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PROBLEM SESSION (8 March 1995)

Symplectic and Lagrange Stabilities of Open Whitney Umbrellas (G.Ishikawa
B NIRRE).

Let f : X — M be a map-germ to a symplectic manifold (M,w). In the space V}
of vector fields along f, set VI; = {v € Vy | v} : X — T*M is isotropic }, CI; =
{(dft/dt)|1=0 | fiw = f*w, fo = f}. Then VI (resp. CIf) is a vector subspace (resp.
a cone) of V;. In general, CI; C VI;. If corank of f is at most 1, then Cly = VIf
There are examples f of corank 2 with CIy # V.

Question 1: Is CIy equal to VIy, if f is symplectically stable?

Let p be a germ of closed 2-form on X. Set V, = {£ € Vx | L¢p = 0}. The following
naturally arises in the study of PDE f*w = p:

Question 2: Can we define a natural algebraic structure on V,?

To classify symplectically (Lagrange) stable map-germs, we are naturally led to the
following:

Question 3: What is the symplectic counterpart of the K (contact)—equivalence?

EEBEROIBRAOBRERE (EAB—EK).

1. F? % non-orientable closed surface & 3%, Smooth embedding ¢ : F? — R4 (s
% L. generic projection 7 : R* - R® 2%2 23, DL & 7mo¢ i, stable map T
H B, ¢ D isotopy class % 2 2 triple points XK TS Z L . HK B,

2. M* % simply connected closed 4-manifold ¥ 4 %, M* %' special generic map
f:M* = R® 5t.5(f): connected 2 FET 5% 5. M* iz 4 RTRE WS AMED.
7272L. S(f) i f o singularset #RL. WE DB A 2RTKREICHITEETDH 5.
F. M*2S* ok i S(f) i3 smoothly unknotted %>,

3. M* % closed orientable 4-manifold with odd euler characteristic £ 3%, D&
&, cusp ¥HLLVWEEER [ M* - R® BHEET L5,

The Global Theory of Real Singularities (T.Ohmoto X#& ¥[K).

1. Elimination problem of singularities of smooth mappings. Consider elimination
( via smooth homotopy ) of isolated singularities X(f) of smooth stable mappings
f : N* — PP (ie., the case that codim¥ = n ). We have known some results of
A .DuPlessis and Y.Ando ([1],[2]): Roughly speaking, for some good classes X (of Thom-
Boardman singularities or contact singularity ), if the Thom polynomial of ¥ for f
vanishes, then there is a smooth homotopy F : N x [0,1] — P s.t. Fy = f and F; is
a smooth stable mapping without Z-type singularity ( i.e. £(F;) = ). Namely, Thom
polynomials are considered as obstruction classes to elimination via smooth homotopy.
This is showed by ”h-principle technique”. But I don’t know any similar results for
multiple-singularities. Maybe, for triple points of stable mappings from a closed surface
into IR3, there must have been known some results... but I don’t know anything even
about this case.

2. On characteristic numbers of images of stable mappings. There is a formula of
Euler characteristic of images of stable mappings f from a closed surface IV into a
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3-manifold P, due to Izumiya and Marar [3] : x(f(NV)) = x(V) + T(f) + C(f)/2
where T'(f) means the number of triple points and C(f)/2 the number of pairs of
Whitney umbrellas. On the other hand, there is a work of Vassiliev [4] on a differential
complex associated to multi-singularities of stable mappings. Then, I'd like to propose
a problem ( cf [5] ) : How should we generalize the formula of Izumiya and Marar in
terms of Vassiliev’s differential complex ?

3. Reidemeister moves for 2-knots. To recoginize objects in higher dimensional
spaces, it is natural to look at images of it under projections to some lower dimensional
spaces. For instance, in the classical knot theory, knot diagrams and Reidmeister moves
are usuful to understand knots in 3-space. Now consider 2-sphere smoothly embedded
in JR*, and images of it via a coodinate projection IR* — IR®. Generically, its image is
an immersed surface with normal crossings except at isolated singularities of Whitney
umbrellas. On the other hand, using D. Mond’s classfications of (multi) map-germs
(IR?,S) — (IR3,0) [6], we can know one parameter generic local bifurcations of images
via the projection. Then, it naturally arizes some problems : How should we describe
"Reidemeister moves” of 2-sphere embedded in IR* via a fixed projection to IR®> ? And
futhermore, can we define some numerical invariants ( like as Vassiliev knot invariants
) for 2-knots in JR* in terms of generic local bifurcations of its images via the projection
5

4. Desingularizations of Thom-Boardman singularities. Let LI := TI(N,P) be
the Thom Boadman strata in the jet space J := J*(IV, P), where N and P are C*-
manifolds ( or complex analytic manifolds ) and & is a sufficiently large number. We
want a method to construct a "desingularization” of I that is, a triple of a fibre
bundle p : F — J, a vector bundle E — F, a section s : F' — E transverse to the zero
sections such that the projection p sends the pull back &/ (:= s~1(0) ) onto the closure
7 diffeomorphically off 21N p“l(.‘i—f— 7). I don’t know even if such desingularizations
always exist for any ©7.
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Topological triviality of map-germs (S.Koike /N #( 7] K).

I.Nakai showed topological moduli appear even in the families of polynomial map-
germs (Topology 23 (1984), 45-66). His examples, of course, don’t become Thom-maps
for any locally finite stratification. Then I want to know when a family of non-Thom-
maps becomes topologically trivial. Formulate any condition which implies the topo-
logical triviality and show it.
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Let f: (R",0) — (R",0) be a polynomial mapping. We call f an algebraic modifica-
tion mapping, if flr»_s(s) : R® — S(f) — R" — D(f) is bijective. Here S(f) and D(f)
denote the singular points set and the discriminant set of f, respectively. Concerning
the above problem, we give the following problems:

PROBLEM. Construct a family of algebraic modification mappings in which local topo-
logical moduli appear.

PROBLEM. Let f; : (R%,0) — (R?,0) (t € J) be an algebraic modification mapping.
Then is the number of topological types of {f;}1cs finite?

WMoy FRARICEETIHEE. (REA—K).
Lz=(z1,...,2n), y=W1,..-,¥r) EBLLE . EMBFERR

{ & = f(z,y),

0 =g(:€,y)

DHFBMEOLBIE, 2EL. f=(f1,- -, fa),9=(91,---,9r)-
COMBRRBEROBMELS > TRV, LEDIRAFLOBEEH 2 £12 L.

{ & = f(z,y),

ey =g(z,y)

D BAIDVATALAEBBDIATLAD e -0 DLENERBLEZONSE, 2D,
ey =g(z,y) 2y =19(z,y) LBRT L. ZOBBTH 2L AFLIZ yHFRANERCE
WAE—RTES W ERLZRZBZILDBTES, #->T., ZOBE{7:R*"x R — R"
ERDIDLHMOFAMEETHEITL2DOHVERTHS. n = 2,r =1 OH AT Arnold,
Davidov 72 > b — NV ERPRMBA L FEI S TCHHEEZXATWS, LIPL, r=2
DBEBBRWFMP2RTLDT, BLLAWHSWBEZTHREND S,

2. (R, R) DERTLDOBHESBEDB 2 LHERHARE, C0k5%. BH2R
WIZ2BOBMAY FER F(z,y, %, T4 =0 L EBETE 2, 2ROERMBAOHH SR
HRBORDBPDELT, HICEER., FEXOBFES. BOBEA-BHEL -HEZH
RTBIELWEBESRLKKALBEZSE20HFENDORBPYD L L b EESEDH S,

3. IVATAX —ZEROFOBMEDNHN TAERNBEREZHAEL L, -2V v K
EROBELEDRICES P2 #ANER L OBEZEICOWTE, LirL, BiZSDF%
ADEHRLHDZHA.

4. Rt ) Caustics @ Generic projection DS, Caustics It 3 &TZE/ O Pz H
krThEL, EEBFWEZVFT L2 L2 RBRA 7Y -V FicBLET I LICKA2DTLEY
HFLWRKAZLET L7213 % D projection DB LEL 4 3,

5. FHMEFEORBRABKXNICHTLS 2BHEOBRESONE. ZoBEIZEED. TH
BB EEEDO—2THS, WhbWi, BUEBOEEHLLTCOEEEHRRF—
BHOEHLZ YIIBBOFELI->THAERRNLRBRBEZATWVWEN, FOBREAICD
WTIEHEZBELPE-> T, BEAHEHKOV L DOBUNEEL L TRFNE
MEBbR B,



BEHRFOEEB/BHOBRAOEBR e (BHEH).

*E B TT (nice range) (n,p) ¥ LT, BHF f:(C",0) — (CP,0) nEEBHE
RANEBRZERZAEEICEEL TROBERRELL W,

1. ¥Yzv FEBMICH 5 Thom-Boardman £k Zariski A * EHT 2 HRL A
FTNERDITE, £7ZDA FT7NBERT S variety ¥ Cohen-Macaulay TH 5 & 5
2 ®RER L, B.Morin Ki3 “Calcul jacobian” (Ens 8.,1975) T ORE%2 £ 2 (/2L
Bbh) 15770 Al #2% L. Thom-Boardman 8tk T I3A! n%E % 2 variety
Z DIEBREEATHBI L ERLEZ, LA L—R&ICIE Zr 13 ©F & Zariski AR X D K&
W, B o Zariski HEZ ERTEIWAF 7L EROT2EHNTCENEEBRFOLEE
B A, Dy, Eg, L2, Ss BEAZOEE:2 5 2 5B AR % Cohen-Macaulay o
REDTIZEZBBNTES,

2. Thom-Boardman % ##k # FNX 3751 Ti% Di. (k> 5), Se, S7, E7, Inp EDHREN
FEHEBOTAILIETELZY, BoTERFORERHICRNITOLLDBRAOER
ZOWTLEEERLZBZTHICEROBEERZZLHLENDS., Vv FVERANKEH S L
287 contact orbits (K-orbits) ¢ Zariski AE 2 EBTLHRALAF 7L RO L. 2
FEDAFPAPERT S variety #5 Cohen-Macaulay TH 2 L 5 L HEFRES L.

COMBE2RARKICE > TEHIZEREINLHETH S, ;

3. LETRDUHLAFTINDERT % variety H¥ Cohen-Macaulay THWETI D
variety & f O jet section L DRFAREFERTATELLZITHBLRABHLAAEZRD
&,
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Problems from Partial Differential Equations

Mikio Tsuji
Dept. of Math., Kyoto Sangyo Univ.
Kyoto 603, Japan.
E-mail: mtsuji@cc.kyoto-su.ac.jp

1° Singularities of elementary solutions of hyperbolic equations with constant coefficients.

Let P(C) (CECM) be a polynomial of degree m and 920 (OERDN)- P(T) is called to be
hyperolic with respect to the direction ¥ if and only if 1) Py(9)#0 where Py, is the principal part
of P(¥) and 2) There exists yo>0 such that P(E-iy9)#0 for any EERD and any y>yo. Anelemen-
tary solution E(x) of P(D) whose support is contained in {x€RM;<x,9>20} is written as follows:

E(x) = f P@)! exp(i<x,t>) dt
Rp—iye

Problem: To determine the singularities of E(x) exactly.

This problem has a long history. Itis sure that topological properties of the algebraic surface
{LECN; P({)=0} give great influence on E(x). Therefore our interest is to obtain some relations

between the topological properties of {LECR; P(C)=0} and the singularities of E(x). See [1].
At today's point, the best result would be [3].

2° Integration of algebraic functions of several complex variables.

Many problems in physical sciences are written as "Initial-boundary value problems for partial
differential equations, especially for hyperbolic equations". Then the solutions are often expressed as
the integral of algebraic functions of several complex variables. As the propagation of waves is mathe-
matically translated as the prppagation of singularities, it becomes important to determine the singulari-
ties of functions written as the integral of algebraic functions of several complex variables. Then the
algebraic singularities of the kernel cause various kinds of phenomena, for example "lateral waves" in
elastic waves. Our problem is to get the relation between the singularities of the function and the
singularities of the kernel. For example, at first we extend the kernel analytically, then we may arrive
the integral on a kind of Riemann surface. Could we get the beautiful theory as [5] ?

As the survey lectures on these subjects, see [2] and [4].

I am afraid that I might write these things from my ignorance. I am very glad if you would
kindly teach me something, especially geometric theory, on these subjects.
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