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Some spectral properties which imply Bishop’s property (B)

A. Uchiyama (Sendai National College of Technology)
K. Tanahashi (Tohoku Pharmaceutical University)

Let # be a separable complex Hilbert space. We say that T € B(#1) has the single
valued extension property (SVEP) if for every open set D C C the zero function is
the only analytic solution f : D — # of the equation

(T—2)f(2) =0 (z€D).

We say that T has the Bishop’s property (3) if for évery open subset D C C and
every sequence of analytic functions frn:D — # such as

(T = 2)fn(2)|| = 0 (as n — o)

uniformly on every compact subset X C D, the sequence f, converges to 0 uniformly
on K as n — oo.

If an operator T € B(#) satisfles T*T > TT* then T is called hyponormal. If
T € B(H) satisfies (T*T)? > (TT*)P then T is called p-hyponormal. If T € B(H)
satisfles [T?| > T*T then T is called class A. If T € B(#) satisfies | T?z|| > ||Tx||? for
every unit vector z € # then T is called paranormal. F. Kimura proved that every
p-hyponormal operator has the Bishop’s property (). M. Cho and T. Yamazaki
proved that every class A operator has the Bishop’s property (3). In this talk, we
introduce some properties which imply the Bishop’s property (8) and show that
every paranormal operator has the Bishop’s property (3).

Definition 1. We séy that T € B(#) has the property (I) if
(T = A)*an|l = 0 (as n — o)
for every A € 0a(T) and sequence of bounded vectors {z,} of ¥ such as ||(T —
A)zn|| = 0 (as n — o).
We say that T € B(#) has the property (') if
' (T = A)*z,]] = 0 (as n — o0)

for every A € 04(T) \ {0} and sequence of bounded vectors {z,} of # such as
(T = A)za|| = 0 (as n — o).
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Fact. (i) Hyponormal, p-hyponormal and log-hyponormal have the property (I).
(ii) W-hyponormal, class A, class A(s, t), P-quaihyponormal and (p, k)-quasihypo
-normal have the property (I’). In each of these classes of operators, there is an
example of operator which does not have the property @.

Definition 2. We say that T € B(#) has the property (II) if for every A u € oq(T)
and for every bounded sequences of vectors z,, and Yn such that A # u and

(T = Nan| = 0, (T — p)yall — 0 (as n — oo),

the sequence (z,,y,) converges to 0 as n — oo.
Lemma 3 If T has the property (I') then T also has the property (II).

Proof. Let A, u € 0a(T) (A # p) and {2}, {yn} sequences of bounded vectors
in # such as [|(T — A)zn|| = 0 and ||(T — p)y,| = 0 (as n — 00). We may assume
that p # 0, since T has the property (I') we have ||(T — H)*ynl| = 0 (as n = o0).
Hence,

(A = 8)(@ns yn) = (A = T)2n,yn) + (Zn, (T — p)*gn) = 0 (n = ).
This implies that (@, yn) — 0 and the proof is completed.

Let T be an operator which has the property (II). Then ker(T — \) L ker(T — u)
for every A and p such as (A # u). Hence if (T — 2)f(z) = 0 on an open subset D
then

2 _ s _
I#(2)2 = lim (£(2), f(w)) = o,
this shows that f(z) = 0. We have the following theorem.

Theorem 4. If T has the property (II) then T has the (SVEP).

Example. Let A be an invertible hyponormal operator such that A*A — AA” has

- — - %
dense range, which is equivalent to ker(4*A—AA4*) = {0},and T = ‘3 (474 OAA ) )
Then T*(T*T — TT*)T = 0, i.e., T is quasihyponormal and hence it is paranormal.

Since ker T = {0} @ H, kerT™" = {—-A~1(A*A — AA"')';'u Gu : u€ H}, kerT does
not reduce T'. Thi_s example shows that a paranormal operator does not necessarily
have the the property (I’).

As we see the previous example, paranormal does not have the property (I') in
genegral, however, we see that paranormal has the property (II).



Lemma 5. Let a,b,cn (n =1,2,8,...) € C such as a # 0,a # b, sup |cn| < o0 and
a
T, = (0 c:) satisfy

lim igf(((T,,)’* (Tn)? — 2k(Tn)*Tn + k) v,v) > 0

for each k > 0 and v = (p) € C2. Then limp—yo0 cn = 0.
q

Lemma 6. Every paranormal operator has the property (II).

Proof. It suffices to show that if ||(T — 1)zn|| — 0, ||(T — u)yn] = 0 (n = oo),
lznll = |lynfl = 1 for all n and p # 1 then (®n,yn) — 0 as n = oco. Put y, =
anZn © bnzn, where an,b, € C and 2z, € (z,)* with ||z,]] = 1. We shall show that
@n(= (yn, Tn)) converges to 0 as n — oo. Since ||(T — B)Yn| converes to 0, we have

(1) 1onT2n — (1t — 1)anzn @ pubnzy|| — 0.

If there exists a subsequence {b,, } which converges to 0 then |an,| — 1 and u—1 = 0
follows from (1), a contradiction, so there exists € > 0 such that |b,| > € for all n.
Hence,

Qa
I1Tzn — (1 — 1)3%.. ® pzn| — 0.
n

1 chnzn® 2 T Qn

So, ||T(pzn © gzn) — ( " n) (p n) | = 0, where ¢, = (0 —1)-— ,p,q€C
0 U qzn On

and 2, ® z, is a rank one operator defined by

(Tn ® 2n)u = (u, z,)@n.

Also, we have

2
nr’cm,,eqzn)—(l °""""®”") (”""") I

0 7] qzn

1 (1+p)enzn ® Tn
H . qzn
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Hence |
1 4+pu)enzn ® Tn
IT2(p2n @ gza)* - | (0 o+ wens "‘) (" ) I
‘ H gzn
1 (1
=T (pan ® gza)| — || (1 T HIen) (P) 2, o,
0 M q
1l chzn® =z T
IT(p2n © g2n)||% - || (0 " ") (p ") 12
2 gz
1
=||T(pzn @ q2zn)||® — || ( c,.) (p) 1> = 0 for every (p) € C3,
0 p q q
Put T, = (; c,.) and v, = p&, ® qz,, then
A

(@)
(T*T? = 2KT*T + k*)vm, vn) — (((Tn)** (Tn)? — 2(T)* (Tn) + K2) (”) : (Z)) -0
q

for each k > 0 and (p) € C3,
q

Paranormality of T implies that ((T?*T? — 2kT*T + k?)v,, v,) > 0, so (2) implies
that

liminf(((T,)* (Tn)? — 2k(T,)*(T,) + k3) (p ) ) (p )) 20
n-—oo q q

p

for each k > 0 and ( ) € C2, By lemma 5, lim ¢, = 0. Hence,
q n—ro0

= lenllbn] . _len]
w=1] = [p—1

|an] = 0.

This completes the proof.

For R > 0 and z € C, we denote the open ball with center z and radius R by
B(z; R). Let D C C be an open set, f : D — # analytic function and

o ,
) £(2) =) (2 — z0)'a (|z — 20| < R)

=0
be Taylar expansion of f. Here z; € D, B(zo; R) C D and a; € #. For each
compact set X, define the norm || ||x by

I £llxc := sup | £(2)|.
. zZEK
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Lemma 7. Let D, 20 € D, R > 0 and f(z) = 02,(z — z0)'ai (]2 — 20| < R) be as
above. If f is bounded (i.e., M = sup,¢p |f(2)| < o0), then

M
lladll < B

Lemma 8. Let D be an open subset of C, zo0 € D, R > 0 such as E(—zm C D,
fa : D — # a sequence of analytic functions and fn(2) = Y 2,(z — zo)‘a,(") (Jz —
Z9| < R) be Taylar expansion of f,. If f, is uniformly bounded on B(zo; R) (i.e.,
M = supy3, || fall < 00), then

MRr

@ e = Fale)l <

for all z € B(zb;r),O <r<R.

A sequence of analytic functions f, : D — #, where D is a open subset of'

C, converges uniformly 0 on every compact subset X of D if and only if for any
€ > 0 and any 29 € D there exists » > 0 and N € N such taht B(z;r) C D and
||,fn||B—(,,—,.; < e for all n > N.

Theorem 9. If an operator T has the property (II) then T also has property (8).

Proof. Let D C C be an open subset and f, : D — H is a sequence of analytic
functions such that -

(T = 2) fn(2)|| = O for all z € D.

We sha 1l show that f, converges uniformly 0 on every compact subset X of

D. By conseidering g, = instead of f., if necessary, we may aséume

n
1+ | fnllx
supy, || fallx < oo for every compact subset K of D without loss of generality.

Let € > 0 be arbitary, zo € D any point and R > 0 such as B(zo; R) C D. Put
M = sup ||f,;||—B-(;TR) < 00, then

MRr

|Fn(2) = fa(z0)ll < R forall z € B(zo;r), 0<r <R,

M2Rr € MRr ¢
< — then

by lemma 8. Choose » > 0 small enough such that R _r < 8 Ror 3

for all n and z € B(z0;7)

2 2
s S () ol + 5

©) 122 < a0l + g < WfnCzo)ll + 5.

5) 1 £n (20112 < 1{fn(2), £(20))] +
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Let z; € B(zo;7) \ {20} arbitary. Then, by assumption
I(T = 20) fa(20)l| = 0 and (T — 21) fa(21)]| — 0,

since T has property (II)
(fn(21); fn(20)) — O.

Hence there exists a natural number N such that {Fn(21), F(20))] < 58—2— for all n >
N. Thus ||fa(20)|I? < [{fa(21), fa(20))| + & < & + £ = £ by (5) and

1£2() < ()l + S <&, 2 € B(zos7)
for all n > N by (8). This completes the proof.

Corollary 8. Every paranormal operator has the Bishop’s property (3).



