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1. INTRODUCTION

For two-dimensional (2D) turbulence on an infinite plane, Kraichnan1 and Leith2 theoretically
predicted the energy spectrum that has two power laws of $k^{-3}$ in the normal enstrophy-cascading
range and of $k^{-5/3}$ in the upward energy-cascading range. Since then many numerical experi-
ments have been done to examine several aspects of the $2\mathrm{D}$ turbulence theory. One of the most
remarkable feature of the flow field obtained in the numerical experiments is the emergence of
isolated coherent vortices in decaying $2\mathrm{D}$ turbulence3.

A geophysical application of the $2\mathrm{D}$ turbulence theory was firstly done by Rhines4 with a
numerical model on a $\beta$-plane to investigate the effect ofrotation ofplanets on the $2\mathrm{D}$ turbulence.
He showed that the upward energy cascade ceases roughly at a characteristic wavenumber $k_{\beta}=$

$\sqrt{\beta/2U}$ , where $U$ is the r.m.s. velocity and $\beta$ the meridional gradient of the Colioris parameter $f$ .
He also found that the flow field becomes anisotropic and a zonal band structure which consists
of altemating easterly and westerly jets emerges owing to the $\beta$-effect. Shepherd5 numerically
studied the $2\mathrm{D}$ turbulence on a $\beta$-plane under the existence of an imposed large-scale zonal jet.
He showed that the disturbance energy is transferred into the range of $k\leq k_{\beta}$ owing to the shear-
induced spectral transfer, and that the disturbance flow field becomes meridionally anisotropic in
this low-wavenumber range.

Recently, Maltrud&Vallis6 numerically studied the forced $2\mathrm{D}$ turbulence on a $\beta$-plane with
a high-resolution model (256 or 512 gnids) under recent advanced computing facilities. In
their experiments, coherent vortices become weak while anisotropy of the flow field increases
as the strength of the $\beta$-effect increases. Vallis&Maltrud7 showed that the obtained zonal band
structure is extremely robust and persistent, and that the meridional scale of the obtained zonal
jets becomes small as the strength of the $\beta$-effect increases. In their experiments, the westerly
jets are narrower and sharper than the easterly ones.

Nature of the $2\mathrm{D}$ turbulence in spherical geometry is interesting because of the finiteness of
the domain without any artificial lateral boundary, in addition to a possible application to plane-
tary atmospheres. Williams8 did a series of numerical experiments on the forced $2\mathrm{D}$ turbulence
on a rotating sphere, and he reproduced a zonal band structure similar to that of Jovian atmo-
sphere for experimental conditions appropriate to Jupiter. However, the computational domain
was restricted to 1/16 of the entire sphere under the assumptions of longitudinal periodicity and
equatorial symmetry, and the forcing function he adopted was not isotropic. Hence, the obtained
band structure in the flow field might be influenced by the assumed boundary conditions and the
anisotropic vorticity forcing. Recently, Yoden and Yamada9 did a series of numerical experi-
ments on the decaying $2\mathrm{D}$ turbulence on a rotating sphere to investigate the effects of rotation
and sphericity. They found an easterlyjet in high latitudes for large rotation rates under the exis-
tence of Rossby waves. The initial flow in their experiment has a maximum of energy spectrum
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at a relatively low wavenumber $n=10$ compared with that of the forcing $(n\sim 50)$ used by
Williams8, so that the energy transfer in their decaying turbulence may be largely different from
that in Williams’ forced turbulence.

In this paper, we perform a series ofnumerical experiments on the forced $2\mathrm{D}$ turbulence in a full
spherical domain with a homogeneous and isotropic vorticity forcing to investigate the formation
of the zonal band structure from initially zero velocity field. The sensitivity of the formation
process to the rotation rate and the forcing wavenumber is studied. The numerical procedure is
described in section 2, and results are given in section 3. Discussion is given in section 4, and
conclusions are in section 5.

II. MODEL AND NUMERICAL PROCEDURE

Two-dimensional nondivergent flow on a rotating sphere is governed by a vorticity equation:

$\frac{\partial\zeta}{\partial t}+\frac{1}{a^{2}}J(\psi, \zeta)+\frac{2\Omega}{a^{2}}\frac{\partial\psi}{\partial\lambda}=F+\nu(\nabla^{2}+\frac{2}{a^{2}})\zeta$ , (1)

where $\psi(\lambda, \mu, t)$ is a streamfunction field, $\zeta(\lambda, \mu, t)=\nabla^{2}\psi$ : vorticity, $\lambda$ : longitude, $\mu:\sin e$

latitude, $t$ : time, $\nabla^{2}$ : horizontal Laplacian, $J(\psi, \zeta)$ : horizontal Jacobian, $a$ : radius of the sphere,
$\Omega$ : rotation rate of the sphere, lノ: kinematic viscosity coefficient, and $F(\lambda, \mu,t)$ : vorticity forcing
function. The radius and the rotation rate of the sphere are set to those of Jupiter; $a=7.00\cross 10^{7}\mathrm{m}$

and $\Omega=\Omega_{J}=1.76\cross 10^{-}4\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{s}^{-}1$. Time $t$ is measured by Jovian day; 1 J.day $=2\pi/\Omega_{J}=$

$3.57\cross 10^{4_{\mathrm{S}}}$ . The kinematic viscosity coefficient of $\nu=5.00\cross 10^{52-1}\mathrm{m}\mathrm{s}$ is adopted as in Williams8.
For the forcing function $F$ , a random Markovian formulation is used as in $\mathrm{W}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{m}\mathrm{s}^{8}$ :

$F(\lambda, \mu,j\Delta t)=RF(\lambda, \mu, v-1)\Delta t)+(1-R^{2})1/2\hat{F}(\lambda, \mu,j\Delta t)$ , (2)

where $R$ is a dimensionless memory coefficient $(R=0.98)$ , and $\hat{F}$ is a randomly generated
vorticity source at every time step. The random vorticity source function is defined as follows:

$\hat{F}(\lambda, \mu,j\Delta t)==\sum_{nn_{f}}^{n}J+\Delta-n\Delta nmm\neq\sum^{n}\hat{F}_{n}^{m}\zeta i)Y^{m}(n\lambda, \mu)=-n0$ ’
(3)

where $\hat{F}_{n}^{m}0$ ) is an expansion coefficient of $\hat{F}$ with spherical $\mathrm{h}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}\mathrm{S}Y_{n}^{m}(\lambda, \mu)$, which is de-
termined so that it has random amplitude and phase at every time step $j$ in order to construct a
homogeneous and isotropic forcing. The forcing is given in anarrow range between $n_{f}-\Delta n$ and
$n_{f}+\Delta n$ with $\Delta n=2$ , and the r.m.s. amplimde is held constant to $\mathrm{F}\equiv\sqrt{\langle\hat{F}^{2}\rangle}$ in each run, where
$\langle\cdots\rangle$ denotes the spherical average.

A pseudospectral method with a triangular truncation of T199 $(n\leq 199=N)$ is used for
the computation of the advection (Jacobian) term; grids for the spectral transformation are 600
in longitudes and 300 in latimde$\mathrm{s}$ . Equation (1) is integrated from an initial condition of zero
velocity field for a period of $t=1000$ J.days. The Runge-Kutta-Gill method is used for the time
integrations with $\Delta t=0.05$ J.day. All of the computations are done in double precision.

Table I gives a summary of eighteen experiments whi$c\mathrm{h}$ will be reported in this paper. We
perform three series of the experiments; three values of the forcing wavenumber $n_{f}=20,40$ ,

and 79 are $c$hosen. For each forcing wavenumber, six values of the rotation rate are chosen:
$\Omega/\Omega_{J}=0.00,0.25,$ $\mathrm{o}.50,1.00,2.00$ , and 4.00. The sphere has $\Omega/\Omega_{J}$ rotations par unit J.day.
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The r.m.s. amplitude of the forcing $\mathrm{F}$ is deternined by a method of trial and error to get a similar
value of the total energy $(\mathcal{E}\approx 2.45\cross 10^{3}\mathrm{m}^{2_{\mathrm{S}}-2})$ in the cases of no rotation, and the value is not
changed for the runs with the same forcing wavenumber.

TABLE I.: Summary of experiments. The column headings are given in the text.

$\overline{\overline{\mathrm{F}\mathcal{E}}}$
series run# $n_{f}$

$\Omega/\Omega_{J}$
$n_{\beta}$

$(\mathrm{s}^{-2})$ $(\mathrm{m}^{2_{\mathrm{S}^{-}}2})$

1 0.00 $2.46\cross 10^{3}$

2 0.25 $2.34\cross 10^{3}$ 5.95

I
3

20 0.50
$7.85\cross 10^{-12}$

$2.23\cross 10^{3}$ 8.51
4 1.00 $1.76\cross 10^{3}$ 12.77
5 2.00 $8.74\cross 10^{2}$ 21.52
6 4.00 $3.97\cross 10^{2}$ 37.06
7 0.00 $2.45\cross 10^{3}$

8 0.25 $2.52\cross 10^{3}$ 5.84

II
9 40 0.50

$2.18\cross 10^{-11}$

$2.45\cross 10^{3}$ 8.31
10 1.00 $2.15\cross 10^{3}$ 12.14
11 2.00 $1.98\cross 10^{3}$ 17.54
12 4.00 $1.03\cross 10^{3}$ 29.18
13 0.00 $2.43\cross 10^{3}$

14 0.25 $2.56\cross 10^{3}$ 5.82

III
15

79
$050$

$7.85\cross 10^{-11}$
251 $\cross 10^{3}$ 827

16 1.00 $2.55\cross 10^{3}$ 11.65
17 2.00 $2.10\cross 10^{3}$ 17.29

$-\underline{184.001.64\cross 10^{3}25.99}$

111. RESULTS

The streamfunction field $\psi(\lambda, \mu, t)$ at $t=1000$ J.days is shown in Fig.1 for six values of $\Omega/\Omega_{J}$

in the series II experiments with $n_{f}=40$ . In the case of no rotation (a), the streamfunction
field has a very large pattem that is characterized by the lowest wavenumber $n=2$ owing to the
upward energy cascade. This flow pattem moves irregularly on the sphere without $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{n}_{\dot{\mathfrak{M}}\mathrm{g}}$ the
pattem largely. For the experiments with rotation (b-f), on the other hand, zonal band structures
become dominant in the streamfunction field. The zonality of the streamfunction field increases
as the rotation rate increases. Although details of the flow pattems change with time, the zonal
structures do not change particularly for large rotation rates. The amplitude of $\psi$ is large in high
latitudes, forming a circumpolar vortex. The edge of the polar vortex shifts to higher latitudes as
the rotation rate increases. In the rest of the streamfunction field outside of the polar vortex the
amplitude of $\psi$ decreases with an increase in rotation rate, and the zonal band structure becomes
unclear in middle and low latitudes for the most rapidly rotating case (f).
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FIG. 1.: Streamfunction field at $t=1000$ J.days for the runs of series II. Contour interval is
$2.5\cross 10^{8}\mathrm{m}^{2-1}\mathrm{s}$ and negative areas are denoted by dotted lines. Orthographic projection is used
with the center at $\lambda=0^{0}$ and $\varphi=0^{\mathrm{o}}$ . Meridians and parallels are drawn for every $30^{\mathrm{O}}$ .

Figure 2 shows temporal variation of the zonal mean zonal angular momentum $[M]$ $\equiv$

$[u]a\sqrt{1-\mu^{2}}$ for all runs, where $u( \lambda, \mu, t)\equiv-\frac{\sqrt{1-\mu^{2}}}{a}\frac{\partial\psi}{\partial\mu}$ is a zonal velocity, and [ $\cdots 1$ de-
notes the zonal mean. In the cases of no rotation ($\# 1,$ $\# 7,$ $\# 13$ ; group A), the easterly (gray) or
westerly (black) flow grows in width as the time goes by, and it dominates over a hemisphere
by $t=600$ J.days or so. The easterly or westerly bands largely vary their positions with time,
$\mathrm{C}\mathrm{O}\mathrm{I}\mathrm{T}e\mathrm{s}_{\mathrm{P}\mathrm{g}}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{n}$ to the $\mathrm{i}_{\mathrm{I}\mathrm{T}\mathrm{e}\mathrm{g}\mathrm{u}}1\mathrm{a}\mathrm{r}$ movement of the large pattem of $\psi$ as seen in Fig.1 (a). For the
cases with rotation, on the other hand, the altemating easterly and westerly zonal bands are al-
ready discemible in early stages by $t=100$ J.days or so, and do not change their positions largely
after the establishment of the band structure. They become $\mathrm{c}1e$ar and robust as the rotation rate
increases. These zonal band structures can be classified into two groups: one is the altemating
easterly and westerly zonal band structure in all the latitudes (#2-3, #8-11, #14-18 ; group B), and
the other is the circumpolar easterly jets in high latitudes and weak zonal flow in middle and low
latitudes for the experiments with a small forcing wavenumber and alarge rotation rate (#4-6, $\# 12$

; group C). For the group $\mathrm{B}$ , the number of the bands increases and their width decreas$e\mathrm{s}$ as the
rotation rate increases. For large $\Omega$ (#9-11, #17-18), several mergers ofwesterly bands take place
and the width of the bands increases during such events. As the time goes by, there is a tendency
that the width of $e$asterly bands becomes broad while that of westerly becomes $\mathrm{n}\mathrm{a}\mathrm{I}\mathrm{T}\mathrm{o}\mathrm{w}$ . For the
group $\mathrm{C}$ , on the other hand, position of the circumpolar easterlyjets shifts to higher latitudes with
an increase in the rotation rate. The width of the easterly flow becomes broad with time as in the
group B.
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FIG. 2.: Temporal variation of the zonal mean zonal angular momentum. Time interval is 10
J.days, and the unit of an interval is $2.5\cross 10^{9}\mathrm{m}^{2-1}\mathrm{s}$ . Westerly zones are in black while easterly
zones in gray. The number in the upper left of each figure represents the run number. The figures
are arranged from top to bottom in the order of the rotation rate $\Omega/\Omega_{J}$ , and from left to right in
the order of the forcing wavenumber $n_{f}$ .
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$n_{\beta}\equiv a\sqrt{\langle\beta\rangle/2U}$ , (4)

where $U$ is the r.m.s. velocity at $t=1000$ J.days $(U=\sqrt{2\mathcal{E}})$, and $\langle\beta\rangle$ is the spherical aver-
age of $\beta:\langle\beta\rangle=\frac{1}{2}\int_{-1}^{1}\beta d\mu=\pi\Omega/2a$. At the horizontal scale of $a/n_{\beta}$ , the nonlinear Jacobian
term is comparable to the “

$\beta$-term” in Eq.(l). Figure 4 (b) shows that the upward $c$ascade of

the disturbance energy ceases around the wavenumber $n_{\beta}$ . The distribution of $E_{\mathrm{Z}(n,t)}$ is largely

different from that without rotation: the spectral components of the zonal energy, particularly in

the low wavenumber range of $2\leq n_{\sim}^{<}n_{\beta}$ , begin to increas$e$ when the disturbance energy begin

to accumulate around the wavenumber $n_{\beta}$ . The zonal energy increases with time at several fixed

components of the spectrum consistent with the robustness and the persistence of the meridional
distribution of $[M]$ as seen in Fig.2. For the run #12 with large $\Omega$ of group $\mathrm{C}(\mathrm{c})$, the time evo-
lution of $E_{\mathrm{D}}(n, t)$ and $E_{\mathrm{Z}}(n, t)$ is rather similar to those in #10 (b). However, the energy upward
cascade for the $\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{m}\mathrm{r}\mathrm{b}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}$ components is hard to occur because the wavenumber $n_{\beta}$ is very close
to the forcing wavenumber $n_{f}$ . Hence, $E_{\mathrm{D}}(n,t)$ has a maximum around the wavenumber $n_{f}$ for

the whole integration period. The disturbance energy penetrates into the low wavenumber range
of $15\leq n\leq n_{\beta}$ and the intensity of it varies with time in this range. The number of spectral
components at which the zonal energy is dominant is larger than that in #10.
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FIG. 4.: Time-wavenumber section of energy spectra for typical three runs of #7 (a), #10 (b),
and #12 $(c)$ in series II. Upper figures show the energy spectrum for disturbances and lower ones
for the zonal-mean components. Dotted lines indicate the forcing wavenumber $(n_{f}=40)$ and
broken lines the wavenumber $n_{\beta}$ at which scale the “

$\beta$-term” is comparable to the nonlinear
Jacobian term.

Figure 5 shows the relative vorticity field for the disturbance components $\zeta^{*}$ and the zonal
mean zonal angular momentum $[M]$ at $t=1000$ J.days for the same runs as in Fig.4. In the
case of no rotation (a), the dismrbance vorticity field is homogeneous and isotropic. The vortex
filaments are elongated in various directions insensitive to the distribution of $[M]$ . For the
experiment with the rotation $\Omega_{J}$ in group $\mathrm{B}(\mathrm{b})$ , on the other hand, the disturbance vortices are
elongated by the shear in the mean zonal flow in the whole sphere. This vortex elongation with
systematic alignment brings the intensification of the altemating easterly and westerly zonal jets,
and corresponds to the energy conversion from the disturbance to the zonal-mean components.
For the experiment with large $\Omega$ of group $\mathrm{C}(\mathrm{c})$ , the disturbance vortices have nearly circular
shape in middle and low latitudes, where the shear of $[M]$ as well as the intensity of it is not
very large. Thus the zonal mean zonal flow is not intensified. In high latitudes, on the other hand,
the vortices elongated by the strong shear of $[M]$ , and the circumpolarjet (, $\mathrm{o}\mathrm{r}$ the polar vortex)
is intensified.
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tion of the zonal flow field. These difference betw$e\mathrm{e}\mathrm{n}$ the easterly and the westerly flows might be
produced by meridionally propagating Rossby wave packets, which may redistribute the zonal
mean zonal angular momentum to maintain the band structure resulting in such a remarkable
difference.

In the present study, the zonal band structure is formed in early stages and then it becomes
robust and persistent for the cases with rotation in group $\mathrm{B}$ as shown in Fig.2. After the establish-
ment of the band strucmre ( $t\sim>180$ J.days), the disturbance energy is transferred into the zonal
mean flow owing to the distortion of the disturbance vortices by the shear in the zonal mean flow
as studied by Shepherd5 in the numerical experiments on $2\mathrm{D}$ turbulence on a $\beta$-plane under the
existence of an imposed large-scale zonal jet. This straining of the disturbance vortices by the
shear seems to be a fundamental dynaInics ofthe formation and maintenance ofthe band structure
for the cases in group $\mathrm{B}$ as shown in Figs.4 and 5.

For the runs with small rotation rates, the flow fi$e1\mathrm{d}$ has an altemating easterly and westerly
zonal band structure and number of zonal $\mathrm{j}e\mathrm{t}\mathrm{s}$ as well as width of them is nearly independent
of the forcing wavenumber if the value of the rotation rate is identical (e.g. #2, #8, and #14 in
Fig.2). On the other hand, the emerged structure is very sensitive to the forcing wavenumber
when the rotation rate is large: the altemating zonal bands emerge for the runs with large forcing
wavenumber in group $\mathrm{B}$ while strong circumpolar $e$asterlyjets and weak westerly flow in middle
and low latitudes emerge for the runs with small forcing wavenumber in group C. In group $\mathrm{B}$ ,
vortex straining by the shear in the mean zonal flow is dominant in the whole sphere as in the
cases with small rotation rate. In group $\mathrm{C}$ , however, simple Rossby-wave propagation without
strong interactions with the mean zonal flow is dominant in middle and low latimdes as seen in
Fig.5 (c). This difference in the flow fi$e1\mathrm{d}$ between group $\mathrm{B}$ and group $\mathrm{C}$ suggests the importance
of the effect of rotation even in such a small scale of the vorticity forcing.

V. CONCLUSIONS

A series of numerical experiments on the forced $2\mathrm{D}$ turbulence on a rotating sphere were done
with a high-resolution barotropic model which has the term of homogeneous and isotropic vortic-
ity forcing. The formation of zonal band structures in the flow field was investigated by sweeping
two experimental parameters of the rotation rate and the forcing wavenumber. The process of the
formation ofa zonal band structure is studied by dividing the vorticity field and the spectral energy
equation into the zonal-mean and disturbance components.

In the cases of no rotation (we called group A), the streamfunction field shows a very large
flow pattem which is characterized by the total wavenumber $n=2$ because the energy cascades
upward to the lowest wavenumber. The easterly or westerly flow dominates over a hemisphere
and the zonal bands largely vary their positions with time, consistent with the $\mathrm{i}_{\mathrm{I}\mathrm{T}\mathrm{e}}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ movement
of large coherent vortices in the streamfunction field.

For the experiments with rotation (group B), a zonal band structure which consists of the
altemating $e$asterly and westerly jets becomes dominant in the streamfunction field. Width of the
jets decreases and number of them increases as the rotation rate increases. The band structure
is already discemible in early stages of the time integration from the initial condition of no flow
field, and it is robust and persistent for the integration period of 1000 Jovian days. The easterly
jets become broad and gentle while the westerly ones becomes narrow and sharp.

For the experiments with small forcing wavenumber and large rotation rate (group C), the
zonal band structure is confined in high latimdes with the $e$mergence of the circumpolar vortex
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with strong $e$asterly jets. The position of the circumpolar easterly $\mathrm{j}e\mathrm{t}\mathrm{s}$ shifts into high latitudes
as the rotation rate increases. Outside of the polar vortex, mean zonal flow is weak westerly in
middle and low latimdes, and nearly circular vorticity patches are dominant in the vorticity field.

For the runs without rotation, the energy for disturbance components as well as that for the
mean zonal flow is $\iota \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{f}\mathrm{e}\mathrm{I}\mathrm{Y}\mathrm{e}\mathrm{d}$ to the lowest wavenumber of $n=2$ . For the runs with rotation,

on the other hand, the upward cascade of the disturbance energy ceases around a characteristic
wavenumber $n_{\beta}$ at whi$c\mathrm{h}$ the “

$\beta$-term” due to planetary rotation is comparable to the nonlinear
Jacobian term. When the disturbance energy begins to accumulate around $n_{\beta}$ , the energy conver-
sion takes place from the disturbance energy to the zonal energy, and the zonal energy increases
in the low wavenumber range $\mathrm{o}\mathrm{f}2\leq n_{\sim}<n_{\beta}$ . This energy conversion corresponds to the strain-
ing of disturbance vortices by the shear in the mean zonal flow, and the elongated vortices with
systematic alignment intensify the altemating easterly and the westerly zonal jets.
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