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Note on certain analytic functions

Shigeyoshi Owa, Toshio Hayami and Kazuo Kuroki

Abstract

Let A be the class of all analytic functions f(2) in the open unit disk U. For
f(2) € A, a subclass Bi(a, 3,7) of A is introduced. The object of the present paper is
to discuss some properties of functions f(z) belonging to the class Bi(a, 3,7).

1 Introduction
Let A be the class of functions f(z) of form

(1.1) f(2)=z+ Z an2"

n=2

which are analytic in the open unit disk U= {2z € C: |z] < 1}. A function f(z) € A is said
to be a member of the subclass By(a, 3,7) of A if it satisfies

(1.2) Re{af®(2) + Bzf**V(z)} >v (ke€N={1,2,3,...};z€U)
for some a; ER (j =2,3,4,...,k),a €R,B €R (B#0),and vy €R (0 < 7 < klaay; a, =
1). We consider some properties for functions f(z) belonging to the class Bi(a, G, ).

Remark 1. Bi(a,(,7) is convex.
Because, for f(z) € Bi(a, 8,7) and g(z) € Bi(w, B,7), we define

Flo)=(1-t)f(z)+tg(z) (0St=21).
Then
Re {aF®)(z) + BF*+1) ()}
= Re {a(1 - )W (2) + atg®(2) + B(1 - )zf**V(2) + Btzg*+1)(2)}
= (1-t)Re {aff(") (z) + Bz f*+D (z)} +tRe {ag(")(z) + ﬂzg“‘“)(z)}
>[A-thy+ty =1.

Therefore F(z) € Bi(a,3;7), that is, Bi(e, 8,7) is convex.

2000 Mathematics Subject Classification: Primary 30C45.
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In the present paper, we consider some properties of functions f(z) belonging to the class

Bk(a: ﬂv 7)

2 Properties of the class B;(a,3,7) and By(a, 3,7)

We begin with the statement and the proof of the following result.
For cases k = 1, we obtain

Theorem 1. A function f(2) € A is in the class of Bi(a, 3,7) if and mly if

= 1 n—-1_n T
1) fle)=242e=7) lej=1 (,g; n(n-1f+a) ) )

where p(z) is the probability measure on X = {z € C: |z| = 1}.

Proof.  For f(z) € A, we define

_ af'(2) +Bzf"(z) — 4
(22) pe) = ALY,
Then p(z) is Carathéodory function . Therefore we can write
CICRTVCE My gt
(2.3) P = Ju 17 mzdu(:c) (see [1]).

It follows from (2.3) that

@) #7560 +arw) = Fa {ree-n[ FEaue)

jej=1 1 — &2

== %z%'l {7+ (@=7) (1 +$Z)(l+zz+z‘222+---)d#(m)}-

l2}=1

Integrating the both sides of (2.4), we know that

/oz ¢F1 (%f'(() + Cf"(C)) ¢ = %AH {/0z (aC%"‘ +2(a-7) :; z”(”*‘%“) d(} ,j,,(x),

that is, that

B f'(2) -;- - {ﬂz% +2(a-7) (fj nﬂ’i aw“z"’f%) } dp(z)

n=1

= 2% +2(a-7)z? /H=1 (Z nﬁl_kaz“z") dp(z).

n=1

Thus, we have

(2.5) F@ =142 [ (}f“, 1 ) du(a).

v nl+«
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An integration of both sides in (2.5) gives us that

/ozf’(C)dC=/oz{1+2(a—v) o (Znﬁ+a )dp(x)}d(,

or
= 1
2)=z+2a- "™ ) du(z
() (a@-7) " (; G ) ()
= 1
=z+2a- / 12" ) dp(z).
S (,,E;Zn((n “1pF ) ) Hz)
This completes the proof of Theorem 1. a

Corollary 1.  The eztreme points of Bi(a,3,7) are

oo -
xnl

f) =24 20-0) sy (=D

n=2

In view of Theorem 1, we have the following corollary for a,,.

Corollary 2. If f(2) € A s in the class By(a, 3,7), then

|a,.|§n((:(f1’;gl_a) (n=2,3,4,...).

Equality holds for the function f(z) given by
n—l

f@)=2+2(a- 7)2 “TEras (el=1

Further, the following distortion inequality follows from Theorem 1.

Corollary 3. If f(2) € A is in the class By(a, 3,7), then

(@) S J21+ 22 =) (2 e _|z1|;ﬂ+a)) (€U,

n=2

Remark 2. If 3> 0and % =j(j=2,3,4,...) in Corollary 3, then we see that

"E;:n((n—l)ﬂ+a) = B Zn(n+j—1)

n=2

.3(.7"1 fj( n+J—1)




7

I 1 log(J I2[2.

n - B(j—1)
Therefore, we have that 2 Ylog(j)
@ — y)iogly 2
£ < el + =5 b
2(a — v)log(j)
D=

Next, for cases k = 2 we show

Theorem 2. A function f(2) € A is in the class By(e, 3,7) if and only if

f(Z) =74 6222 + 2(2002 - 7) lel=1 (Z n(n - 1) ((n - 2)ﬂ + a) Zn) dﬂ(x)

n=3
where p(x) is the probability measure on X = {z € C: |z| =1}.
Proof. For f(z) € A, we define
af”(z) +Bzfm(z) ,),

2aay — vy

p(z) =
Then p(2) is Carathéodory function. Hence, we can write

25 af"(2) + fzf"(z) =y _ [ Lo
|

2cay — 7y =1 1 — 22

In view of (2.6), we have that

(27) 23 (g-f"(z)+zf"'(z)) = %ﬁ" {'y+(2aaz-—v) " (H?Zw"z") du(z)}

n=1

- = (2aa2zﬂ + 2(2aa2 -) Zz“z""’F 1) du(zx).

ﬂ jej=1 n=1

Integrating the both sides of (2.7), we have that
[ e (Gro+omo)
0

= %/“l*l {jo" (2a02(%'1 +2(2aa, — ~) (i :B"C'H'%—l)) dC} dp(z),

n=1

that is, that

Z%fﬂ(z) = %/l;lzl {2,3022% + 2(2002 - ')') (Z ;B%-_&-x z""'%) } dl‘(-@').

n=1



This implies that

oo

(2.8) f'(z) = /M=1 {2a2 + 2(20ia3 — ) (Z n;:. azn) } dp(zx).

n=1

An integration of both sides in (2.8) gives us that

[ o= [ {2“” +2(0a =) /le=1 (2::1 ok "Cn)

n

or
)

dn(z)} d¢

! = 2a32 aay — 2" PAAR z).
.f(z)"l—?z +2(2 2 7) |z|=1(E(n+1)("ﬂ+a) +)df‘()

n=1

Therefore, we know that

, _ B d .’B"—l
(2.9) f(z) =1+ 2a22 +2(2aa; ~ ) - (; A m-DAT a)z

Applying the same method for (2.9), we see that

") dy(z).

[ roa=[ {1 +205¢ +2(200, ~ 7) /| . (Z o f;ﬂ e ) dﬂ(z)} &«.

n=2

Thus, we obtain that

) _ [+ ) zn—-l
f(2) = z+a22°+2(2aa; - ) lej=1 (; rn+Dn((n-1)8+

1 oo _
xn2

) z"“) du(z)

- 22 -
= 2+ a2% +2(200, | 7) it (; n(n—1)((n—2)8 +

This completes the proof of Theorem 2.

Corollary 4.  The eztreme points of By(a, 3,7) are

oo

fz(z) =z4+a2* + 2(2ca; — ) (Z n(n —1) (a(::_i 2)3 + a) Zn)

n=3

In view of Theorem 2, we have the following corollary for a,,.

Corollary 5. If f(2) € A is in the class By(a, 3,7), then

laa] < 2(2aa; - v)
"=an-1D)((n-2)8+a)

Equality holds for the function f(z) given by

[~ =]

n~2
f(z) = 2+ 822" +2(200, =) (Z -y (a(:n ~2)8+a) z,,)

n=3

2) z") du(z)

(el = 1).

(n=3,4,5,...).

(lz| = 1).
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Further, the following distortion inequality follows from Theorem 2.

Corollary 6. If f(z) € A is in the class By(c, 3,7), then

£ S I+ laallf +2(2a05 = ) (fj T a)) (€ )

n=3

3 Properties of the class Bi(a, 8,7)

For cases k is any natural number, we have

Theorem 3. A function f(z) € A belongs to the class Bi(a,f,7) if and only if

0 z"—kz"
f(2) = 240222+ - a2 +2(klaay—7) - (,,g,;l nin—1)...(n—k+1)((n- k)3 + a)) dp(z)

for k=1,2,3,..., where p(z) is the probability measure on X = {z € C: |z| = 1}.

Proof.  For f(z) € A, we define

afO(z) + BzfHH(z) — y
klaa, — v )

p(z) =
Since p(z) is Carathéodory function, we can write that

af®(z) + Bz fl+(2) — 4 142z, .
3.1) klaa, — v - -/Iz|=1 1- xzdu(x)'

This means that

2) 23 S50 ) 400 () = -1-z§”1 laay — 2 3 znzn)d }
(3.2) (ﬁf (2) +2f ()) 3 {'7+(k' k 7)/';'=1(1+ > p(z)

n=1

I

1 (k!aakz%"l + 2(Klaax — ) Z :v"z""'%“l) dpu(z).

B Jizp=1 et

Integrating the both sides of (3.2), we obtain that

[ (50 +erto))

s s )

n=1



that is, that

280 (z) = %/g;q:l {k!ﬂakz% + 2(klaay — %) (i nﬂﬂ-!- ax"z%“l) } dp(z).

This is equivalent to

(3.3) f®() = { klai + 2(klaa, — ) (i n;:- - zn) } du(z).

|z}=1 n=1

Now, since f(0) =0, f'(0) =1, and f™)(0) = mla,, (m = 2,3,4,...), we see that

[ 1m0 = 500 - sm0(0
= fON(z) - (m - 1)lap_.

Furthermore, we know that

z Cm 2
/ / - f m!adeIdCQ coildlp = ap 2™,
0 0 0

and

oo

" zn+k mn—lc PR

;(n+k)(n+k-—1)...(n+1)(nﬂ+a) - Z nn-1)...(n=k+1)((n-k)B+a)

n=k+1

Therefore, integrating k times the both sides in (3.3), we obtain that

% k (2
/"‘/:”./o- F®(¢1)d¢ide, . . G
5 k {2 - .
= /o /: /0 {k!ak+2(k!aa,, ~7) [I o (Z ._n”; 5—1(1) du(x)} d¢dGs ... (s,
2|= 1

that is, that

\ * ! # ? " # C3 ? "
f(z) =F(0) + /0 F'(0)d¢, + fo /: F"(0)d¢1dz + fo fo /: £"(0)d(1dCadCs + ...
+/0 /: /: {k!ak+2(k!aak-—7) et (Z;%—_%—&) dp(x)}d(ldcg...d(,,.

n=1

Thus, we conclude that

f(2) =z4az2% +a32® + - + ap2*

tokear =) | (g;l P | B oy ey a)) Iu(z)

The proof of Theorem 3 is complete.
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Corollary 7.  The eztreme points of By(a, 3,7) are
fo(2)=z2+agzt +as2® + - - + a2*

ot k

+2(’°!““’=‘7)(Z n(n—l)...(n—k+1)((n-—k)ﬂ+a)) (l#l =1).

n=k+1

In view of Theorem 3, we see that

Corollary 8. If f(z) belongs to the class By(a,3,7), then

2(klaa, — )
nin—-1)...(n-k+1)((n-k)B+0a)

Equality holds for the function f(z) given by

aal £

(n=k+1L,k+2,k+3,...).

fR)=z2+4a2t + a3+ +ap2*

0o .’En_k n
+2(klaa, —7) (ng;l TP B ey Y e k)ﬂ+a)) (lel = 1)

Further, the following distortion inequality follows from Theorem 3.

Corollary 9.  If f(z) belongs to the class By(a, 3,7), then

()] £ Izl + laallzl® + las|l2l® + - + laul|2I*

- |2]"
+2(klaa, ~9) ( 2 G ). n—k+ D) (= k)ﬂ+a)) (z€0).

n=k+1
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