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Cylindrical Algebraic Decomposition &
SEAEHIRY

E+EEEF T

shimo@iias.flab.fujitsu.co.jp

27.1 Introduction

RBHFEIRE, 5 VIRBFERER ) FERE L THRHERNICBVSNL FEE LT, Grébner
basis, % Ritt & Wu’s method &, TTIZL (BASNHBEDLH L. ThHDToE, BBI»
WS> TREMABRLETORRROBRER>TVE, FO—FT, EROA %K) T L2 FERICBEW
TWBHRES, TTIATPNTE Y, FOREHL BN E LT, 4EENT 5 Cylindrical Algebraic
Decomposition 2T 65N 5. ZOHEDHERIZBITLIHEER, MODTDOIHEREEFNIILE
wEBDLZVY, SHRBETATMREMZHO TV S L EbLA. ‘

ERBERBERE DBV E T AL, MHEA L AT (3z) 22 +br+c = 0 W, KB ETIE
HGBTHHH, ERBTIL, 02 —4c>0 ERMEE B E Vo2 LA, T o5, X, BlsHutiat
BICBEIIRNAMEDE { (FicuRy MR &) i, REM TR FOIELL2VPPEETH
BIgEh bz (kv ToORC, ERBHWMER, LV BEERZFUMEL VR, S IHE, #HR
BN CDOTEFDORFITHRE AN 2o TE 2, SRITEIL, TOFTFOMEDREIRIFHMEIELEIIK
ECEETHLIDERDNS,

1975 4FIC Collins 12 & o THE &N 7z Cylindrical Algebraic Decomposition Algorithm (B L T
CAD) i3, BR%EiCS (quantifier) (V,3) T & UAEHNOR %, BELS 2 ST 2V EEL RHA L 4R
(quantifier elimination) § 5 /2% |2 & & 172 sub-algorithm T, #D#%, Collins 5% Ful & L%
2HilL 2T, CAD DFEOYFILD-DDHB R, FOILAMMTHONT A .
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CAD *—OTE A, SEBI sturm HIZ L 2 EMSGEETSH 5. Grobner basis 2%, FTHANE
BAF T VOEHEFRT, Ritt & Wu’s method %%, 415 7 VD radical (FEANFLES & FIE) O
BHR T 5 22D L, CAD id, FERICEMOFTERALEOHTEAREETH L) 2ZEMY
X5 X TWAETLRA. T, FNEhD KL 2 2iE A, Grobner basis 1%, M-reduction, Ritt
& Wu’s method i, pseudo-division, TdHANDIZxF L, CAD i, sub-resultant Thb & &L F o 72
Podh, FNFROBEIRN TS, RD section 2°6, CAD HImDOHME* B3,

27.2 Preliminary

R REHOES, Q RABRBOES, Q(X] = Q[z1, ...z, HEKEELEHAER R 3 » X R-
N7 MNVEBTHEETA.
_Definition 27.2.1(region, cylinder, secion, sector, i-cell)
R’ OEREE5HE A% region £V 9. region K 123 L, K xR % K @ cylinder £\\» Z(K) TX
T.f % K 5 R~ EHEEHRBRHEE LZLE, {(a, f(a))|a € K} & Z(K) D section, H5
VT fosection EFES. fi, fo k00 EREERBEEE L2 &, fi(a) < fola) ¥, EED ae K
TROIDEE, fi < f, LB OB, {(a,b)|a € K, fi(a) < b < f2(a)} % Z(K) D sector,
BHBVIL (fy, fa)-sector EFEE. fi, fa HWENEN, fi = —00 HBVIE f = co bHTI LTS,
(section b sector b region TH5.) R™ DESTHEET, R & MHFEIRZ D% icell &5,
Definition 27.2.2(cylindrical decomposition)
R™ OWAEES L »° BRSO R VERBRMBED region DFIEESE L TERENILE, FN%E L D
decomposition &\, region K FOEESEE fi < .. < fi BFEALRTWAE X, Z(K) D
(fi, fis1)-sector (i € {0,....k}, fo = —00,fxs1 = 00) RS Z(K) O fi-section (i € {1,...,k}) Tik
$ 2 Z(K) D decomposition % (fi,....,fr TRFEAL) K D stack EIFEE. R™ D decomposition ¢
DERD (1) HAVIE (2) BRINVILDOLE, @ I, cylindrical THBHEVD. (1)r=17%2, 8 TR
D stack THD. (2)r>1 5D, &5 R~ O cylindrical decomposition ' HFLEL T, & 3, ¢
DFTRTD region K D stack THRINTWVA,
(® 125, @ 13, —BMICRES. THEd O induced cylindrical decomposition & & UF, i#iZ
® % & D extension EIFEER.)
Definition 27.2.3(semi-algebraic, formula)
R™ DEFHEE K 75, £4 {z € R7|f(z) > 0}, (f € Q[X]) DI@BESD, TS, HRELHAED
HbDELTEENSE A, K X semi-algebraic THA V). F7z, FEHAELEFS TEF AV
TEENLERRY, BEREDODOWAEN Vo H5VE 3z;) HPHASHE SNHERE formula
LR, BRES S V2072 formula % quantifier free formula & & &,

Example 1{Quartic problem)
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RD 1R 2143, FMETH 5. 1 26 2 #HKT 5 FE% quantifier elimination LR,

(quantifier free formula ¥, —BHUIFRI S%\.) &' 13 and, 1)’ 1F or ERTHET S,

1. formula : (Vz)(z* + pz® + gz + r > 0) 7

2. quantifier free formula : § > 0&(p > O||L < O||(L = 0&q = 0)],

where § = 256r° — 128p?r? + 144pg®r + 16p*r — 27¢* — 4p°¢%, L = 8pr — 9¢° — 2p°.

Definition 27.2.4(cylindrical algebraic decomposition)

R™ O decomposition D % region 7% semi-algebraic T2 & % %0 decomposition 14 algebraic T
HBHEV, MR T, cylindrical T 5 & X2, cylindrical algebraic decomposition (CAD) & 15,
Definition 27.2.5(cylindrial algebraic sample)

R™ O CAD & D52 L1126, & O cell 7 5BALRFEA S sample point & & OF, T<TD cell
P SM o7 sample point DAY sample EIER. & O induced CAD & DEED cell R 14
L, cylinder Z(R) & ENDHTXTD sample point ¥5, L\ 1, ...,z BIELTHFOLE, 70O
Ty, Zroy FEAEDEE (@ D sample) % induced sample &\ ). sample %%, cylindrical T %
&, FNA induces sample b5, £D induced sample H* cylindrical THA L &%\ . BIZF
DIEIEDY algebraic DB, cylindrical algebraic sample (CAS) &4 9.

Definition 27.2.6(invariant)

R% R OWHESLL, f % Q(X]| DEFEETAL. ROFEEDE o T fla) DHFSHIARETHL L
&, f & R T invariant, ($ 53, R i f-invariant) THB L ). FEAES A= {f,..., fn)
IZ2WT, TXTD f; B X-invariant 'C’?)% & %, R X A-invariant &\, BIZ, R™ O #EA
DES S IZ20WTIE, FDOEENTRT A-invariant D, B U { A-invariant THo LWV,
Definition 27.2.7(delineable, identically zero)

K% R ™ Dregion b L, f% QX]| DEFELTA. Z(K) (K IZL>THESNAE RT D cylinder)
Licdh s f OBSEED, BVIHERST D2\ section 22572 B4, f 13 K L delineable T# 5
Evo). OB, TNGD section 2L o THIRS stack & S(f, K) L &L, (S(f,K) &, f-invariant
THs.)

R ™' OFS%EE K RU, Q[X] DEE f iXxtL, K OEEDH o T f(a,z,) =0 THAHLE, f
¥, K L identically zero TH b &\ 9.

Example 288, f = y* — 24 + ¢ — 322y + 2z* I3 L, f-invariant %2 R? O cylindrical
decomposition EE X 5. g =res,(f, f') = 204827 — 46087'° +372% +122° ZHLA. g=0 D real
root 1X, 5t 5 AT, TNOLWFEEENSE R D decomposition ¥ ¥ L 5. U iX, 11 BD cell H
LA, fiE, ¥ DF cell D LT delineable £ %25 TBY, & cylinder £ f TEZF A stack DI
AN, f-invariant 2 R? @ cylindrical decomposition ZEHTVAE, TN% Fig 0 IZ88T. S0
cylindrical decomposition {3, 55 fBD cell SHH> TV 5,
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@D 1) GreeisD Crmdd Goanldd

Fig 0.

27.3 CAD algorihtm

Q[X]) = Qlz1,....z,] PERKXOEHEFE 2, > .. >z, THAETA. fge QX] IIxtL,
subres;(f,g) (f,g ? j-th sub-resultant) % S,(f,g) & L, S;(f,g) ® =1 DRI (f, g D j-th principal
“subresultant coefficient) % psc;(f,g) £ & <. n = min(deg(f),deg(g)) PBE, psca(f,g) =1 L&
DA, ‘

f € QIX] XL, ldef(f) & f D =z, IZDWTD leading coefficient & L, ldt(f) % lead-
ing term T2 b ldef(f)ze® D) &L, B red(f) % f —ldt(f) £+5. k> 0 8L T,
red*(f) = red(red* ' (f)) (red®(f) = f) £ 5. T, RED(f) = {red*(f)}\{0}, PSC(f,g) =
{psc;(f,9)}\ {0} &F 5. E7, der(f) = f' % f D z, ZDOWTOMSE L, der®(f) = f,
der* (f) = der(der*~'(f)) &£ 5.

Definition 27.3.1(projection)

A= {fi,..fr} % Q[X] DABBWSTEE, XL T, Proj(A) = Projl(A) U Proj2(A) % A
O projection £IEE. 1272L, Ri = RED(fi), & L72& & Projl(A) = U; Uger, ({ldef(g.)} U
PS5C(g:,9:i)), Proj2(A) = Uic; Ug, g;er; PSC(gi,g;) TH 5.

Theorem 27.3.14 * Q[X]| DEITHEE, K % Proj(A)-invariant %2 R"™) @ region £$5. &
DE, A @ﬁﬁ@%ili,j{ ET, delineable TH A%, &5\, identically zero THA. T2, £
EOR%D A DBEE f,g 129WT, Z(K) O f-section R g-section 13, BEA %77 00,
Definition 27.3.2(augmented projection)

Aproj(A) = Proj(A) U Aproj1(A) % A O augmented projection &IFESR. 7272 L, Aprojl1(A) =
Ui Ugien, PSC(gi,9!), Di = {der*(f) | f € R:,0 < k < deg(f)} TH 5.
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Der(A)=U;D; £3 5. A&, Theorem 27.3.1 IZHWT, KA Y 2.
Theorem 27.3.24 %* Q[X] D&E5HEE, K % Aproj(A)-invariant % R™™! O region £ +5. &
D, K * algebraic ICEFZRSNTVNUL, K D cylinder Z(K) RIDE cell i3, algebraic \ZEHT
5.
#\rT, CAD algorithm (ZDWTB~R5. T algorithm % Av:7/z CAD EHE D EMAEHIL, §6 T
1.
Procedure 1(main)
(BRBOEE n (ZBT 2I1ZMB Procedure. )
AD n BBEEAOES A.
1 ;A -invariant % CAD ®

n=1 0O
WBED—ER sturm & % A B L CAD ¥ KD A,
n>1 DR

A @ Augmented Projection & A’ &35,
A DEBOEHIE A LD/NEVDT, TD procedure ZIRMEIIT A" \BIET 5.
D' % A’ invariant % R"™' @ CAD &% 5.
D' D cell % {¥,,..,¥,} LT3,
f % [Theah @ mazimal sqare free part &35,
i=1,..,0 22V,
 f DY, LD CAD ®; %, Procedure 2 TR A,
{®1,..,8,) 7KDB A D CAD TH 5.
Procedure 2(sub)
(f = fr DRE r IZBT HIBME Procedure.)
AB) i R*™! D region ¥, ¥-invariant T z, I22WT r KDOSEHEER f.
W : f-invariant %2 CAD &.
r=1 OB,
Do ={{f(c,za) <0, ¥(a) }, {f(a,z) =0 & ¥(a)}, {f(a,za) =0 & ¥(a)}} 2%, KDB L.
r>1 DB, |
frer & fr D 2o CRT BT 72— fr O mazimal sqare free part £ § 5.
fro1 Dz, (BT BRI, fr £ DASVDT, IRBMBIIZZ D procedure % fr_y (IEIE.
fr-1 @ CAD % = LBX. ,
ED cell &, z, BEIWNEIWVITIDNS Z,,..,5 LEBL.
i=1,..,tZ20VT,
®3i = {f(a,B) = 0& ¥ ()& fa (B) > 0,Z:(B)},
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®3i-1 = {f(e, B) = 0& ¥ ()& fu(B) = 0,Z:(8)},
P3i-2 = {f(, 8) = 0&¥(a)& fa(B) < 0,Zi(B)},
O = {®,.., st} I, f, D CAD

Remark 27.3.1

Procedure 2 IZBWT, f, D, ¥ TEE 5 cylinder D & sector 1%, D" DVTHRHID cell 12, F4
—OLPFENTWEWV. LoT, @25 fu ® CAD %5,

Remark 27.3.2

Procedure 2 DHFT @ 121X, null set 25, S, FLETNTWS,

Remark 27.3.3

Collins (1975) DFETIX, FEFIC sample point bRODB T & T, #HEZ formula DEIME 2 &
NTWAB, 727201, Procedure 1E, WS SPEHTH S,

27.4 CAD OREES

CAD &, DR EHFHDFETH B Grobner basis %, Ritt & Wu’s method H & h $ FEEHRR
L, 27 HREOMS, TN E DR\ ewd, ZOBARLHELE EOETRBRE D LAY,
FRELEZGLERINTVEG, BELL>TVEH00OF T, HICKEWERDNDL LD, KOZET
Ha.

e Projection,

e Real root isolation,

e Evaluation.
NG, TVI) XLAOHFOETHIFICERB SN TWIHETH ), TNOICETEHRITLE .
CHDZFIIDNT—D—2F DN 6L, SHEOBEIIOVWTHEREED TAL.

27.4.1 Projection

Projection 13, ZEKEHAR% sub-resultant HiIZ & o T, BHMETHIHRETH Y, ST Lo TH
B, —EBEZHEROERERDD I L2, BESNE. n BHEBERTHNUL, 4 n [BD Projection
PITbNLDIT THEY, TOHRELL o TERNBEHADES I, BEETEICERLZIDICRA
EVIAWED DY, BICEBOBEES L VIS, FHAOKEN ) TR, FO—2—2DH A4 X
bRELZLDERBFENDL (v, B2, Collins (1975) (2H 5B, ) Uiz b D (augmented
projection) Tid, T DL MHEHIZE L (ENS. —F, Projection ¥, £EFD Theorem 27.3.1 5
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Wi Theorem 27.3.2 23 D LTIV v i} T, Theorem ¥ WM &/ 2 LI LEHRES T Lo &/
S TERVPEEZDLDIZ, BARLZILEBDNS.

Arnon, Collins, McCallum (1984) Tid, CAD ® sample point {Z{£H L, sample point DA% & 2.
53561214, augmented projection {3, LER VI & %R L, McCallum (1988) Ti3, ‘order invariant’
EVILDEEHEL, TEDEMDITT, Projection ZEIT/NEWHDIZ L7z 7272 L, McCallum (1988)
DFBEL, (R TIZH 5207 WS SPHERHTH Y, LB ICIImP 2V b ani v,

Mo DERILLETD, Projection DL R, B4 DRIBIKTF L 2HE T, wiohREhTw
BH, MG ETORRIEZ, HE ) E1T ok,

bL, ST LONHERIRRTH L% 01E, TENERTLENH L. £70, FHREHEIC
WTOERL FEKS T %L, B8E, R8T A,

27.4.2 Real root isolation

BIRH% Projection DIRMEIZ L o TEKMEE SN ZEHAESIL, R TC—EBSHARDES L%
b, INLDO—EHREERDERDGEEDS, real root isolation NE—EXFETH 5. iU, sturm
Lo ThEN, ERIZHZER f DR a i3 fla)=0&ka<a<b EEREND. TRLOEREFHAN
T, R ® cylindrical algebraic decomposition &, PR EN B, —EHREERXDBOSEIZOWT
i3, Collins & Loos (1982) %, Collins & Johnson (1989) %2, L HLNT V2.

ROEREE LT, @) DF region £T, “EHESHEADBETHEL, FN5% section &5 stack
R 52 LT, R? O cylindrical algebraic decomposition ®; K ¥ 5. FIU I & * THOBEHK
PETEME % S AT, B#BIZ R O cylindrical algebraic decomposition 255515, ‘

BRI, CORRTTRO LIS D Th b4, EEOIE T, Bt 2EEAHT B, RO
FREI-EBOGER2 5L, —RThHAD 0 I LEMBEIEHN, FEBOHEIE, —MRICERMRD S\
3, BAHEETRR L2 TEZLR2. Lo TENERBATAIAEICL 2T, CAD THVITY XA
DREW BT E7:0, COBFCHTAHED, LBHEATSH L. HHHZ DT, ROML
LOPETHENT VD,

LEEEMR sturm &% BV 5 FE (Collins, 1975)

2.FRSEECE & AV 72/ (Arnon & Collins & McCallum, 1984)

3.cylinder ZEt0 Y (slice) T54. (Arnon & Mignotte, 1988) ,
NS, ENENIZEEHRDYS o T, BRERIZS DRV, 1) IZERIZL2)LTHEY, T
RTD cell 2%, HEWHIIZ quantifier free formula & LT, R TE B0, 107 ) AV b LRTL,
quantifier elimination ~“DLH b HHETHB. L2 L, ZEHK)IZ augmented projection & AV T
5728, Projection D’EKIZ% AME@MAH A, (2) i3, ﬁﬁﬁ&ﬁﬁif‘ﬂii)éﬁ{ quantifier elimination
WI3EVD b (3) 13, ABBZEBRESRMD 257, BEVRS CHhLTw. LaL, BOholEs
53 5 NREIKIE L TV, —ERAHED S50, |
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CNHDMWBIZH, ML BAMEOIRILIC D ELFIIERNS DY, FEMERIZZ o T, #R/, H
BICCUTHEBBEEZRD L2 ZVOPSHENZ WV,

27.4.3 Evaluation

cylindrical algebraic decomposition DGR, F & LT, quantifier elimination DFTHETH L. £
D, & cell D sample point DEZEEXZHNICAAL, TEDEDERDHH I 0 ZHEL %2 Tid
mhRw,

—#512, % sample point DIEIEIX, MBHBTEREN TS, —FEETL o = V5 3,
o -5=0and1<a<2 RSN, TOMEE f(z) =2z" —42® - 5 € Qlz] ITRALAE f(a) D
FR*¥RODL, EVoBRENBRINS. (LA, f(a)>0 THAb.)

COBER, FER 2 -5 DR TH S o FECXME sturm ETROTW &, FDXMHT, f DF5
BELLLEWE I ITTIZI V. LA L, sturm Hi, FOREDS, HFEEKD L DLSTIZ, EfTHEE L
(o OEBRBERCDORBOE B, B EEATOD E X2, JOEBHLETHS. Collins
(1975) LAk, CAD algorithm FEATPICEHORBIBARNHE, £ 5D primitive element &
R, FOBMNEERAD S, sturm FE T, KM EHED A HEVWMONTE 7

LAaL, SOHFEDE HIZ, —4 primitive element ¥ FTET D13, BBLE FFEILELVWHTH
%. & T, primitive element % &8 L &\ T, sturm &% EATT 2 FHMHRIUL, FTEDELIT 5
ALDBIZTTHA.

27.5 BIEDE)Z

27.5.1 Partial CAD

CAD OB b KX ZICHADEIL, AIE L E > TV 5:E Y quantifier elimination THA. LA L CAD
DEEI, FEEIZKE 2EPE T, quantifier elimination %3 472073712, R® 2KDOZEMI & 58
THEDI, WEEPRTETELIENFDOLRV. FORDYR IV OPRENTNE, ZD—D
7%, Partial CAD (Collins & Hong, 1991) T3 5. I, CAD §1# &, quantifier elimination (%
BXIT1d, evaluation) Z FIBFICHED S T & T, EMELFHBEECODTH A,

27.5.2 Simplification

CAD algorithm %38 U T, ##EIIKD 517z quantifier free formula 13, —fIz, FEFICKRELC
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%%, L2L, ZRLORGD I IZLA LI, BHL TV, ZEETHo1) LV LI, #5
BHYDTHAEI VLBV, LoT, TNHD quantifier free formula % simplification L & 9
ETHEZHNPHTL 5. ML, Hong (1992) 2 BFAWV/ZI& 7z,

27.5.3 Comprehensive Grobner Bases

CAD DA DF T, quantifier elimination %, ﬁﬂﬂt&'gb:éfﬁ?é%’:‘ﬁb 16125 tﬂﬁﬁb’(i’o‘ hn, %
D —2%% Comprehensive Grobner Bases ¥ V7o HETH 5. FEL < Id, Weispfenning (1994) %5
Moz k.

27.6 CAD DETMERF]

ZHEN, f = y* - 2¢° + y* - 322y + 22* %%715. ZOD f AR L, f -invariant 7% cylindrical
algebraic decomposition %, Collins (1975) I(ZZDF L MR I HETEHET L. BEEFEL y >z &
+5. f 13, Fig 1l CENBBEESEHO. f DBAKEEH delineable & %5 £ 512, R? % cylinder
IoEITAE, Fig2 &i25. , ‘

(Collins (1975) D HHETIX, f ® augmented projection Aproj(f) ¥ 5B L, ZNELEEETH T,
cylinder (255 D7EH5, TDIFE, Aproj(f) 1, &5 7% polynimial ¥Z { HA TV THENT S

V)

@D @D E=D TP D

Fig 1. Fig 2.

INODOREERD = BB, res,(f, f') = 2048z'? — 4608z'° + 37z% + 1225 = 0 THE
5. ST, Fig 2 ICENBE cell % semi-algebraic ICETH, HETHS. 2070127
f = 4y® — 6y +2y — 32> YHETA. Fig‘3 i3, Fig2 12 f' =0 2ERLHDTHA. f O
FZREFILL 2T, f DF cylinder ADFEHEED, LTICHBTE TV IO MATESL. 0
f =0 %HWAIZE, B, f' DEHEESY semi-algebraic IZRF L 2 L TidWwiF v, #0712,
=12y - 12y+2 *HETA. Figd i3, f' & f' DELELSYER, f DELSEED, delineable
W% AL 912, R? % cylinder (2O FIL-bDTHB. f' DELHERIZEST, f DEFND, T84T
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ETW5. Fig 4 DEDEERD © BAZIL, resy(f', ") = 64(243z* —1) =0 TREN S,

ED @D Eul> = ¢i=iv D D T P @sdo

Fig 3. Fig 4. Fig 5.
2T, f =12y — 12y + 2 (BH9) DBEEEEIL, R 24K T delineable TH Y, cell DEHIL, 5 T
b, FNEND cell iF, f" =2y—1 ZHVT, 82,..,82 L semi-algebraic (Z#FIT 5. Fig 5 I3,
f'=0L f"=0%BRILDTHA.
o = {f" > 0&f" >0},83 = {f’ =0&f" > 0},%3 = {f" <0},
| ®2 = {f" = 0&f" < 0},®2 = {f" > 0&f" <0},
DT, fIiZonT, 39,2432 -1 =0 TRENDS z DHFEIT ). sturm FEIZ L 2T, ¥}, ..., ¥}
EREIND. Ul = {243z* —1 > 0&z > 0}, ¥; = {243z* — 1 = 0&z > 0}, U3 = {243z — 1 < 0},
Ui = {243z* — 1 = 0&z < 0}, T3 = {243z* — 1 > 0&z < 0}.
INGEERAVT, f/ 12&5 CAD D% cell % semi-algebraic 2R T &, RKDOFKRIZ @1 ,,....P55 &

5.

o), = Vi&{f >0}, @, =Ti&{f =0}, &l;="Vi&{f <0}

@3, = L3&{f >0}, @3, = V3&{f = 0&27}

®) 3 = Ua&({f <0&D?}V {f <0&P3}V {f <0&P3}})

Bl , = UI&{f = 0&®?}, ®bs = UI&{f < 0&®?)

®), = Ui&{f' > 0&®?}, &}, = Vi&{f = 0&®?)}

= UI&({f <0&®?}V {f <0&®PI}V {f <0&P3}), ®i.= Vi&{f = 0&%3}

o1, = VI&({f' > 0&B2}V {f' > 0&®B2} V {f' > 0&2}) ' ‘

L, = Vi&{f = 0&®}}, &35 = Vi&{f < 0&®3}

@), = Ui&{f >0}, @i, = Vi&{f =0&23})

iy = Vi&({f <0&®3}V {f < 0&P3}V {f < 0&%P3})

Bl = Vi&{f =0&32}, &}, = Vi&{f < 0&®%}

@5, = V&{f >0}, &5, =V&{f =0}, &55=T:&{f <0}
LT, —Bl%BRE, KIBICHBETAD f @ CAD i, &F 14+3+5+7+9+5+9+7+5+3+1=55 D
cell PHBY, 489 ,,99,,...8% , &, semi-algebraic ICRBTES. Ihbiy, —EHHEN
2048z — 4608z'° 4+ 3728 + 122° = 0 TH5 X 6N 5 z BWOSHH ¥9,.., 90, RV ETHE2 LN
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Bl Bl R F>0,f=0,f <00k oTHRASNL. BRI, 83, 13, KOBIIRE SN,

932 = V3&({f = 0&®],} V {f = 0&P2,} V{f = 0&®3,}).

References

D.S.Arnon, G.E.Collins, S.McCallum. (1984). Cylindrical algebraic decomposition I: The basic
algorihtm. SIAM J. Comp., 13. 856-877.

D.S.Arnon, S. McCalum (1892). Cylindrical Algebraic Decomposition by Quantifier Elimination.
EUROCAM’ 82. LNCS 144. 215-222.
D.S.Arnon, M. Mignotee. (1988). On methanical quantiier elimination for elementagy alge;bra
and geometry. JSC.1988.,5 (1,2). 237-260. '
B.Buchberger, G.E.Collins, B. Kutzler (1988). Algebraic Methods for Geometric Reasoning. Ann.
Rev. Comput. Sci. 1988, 3. 85-119.

G.E.Collins. (1975) Quantifier elimination for the elementary theory of real closed fields by
cylindrical algebraic decomposition. LNCS., 33. 134-183.

G.E.Collins and H.Hong. (1991) Partial cylindrical algebraic decomposition for qualtifier elimi-
nation. JSC.1991,12(3) 299-328.

G.E.Collins and J.R.Johnson. (1989) Quantifier elimination and the sign variation method for
real root isolation . Proceedings of ISSAC 1989. 264-271.

G.E.Collins and R.G.K.Loos. (1982). Real zeros of polynomials. Computer Algebra, Computing,
Suppl. Springer-Verlag 4, 83-94.

J.H.Davenport and Y.Siret and E.Tournier. (1988). Computer Algebra (systems and aigorithms
for algebraic computation). Academic Press.

H. Hong. (1990). An impurovement of the projection operator in cylindrical algebraic decompo-
sition. Proceedings of ISSAC 1990. 261-264.

H.Hong. (1992). Simple Solution Formula Construction in Cylindrical Algebraic Decomposicion
based Quantifier Elimination. Proceedings of ISSAC 1992. 177-188.

H.Hong. (1993). Qualitfier Elimination for Formulas Constrained by Quadratic Equations. Pro-
ceedings of ISSAC 1993. 264-274.

S.McCallum. (1988). An Improved Projection Operation for Cylindrical Algebraic Decomposition
of Three-dimensional Space. JSC. 1988, 5. 141-161.

V.Weispfenning (1994) A new approach to quantifier elimination for real algebra. preprint.



