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A HAMILTONIAN PATH INTEGRAL FOR A DEGENERATE
PARABOLIC PSEUDO-DIFFERENTIAL OPERATOR

Naoto KuMANO-GO ( BE/ #B ELA )

Department of Mathematical Sciences, University of Tokyo

ABSTRACT. In this pa,pei', using a Hamiltonian path integral, we give an expression of the
symbol of the fundamental solution for a degenerate parabolic pseudo-differential operator.
This Hamiltonian path integral converges in the topology of the symbol class Si',’;, 5 and

in the weak topology of the symbol class Sg‘, )6

0. Introduction
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In this paper, we construct the fundamental solution for a degenerate parabolic

pseudo-differential operator in a different way from that in C.Tsutsumi [10]. In [10], she

constructed the fundamental solution by Levi-Mizohata method. On the other hand, in

this paper, we construct the fundamental solution by a Hamiltonian path integral. If we

use a Hamiltonian path integral, we can actually write the symbol of the fundamental

solution. Furthermore, this Hamiltonian path integral converges in the topology of the

symbol class S3™ ; and in the weak topology of the symbol class SS .60

In Section 1, we introduce some basic properties of pseudo-differential operators,

which we use in Section 2. For the details, see Chapter 7 § 1 and § 2 in H.Kumano-go

[6]. In Section 2, we construct the fundamental solution for a degenerate parabolic

pseudo-differential operator by a Hamiltonian path integral. Theorem 2.1 is the main

theorem in this paper.
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1. Pseudo-Differential Operators

For z = (z1,...,%.) € RE, £ = (&,...,&n) € R¢ and multi-indices of non-negative

integers @ = (ay,...,a5), 8 =(P1,.-.,Pr), we employ the usual notation: .
Ial =oa1+ -+ ay, Iﬂl =/31 +""+18n7

al=ay! !, Bl= Bt By,

T-€E=x€ + -+ zpbn, (z)=(1+ l$|2)1/2, &) =01+ I£|2)1/2,

) 0 . 0

= = = e 9%n B — pPr...pPn
j_-éﬁ—j, Dzj——'l.ajj', 6?—0?11 621", Dz_D:zi Dz,.'

& denotes the Schwartz space of rapidly decreasing C*°-functions on R®. For u € S, we

define semi-norms |u|;s(! =0,1,2,...) by

lulis = k_lr_lllglxsls&p l(x)kagu(a:ﬂ (l,= 0,1,2,...).

Then, S is a Fréchet space with these semi-norms.
For simplicity, we set dn = (27) " "dn and d¢ = (2r) "dE.

Oscillatory integral of a function a(n,y), is defined by the equality

Os— / / e~ a(n, y)dydn = lim / / e~ Tx(en, ey)a(n, y)dydn

where x(n,y) € S in R2% and x(0,0) = 1. For the details, see Chapter 1 § 6 in

H.Kumano-go [6].

Definition 1.1 ( A weight function A(¢) ).
We say that a real-valued C*°-function A({) on R} is a weight function, if there exist

constants Ay, Ae > 0 such that

1< ME) < Aolf), (1.1)

10EA(E)] < AaA(€)* 1. (1.2)
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Examples.
1° A() = (6).
2 A= {1+ S I}, (mieN, m= max {m})
= AT T TGS

Definition 1.2 ( Pseudo-differential operators ST, ;5 ).
We say that a C>®°-function p(z,£) on R"z’:‘f is a symbol of class ST, 5

(m € R, 0< 6 <p<1),if for any a, §, there exists a constant Cq,g such that

1) (2, £)] < Ca,pA()™ P17l (13)

where p(3) (=, £) = 0¢ Dp(z,¢).
The pseudo-differential operator p(X, D,) with the symbol p(z,£) is defined by

p(X, D;)u(z) = f / e’ ===V ep(, E)u(a")dz'dE (u € 5), (1.4)

where d¢ = (27)""d€.

Remark.
1° For simplicity, we set pgg;(w,f) = G?Dfp(:c,ﬁ), p(z,6) = 9¢p(z,€) and

P(ﬂ)(m,g) = Dfp(a:,{) for any aaﬂ'

2° The symbol class S’R’, »,5 is a Fréchet space with the semi-norms

™ = max _sup{lp{3)(z,OINE) "IN} (1=0,1,2,...). (1.5)

lp
la+B1<1 (,6)

3° The continuity of p(X,D;) : § — § is clear. Furthermore, we can extend

p(X,D;): 8 — S to p(X,D,): S — &' by means of

(p(X, D;)u,v) = (u,p(X,D;)*v) for ueS',veSs. (1.6)
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Theorem 1.3 ( Multi-products ).

Let M be a positive constant and let {m;}52, be a sequence of real numbers satisfying

Y Imil <M < co. (1.7)
Jj=1

For any v =1,2,... and pj(z,§) € S,\,p,a(j =1,2,...,v+ 1), there exists

q,,+1(.’l?, f) (S ST,;:? (ﬁly+1 =m + me +---+ m,,+1) such that

9u+1(X, D,_.) = Pl(Xa Dz)PZ(X7 Dz) v 'pu+1(X7 D_.,;) . (1-8)

Furthermore, for any I, there exist a constant A; and an integer I' such that

v+1

g™+ < (40” T InslS™, (1.9)
j=1

where A; and ' depend only on M and l, but are independent of v.
Proof. See Theorem 2.4 in Chapter 7 § 2 of H.Kumano-go [6]. O

Theorem 1.4.

Let p(2,€) € 5754 = 1,2). Define qa(a,€) (1] < 1) by
20(e,¢) = Os_/ / e~ py (z,€ + On)pa(z + y, €)dydy . (1.10)

Then {go(z,£)}j6/<1 is a bounded set of S;:;:';m"’. Furthermore, for any l, there exist a

constant A} and an integer I' independent of 6 such that

lg6l{™ ™ < Allpy 5™ |y | (1.11)

Proof. See Lemma 2.4 in Chapter 2 § 2 or Lemma 2.2 in Chapter 7 §2 of H.Kumano-go
6. 0O
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2. The Main Theorem

Theorem 2.1 ( The main theorem ).
Let K(t,2,€) € B°([0,T};8%,5) (m > 0,0 <6 < p < 1). Assume that K(2,z,¢)
satisfies the following conditions (al), (a2) :

(al) There exist constants ¢ > 0 and m'(0 < m' < m) such that
Re K(t,2,6) < —cA(§)™ on [0,T] x R2™. (2.1)
(a2) For any «, 3, there exists a constant Ca,p such that

1K) (¢,2,6)/Re K(t,3,€)| < Ca O o [0, x R 2.2)

Then we have the following 1)—-(5):
(1) Let Ay s : (T 2)t=tg 21 2 -- 2 t, 2 ty41 = s(= 0) be an arbitrary division
of interval [s, t] into subintervals, and let e(% ~%+)K(ti+1)( X D,) be an operator

defined by
(i —ti+)K+)(X D Yu(z) = // e E=2 )€t~ 1)K (ti41,2.8)y (o) dg'de . (2.3)
Then there exists p(Ay,s;,€) € 83 , 5 such that
p(Ase; X,D;) = e(t—t1)K(t1)(X’ D;)e(t‘_‘2)K(t’)(X, D;)--- e(t,,—s)K(s)(X, D.). (2.4
(2) There exist constants Ci,C| and an integer ' such that

p(AL)” < €, (2.5)

IP(Ar) = p(A, )™
<Git-s)(|Anl+  sup K@) - KEI™). (2.6)

[t —t"|<| Qe |

Here, Ay s : (T 2)t=tg 2ty 2 -+ 2t, 2 t,41 = s(>0) is an arbitrary division

of interval [s,t] into subintervals, A;, s is an arbitrary refinement of A, ,,
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|A¢,s| denotes the size of division defined by |A¢ | = ax |t; - tj+1], and

the constants C1, C| and the integer ' are independent of v, Ay, and A; .
(8) There exists p*(t,s;,£) € 3 , 5 such that p(Ay,s;2,€) (€ 83 ,5) converges to

p*(t,s52,6) (€ 53 ,5) in S3™ 5 as | A, 4| tends to 0.

Furthermore, p*(t, s; z,£) has the following expression:

Plhsia €)= lm O //..,//6-iz;=1ys.7j

X exp (Z(t - t]+1)K(t,+1,x +7 &+ nf“)) dyldn dy”dn", (2.7)
7=0
where i° =0, ¢’ = y' + 2 + - - - + ¢/, andn”"'l—O y
(4) For u € L?, the pseudo-differential operator U (t .s) p*(t s; X D,) satisfies

the following relation:

U(t, s)u(z) o I SR
= IA}inll—»o et tl)K(tl)(X D, )e(h—tz)K(tz)(X D,)-- (t,,—s)K(s)(X,Dz)u(x)
= |A11I]il—>0 // // exp ( z(;pj —_ $j+1) . é']'-l‘l + (tJ - tj+1)K(tj+1,$j, €j+1)>
t,s J—O | | o |
x u(z"*)de" 1@ - detagt, - (28)
in L? where z° = z.

(5) U(t,s) =p*(t,s; X, D;) is the fundamental solution for the operator

L =0, - K(t,X,D,) such that
{LU(t,s):O on [s,T] (2.9)
U(s,8)=I (0<s<T).

Remark.

1° It is sufficient to satisfy the conditions (al) and (a2) for [¢| > M, with a constant
M > 0. In fact, in this case, there exists a sufficiently large R > 0 such
that the symbol Kg(t,z,£) = K(t,z,6) — R satisfies (al) and (a2) for any
€. Let Ug(t,s) be the fundamental solution of Lp = 0; — Kgr(t,X,D;). Then
U(t,s) = e®=9)RUR(t, s) is the fundamental solution of L.

2° We can replace (t; — tj4+1)K(tj41,+,) with fttjj_l_l K(r,-,-)dr. Furthermore, in
this case, we can replace (2.6) with

P(Aes) — (AL )P < ClUt - A, (26)

and the proof of Theorem 2.1 becomes a little easier.
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Example.

Consider
L=0,+ a(t)|x|21(— A+ (- A)ml (0<a(t) €C[0,T], m —m' < ).

Ifweset p=1,8 =(m—m')/l, m - 2m and m’' — 2m/, then the symbol
a(t)|z|2!|€[2™ + |€]2™ satisfies the conditions (al) and (a2). Therefore, we see that these
conditions are satisfied not only by the usual parabolic operators, but also by parabolic

operators of a degenerate type'.

Before we prove Theorem 2.1, we prepare some lemmas:

To begin with, for T >t > s > 0, we define p(t, s; z,£) by

plt,52,¢) = exp ((t — $)K(s,2,6)) (2.10)

The next lemma is a generalization of asymptotic expansion formulas, and an essential
part in this paper. Especially, it is important that all constants are independent of

Atg,t,,, and v.

Lemma 2.2 ( Key Lemma ).
CLet Agyry, 2 (T 2)to > 11 > L t, > t,41(=0), v =1,2,..., and let Ny be a

fixed positive integer such that (p — 6)No > 2m. Define ¢( Ay 1,; %, €), 4(Ato 1,415 %5 E),

and r(Aey,t, 415 T, ) respectively by

q(Ato,t1;$1£) Ep(thtl;wv 6)7 (211)

1
A AT = > TP TR

Joc | Ha? |4+-+a | <N
v v-1
X p(a")(tuatu-f-l;maf)a? (p(a,,_l)(tu—l,tu;w7€)6g (

.o -p(az)(tg,ts; z, 5)3212 (p(a1)(t1,t2; T, {)3?1 (p(to,tl; z, f))) ce )) . (2 12)



53

and

_ o]
T(Ato,t, 413 %,€) = >, alla?l .. avl
lot |+]a2|+-++|a® |=No, |a® |30

1
X / 1- a)lavl—los_// e My (tu, tus1; T + 4, )
0
X ag" (p(a,,_l)(tv—lytv; $,€ + an)a?”"l ( ot 'p(az)(t27t3; $a€ + 077)
x 0" (p(any (1, t2i 2, € +0)BF (plto, tr; 2,€ +6m)) ) -+ ) ) dudnd8 .

(2.13)
Then it follows that
q(At()yty ) Xs Dt)p(tua tu+1; X7 Dz)
= q(AtOytv+1;X1D3) +T(Ato,tu+1;XaDz)' (2'14)
Furthermore, there exist constants Cy 1,C2,,Cs, such that
|‘I(Ato,ty)|§0) < Ciy, (2.15)
|2(Ate 8, 41) = Pt0, tus1) ™
< Coi(to — tv+1)((t0 —ty41) + sup |K(t") - K(t”)lf"") ,
fo2t! 2" 2t 41 (2.16)
and
M(Ato,t )1V < Caalto = 1,)(t — tuta), (2.17)
fOI’.‘:‘t.nyAto,tv_'_1 (T Z)to Z tl Z Ztu _>_ty+1(2 0) andv = 1,2,....
Proof.
1°For T >t > s >0, we set
n(t, s;z,€) = —(t — s)Re K(s,z,£) (= 0). (2.18)

Furthermore, for Ay s,,, : (T 2)to 2t 2+ 28, 2 t,41(20) and v = 1,2,..., we
define d(Ay,,4,;2,€) by

v—1
d(Av,52,8) = [ ptsstiva; 2, €), (2.19)

j=0
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and we set .
n(Ato,tu D 6) = Z n(tjatj+1; T, 6) . . (220)
Clearly, we have
(d(Art,52,€)] = exp (= 1(At,52,6)) (221)

2° Define da,é(Ato,tu;w,E) by
A (Att,2,6) = dap(Drg 7, E)d( Aty 1,3, 6). (2.22)

Then, by induction, for any «, 8 (Ja+8| > 1) and o/, B', there exists a constant Cq g, g
such that ‘

o' [a+8]|—-1
|da, {3} (Ato,t,3 2, )] < Caprar,pr(Ato 1,2, ) (n(Ato,t, z,€) + 1)

x A(E)CVHF Imploket (2.23)

for any A¢yp,,, (T 2o 28224, 2t,43(20)and v =1,2,....

3° Let a” = (a!,...,a”) denote a multi-index of R*". Define far (Ato,t, 4132, €) by

fav (Ato,tv+1 3Ty £)d(Ato,tu+1 ) f)
v v=-1
Ep(a")(tvatu+l;x7§)a? (p(a,,..x)(tu—htu;xvé.)ag (

v ‘P(a2)(t2,t3;:l:, f)agz (p(al)(tl,'tg; z, 6)3?1'(p(t0;t1; x,‘f))) .. )) . 22

Then, by induction, for any N = 1,2,... and «, 3, there exists a constant C 4, such

that
J
[far (33 (Aot 2 )| < O, ( TT 1t t5041:2,€)) 1 Aeo 4052, 6)
k=1
2(N-1) o el
X (n(Ato,tv+1;w,€)+1) A€ P ONHIIBI=plel
(2.25)
where

1<ji<je<--<js<v, o™ #£0(k=1,2,...,7),
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and
v J

o lafl =Y la| = N,

j=1 k=1
forany A¢g e,y (T 2)tg >t 228, 24,41(>0)and v =1,2,....
4° For N =1,2,..., define gn(A¢p 1, 4.5 2, ) by
1

IN(Aeo,t, 4157, €) = alla2!. .. q¥!
|a1 |+|a2|+---+|a"|=N

far (Ao t, 415 2,6). (2.26)
By (2.25), we have

IgNEZ;(AtO,tu-H 7 Ty 6)'

N
1
SZ Z Z adilgdzl... qis]

J=1 1<j1 <2< <jg<v 21:1 |k |=N, [adk|#£0

J
X CN,a,ﬂ( H n(tjk,7tjk+1; z, 5))”(At0ytu+1 ;2,§)
k=1

2(N—1) o e
x (U(Ato,t,,+1;$,€)+1) /\(f) (p—8)N+6|B|—-pla]

2(N-1) o ol
< (V)Y O, Ata 104132, 6) (M At 0 2, €) + 1) A(E) o7 +H161sled

N J
x (Z Z H N5 i1 $,€)> . (2.27)

J=11£j1<j2< - <Jjs<v k=1

Hence, for any N =1,2,... and a, 8, there exists a constant C}\,,a, g such that

2
IgNgﬂ;(Ato’t”“ ) f)[ =< C;V,Ol,ﬁ (W(Ato,tuﬂ 1y é))

3(N-1) i la
X (W(Ato,nﬂ;w,&)ﬂ) A(E) (P ONFEIBI-plal

(2.28)
for any Ato,tu+1 . (T Z)to 2 tl Z Z t,, _>_ t,,+1(2 0) and v = 1,2,....
5° Set
hN(Ato,t,,+1 ' Ty g) = gN(Ato,t,,+1 ' Ty £)d(Ato,t.,+1 y Ty E) . (2'29)
Here we note that T
supnfe™ < oo (k=0,1,2,...). 7 (2.30)

>0
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nn

By (2.21), (2.23) and (2.28), there exist constants C}, 4, Cy, 5, CN o 8> CN gy CNa,p
such that

A(£)S18l=pla
ldggg(AtOytu;m7€)| < { ; © m+881~pla (2.31)
a,8(to — t)A(E) (la + 81 2 1),
and
—(p—8)N+6
Na, )‘(f) (p—8)N+6|8|—plal
A () (At by 1232, E) S Ot g 5(t0 = tugn)A(E)™ 0O +0181=sled (2.32)
III,I ,ﬂ(to _ tu+1)2/\(§)2m—(ﬂ—5)N+5|ﬂl Plal
for any Ato,tv+1 . (T Z)to 2 tl 2o 2 t,, 2 t,,+1(2 0) and v = 1,2,...
6° Now we note that
No—-1
0(Ato,t, 41525 €) = d(Atgt, 415 %,€) + Z hn(Aio,ty4152,€), (2.33)
N=1

and
d(Ato sty 41 ' T, 5) - p(t()) tV+1; z, 6)

= Z(tj — tj+1)(K(tj+1, IL‘,E) - K(tu+1,$a£))

]‘_

x /01 exp (9 Z(t —tj31)K(tj41, g)) exp ((1 — 8)(to — tys1) K (b4, 2, g)) c(zg ”

By (2.31) and (2.32), we get (2.15) and (2.16). Furthermore, we note that
a"+1 av+1
T(Ato,t.,+z;x7€) = ' ,,+1|, / (1 9)' =1
| 0<|a"+1|<No

X Og— // e—iy.nhNo—|a"+1|(a”+1)(Ato,tu+1;x’é + 077)
X diav+1)( A, 41ty 42 T + y, E)dydnd
lau+1| ! o¥ -1
+ ) Pl (1— @)l
la¥+1|=N,

X Og— // e_iy"’d("’"+l)(Ato,t,+1;x,ﬁ + 6n)
X d(ar+1) (At 41,43 T + Y, €)dydndd . (2.35)

By (2.31), (2.32) and Theorem 1.4 , we get (2.17).
7° By induction, we get (2.14). 0O

" The idea of the next lemma is found in Fujiwara [3].



Lemma 2.3 ( Fujiwara’s Skip ).
Define T(Afo,tv+1;$1€) € Sg,p,& by

p(t07tl;Xa Dz)p(tl)ti’; -X') Dz) o 'p(tuvtu+1;X) D:l:)
= q(Ato,fu+1 i X, Dz‘) + T(Ato,tu.n;xi Dx) .

Then it follows that

!
T(Ato,t..+1 ; X,D;) = E "(Ato,t;'1+1 i X, Dz)"(Ati1+1 tig1) X,D,)
cen r(AtiJ_l'f"’tiJ"'l;X’ Dz)q(Ath+1 'tv+1; X, Dz) ’

!
where Y, stands for the summation with respect to the sequences of integers

(jlaj2""7j.]) with the property
O0<ji<n+l<j<jr+l<--<jr1<jja1+1<j;<v,

and, in the special case of j; = v, we set ¢(4Ay;,,, 1,415 X, Dz) = 1.

Furthermore, there exists a constant Cy; such that

1T (Atg,1,4)I” < Cailto — tusa)?,

for any A¢y,,, (T 2o 2112+ 28 2t 11(=0)andv =1,2,....
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(2.36)

(2.37)

(2.38)

(2.39)

Proof. Using (2.14) inductively, we get (2.37). Now let A;,!' be the same constants in
Theorem 1.3, and let Cy 1, C3; be the same constants in Lemma 2.2. By (2.15), (2.17)

and Theorem 1.3, we have

| |
0 0
(At 1)1 < S (A 1M (At by, 4 )1 I (At iy )1

0 0
e lr(Atj_,_1+l,tj_,+l)|§’ )|Q(Atj,+1,tv+1 )|§' )

! J
< Z(AI)J( I1 Carlto = tur)(ts — tjk+1)) Crp
k=1

<Cip ( II (1 4+ AiC3 p(to — tya)(tj — t,-+1)) — 1)

Jj=0
< Caa(to—ty41)?. O

(2.40)



Now we prove Theorem 2.1:
Proof of Theorem2.1.
1° Define p(A¢,q; , €) by
p(At,s; T, 6) = Q(At,s; Z, 6) + T(At,s§ T, ﬁ) .

Then (1) is clear.
2° By (2.14) and (2.39), we get (2.5). Next, we note that

p(A;,‘, A1 T 6) - p(tjatj+1; T, 6)

= (Q(A,t, ,t5+1; Ty 6) - p(tjvtj+1; €, é)) + T(A;, ot 41 1Ty 6) ’
Hence, by (2.16) and (2.39), there exists a constant Cs; such that

2
p(tj, tj1) — (AL 4, )IE™

< Coalt; —t1) (5 —ti) + _ sup  K() = K@)[™).

42U 2t 2t 4

Here we can write

p(A¢,s; X, Dz) — p(A:’s; X,D.)= ZP(A;o,fj ; X, Dx)

§=0

° (p(tj7tj+l;X7 Dz) _p(A;,',tj.H;X? D_—,;)) op(At5+1,ty+1;X, Dz) .

By (2.5), (2.43) and Theorem 1.3, we get (2.6).
3° By (2.6) and (2.5), there exists p*(t,s; z,£) € 83 , 5 such that

Ip*(t,9)[” < €,
and

IP(Ar,s) — p*(2, 8)|F™

< Ci(t—s) (IAt,,l + " t’s',}lgA | |K(@') - K(t")‘glm)) .

Hence we get (3).
4° By the result of (3), we get (4). See Chapter 3 § 7 in H.Kumano-go [6].
5° Using the results of (2) and (3), it is easy to check (5). O
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(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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