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Geometry of an end and absence of eigenvalues
in the essential spectrum

静岡大学理学部 久村裕憲 (Hironori Kumura)

Department of Mathematics,
Shizuoka University

1 Abstract
In this note, we shall consider the Laplace operator on a Riemannian manifold
and derive a growth estimate at infinity of solutions of eigenvalue equation.
Then we assert the absence of eigenvalues in the essential spectrum under
some curvature condition of an end. Indeed, we treat two cases;

(1) the curvature $K$ of an end converges to a constant-l at infinity

(2) the curvature $K$ of an end converges to a constant $0$ at infinity with
the decay order $K=O(r^{-2})$

Moreover, we should note that the decay order $K+1=o(r^{-1})$ is sharp.
Indeed, we can construct an example of an manifold with the curvature decay

$K+1=O(r^{-}’)$ and an eigenvalue $\frac{(n-1)^{2}}{4}+1$ contained in the essential
$(n-1)^{2}$

spectrum $[\overline{4}, \infty)$ .
This note is an announcement of the article [17]. The readers who want

to know the details of our arguments should refer to [17].

2 Some facts on the Laplacian on a Rieman-
nian manifold

The following sentence due to Kac seems to symbolize what the spectral
geometry is:

Can one hear the shape of the drum ?
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In this sentence, the word ‘shape’ symbolizes ‘geometry’ and (drum symbol-
izes ‘Riemannian manifold). Moreover, ‘drum’ gives us sounds and ‘sounds’
symbolizes ‘spectrum of the $\mathrm{L}\mathrm{a}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{n}^{)}$ . Thus the spectral geometry stud-
ies the relationship between analytic properties and geometric properties a
Riemannian manifold has.

Now let us recall some basic facts about the spectrum of the Laplacian
on a Riemannian manifold. Let $M=(M, g)$ be a Riemannian manifold.
Then we have two analytic notions, that is, the Laplace operator $\Delta$ and
Riemannian measure $dv_{M}$ . These are defined as follows: Let $(x^{1}, x^{2}, \cdots, x^{n})$

be a local coordinates of $M$ . Then

$\Delta u=\sum_{i,j}\frac{1}{\sqrt{G}}\frac{\partial}{\partial x^{i}}(\sqrt{G}g^{ij}\frac{\partial}{\partial x^{j}}u)$ ,

$dv_{M}=\sqrt{G}dx^{1}dx^{2}\cdots dx^{n}$ ,

where
$(g^{ij})=(g_{ij})^{-1},$ $g_{ij}=g( \frac{\partial}{\partial x^{i}},$ $\frac{\partial}{\partial x^{j}}))G=\det(g_{ij})$ .

We should note that the curvatures controls the metric $g$ , and then the latter
controls the Laplacian $\Delta$ and measure $dv_{M}$ .

When $M$ is complete, then the Laplacian $\Delta$ defined on $C_{0}^{\infty}(M)$ is known
to be essentially self-adjoit on the Hilbert space $L^{2}(M, dv_{M})$ . We write its
self-adjoit extension by the same symbol $\triangle$-.

Now let us recall two typical examples of the spectrum of a noncompact
Riemannian manifold $M$ :

(1) When $M$ is $\mathrm{H}^{n}(-1)$ , then $\sigma(-\triangle)=[\frac{(n-1)^{2}}{4}, \infty)$ and $\sigma_{p}(-\Delta)=\emptyset$ .
Here $\mathrm{H}^{n}(-1)$ stands for the simply connected Riemannian manifold
with constant sectional curvatures-l.

(2) When $M$ is $\mathrm{R}^{n}$ , then $\sigma(-\Delta)=[0, \infty)$ and $\sigma_{p}(-\Delta)=\emptyset$ .

Next let us recall two facts on the spectrum of noncompact Riemannian
manifolds:

(1) The essential spectrum of the Laplacian is invariant under any compact
perturbation of the manifold.
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(2) When $E_{0}= \inf\sigma_{ess}(-\triangle)>0$ , a compact perturbation of the Rieman-
nian metric can give rise to any finite number of point spectrum in the
opening $(0, E_{0})$ .

The examples and facts above have cast the following question on us:

What is the optimal curvature condition that ensures
the absence of eigenvalues in the essential spectrum ?

This problem were studied by Donnelly, Donnelly and N. Garofalo, J. Escobar
and A. Freire, L. Karp, M. A. Pinsky, T. Tayoshi. But their results are far
from best.

We shall recall known results.
(I) The case that the curvature $K$ of $M$ converges to a constant $-1$

at infinity
Let us recall the decay conditions on $K+1$ in the previous works which

ensure the absence of eigenvalues greater than $\frac{(n-1)^{2}}{4}$ . The former best results
are as follows:
M. A. Pinsky(1979):

(1) $\dim M=2$ and $(M,g)$ is rotationally symmetric, that is, $(M, g)$ can
be written as $(M, g)=(\mathrm{R}^{2}, dr^{2}+f(r)^{2}g_{S(1)})$ ;

(2) $K\leq 0$ ;

(3) $K\leq-1(r\geq r_{0})$ ;

(4) $\int_{r_{0}}^{\infty}|K+1|dr<\infty$ ,

where $r$ stands the Euclidean distance to the origin.
A general case (i.e., not necessarily rotationally symmetric case) was pre-
sented by Donnelly:
Donnelly(1990):

(1) $M$ is a simply connected negatively curved Riemannian manifold;

(2) $\int_{1}^{\infty}r^{\beta}|K+1|dr<\infty$;

(3) $\lim_{rarrow\infty}r^{\beta}|K+1|=0$ ,
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where $K$ stands for the radial curvature with respct to a fixed point and
$\beta>2$ is a constant.

Roughly speaking, this $\mathrm{D}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{y}^{)}\mathrm{s}$ curvature condition is $K+1=O(r^{-3-\epsilon})$ .
The curvature condition imposed in the main theorem of this note is $K+1=$
$o(r^{-1})$ . It not only improves the former results but also we can show that
this condition $K+1=o(r^{-1})$ is optimal by constructing an example.

(II) The case that the curvature $K$ of simply connected complete
manifold $M$ is nonpositive and it goes to zero at infinity

Let us recall the decay conditions on $K$ in the previous works which ensure
the absence of eigenvalues. In this case, the earlier works treated only the
case that $\dim M=2$ , because their arguments require faster than quadratic
decay for $K$ which, in dimensions greater than two, would force $M$ to be
isometric with $\mathrm{R}^{n}$ due to Green-Wu’s theorem. That is why this problem for
higher dimensions remained a challenge so far. For example,
Donnelly (1993):

(1) $\int_{1}^{\infty}r^{\beta_{1}}|K|dr<\infty.$ ;

(2) $\lim_{rarrow\infty}r^{\beta_{2}}|K|=0$ ,

where $\beta_{1}\geq 2$ and $\sqrt 2\geq 3$ are constants.
Roughly speaking, this curvature condition is $K=O(r^{-3-\epsilon})$ . In this note,
we shall treat manifolds of all dimensions under the assumption of some
quadratic decay for the curvature, and show the absence of eigenvalues.

3 Main Theorem-negatively curved end-
In this section, we shall give one of the main theorem of this note. Let $M$ be
a noncompact complete Riemannian manifold of dimension $n$ . Suppose that
there exists an open subset $U$ of $M$ with compact boundary $\partial U$ such that the
outward pointing normal exponential map $\exp_{\partial U}$ : $N^{+}(\partial U)arrow M-\overline{U}$ induces
a diffeomorphism. We note that $U$ is not necessarily relatively compact. We
shall say that a plane $\pi\subset T_{x}M(x\in M-\overline{U})$ is a radial plane if $\pi$ contains
$\nabla r$ . The radial curvature means the restriction of the sectional curvature to
all the radial planes.
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In the sequel, we shall use the following notations:

$B(s, t)=\{x\in M-\overline{U}|s<r(x)<t\}$ for $0\leq s<t$ ;
$B(s, \infty)=\{x\in M-\overline{U}|s<r(x)\}$ for $0\leq s$ ;
$S(t)=\{x\in M-\overline{U}|r(x)=t\}$ for $0\leq t$ ,

where we set $r(x)=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(\partial U, x)$ for $x\in M-\overline{U}$ . Moreover, we denote the
induced measure from $dv_{M}$ on each $S(t)(t>0)$ simply by $dA$ .

We shall consider the eigenvalue equation

$\Delta f+\alpha f=0$

on an end $M-\overline{U}$ and drive a growth estimate at infinity of solutions $f$ , from
which will follow the absence of eigenvalues in the essential spectrum:

Theorem 3.1. Let $M$ and $f$ be as above. Let an end $M-\overline{U}$ satisfy the
following conditions: there exists $r_{0}>0$ such that

V$dr\geq 0$ on $S(r_{0})$ ; (1)
$0\geq \mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{l}$ curvature $=-1+o(r^{-1})$ on $B(r_{0}, \infty)$ .

If $\alpha>\frac{(n-1)^{2}}{4}$ and $f$ is $a$ not identically vanishing, then we have for any
$\gamma>0$

$\lim \mathrm{i}\mathrm{n}\mathrm{f}tarrow\infty t^{\gamma}\int_{S(t)}\{(\frac{\partial f}{\partial r})^{2}+f^{2}\}dA=\infty$.

Corollary 3.1. Let $M$ be a complete Riemannian manifold and have at least

one end as in Theorem 3.1. Then $[ \frac{(n-1)^{2}}{4}, \infty)\subset\sigma_{ess}(-\Delta)$ and any $\alpha>$

$\frac{(n-1)^{2}}{4}$ is not eigenvalue $of-\triangle$ .

Remark 3.1. If $M$ has finite number of ends and each end satisfies the

curvature condition as in Theorem 3.1, then $\sigma_{\mathrm{e}\mathrm{s}\S}(-\triangle)=[\frac{(n-1)^{2}}{4}, \infty)$ .

The following Proposition shows that the curvature decay condition $K+$

$1=o(r^{-1})$ in Theorem 3.1 is sharp:

Proposition 3.1. There $e\dot{m}\mathit{8}ts$ a rotationally symmetric manifold $M=(\mathrm{R}^{n},$ $dr^{2}+$

$f^{2}(r)g_{S^{\mathfrak{n}-1}(1)})$ with the following properties:
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(1) $\lim_{rarrow\infty}|\nabla dr-(g-dr\otimes dr)|=0$ , and hence $\sigma_{ess}(-\triangle)=[(n-1)^{2}/4,$ $\infty)_{\mathrm{i}}$

(2) $\sigma_{p}(-\Delta)\cap(\frac{(n-1)^{2}}{4}, \infty)=\frac{(n-1)^{2}}{4}+1$ ;

(3) $R+1=O(r^{-1})$ as $rarrow\infty_{f}$ where $R$ stands for the radial curvature of
$M$ .

4 Main theorem-asymptotically flat end-
In this section, we shall consider the asymptotically flat end case. The main
theorem of this section is the following:

Theorem 4.1. Let $M$ be a complete Riemannian manifold of dimension $n$

and suppose that there exists an open subset $U$ of $M$ with compact bound-
ary $\partial U$ such that the outward pointing normal exponential map $\exp_{\partial U}$ :
$N^{+}(\partial U)arrow M-\overline{U}$ induces a diffeomorphism. We suppose that there ex-
ists $r_{0}>0$ such that

$(\nabla dr)|_{S(r\mathrm{o})}$ $ifif0<a<1a=1$ (2)

$- \frac{b(b-1)}{r^{2}}\leq \mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{l}$ curvature $\leq\frac{a(1-a)}{r^{2}}$ on $B(r_{0}, \infty)$ ,

where $\epsilon>0$ is a constant, and $a\in(0,1]$ and $b\geq 1$ are also constants
satisfying $\frac{n+1}{n-1}a>b$ . Let $u$ be a nontrivial solution to

$\triangle u+\lambda u=0$ on $B(r_{0}, \infty)$ ,

where $\lambda>0$ is a constant. Then

$\lim \mathrm{i}\mathrm{n}\mathrm{f}tarrow\infty t^{a}\int_{S(t)}\{(\frac{\partial u}{\partial r})^{2}+u^{2}\}dA\neq 0$ .

In particular, $\sigma(-\triangle)=[0, \infty)and-\Delta$ has no eigenvalue.

The method of proofs of Theorem 3.1 and 4.1 is a modification of solu-
tions of Eidus and Mochizuki to the analogous problem for the Schr\"odinger
operator on Euclidian space.
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5Outline of the proof of Theorem 3.1
In this section, we shall give the outline of the proof of Theorem 3.1. Theorem
4.1 can be proved in a similar way.
(a) The transform of the Hilbert space and operator

We set $c= \frac{n-1}{2},$ $L=e^{2\mathrm{c}r}(\triangle+c^{2})e^{-cr}$ , and $d\mu_{\mathrm{c}}=e^{-2\mathrm{c}r}dv_{M}$ . Then we
have the following equivalence by setting $u=e^{\alpha}f$ :

$\{$ $f\in L^{2}(U^{\mathrm{c}}, dv_{M})(\Delta+c^{2})f+\lambda f=0$

on $U^{c}$ ,

$\Uparrow u=e^{\mathrm{c}\mathrm{r}}f$

$(*)$
(b) Geometric observation

Under the assumption of Theorem 3.1, we can show that

$| \nabla dr-(g-dr\otimes dr)|=o(\frac{1}{r})(rarrow\infty)$

by using the comparison theorem in Riemannian geometry.
(c) Combination of analysis and geometry

The following identity which combines analysis and geometry of $M$ is a
key identity in $\mathrm{o}\mathrm{u}\mathrm{r},\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$:

$- \frac{\partial\triangle r}{\partial r}=|\nabla dr|^{2}+\mathrm{R}\mathrm{i}\mathrm{c}\mathrm{c}\mathrm{i}(\nabla r, \nabla r)$ ,

where Ricci stands for the Ricci curvature of $M$ .
(d) Classical analysis

We consider $(L, d\mu_{\mathrm{c}})$ instead of $(\triangle, dv_{M})$ and use (b) and (c). Then
remaining arguments turn out to be purely analytic ones.

Let $u$ satisfy $(*)$ with $\lambda>0$ and

$\lim \mathrm{i}\mathrm{n}\mathrm{f}tarrow\infty t^{\gamma}\int_{S(t)}\{(\frac{\partial u}{\partial r})^{2}+u^{2}\}dA_{c}=0$

for some constant $\gamma>0$ . Then the proof of Theorem 3.1 is accomplished by
going through the following four steps:
(1st step) For any $m>0$ ,

$\int_{B(r0,\infty)}r^{m}(u^{2}+|\nabla u|^{2})d\mu_{c}<\infty$.
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(2nd step) For any $k>0$ ,

$\int_{B(r0,\infty)}e^{kr}\{u^{2}+|\nabla u|^{2}\}d\mu_{c}<\infty$ .

(3rd step)
$u\equiv 0$ on $B(r_{0}, \infty)$ .

(4th step) Recalling $f=e^{-\mathrm{c}r}u$ , we transform this result “ 3rd step “ into
Theorem 3.1.

Remark We assume that the convexity assumption (1) or (2). But that
is necessary for the absence of eigenvalues. Indeed, we have the following
example:

Proposition 5.1. Let $\xi$ be a unit Killing vector field on the standard unit
sphere $(S^{3}(1), g_{0})$ which satisfies $\mathrm{k}\mathrm{e}\mathrm{r}f_{*}=\mathrm{R}\xi_{j}$ where $f$ : $S^{3}(1)arrow \mathrm{C}P^{1}$ is the
Hopffibering. Let $M=(\mathrm{R}^{4}, g)_{f}$ where $g=dr^{2}+e^{2r}(g_{0}-\xi^{*}\otimes\xi^{*})+e^{-2\mathrm{r}}(\xi^{*}\otimes$

$\xi^{*})(r\geq 1)$ and $\xi^{*}$ is the dual 1-form $of\xi$ on $(S^{3}(1), g_{0})$ . Then

References
[1] F. V. Atkinson, The asymptotic solution of second order differential

equations, Ann. Math. Pura. Appl., 37 (1954), 347-378.
[2] H. Donnelly, Eigenvalues embedded in the continuum for negatively

curved manifolds, Michigan Math. J., 28 (1981), 53-62.

[3] H. Donnelly, Negative curvature and embedded eigenvalues, Math. Z.,
203 (1990), 301-308.

[4] H. Donnelly, Embedded eigenvalues for asymptotically flat surfaces, Pro-
ceeding Symposia in Pure Mathematics, 54 (1993), Part 3, 169-177.

[5] H. Donnelly, Exhaustion functions and the spectrum of Riemannian
manifolds, Indiana Univ. Math. J. 46 (1997), 505-528.

[6] H. Donnelly, Spectrum of the Laplacian on asymptotically Euclidean
spaces, Michigan Math. J. 46 (1999), 101-111.

148



[7] H. Donnelly and N. Garofalo, Riemannian manifolds whose Laplacian
have purely continuous spectrum, Math. Ann., 293 (1992), 143-161.

[8] D. M. Eidus, The pPinciple of limit amptlitude, Russian Math. Surveys.,
24 (1969), no. 3, 97-167.

[9] J. Escobar, On the spectrum of the Laplacian on complete Riemannian
manifolds, Comm. Partial Differential Equations, 11 (1986), 63-85.

[10] J. Escobar and A. F) eire, The spectrum of the Laplacian of manifolds of
positive curvature, Duke Math. J., 65 (1992), 1-21.

[11] R. Green and H. Wu, Gap theorems for noncompact Riemannian man-
ifolds, Duke Math. J., 49 (1981), 731-756.

[12] T. Kato, Growth properties of solutions of the reduced wave equation with
a variable coeffcient, Comm. Pure Appl. Math., 12 (1959), 403-426.

[13] L. Karp, Noncompact manifolds with purely continuous spectrum, Mich.
Math. J., 31 (1984), 339-347.

[14] H. Kumura, On the essential spectrum of the Laplacian on complete
manifolds, J. Math. Soc. Japan, 49 (1997), 1-14.

[15] H. Kumura, A note on the absence of eigenvalues on negatively curved
manifolds, Kyushu J. Math., 56 (2002), 109-121.

[16] H. Kumura, On the essential spectrum of the Laplacian and vague con-
vergence of the curvatures at infinity, Communications in Partial Differ-
ential Equations, 30 (2005), 1555-1565.

[17] H. Kumura\rangle Geometry of an end and absence of eigenvalues in the es-
sential spectrum, Math. $\mathrm{D}\mathrm{G}/0505557$ (2005), preprint.

[18] K. Mochizuki, Growth properties of solut\’ions of second order elliptic
differential equations, J. Math. Kyoto Univ., 16 (1976), 351-373.

[19] M. A. Pinsky, Spectrum of the Laplacian on a manifold of negative cur-
vature II, J. Differential Geometry, 14 (1979), 609-620.

[20] S. N. Roze, On the spectrum of an elliptic operator of second oder, Math.
USSR. Sb., 9 (1969), 183-197.

[21] T. Tayoshi, On the spectrum of the Laplace-Beltrami operator on a non-
compact surface, Proc. Japan. Acad., 47 (1971), 187-189.

149



[22] S. Wallach, On the location of spectra of differential equations, Amer. J.
Math., 70 (1948), 833-841.

150


