

$\epsilon^{y}\int(X, u_{2,-}’(x)\mathrm{I}^{e^{w_{2,-}()}}x\lambda_{A^{-(x}}/,$ $y)$ ,

where $\chi_{A+}(x, y)^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\downarrow$ if $|.x|<R$ and $u_{2,+}’(x)\leq y;0$ otherwise, and $\chi_{A}-(x, y)=^{\mathrm{e}}1\mathrm{d}\mathrm{f}$ if $|x|<R$

and $y\leq w_{2,-}(x);0$ otherwise.
Remember Lemma 2.6 (a-4) and (b-4). Then, for $f\in \mathrm{D}(p_{U_{J}})(j=x, y)$ , we define $f_{0}$ by

$\int_{\mathrm{U}}(x, y)=\int(1_{\mathrm{P}}\int(x,\mathrm{t}j)-f_{\mathrm{p}1}\mathrm{S}(x, y)-f\Pi \mathrm{u}\mathrm{s}(x, y)$ .

Then, it is clear that $\int_{\mathrm{U}}\in \mathrm{D}(\mathcal{P}_{\mathrm{J}})(j=.\mathrm{t}, lj)$ .

We will clarif.$\mathrm{v}$ tlle $\mathrm{n}$) $\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$ of tbe functions $f_{\mathrm{p}\mathrm{l}\mathrm{s}}$ and $\mathrm{m}\mathrm{n}\mathrm{s}$ , which gives an important
decomposi tion.

Lemma 3.1:
(a) Fix $\mathfrak{c};_{x}$ . Then. $\{_{\Gamma}\int_{1)}\mathrm{I}.\mathrm{S}=\int_{\mathrm{m}11\}$ for every $f\in \mathrm{D}(l^{J_{\{}}\prime_{x})$ , and

$\int=\int_{()}+\int_{\mathrm{I})}1\backslash +\{\}.\int_{\mathrm{I})}1\backslash \cdot$ $\in \mathrm{D}(l^{J_{7}}.\cdot)+\mathrm{K}\mathrm{e}\mathrm{r}(p_{x}^{*}-i)+\mathrm{I}’\backslash \mathrm{e}\mathrm{r}(p_{x}^{*}+i)$

is a unique decom $\downarrow$) $(.\backslash \mathrm{i}\uparrow \mathrm{i}_{0}\mathrm{I}1$ .
(b) Fix [$T_{y}$ . Thell. $\mathfrak{l}_{y}^{\mathfrak{k}}\int_{\mathrm{l}\supset \mathrm{I}_{\mathrm{S}}}=\int_{111\mathrm{t}\mathrm{l}\mathrm{s}}\mathrm{f}\mathrm{o}\iota$

. everv $f\in \mathrm{D}(l^{J_{U_{y}}})$ , and

$f= \int_{\mathrm{U}}+\int_{1)}|_{\mathrm{t}}+l_{y^{\int}1^{1}}^{f}’\supset$

’
$\in \mathrm{D}(p_{y})+\mathrm{I}^{r}\backslash \mathrm{e}\Gamma(p^{*}y-i)+\mathrm{K}\mathrm{e}\mathrm{r}(p_{y}^{*}+i)$

is a unique $\mathrm{d}\mathrm{e}\mathrm{C}\mathrm{o}\mathrm{m}_{1}$) $\mathrm{O},\backslash \mathrm{i}\uparrow \mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ .

Fix $\zeta T_{j}(j=!,\mathrm{t}j)$ and $t\in \mathbb{R}$ . Since $l^{J_{U_{x}}}$ is self-adjoint, there exists a dense set $A(p_{U_{j}})$ of
allalytic vectors of

$\cdot$

$/J_{\{}$ , (see $\mathfrak{c}^{\mathrm{t}}01^{\cdot}0[1\mathrm{a}1^{\cdot}\nu 10\iota 1$ p203 in Ref.[11]).

We can give $b\epsilon^{1}1\mathrm{t}.\mathrm{d}\mathrm{i}\mathrm{o}\mathrm{I}.\backslash$ of $(^{1}\mathrm{x}_{\mathrm{I})}[itl)\iota_{)}’](j=.\tau., y)$ as the following proposition, which tell

us that aliy $1^{)\mathrm{a}\mathrm{j}}1$ of $\mathrm{t}^{1}.\backslash 1$ ) $[itl$) $\mathrm{t}j](j=.1^{\cdot}..\mathrm{t}/)$ de.stroy lVeyl’s CCR:
Proposition 3.2:
(a) For any $f\in A(l^{J_{U_{x}}})_{\tau}$

(a-1) if $(.\tau., y)\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\{\mathrm{i}\mathrm{e}.\mathrm{s}$ one of the following conditions at least, (i) $|y|>R;(\mathrm{i}\mathrm{i})$

$|y|\leq R\iota \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}.1^{\cdot},$ $.l\cdot+t\leq n_{1,-}’(\mathrm{t}j)_{\backslash }$ or (iii) $|y|\leq R$ with $w_{1,+}(y)\leq x,$ $x+t$ , then

$(r^{itp} \iota’ j\int)(x, y)=\int(!+t, y)$ ,

(a-2) $\mathrm{i}\mathrm{f}/>$ $()$ and $|.()|\leq R.$ $t$ hen

$( \epsilon^{\dot{\iota}tp_{\{}}\prime_{1}\int)(_{1(}’ 1.-(.l/)..l/)=\sum_{l1=0}^{\lambda}\wedge..(\int_{\mathrm{p}^{\mathrm{I}_{\backslash }}}(.’\iota).1\backslash ./)/l_{?}.-1_{\frac{1}{n!}}(\frac{d^{n}f}{dt^{n}}(u)1,+(y)+t,$
$y)\mathrm{r}t=0)tn$ ,

where $g^{(n)}$ denotes $\dot{\mathrm{c}}J’lg/\dot{c}J.\tau^{n}$ ,
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(a-3) if $t>0,$ $|y|\leq R,$ $x<u_{1,-}’(y)$ and $w_{1,-}(y)<x+t$ , then

$(e^{itp}Ux \int)$ $(.\downarrow:, .|/)$

$=$ $n.= \sum_{0}^{\backslash ^{-}}’\gamma U_{1\mathrm{p}}(\int^{(\mathrm{t})}r_{\mathrm{b}}$ ;
$-$

$y \mathrm{l}\mathrm{I}^{-1_{\frac{1}{?l!}}}(\frac{cl^{\prime\iota}\int}{dt^{n}}(x+t+2w_{1},+(y),$ $y)\mathrm{r}i=-x-w_{1},+(y))(t+x+w_{1,+}(y))n$ ,

(a-4) if $t<0$ and $|y|\leq R$ , then

$(e^{it\rho_{\iota}}\prime xf)\{w1.+(y),$ $y)= \sum_{n=0}^{\mathrm{x}}\gamma_{\iota\prime}.(\int;\mathrm{t}|\supset 1_{\mathrm{S}}(n)y)\frac{1}{n!}(\frac{d^{n}f}{dt^{n}}(w_{1,-}(y)+t, y)\lceil_{t0}=)tn$ ,

(a-5) if $t<0,$ $|\iota/.|\leq R,$ $n_{1,+}’(y)<x$ and $x+t<w_{1,+}(y)$ , then

$(e^{itp_{U}}x \int)(x.y)$

$=$ $\sum_{n=0}^{\infty}\gamma Ux(\int \mathrm{p}^{1}.\mathrm{s};\mathrm{t}J\iota)y)\frac{1}{\prime_{\overline{l}}!}(\frac{d^{71}f}{dt^{n}}(x+t+2w_{1,-}(y), y)\mathrm{r}t=-x-w_{1,-}\langle y))(t+x+w_{1,-}(y))n$.

(b) For any $f\in A(l^{J_{\{}}y)$ ,

(b-1) if $(.\mathrm{t}\cdot..\mathrm{t})).\mathrm{s}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{S}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{S}$ one of the following conditions at least, (i) $|x|>R;(\mathrm{i}\mathrm{i})$

$|x|\leq R$ with $y.y+t\leq\downarrow l_{\mathit{2}.-(}$” $.|$ ): or (iii) $|x|\leq R$ with $w_{2,+}(x)\leq y,$ $y+t$ , then

$(e^{it} \iota/J.y\int)\{x.y)=\int\langle x,$ $y+t)$ ,

(b-2) if $t>0$ and $|.l\cdot|\leq R$ , then

$(e^{i\ell p_{U}}y \int \mathrm{I}(x.u\mathrm{i}2,-(x))=\prime 1=\sum_{(\mathrm{J}}^{\supset}\gamma_{U_{y}}(f_{\mathrm{p}1\mathrm{s}}^{(_{7}}l);\circ X)^{-}1\frac{1}{n!}(\frac{d^{n}f}{dt^{n}}(x, w_{2},+(X)+t)\mathrm{r}t=0)tn$ ,

where $g^{(n)}$ denoteb $(i^{\prime 1}j‘/\partial y^{n}$ ,

(b-3) if $t>0,$ $|.\iota|\leq R.$ $y<\iota v_{2,-}(X)$ and $w_{2,-}(x)<y+t$ , then

$( \epsilon^{\dot{t}\mathrm{f}p}\iota iy\int \mathrm{I}(x.y)$

$=$ $\sum_{n=0}^{\supset \mathrm{c}}\wedge/Uy1(\int^{1})1_{\mathrm{b}};\iota\cdot)^{-}\frac{1}{?1!}\prime 7).1(\frac{\mathrm{r}l^{J\iota}f}{dt^{n}}(x, y+t+2w_{2,+}(x))\lceil_{t}=-y-w2,+(x))(t+y+w2,+(X))^{n}$ ,

{b-4) if $t<0$ and $|x|\leq R.$ $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{l}\mathrm{l}$

$(e^{it_{\mathcal{P}_{\{}\mathit{1}}}y \int)(.\iota..(\iota_{2.+(X}’))=\sum_{?\iota=()}^{^{-}\mathrm{c}}\gamma-Uy\mathrm{P}(f^{(n)}\mathrm{l}\mathrm{s} ; X)\frac{1}{n!}(\frac{cl^{n}f}{clt^{n}}(x, w_{2,-}(x)+t)\mathrm{r}t=0)tn$ ,

$(\})- 5)$ if $\ell<0,$ $|.\iota\cdot|\leq \mathit{1}?$ . $u!_{\mathit{2}.+}(.\iota\cdot)<y$ alld $y+t<w_{2,+}(x)$ , then

$(\not\in y\mathit{1}\dot{|}lpp\cdot)(_{1}.\cdot.y)$

$=$ $\sum_{n=\mathrm{u}}^{1\sim}\gamma\iota^{r}\mathrm{t}f_{\mathrm{I})}^{\mathrm{t})}\mathrm{I}y\backslash$ :
$;\mathit{1}$

$X$ ) $\frac{1}{?l!}(\frac{cl^{n}f}{rlt\prime\iota}\mathrm{t}X..1/+t+2w2,-(_{X}))\mathrm{r}t=-y-w2,-\langle\dot{x}))(t+y+w_{2,-}(x))n$ .
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Since $A(.p_{L_{J}^{j}})(\dot{\supset}=j\cdot. .())\mathrm{i}:’(1_{\mathrm{C}11}.\backslash \cdot \mathrm{e}\backslash$ in $L^{2}(\Omega_{R})$ , for arbitrary $f\in L^{2}(\Omega_{R})$ we can ap-
$\mathrm{I})\mathrm{r}\mathrm{o}\mathrm{X}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}$ elements ill $A(l^{J}\iota_{J})$ lo $/\mathrm{i}\mathrm{t}\mathrm{l}$ the sense of the almost everywhere convergence on

$\Omega_{R}$ . So, $\mathrm{p}\mathrm{r}\circ \mathrm{p}_{\mathrm{o}\mathrm{s}}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.$ } $.\mathit{2}$ means tllat $\mathrm{e}\mathrm{x}_{\mathrm{I}}$ ) $[it_{\mathit{1}_{U_{\mathrm{J}}}}$) $]f(f\in L^{2}(\Omega_{R}))$ jumps at the boundary

of the hole $D_{R}$ in a molllent. Wllen this $f$ goes across the hole $D_{R}$ , the equality be-

tween $\langle$

$\mathrm{e}\mathrm{x}_{1)}$ [is $l^{J_{x}}$ ] $\mathrm{e}\mathrm{x}_{1)}[/l_{l^{j}y}]\int)\{x.y$ ) $\mathrm{a}\mathit{1}$)($1$ ( $\exp[itp_{y}]\exp$ [iSPx] $f$ ) $(x, y)$ , which would normally

be valid, must be destroyed. Roughly speaking, for instance, let $-2R<x,y<-R,$ $s=R$,
alld $t=3R$ . Defining $l_{b}^{I_{y}}$” $\mathrm{r}\mathrm{I}\mathrm{C}t_{e}=\ell sp_{U_{yf}}$, since $|y|>R$ ,

$(e^{i\iota_{\mathcal{P}_{U}}}\tau F_{s}^{\iota^{r}}y)\mathrm{t}.\prime r,?j)=\Gamma_{S}^{4}U_{y}(x+t, y)=(e^{isp_{U}}yf)(X+t, y)$

holds by $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{l}13.2$ (a-1). Sillce $\Pi<x+t$ ,

$( \mathrm{r}^{1s\nu_{\{_{\mathrm{t}}}}.\text{ノ}\int)(.\}$
. $+/.\nu)=f(x+\iota, y+.\underline{9})$

holds by Propositioll $:$ } $.2(|_{)-}1)$ . $\mathrm{T}\mathrm{I}1\mathfrak{l}1\mathrm{S}$ . we llave

$( \mathrm{f}\iota 1\iota p_{\iota;}ilP\epsilon\int\iota_{y})(X, y)=\int(x+t, y+s)$

for allllost alt $(x, y)\in\{-2\mathit{1}i,$ $-R)\cross(-2R.-R)$ .
Now, defining $G_{t}^{l_{x}}(1_{P,=}\mathrm{r}_{r^{i\prime_{\iota}r_{\mathrm{J}}}f.\}}’\rangle$$\backslash \mathrm{b}\mathrm{i}\mathrm{l}$ ce $|x|>R$ ,

$(r^{i\mathrm{s})}..y(/_{\mathrm{e}}-J\iota,i, \cdot)(.?\cdot.y)=G_{(}^{\{_{1}}...\mathrm{t}x,$ $y+.-\sigma)=(e^{itp_{U_{x}}}f)(_{X}, y+S)$

llolds b.y $\mathrm{p}_{\Gamma 0_{1^{)\mathrm{O}}}}\backslash ‘,\mathrm{i}\iota$ioll $:$} $.2(1)-1)$ . Since $-R<y+s<0$ , and $x<w_{1,-}(y)<w_{1,+(y)}<x+t$

for all $|y|\leq R$ ,

$(e^{i\rho_{\iota_{1}\int).r}}..t,(.y+,\backslash )$

$=$ $\sum_{n=0}^{-}’\gamma_{\mathrm{t}},.(f^{\{}\iota_{\backslash }n):.|/+.\mathrm{s}\backslash -\tau.1^{\supset}1)-\frac{1}{?\mathrm{t}!}$

$\cross(\frac{rl^{l1}\int}{clt^{21}}(.?\cdot+l+2\mathrm{t}1’ 1.+\mathrm{t}y+s),$ $y+S)\mathrm{r}t=-X-W1,+(y+s))(t+X+w1,+(y+s))n$

[$).$ Propositioll $:t.\mathit{2}(i1-:\})$ . $\prime 1’ 1_{11}1.\backslash$ . $\mathrm{w}‘\backslash$ have

$(^{is\rho_{\mathrm{t}}l}eye\mathrm{e}’ \mathrm{J}j\prime l/)\cdot)(_{1}.\cdot.y)$

$=$ $‘ \sum_{71=0}^{\backslash ’}\wedge’\{1\mathrm{I}^{)}\mathrm{I}\backslash :arrow’(\int^{\langle)}ny+.\backslash )^{-}|_{\frac{1}{1\iota!}}$

$\cross(\frac{(l^{7}\downarrow\int}{r//\prime\dot{\mathrm{t}}}.(.\tau\cdot+l+\cdot 2_{1}l’ 1,+(y+s),$ $y+\mathit{8})\mathrm{r}t=-X-W_{1,+\mathrm{t}y}+s))(t+x+w_{1},+(y+s))n$

for almost all $(x, y)\in(-\mathit{2}R$ . $-R)\cross(-2R, -R)$ .
Therefore, we $\mathrm{r}\mathrm{e}\mathrm{a}j|7_{l}\mathrm{e}$ that

$(\mathrm{r}(tp_{l_{\iota\prime}},\dot{\downarrow}sp\mathfrak{l};_{y\int)}\mathrm{t}x, y)\neq(e^{ispi}\prime_{y\epsilon}\mathrm{t}tpUxf)(x, y)$

for alnlost all $(.\cdot\iota\cdot.y)\in\{-2Ti.-lt$ ) $\cross(-\mathit{2}R, -R)$ . So, Weyl’s CCR is destroyed but remember
$\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}\mathrm{H}\mathrm{e}\mathrm{i}_{\mathrm{S}\mathrm{e}\mathrm{n}}1)\mathrm{e}1^{\cdot}\mathrm{g}.\backslash \mathrm{I}_{\mathrm{I}\mathrm{t})}|(1,\cdot\backslash \mathrm{I}\mathrm{c})1l)1_{1}^{\cdot}$ (see $\mathrm{R}p\mathrm{n}1\mathrm{a}1^{\cdot}[_{\backslash }2.3$ ).
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Renlember the case of $\Omega_{0}\equiv \mathbb{R}^{2}\backslash \{(0,0)\}$ . In Reeh’s and Arai’s case, they essentially used
the hole. the origin. llas $\mathrm{t}$ he $()$ -Lebesgue nleasure.

Since Weyl $.\cdot$
$\backslash \cdot(’(’|$ { is ( $1\mathrm{e}^{1}.\backslash \cdots 1|(\mathrm{v}(\mathrm{Y}\mathrm{d}$ ill our case, the nlonlentunl operators defined by us-

illg $-i\partial/\partial x$ and $-j_{(}$) $/\dot{(}Jy$ as $(.\vee))$ can llot give any representation which is equivalent to the
$\mathrm{S}\mathrm{c}\mathrm{h}_{\Gamma\ddot{\mathrm{o}}}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}$ olle even if we consider an.y boundary condition on $\partial D_{R}$ . Thus, we redefine
the molllentum and the position $0[\mathrm{J}\mathrm{e}\mathrm{r}\mathrm{a}lo1^{\cdot}\mathrm{s}$ such that tlley are equivalent to the Schr\"odinger
representation, and are useful for discussing $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{V}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}[6,7]$ in our case.

4 The Definition of the Monlentum and Position Operators Using Stream-
lines.

In order that the lllomentum $0$ ]) $\mathrm{e}1^{\cdot}\mathrm{a}\mathrm{t}_{0}1^{\cdot}\mathrm{s}$ generate shift in a space $\Omega_{R}$ having a hole of the
shape of a disc of radius $R$ , we introduce streanllines.

We take a coordinate given $|$) ${ }$ a velocity potential $\xi \mathrm{d}\mathrm{e}\mathrm{f}=\phi(x, y)$ and a flow function
dcf

$\uparrow l=\psi(x, y)$ . $\prime 1^{\tau}\downarrow_{1\mathrm{C}}\iota \mathrm{t}\mathrm{W}(^{\backslash }$ fi $\mathrm{I}^{\cdot}$st ( $[_{(^{i}}\iota \mathrm{i}\mathrm{l}1(^{1}\psi(.I^{\cdot},\prime j)$ an cl $\psi’(x,$ $y\mathrm{I}\mathrm{b}_{V}$. the $\mathrm{J}\mathrm{o}\mathrm{u}\mathrm{l}\backslash 0\prime \mathrm{W}\mathrm{S}\mathrm{k}\mathrm{i}$ transformation ($(z)$ :
$\mathrm{p}_{\mathrm{o}\mathrm{r}\approx}=?.\cdot+il/\cdot\backslash \mathrm{e}\mathrm{S}\mathrm{d}\mathrm{P}\mathrm{f}..\mathrm{C}^{\tau}\mathrm{t}((_{\sim}^{\sim})=^{\mathrm{r}_{\sim}}\mathrm{d}c\sim+fl^{2}/\sim\sim\subset 1’\downarrow\}\mathrm{c}\mathrm{l}\mathrm{t}=^{\mathrm{r}}\mathrm{r}\rfloor \mathrm{e}\epsilon+i_{1}’$ . So $\phi(x, y)$ and $\psi(x, y)$ are determined
as

$\xi=\phi(.?.\cdot..\iota/)=^{P}\mathfrak{c}1\mathrm{r}.1^{\cdot}(\mathrm{I}+.\cdot\frac{R^{2}}{\mathrm{t}^{2}+p/^{2}}.)$ , $\uparrow_{\overline{/}}=\psi’(X.y)^{\mathrm{d}}=\mathrm{e}\mathrm{r}_{y}(1-\frac{R^{2}}{x^{2}+y^{2}})$ .

By $\varphi^{-1}$ and $\psi^{-\mathrm{I}}$” we ( $\mathrm{l}\mathrm{e}\mathrm{l}\downarrow(\{\mathrm{e}\mathrm{f}n$ nctions satisfving $.’\iota\cdot=\psi^{-1}(\epsilon, \eta)$ and $y=\psi^{-1}(\xi, \eta)$ .
By the $\mathrm{J}\mathrm{o}\downarrow$ ]$\backslash \mathrm{O}\backslash \backslash ’,\backslash [\backslash \mathrm{i}|\mathrm{I}_{(} 11.\backslash t(|\mathrm{l}\mathrm{I}1’i\{\mathrm{f}$ ion $(, (\approx)$ . we get two conformal nlappings $J_{int}$ : $\mathrm{I}\mathrm{n}\mathrm{t}D_{R}-arrow 1-1$

$\mathbb{R}_{2R}^{2}\mathrm{a}\mathrm{n}\mathrm{d}.f_{\overline{J}vt}$

‘ : $\Omega_{/?}\underline{1-\mathrm{I}}\mathbb{R}_{\mathit{2}’?}^{2}$ . where $\mathbb{R}_{2/?}^{2}(\mathrm{I}\mathrm{r}\mathrm{f}=\mathbb{R}^{2}\backslash \{(\xi, 0)|-2R\leq\xi\leq 2R\}$ , and Int $D_{R}\mathrm{d}\mathrm{e}\mathrm{f}=$

$\{(x.y)|.\iota^{2}\text{ノ}\cdot+.|/^{2}<f?^{\mathit{2}}\}$ .
We note llere 1 he $(_{\mathrm{r}111\mathrm{t}}^{1}\cdot|\iota.\backslash \cdot-[\mathrm{t}\mathrm{i}\mathrm{c}^{\mathrm{t}}111\mathrm{a}1|\Pi$ relations:

$\frac{()}{\dot{c}J.\iota}(.’ = r\ell(1\iota\cdot, .\ell \mathit{1})^{c1\mathrm{r}}=^{\mathbb{C}}1-R^{2}\frac{x^{2}-y^{2}}{(x^{2}+y^{2})^{2}}=\frac{\partial_{4^{/}}}{\partial y’}$ (7)

$. \frac{\partial\varphi}{()_{1}/}$ $=$ $b(?^{\backslash }., \mathrm{t}j)=-2R^{2}\frac{xy}{(x^{2}+\iota J)^{2}2}\mathrm{d}\mathrm{e}\mathrm{f}.\cdot=-\frac{\partial\psi}{\partial x}$ (8)

By the change $\mathrm{o}l$

. va $\mathrm{I}^{\cdot}\mathrm{i}\mathrm{a}\mathrm{l}$ )] $\mathrm{e}\mathrm{s}$ , we have

$=$,

where a $1l(\xi, \uparrow l)^{\mathfrak{c}1_{P}}=^{\mathrm{r}}’/(()-|(\xi.’))$ . $\iota\cdot-\mathfrak{l}(\xi. ’ l))$ , and $b^{\mathcal{U}}(\xi, ’/)^{\epsilon}\urcorner=^{\mathrm{f}}b1\mathrm{e}(\phi-1(\xi, \eta),$
$\psi^{-1}(\xi, \uparrow\overline{/}))$ .

Here $\backslash \backslash \prime \mathrm{e}$ set $c(?\cdot, y)(1=‘\backslash \mathrm{r}\sqrt{((1,l/)2+[)(\mathrm{t}|j)^{2}}$. We define two operators, $p_{\xi}$ and $p_{\eta}$ , acting in
$L^{2}(\zeta lR)$ by

$l^{)} \epsilon^{c\mathrm{t}\mathrm{r}}=^{\mathrm{C}}.\frac{1}{\mathit{1}r}(^{(}\mathit{0}\frac{)}{()_{1}}..\cdot+b\frac{\partial}{()_{\iota}j})\frac{1}{c}$ . $D(_{l^{J}}\xi)=^{\mathrm{f}}C_{0}\infty(\Omega_{R})\mathrm{d}\mathrm{e}$,

$l^{y_{\eta}=\frac{1}{ic}}( \{_{\mathrm{e}^{\backslash }}\mathrm{r}(-b\frac{\partial}{\partial x}.+(\iota\frac{\partial}{\partial\iota/})\frac{1}{c}$ $D(p_{\eta})^{\mathrm{d}}=^{\mathrm{e}}c_{0}\infty(\Omega_{R})\mathrm{f}$ .

We call define two $\backslash (^{\backslash ]\{- \mathrm{d}(]}\prime \mathrm{j}o\mathrm{i}$nt opera tors, ($l_{\dot{\xi}}^{\backslash ^{\neg}}$ and $q_{7|}^{S}$ . by

$r/_{\xi}^{6} \mathrm{c}\mathrm{I}_{\mathrm{P}}\mathrm{f}=c\varphi\frac{1}{(}.\cdot$

$[)(r/_{\xi}^{3} \cdot)=^{\mathrm{r}}\mathrm{r}\mathrm{l}\mathrm{e}\{\int\in L^{2}(\Omega_{R})|./.\int_{\Omega_{R}}dxdy|\phi(x, y)f(X, y)|^{2}<\infty\}$ ,

$r/_{\eta}\cdot=C\iota^{\prime’\frac{1}{c}}\sim\backslash$

$(|_{(}\cdot \mathrm{r}. /)\{_{C/_{\dot{l}/}}.$ )$\backslash (\mathrm{t}(\backslash \mathrm{r}=\{j\cdot\in l\text{ノ}$ $z_{(^{\zeta l_{R}})1}/\cdot J_{\Omega_{R}}^{\cdot}dxdy|\psi(x, y)f(x, y)|^{2}<\infty\}$
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(see Example 5.11 and its remark 1 ill [12] or Proposition 1 and the proof of Proposition 3
in \S VIII.3 of [5] $)$ .

For functions $f$ of $($ .? $\cdot$ , $y)\in\Omega_{R}$ , we define functions $f^{u}$ of $(\xi, \eta)\in \mathbb{R}_{2R}^{2}$ by $f^{u}(\xi, \eta)\mathrm{d}\mathrm{e}\mathrm{f}=$

$f(\varphi^{-1}(\xi, ?\overline{l}),$ $\psi^{-}(1\xi, ’/))$ . So, $\int(.\iota\cdot, y)=f^{1(}(\varphi(_{X}, y),$ $u’(X.y))$ .
We define a Hilbert space $L_{\mathrm{C}}^{2}(\mathbb{R}_{2}^{2}R)$ bv

$L_{c}^{2}(\mathbb{R}_{2R}^{2})=\subset|\mathrm{e}\mathrm{r}\{f$ : $[_{1111\mathrm{c}\mathrm{t}}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ of $( \xi, \eta)|\int\int_{\mathrm{R}_{2R}^{2}}d\xi d\eta\frac{|f(\xi,\eta)|^{2}}{c^{u}(\xi,\eta)^{2}}<\infty\}$

with an inner product $< \int..\mathrm{r}/>_{L_{\mathrm{C}}^{2}\langle}\mathrm{R}_{2R}^{2}$ )
$=. \int \mathrm{d}P\prime \mathrm{r}\int \mathrm{R}^{\frac{9}{2}}d\xi Rd\eta\frac{\overline{f(\xi,\eta)}g(\xi,\eta)}{c^{u}(\xi,\eta)^{2}}$ . And we define a linear

$0_{1})\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\zeta/$

’ : $L^{2}(\Omega_{R})$ – $J_{\text{ノ}^{}22}c^{(\mathbb{R}_{2R})}$ by $(L’\prime f)(\xi.7|)=^{\mathrm{f}}\mathrm{d}\mathrm{p},fu(\xi, \eta)$ for every $f\in L^{2}(\Omega_{R})$ . Then, it
is clear tllat $U$ is a unitarv operator, and

$Up_{\xi^{[}}.-1= \frac{1}{i}c^{\mathrm{t}l}.\frac{(j}{(J_{\backslash }^{\mathrm{f}}}.\frac{1}{(^{1(}}.\cdot$ $\mathrm{D}(ll^{\mathit{1}_{\xi}\iota/}.-1)=C_{\mathrm{u}2}^{\supset \mathrm{O}}(\mathbb{R}^{2}R)$ ,

$\iota t_{l^{J}\eta}l’-1=\underline{1}.\underline{C^{)}}\underline{1}c^{\mathrm{t}l}$. $\mathrm{D}(\mathfrak{l}’./j_{\zeta}[--1)=c^{t\infty}(\cup 2R)\mathbb{R}2$ ,
$($ $(.)?/C^{\{(}$

$\zeta/^{r}q\epsilon^{l^{;1}}-=c^{1}.‘\xi\frac{1}{C^{U}}$ , $\mathrm{D}([\prime\prime r/\xi^{\{)}’-1=\{f\in L_{c}^{2}(\mathbb{R}_{2R}^{2})|\int\int_{\mathrm{R}_{2R}^{2}}d\xi d\eta\frac{|\xi|^{2}|f(\xi,\eta)|^{2}}{c^{u}(\xi,\eta)^{2}}<\infty\}$ ,

$[;_{q_{\eta}U}-1=C^{\mathrm{U}}?-/^{\frac{1}{c^{l1}}}$ , $\mathrm{D}(U\mathrm{r}_{\mathit{1}\prime}U^{-}1)’=\{f\in L_{C}^{2}(\mathbb{R}^{2})2R|\int\int_{\mathrm{R}_{2R}^{2}}..d\xi d\eta\frac{|\eta|^{2}|f(\xi,\eta)|^{2}}{c^{u}(\xi,\eta)^{2}}<\infty\}$ .

Of course, we have
$L_{6\gamma \mathrm{i}}?\gamma\uparrow l\mathrm{C}I^{/.\tau:}"|^{\neg}[]\mathrm{t})$ operat ors $/J_{\dot{\xi}}$ a nd ]$J_{/},$. are svnilnetric.

Thus, since $]^{j}\xi$ all($|/J,,$ $\mathrm{d}\mathrm{l}\cdot \mathrm{e}$ closable, we can denote by $\overline{p}_{\xi}$ and $\overline{p}_{\eta}$ the closures of $p_{\xi}$ and $p_{\eta}$ .
As we expect, ne $[\mathrm{t}\mathrm{d}\mathrm{V}(^{i}$

$Lem’ 1\mathrm{t}(t\mathit{4}\cdot‘.):\{\overline{l)}.’\cdot, \mathrm{r}_{l}, \}_{j=\xi.,\}}$ satisfies lIeisenberg’s CCR on $C_{0}^{\infty}(\Omega_{R’})$ .

Since the hole $\{(\xi.())|-\mathit{2}R\leq\xi\leq \mathit{2}R\}$ intercepts the $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}-i\partial/\partial\xi$ at only $\eta=0$ ,
we can easily get tbe $(\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \mathrm{V}\mathrm{i}1|^{)\Gamma \mathrm{O}}|)\mathrm{O}\mathrm{q}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{o}1\iota$ by investigating the deficiency index $\mathrm{o}\mathrm{f}-i\partial/_{\mathrm{I}}\partial\xi$:

Propo.$-\backslash i\ell io/1\mathit{4}\cdot\cdot\vee \mathit{3}:\overline{\int J}_{\xi}$ is $.\mathrm{s}(^{\supset}1;$-adjoint.

$1_{1\mathrm{O}11}^{\urcorner}..1$ llow $011$ . $\backslash \backslash (^{1}(]_{(^{\tau}\mathrm{I}1()(}()\overline{/J}_{\xi}|).\backslash /J_{\xi}^{\backslash }$ . $1\mathrm{l}1$ order to get self-adjoint extensions of $p_{\eta}$ and exact
$\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{c}\Gamma \mathrm{i}_{1^{)}}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}\mathrm{s}$ of $\iota$ heir clolllaitt,\, we will prepare some lemmas for a while.

Ill the same way as Theorem 2.2 and its corollary, we have the following lemma:
Lemma 4.4: $rr_{\overline{l^{J,}}},r^{\mathrm{v}}-1$ has tlllco\lntal)l}’ many different self-adjoint extensions in $L_{C}^{2}(\mathbb{R}_{2R}^{2})$ .

And let $l/_{\eta}$ : $1\backslash \mathrm{e}1^{\cdot}((l’\overline{l^{J}},\dot,l-\mathrm{l})^{\mathrm{x}}-i)\subset L_{c}^{2}(\mathbb{R}_{2R}^{2})arrow \mathrm{K}\mathrm{e}\mathrm{r}((U\overline{p}_{\eta}U^{-}1)^{*}+i)\subset L_{c}^{2}(\mathbb{R}_{2R}^{2})$ be an
arbitrary unitary $\mathrm{o}_{\mathrm{I}^{)\mathrm{C}\mathrm{I}^{\cdot}}}\mathrm{a}\mathrm{t}\mathrm{o}1^{\cdot}$ , and $r_{\overline{l^{y}}}^{\tau}U_{\eta}[/^{\vee-1}$ be the self-adjoint extension of $U\overline{p}_{\eta}U^{-1}$ corre-
$\mathrm{s}\iota)\mathrm{O}\mathrm{l}\iota(\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{g}$ to $[_{\prime}^{r},$ . $\prime \mathrm{r}[]\mathrm{C}^{)}$ Il.

$\mathrm{D}([!_{\overline{l}l}J,\mathfrak{c}^{\tau-}1)\{l=\{\mathrm{c}_{\Gamma’}^{\wedge+}()\hat{\vee}++\{,_{l\hat{\vee}+}\cdot|\varphi_{0}\in \mathrm{D}(U\overline{p}_{\eta}U^{-}1), \varphi_{+}\in \mathrm{I}\mathrm{c}’\mathrm{e}\mathrm{r}((U\overline{p}_{\eta}U^{-}1)^{*}-i)\}$ ,

$[’\overline{l^{J}}_{\iota}\cdot,,$

$\mathfrak{l}^{\prime-^{\iota}}(\varphi_{(})+\vdash^{\wedge}++[_{/\hat{\vee}+},r)=l’.\overline{l^{J_{7}}}/\cdot l^{\gamma},-1\varphi 0+i\varphi+-iU_{\eta}\varphi+$
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Let $\{c_{\iota},\}_{n\in \mathrm{i}\mathrm{s}}$, be a $\mathrm{t}\cdot \mathrm{O}\mathrm{l}\mathrm{t}\downarrow 1^{)}1\mathrm{e}\mathrm{Y}\mathrm{t}\mathrm{t}\backslash$ ortbonormal basis of $L^{2}((-2R, 2R))$ . We define functions $h_{n}^{\pm}$

$(n\in \mathrm{N})$ on $\mathbb{R}_{2R}^{2}$ by $l\iota_{n}^{\pm_{1}u}\xi,$$’ l)^{\tau \mathrm{I}}=^{\mathrm{e}\mathrm{f}}\sqrt{\mathit{2}}\theta\mp\eta C\mathrm{t}\xi,$

$\eta$ )
$x_{H^{\pm}\xi}(\eta)e_{n}.(\xi)$ , where $x_{H^{+}}\zeta(\eta)^{\mathrm{d}}=^{\mathrm{e}\mathrm{r}_{1}}$ if $|\xi|<2R$

and $0<\eta;0$ otllerwi.sc.
and $x_{H_{\zeta}^{-}}(\eta)^{\mathrm{d}}=^{\mathrm{e}\mathrm{r}}1$ if $|\xi|<2R$ and $?|<0;0$ otherwise.

In the sallle way as Lellnna 2.6, we have
Lemma 4.5: $\{h_{n}^{\pm}\}_{n\in \mathrm{N}}$ is a complete orthonormal basis of $\mathrm{K}\mathrm{e}\mathrm{r}(U_{\overline{\mathrm{P}}_{U_{\eta}}}U^{-1}\mp i)$

$\subset L_{c}^{2}(\mathbb{R}_{2R}^{2})$ . For $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot.\mathrm{Y}\varphi\in \mathrm{D}(U\overline{p}_{\{_{1}},.U-1)$ ,

$1 \mathrm{i}\mathfrak{n}\iota\varphi\eta\downarrow \mathrm{t}\mathrm{J}7(\xi, \eta)=\gamma U,(\varphi_{+} ; \xi)\lim_{0\eta\dagger}\varphi(\xi, ?l)$ . (9)

$\mathrm{w}\mathrm{l}\iota \mathrm{e}\mathrm{l}\cdot \mathrm{e}$

$\sum\infty</?^{+},\}\downarrow’\varphi_{+}>_{L_{\mathrm{c}\mathrm{t}}^{2}\mathrm{R}_{2R})}2e_{m}(\xi)$

$\wedge/_{\mathrm{t}^{f}},\}((\hat{r}+;\xi)=\frac{\prime\prime i=1}{\infty}$ .
$\sum_{n=1}<h_{n}^{-},$ $U_{\eta}\varphi_{+}>_{L_{c}^{2}\mathrm{t})}\mathrm{R}_{2R}^{2}e_{n}(\xi)$

And

$\sum_{;||=\mathrm{I}}^{\text{・}}\overline{<h,+..C}\propto’\gamma?/+>/\frac{)}{\prime}(\mathrm{w}\ldots-?\underline{)}/\mathrm{t})</?_{\gamma 1}^{+}l’ f_{+}>_{I_{J}^{2}\mathrm{R}^{2}},.(2R\mathrm{I}$

$= \sum_{\prime||=1}^{\backslash }.\overline{<h\eta\iota’\langle\iota\prime_{\eta}g_{+})>L_{\mathbb{C}2}2\{\mathrm{R}^{2})}’-<Rh_{m}^{-},$
$(U_{\eta}f_{+})>L_{\mathrm{C}}^{2}\langle \mathrm{R}^{2}2R)$

holds for every $f_{+,j}/+\in \mathrm{I}\backslash (^{)}\mathfrak{j}\cdot(l\mathrm{r}_{\overline{|}1}J\cdot,l\}’-1-j)$ .

We denote by { $;I\eta$ the tllitary $\mathrm{o}\mathrm{P}\mathrm{e}\mathrm{l}\cdot \mathrm{a}\iota_{\mathrm{o}\mathrm{r}}U\eta$ satisfying $\gamma_{U_{\eta}}(\varphi_{+} ; y)=1$ for all $\varphi_{+}\in \mathrm{K}\mathrm{e}\mathrm{r}((U\overline{p}\eta U^{-}1)*-i)$

and $\xi\in\{-2R.2R$ ). $.i\backslash _{1\mathrm{t}(}$ { let $l_{\eta}^{J^{5}}’|$) $\mathrm{e}_{\overline{l^{j}}\mathrm{t}_{t}}’,/\equiv \mathfrak{x}^{r-1},(U\overline{l^{j}}L^{;J},U^{-}l1)\zeta’$ .
We defille a set $H_{\epsilon}$ for $\xi\in \mathbb{R}[)\mathrm{v}$

$H_{\xi}= \mathrm{r}|‘\backslash \int$ { $\eta\in \mathbb{R}|\mathrm{t}\downarrow_{1\mathrm{e}\mathrm{r}}\mathrm{e}$ exists $\xi_{l}$, such tllat $(\xi.\eta_{\xi})\in \mathbb{R}_{2R}^{2}$ }.
Then we defille a set il $c_{l_{1C}}^{\eta},(\mathbb{R}_{2}2)R$ of functions on $\mathbb{R}_{2R}^{2}$ by

$AC_{lc}\eta_{O}(\mathbb{R}2)2R$
$\mathrm{r}\mathrm{I}_{P,=^{\mathrm{r}}}$

$\{\int\in L_{\mathrm{c}}^{2\mathit{2}}\langle \mathbb{R}_{2’\{}$ ) $|$ for almost all $\xi\in \mathbb{R},$ $f(\xi, \cdot)$ is absolutely continuous

011 arbitrary closed interval $[C, C’]$ contained inside $H_{\xi}$ such that

$\frac{\dot{(})\int}{\dot{c}J\eta}\in L_{\iota^{\backslash }}^{2}(\mathbb{R}_{2R}^{2})\}$ .

Now that we have $\mathrm{L}\mathrm{e}\iota \mathrm{n}11\tau_{\dot{\mathrm{c}}}$ )$.\backslash 4.5\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}4.0$ , we can describe exactly the domain of $p_{\eta}^{S}$ . In the
same way as TheorQlll 2.7. we $\mathrm{c}$.all prove the $\mathrm{f}\mathrm{o}1]_{\mathrm{o}\mathrm{w}}\mathrm{i}_{1}$ lemma:
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Lemma 4.6: I $p_{\eta}^{5^{\tau}} \zeta f’-1=\frac{1}{i}c^{v}\frac{\partial}{\partial\eta}\frac{1}{c^{u}}$ with

$\mathrm{D}(Up_{\gamma}^{\sigma}.|r\cdot-1\mathrm{I}$ $=$ $\{f\in\wedge 4C_{lo}^{\eta}c(\mathbb{R}_{2R}^{2})|$ $\int_{|\xi|2R}<|\frac{f(\xi,0)}{c^{u}(\xi,0)}|^{2}<\infty$ ,

and ,$\lim_{l\mathfrak{l}0}f(\xi,$ $\eta \mathrm{I}=\lim_{\eta\uparrow 0}f(\xi, \eta)$

for $\subset \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{S}\mathrm{t}$ all $\xi\in[-2R, 2R]\}$ .

For the selected self-adjoint extension $p_{\eta}^{S}$ , the behavior of $\exp[itp_{\eta}S]$ is given by the
following lemma in the sanle way as. Proposition 3.2 below, we have

Lemma 4.7: For $\int^{\mathrm{t}i}\in L_{C}^{2}(\mathbb{R}_{2R}^{2})$ .

$(Ueit_{\mathrm{P}_{\eta U^{-}}}1f \mathrm{t}ls)(\xi.\eta)=(e^{it\mathrm{C}^{\mathrm{r}_{p}}}l7f)\mathrm{s}_{U^{-1}u\eta}\xi(\xi,)=f^{u}(, \eta+t)\frac{c^{u}(\xi,\eta)}{c^{u}(\xi,\eta+t)}$ .

5 Inequivalence in the Aharonov-Bohm Effect between Heisenberg’s CCR
and Weyl’s

For discussing the Aharonov-Bohln effect, we give a gauge potential $\tilde{\mathrm{A}}(x, y)^{\mathrm{d}\mathrm{e}\mathrm{f}}=(A\xi(x, y),$ $A(\eta x,y))$

$\mathrm{b}_{\mathrm{V}}$.

$.\prime 1_{\xi}(_{l}.\cdot. .|/)$

$\mathrm{r}\mathrm{I}_{\mathrm{P},=}\mathrm{f}$

$‘.. \frac{1}{\{X,1/)^{2}}(a(x, y)A_{x}(x, y)+b(_{X}, y)A_{y}(x, y))$ , (10)

$.\prime 1_{/},$. $(.\mathrm{t}\cdot.y)$ $(|‘ \backslash \mathrm{f}= .\cdot\frac{1}{\mathrm{c}\cdot(_{\mathit{1},l}j)^{2}}(-l)1\cdot \mathrm{t}., y)_{r^{:}}\iota x\{x,$ $y$ ) $+a(x, y)A_{y}(x, y))$ . (11)

We denote $(.\prime 1_{\xi}^{u}(\xi.?l). .\prime 1,,‘{}^{\mathrm{t}}\{\xi.?)))\})\tilde{\mathrm{A}}^{u}1\epsilon.?_{l)}$.

Using $\dot{c}^{)}c\iota/(J.\iota\cdot=-(Jb/\dot{c}Jtj$ alld $d‘\iota/(Jy=(Jb/\partial x$ b.y the Cauchy-Riemann relations (7) and
(8), we $1_{\backslash \mathrm{n}}\mathrm{o}\mathrm{w}$ that the lllag\downarrow letic field $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ by the new vector potentials vanishes on
$1\mathit{1}_{R}$ :

Lemma 5.1: [$’OI $(\xi.?1)=(\phi(x, y),$ $\iota^{j}’(x, y))\in \mathbb{R}_{2R}^{2}((x, y)\in\Omega_{R})$ ,

$0= \frac{1}{c^{2}(x.1/)}(.\frac{\dot{(}\acute{)}_{d}-\downarrow 1/}{()_{?}\backslash }.\langle.)..y)-\frac{\dot{c}lA_{x}}{o_{J1}}[x.y))=\frac{\partial A_{\eta}^{u}}{\partial\xi}(\xi.\eta)-\frac{\partial A_{\xi}^{u}}{\partial\eta}(\xi, \eta)$.

And, on $C_{02R}^{\prime\infty_{\mathrm{t}}}\mathbb{R}2$ ),

$[\ddagger^{t}l^{J}\xi lS\cdot-\mathfrak{l}-\mathrm{q}.1_{i}^{\iota l}$ $l’/ \dot{J}^{\backslash },\cdot,\cdot l^{r}-1-\mathrm{q}.1^{\iota},|,]=-i\mathrm{q}(\frac{\partial A_{\eta}^{u}}{\partial\xi}-\frac{\partial A_{\xi}^{u}}{\partial\eta})=0$.

Remark 5.1: We defined $(.4_{\xi}, \prime 1_{l},)$ so that 1-form $A_{x}dx+A_{y}dy$ is equal to $A_{\xi}^{u}d\xi+A_{\eta}^{u}d\eta$ ,
i.e.. $A_{x}dx+A_{y}\mathrm{r}ly=.\cdot 1_{\epsilon’}^{\mathrm{t}i}l\xi+.\sim 1^{\mathrm{t}},,"/\eta$.

Function $\mathrm{s},$ $.\cdot 1_{j}(j=.\mathrm{t}\cdot.y)$ a $|\iota \mathrm{d}.\mathrm{A}\mathrm{I}_{/}^{1}.!\{j=\xi,$ $\eta$ ), are real-valued measurable functions with
respect to measll re spaces. $(\zeta\iota/)\cdot \mathrm{c}/.?tl_{1/}.)$ and { $\mathbb{R}_{2R}^{2}.\mathrm{r}l\xi d\eta/c^{u}(\xi, \eta)2)$ respectively. And besides,
$A_{j}\{j=x,$ $y$ ) and $.- 1_{j}^{ll}(j=\xi.?_{l)}$ are lillite $\mathrm{a}\mathrm{J}_{1}\mathrm{n}\mathrm{o}\mathrm{s}\mathrm{t}$ everywhere with respect to $dxdy$ and
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$d\xi d\eta/c^{u}(\xi, \eta)^{2}$ respectively. So, we can define self-adjoint operators acting in $L^{2}(\Omega_{R})$ and
$L_{\mathrm{C}}^{2}(\mathbb{R}_{2R}^{2})$ , respectivelv. a.s nlultiplication operators (see Example 5.11 and its remark 1 in [12]
or Proposition 1 alld the $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ of $\mathrm{P}_{\mathrm{l}\mathrm{o}_{\mathrm{P}^{\mathrm{o}\mathrm{s}}}}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.3$ in \S VIII.3 of [5] $)$ . We denote them by the
same sylnbols, i.e.,

$(_{/}4_{j} \int)(_{l}..y)=.4j(x, y)\mathrm{d}_{P}\mathrm{f}f(_{X}, y)$ ,

$\mathrm{D}(.- 1.;)^{\prime\iota\int}=^{\mathrm{e}}\{f\in L^{2}(\Omega_{R})|\int\int_{\Omega_{R}}|A_{j}(X, y)f(x, y)|2<\infty\}*$

$(A_{j}^{\mathrm{t}}‘ \int^{11})(\xi, \eta)^{\mathrm{d}}=^{\mathrm{e}\mathrm{r}}\prime 1_{j}^{\mathrm{t}(}(\xi, \eta)fu(\xi, \uparrow\uparrow)$ ,

$\mathrm{D}(.1^{\iota \mathrm{t}},)=^{\mathrm{e}}(|..\mathrm{r}\{f^{\mathrm{t}l}\in J_{\text{ノ}^{}2}(\mathrm{t}^{\wedge}\mathbb{R}_{2}^{2})/\{|\int\int_{\mathrm{R}_{2R}^{2}}\frac{|A_{i^{(}}^{u}\xi,\eta)fu(\xi,\eta)|^{2}}{c^{u}(\xi,\eta)^{2}}<\infty\}$ .

llere we 11lo($\mathrm{l}\mathrm{i}\mathrm{t}.\mathrm{y}4t_{/;}$ . $\backslash \backslash \in \mathrm{Y}$ set $\zeta\iota^{\iota_{l}1\iota()}.\mathrm{t}$

}( $\mathrm{I}\mathrm{c}\mathrm{r}_{I}=l_{R}\backslash \{(x, 0)|R\leq x\}$ , and $\Omega_{y}^{111\circ}\mathrm{d}\mathrm{d}\mathrm{e}\mathrm{f}=$

($l_{R}\backslash \{(0, y)|ll\leq y\}$ . $1^{\mathrm{t}}\mathrm{u}\mathrm{I}\mathrm{l}1_{1}\epsilon\iota \mathrm{f}|\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{C}^{\backslash }$. we $\mathrm{l}\mathrm{I}$ } $\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{y}\mathbb{R}_{2R}^{2}$ as $(\mathbb{R}_{2R}^{2})_{\xi}\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{d}=^{\mathrm{e}\mathrm{r}}$

$\mathbb{R}_{2R}^{2}\backslash \{\langle x, \mathrm{o})|2R<\xi\},$ $\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{c}[(\mathbb{R}_{2\prime?}^{2})1\mathrm{i}t\backslash \{(0, y\mathrm{I}0\mathrm{t}\}(\mathrm{I}\mathrm{p}\mathrm{r}=\mathbb{R}_{2R}2)|0<?-/\}$.

Remark 5.2: $./_{\mathrm{t}’\iota 1}‘(\Omega_{T}^{\Pi 1\mathrm{o}\mathrm{d}})=(\mathbb{R}_{2R}^{2})\mathfrak{l}\dot{\zeta})\gamma \mathrm{o}\mathrm{d}$ , and $J_{out}(\Omega_{y}^{\mathrm{m}\mathrm{o}\mathrm{d}})=(\mathbb{R}_{2R}^{2})_{\eta}\mathrm{m}\mathrm{o}\mathrm{d}$

Then, $.\backslash \mathrm{i}- \mathrm{n}\mathrm{c}\mathrm{e}(\mathbb{R}_{2/}^{2})_{\xi};1\iota 1\mathrm{o}\mathrm{d}$ and $(\mathbb{R}_{2R}^{2}),,\mathfrak{m}\mathrm{o}\mathrm{d}$ are sinlply connected, and Lemma 5.1 holds, we
can use $1^{)}\mathrm{o}\mathrm{i}11\mathrm{C}^{\cdot}\mathrm{a}1^{\cdot}\acute{\mathrm{e}}.\mathrm{s}$ lelllma. and $\mathrm{t}\mathrm{l}\downarrow \mathrm{c}\mathrm{l}’()$ exist two functions $\Lambda_{\xi}^{u}\in C_{0}^{\infty}((\mathbb{R}_{2R}^{2})_{\epsilon}^{\mathrm{m}\mathrm{o}\mathrm{d}})$ and $\Lambda_{\eta}^{u}\in$

$C_{\mathrm{U}}^{\prime \mathrm{x}}((\mathbb{R}_{2R}^{\mathit{2}})_{\eta}\mathrm{t}7|()\mathrm{c}|).\backslash n\mathrm{c}1|\iota 11_{C}11\tilde{\mathrm{A}}^{\mathrm{t}l}=\nabla.\iota_{\epsilon}^{\mathrm{t}l}$ on $(\mathbb{R}_{2R}^{2})_{\dot{\zeta}}1l1\mathrm{o}\mathrm{d}$ , and $\tilde{\mathrm{A}}^{\iota\iota}=\nabla\Lambda^{u}||$ on $(\mathbb{R}_{2R}^{2})^{\pi \mathrm{o}\mathrm{d}}\eta 1$

The following $1\mathrm{e}1\iota\downarrow 11\iota \mathrm{d}6,$ $\mathrm{L}\mathrm{C}^{\backslash }11|11\mathrm{t}\mathrm{a}\backslash \cdot\backslash$ i2 and 5.3, are technical ones for our purpose that we
show the Aharonov-Boh 111 $(^{\backslash f\iota_{\mathrm{c}\mathrm{c}}}1$ in $\backslash l\cdot \mathrm{e}\mathrm{v}\mathrm{l}’ \mathrm{s}\mathrm{C}\mathrm{C}1\mathfrak{i}$ caused by inequivalence between Weyl’s
CCR and $\mathrm{H}\mathrm{e}\mathrm{i}_{\mathrm{S}\mathrm{e}}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}’ \mathfrak{d}$ .

Lemmrt 5.2:
(a) $C_{\overline{0}}^{\sim}(\Omega_{x}^{1}|1\mathrm{o}\mathrm{d})\mathrm{a}1\downarrow(|C_{\mathrm{U}}^{\sim}’(ll_{y}^{1}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{d})$ are clense in $L^{2}(\Omega_{R})$ .
(b) $C_{\mathrm{U}}^{\prime\propto}((\mathbb{R}_{2R}^{2})_{\epsilon}|\mathrm{I}\iota 0\iota\dagger)$ alld $C_{\mathrm{U}}^{\infty}’((\mathbb{R}_{2R}^{2})^{\mathrm{t}1}\gamma|\iota\circ \mathrm{C}\mathrm{I})$ are dense in $L_{c}^{2}(\mathbb{R}_{2R}^{2})$ .

$L \epsilon\prime lt/\prime mi^{-}).,i:(_{\mathrm{t}J^{\backslash }}’((\mathbb{R}\frac{)}{\mathit{2}}R)_{\mathrm{t}}||\downarrow(\rangle \mathfrak{l}|)$ is a core IOr { $\prime’p^{3}\epsilon^{\{}’-1$ in $L_{\mathrm{C}}^{2}(\mathbb{R}_{2R}^{2})$ .

Now, we $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{j}\mathrm{d}\mathrm{e}\mathrm{l}\cdot.(,\cdot(.\mathrm{t}\cdot..l/)=^{\mathrm{P}}\mathrm{d}\int([^{r-1}\Lambda^{1\prime},\cdot)(x, y)\equiv\Lambda_{j}^{11}(\phi(x, y),$ $\psi(x, y))(j=\xi, \eta)$ . It is clear
that $\Lambda_{j}$ is measurable (actually $\Lambda_{/}.\cdot\in C^{\prime\infty}(\Omega_{j^{\mathrm{o}}}^{\mathrm{m}}\mathrm{d})$ ). So, by well-known fact, we can define the
following self-adjoint operators. $\Lambda,$ $(j=\xi, \uparrow l)$ :

$(\Lambda_{i}.f)$ $(X. y)^{\mathrm{d}1}=^{\mathrm{e}}\Lambda_{?(_{X}.y}.)f(x, y)$,

1) $(_{4}\mathrm{t},\cdot\cdot)=^{\mathrm{r}}\subset|,\{f\in L^{2}(\Omega_{R})|./\cdot/_{\Omega_{R}}\cdot|\Lambda_{J}(x, y)f(x, y)|^{2}<\infty\}$

(see Exanlple 5. $\mathrm{t}1$ a nd it $,\backslash$ remark 1 in [12] or Proposition 1 and the proof of $\dot{\mathrm{p}}\mathrm{r}\mathrm{o}\mathrm{p}_{\mathrm{o}\mathrm{S}}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}3$

in $\mathrm{f}\mathrm{j}\backslash \mathrm{I}\mathrm{l}\mathrm{I}..3$ of $[\cdot\overline{\mathrm{J}}’])$ .
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The following theorem means that the $\mathrm{m}\mathrm{v}$-momentum w.r.t. $\xi$-axis is realized as a self-
adjoint operator in the bame way as Arai’s $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}[7]$ .

Theorem 5.4: $P_{\zeta}=(\{‘\backslash \mathrm{r}p_{\xi}-\mathrm{q}\grave{5}A_{\xi}$ is $\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{l}\downarrow \mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ self adjoint on $C_{0}^{\infty}(\Omega^{\mathrm{m}\mathrm{o}\mathrm{d}})x$ .

The following tlleol e]\iota l means l,hat the $\mathrm{m}\mathrm{v}$ -momentum w.r.t. $\eta$-axis is realized as a self-
adjoint operator with a small difference from Arai’s $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}[7]$ .

Theorem 5.5: $P_{\eta}=p_{\eta}^{s}\mathrm{d}\mathrm{e}\mathrm{r}-\mathrm{q}A_{\eta}$ is essentially self adjoint on $e^{i\mathrm{q}\Lambda_{\eta}}\mathrm{D}(p_{\eta})s$ .

For $\xi,$ $\eta,$ $s,$ $t\in \mathbb{R}$ , we define two curves $\grave{C}_{\pm}(\xi, \eta;s,t)$ in $\mathbb{R}^{2}$ from $(\xi, \eta)\in \mathbb{R}_{2R}^{2}$ to
$(\xi+s, \eta+t)$ by $C_{-(\zeta},$ $?l;_{\mathrm{c}}\backslash ,$

$t)^{\mathrm{d}\zeta}=^{\mathrm{e}}\{(\xi+\theta s, \eta)|0\leq\theta\leq 1\}\cup\{(\xi+s, \eta+\theta t)|0\leq\theta\leq 1\}$, and
$\subset_{+}’(\xi, \eta:s, t)^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{(\xi.’\overline{/}+\theta t)|()\leq\theta\leq 1\}\cup\{(\xi+\theta s, \eta+t)|0\leq\theta\leq 1\}$. Then we define a rect-

angle $C(\xi, \eta;S, t)$ by $\zeta^{-}(\xi, \eta;.\backslash , t)\mathrm{d}\mathrm{e}\mathrm{f}=(_{-}^{-}’(\xi, \eta;s,t)-C_{+}(\xi, \eta;s,t)$ , which is the rectangular
closed curve: $(\xi, \uparrow l)-(\xi+s, \eta)arrow(\xi+.-\backslash , \eta+t)arrow(\xi, \eta+t)arrow(\xi, \eta)$.

In the same way as.A $1^{\cdot}\mathrm{a}\mathrm{I}.\backslash$ . for $\mathrm{e}\vee \mathrm{e}\mathrm{l}\cdot \mathrm{y}\mathrm{L}^{\backslash .\ell}\in \mathbb{R}$, we define a function $\Phi_{s,t}^{u}$ on $\mathbb{R}_{2R}^{2}$ by

$\Phi_{s,\ell(\xi}^{1l}.\uparrow_{/}^{-)=}(\mathrm{I}\mathrm{C}\mathrm{r}/C^{\cdot}\{\xi,\eta;S,t)\tilde{\mathrm{A}}u(^{\sim}\mathrm{r})\cdot d\sim \mathrm{r}$,

$\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\sim \mathrm{r}^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}(\xi.\eta)$. For $(\xi_{0\cdot\overline{/}\mathrm{U}}’)\in\Delta_{s,t}/\equiv\langle \mathbb{R}\backslash \{\pm 2R, \pm 2R-.\mathrm{s}\})\cross(\mathbb{R}\backslash \{0, -t\})$ , if $C(\xi, \eta;s,t)\subset \mathbb{R}_{2R}^{2}\neq$’

i.e., $c_{(\xi_{0}},$ $\eta_{0;S},$
$t$ ) $\cap[-2R.2R]=\emptyset$, then it is evident that $\int_{Ct}(\epsilon_{0,\eta;s}0,)\tilde{\mathrm{A}}^{u}(\sim \mathrm{r})\cdot d\sim \mathrm{r}$ is finite. For

the other cases, nalllel.y $C^{t}( \xi 0, ?\int \mathit{0};s.t)\cap[-\mathit{2}R, \mathit{2}R]=\{(\xi_{0,\eta}0+\theta_{0}t)\},$ $\{(\xi_{0}+s,\eta_{0}+\theta_{0}t)\}$ or
$\{(\xi_{0}, \eta_{0}+\theta_{0}t).(\xi_{0}+.\backslash , ’ \mathit{1}^{()}+\theta_{0}t)\}$ for soltle $0<\theta_{0}<1,$ $A_{\eta}^{u}(\xi_{0,\eta’})$ and $A_{\eta}^{u}(\xi_{0}+s, \eta’)$ have
discolltinuolls $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{l}\mathrm{l}|_{\backslash }\backslash \cdot$ . $( \xi_{\mathrm{u}}. 1\int \mathrm{U}+\theta_{\cup}t)$ a 11cl $(\xi_{0}+.\backslash , \eta_{0}+\theta_{0}t)$ respectively. However $A_{\eta}^{u}(\xi_{0,\eta’})$

and $A_{\eta}^{u}(\xi 0+s, \uparrow-//)$ are integrable $\mathrm{r}_{\mathrm{t}11\mathrm{c}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}$ of $\eta’$ on $?7’\in[\eta_{0}, \eta_{0}+t]$ by using (3), (7), (8),

(10), (11), and the fact that $J_{\mathrm{t}J\iota(\iota(}\Omega_{R}$ ) $=\mathbb{R}_{2R}^{2}$ . So we know that $\int_{c_{(\xi_{0},)}}\eta_{0};S,t\tilde{\mathrm{A}}^{u}(\sim \mathrm{r})\cdot d\mathrm{r}\sim$ is

also finite. Thus. the $\mathrm{f}_{\mathrm{U}1)\mathrm{c}\uparrow}\mathrm{i}\mathrm{o}\mathrm{n}\Phi_{s}^{v}.’(\xi, \uparrow^{-}/)$ is defined on $\triangle_{s,t}$ . Then, $\Phi_{s,t}^{u}(\xi, \eta)$ is a real-valued
Ineasurable functioll witll $\mathrm{r}\mathrm{e}\mathrm{s}_{1}$) $\mathrm{e}\mathrm{C}\mathrm{t}$ to tlle measure space $(\mathbb{R}_{2R}^{2}, d\xi d\eta/c^{u}(\xi, \eta)^{2})$ . And besides,
$\Phi_{s,\iota}^{\iota\ell}(\xi, 7l)$ is finite $\mathrm{a}\mathrm{I}1110,\backslash 1\mathrm{e}^{1}\backslash ’ \mathrm{e}1^{\cdot}\mathrm{y}\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{e}$ with respect to $d\xi d\eta/C^{u}(\xi, \eta)^{2}$ . Here we note that the
poles, $(\pm 2R, 0)$ , of $1/c^{ll}$ are outside $\mathbb{R}_{2R}^{2}$ . So, we can define a self-adjoint operator

$\Phi_{s,t}^{u}.\cdot$ as
$\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{I}})1\mathrm{i}_{\mathrm{C}\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ operator on $L_{\mathrm{t}^{\neg}}^{\mathit{2}}(\mathbb{R}_{2}^{\mathit{2}}R)$ . i.e.,

$\mathrm{f})(\Phi_{\mathrm{s}.f}^{\mathrm{t}l})=^{\mathrm{e}\mathrm{r}}\{\Gamma \mathrm{I}\int^{\iota(}\in L_{\mathrm{t}^{\backslash }}^{\mathit{2}21l}(\mathbb{R}R)2|\Phi_{S}.f^{u}t\in L_{c}^{2}(\mathbb{R}_{2R}^{2})\}.$ ’

$( \Phi_{s,t,\backslash }^{\mathrm{t}\prime}\int^{\mathrm{t}\prime)1}(\xi, \prime\prime)=^{\zeta}\mathrm{d}\mathrm{e}\Phi\iota(s,t\xi, \eta)f^{\iota}l(\xi, \uparrow l)$ .

(see $\mathrm{E}\mathrm{x}\mathrm{a}\ln_{1^{)}}1\mathrm{e}5.11$ and $\mathrm{i}(,\mathrm{s}$ remark 1 in [12] or Proposition 1 and the proof of Proposition 3
in \S VIII.3 of [5] $)$ .

Remark 5.3: lf $C’(\xi, \uparrow_{/}:.\underline{\backslash }, t)\subset\neq \mathbb{R}_{2R}^{2}((\xi, \uparrow 7)\in\triangle_{s,t})$ , then it is clear that $J_{out}^{-1}c(\xi, \eta;s, t)\subset\Omega_{R}\neq$ .
Thus, $U^{-1}\Phi_{s}^{u},Lf\ell$ means the flux going through the interior of $J_{ou}^{-1}tC(\xi, \eta;s,t)$ because the
Stokes theorem $1_{1\mathrm{O}}]_{([_{\backslash }},$ . If ( $(\xi$ . $’/:.\mathrm{t}.l)\cap[-\mathit{2}$ R. $\mathit{2}R]\neq c$)$((\xi, ?\overline{/})\in\triangle_{s,t})$ , then, by the definition
of $\triangle_{s.t}$ , the points in (’ $(\xi.7l\backslash \cdot\backslash .f)\cap[-2n.2R]$ are not poles of $A_{j}^{u}(\xi, \eta)$ . So, in this case,
althougb $J_{\cup u}^{-1}Ct(\xi, /);\cdot\backslash ,$ $/)$ is nol a $1\mathrm{o}\mathrm{o}1^{)}$ in $\Omega_{R}$ , if we have $A_{j}\in C(D_{R}\backslash \mathrm{S})(j=x, y)$ and

$O_{l\mathrm{i}}\backslash \mathrm{S}$ is connect( $(|\backslash$ here $\backslash \iota\cdot\epsilon\backslash$ denot c) $]$ ) $.\backslash \mathrm{S}$ tbe set of all singularities of $A_{j}(j.=x, y)$ with

$\mathrm{S}\subset\neq D_{R}$
. then by adding a curve $\mathrm{i}_{\mathrm{l}1}$ $D_{R}\mathrm{t}\mathrm{o}.J_{\iota’\text{ノ}\mathit{1}}^{-},1{}_{t}C(\xi, \eta;s, t)$ , we can $\mathrm{m}_{\wedge}\mathrm{a}$ke a loop $C$ in $\mathbb{R}^{2}$ .

255



So, $\zeta’-1\Phi_{s,t}4U$ can be extended an operator acting in $L^{2}(\mathbb{R}^{2})$ , and it means the flux going
through the interior $C’$ .

Defining $\Phi_{s,t}y$ )$‘=^{\mathrm{r}}\tilde{\mathrm{A}}_{(X}.1_{G}\Phi^{\iota l}.\varphi x, y9.1(().\psi’(x, y))$ , in the sense of operator $\Phi_{S,t}^{\tilde{\mathrm{A}}1}\mathrm{d}\mathrm{r}_{U}=^{\mathrm{e}}-\Phi^{u}s,tU$ , we
obtain our desired $\mathrm{t}1_{1\mathrm{C}^{\supset}\mathrm{o}\mathrm{r}}\mathrm{G}1n$ . By this theorem, we can show that the Aharonov-Bohm effect
appears in Weyl’s $\mathrm{t}_{-}^{\tau}(’ 1\backslash$ for just $\exp[itp_{j}\mathrm{b}](j=\xi,\eta)$ , not $\exp[itp_{U_{J}}](j=x,y)$ , simultane-
ously inequivalence between Weyl’s $\mathrm{C}\mathrm{C}’ \mathrm{I}\mathfrak{i}$ and Heisenberg’s.

Theorem 5.6: For all $s,$ $t\in \mathbb{R}$ ,

$e^{i_{S}\overline{P}_{\xi}}e^{it}\overline{P}_{l},=\exp[-i\mathrm{q}\Phi_{S,t]}^{\tilde{\mathrm{A}}}e^{it}\overline{P}_{\eta}eiS\overline{P}\xi$ .

As a conclusion of our assertion in this paper,
Theorem 5.7: The $‘\backslash .\mathrm{Y}^{\cdot}.\backslash 1\mathrm{c}1\iota$) $\{\overline{P}_{j}$ . ($/_{/}^{\backslash ^{\neg}}.\cdot\}_{\dot{7}}.=\xi,\eta$ of self-adjoint operators fulfills Heisenberg’s

$\mathrm{C}’ \mathrm{C}’ 1l$ on a cerld.ill $\mathrm{c}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}‘\backslash \mathrm{e}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{i}_{1}\downarrow$ ill $L^{\mathit{2}}((\}_{R}),$ $011$ the other hand $\{\overline{P}_{jq_{j}},S\}_{j}=\xi,\eta$ fulfills Weyl’s
$(_{-}’(_{-}’ 1${ if alid only if

$\cdot$

$\Phi_{S,1}^{\tilde{\mathrm{A}}}(.|.\cdot, y)$ is a function having a value of an integer multiple of $2\pi/\mathrm{q}$ for
everv $C$ { $x,$ $y;S,$ $f)$ in $1l,$ }.

Coroll,$ory$ : The $\mathrm{s}\mathrm{y}\mathrm{s}\iota_{(^{\backslash }11}1\{l^{J_{j}^{S}}\cdot/_{\mathit{1}_{\dot{j}\}_{j\xi,\eta}}^{\text{\c}}}=$ of self-adjoint operators fulfills Heisenberg’s CCR
and Wevl $\mathrm{s}$ .

6 Discussion for Rienlann surfaces.
$\backslash \wedge’\mathrm{e}$ extended $\mathrm{R}\mathrm{e}\mathrm{t}^{\tau}\mathrm{I}_{\mathfrak{l}}\backslash ‘ 11\mathrm{C}1.([\mathrm{a}\mathrm{i}’ \mathrm{s}$ results to the case where the “hole” has a finite radius.

We used a disc for the llole. but tlle disc is not essential for our argument. Our method
$\mathrm{i}_{i}$, valid over $\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{l}|_{\dot{c}}\mathrm{t}1111\mathrm{s}\iota 11^{\cdot}\mathrm{I}_{\dot{c}}\downarrow \mathrm{c}\mathrm{C}.\backslash \mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{f}\mathrm{o}1^{\cdot}1\downarrow\iota\dot{C}\iota 1$ ]

$\mathrm{y}$ equivalent to $\mathbb{R}_{2R}^{2}$ with a conformal map which
plays a role of $J_{ovl}$ . Nalllelv. for a Rielnann surface $\mathcal{P}_{1}$ in $\mathbb{R}^{2}$ which is conformally equivalent
to $\mathbb{R}_{2R}^{2}$ , it is evidellt that there exists a biholomorphic function $J_{\Gamma \mathrm{c}}$ such that $J_{\mathcal{P}\mathrm{c}}(R)=\mathbb{R}_{2R}^{2}$ ,
so we can use $J_{\tau_{\backslash }^{\backslash }}$ instead of the.Joukowski transforniation $J_{out}$ .

For some general holes, we realize that our lnethod will be valid over Riemann surfaces
conformally $\mathrm{e}\mathrm{q}\iota\iota \mathrm{i}_{\mathrm{V}\mathrm{a}}[\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{t}$ to ( $|1‘’$ space removed $\mathrm{f}\mathrm{i}_{1\mathrm{t}}\mathrm{i}\mathrm{t}\mathrm{e}$ segments parallel to $\xi$-axis and finite
points from $\mathbb{R}^{2}$ , which reminds us $\mathrm{t},1$ ) $\mathrm{e}$ following theorem: Let $\prime \mathcal{R}$ be a non-compact Riemann
surface of $l$) $lcmar$ charn $\mathrm{r}\cdot tr_{\vee}’\cdot$ . Then, there exist8 a biholomorphic function $J$ : $\mathcal{R}arrow J(R)$ and
$x_{\mathrm{U}}\in \mathcal{P}_{1}$ such that $\int\langle.\iota_{\cup}$ ) $=\mathrm{x},$ $11‘/I’=\langle \mathbb{C}\cup\{\infty\})\backslash J(\mathcal{P}_{1})$ is a bounded closed set in $\mathbb{C}$ and
each $conn\epsilon Ct\epsilon d_{Co?}$ ,ponents of $\Gamma^{\mathrm{t}}$ is $c\mathrm{i}.\underline{\sigma}egmen1$ parallel to the real axis or a point (see Theorem
$-l.:\}$ ill $11\mathrm{C}1[..[1.\cdot \mathrm{J}])$ .
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