RBAFZWERY KT b %
Al

KURENAI

Kyoto University Research Information Repository

CONVERGENCE THEOREMS OF IMPLICIT ITERATION
PROCESS FOR A FINITE FAMILY OF

Title ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS IN CONVEX METRIC SPACES(Nonlinear
Analysis and Convex Analysis)
Author(s) | KIM, J.K.; KIM, K.S.; KIM, S.M.
Citation O0000D0O0O0D0OO (2006), 1484: 40-51
Issue Date | 2006-04
URL http://hdl.handle.net/2433/58123
Right
Type Departmental Bulletin Paper

Textversion

publisher

Kyoto University




goooboooobgon
1484 00 2006 O 40-51

CONVERGENCE THEOREMS OF IMPLICIT
ITERATION PROCESS FOR A FINITE FAMILY
OF ASYMPTOTICALLY QUASI-NONEXPANSIVE

MAPPINGS IN CONVEX METRIC SPACES

J. K. KM, K. S. KiM AND S. M. KM

ABSTRACT. We prove that an implicit iteration process with errors which is
generated by a finite family of asymptotically quasi-nonexpansive mappings
converges strongly to a common fixed point of the mappings in convex metric
spaces. Our main theorems extend and improve the recent results of Sun,
Wittmann and Xu-Ori. '

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that X is a metric space and let
F(T;) (i € N) be the set of all fixed points of mappings T; respectively,
that is, F(T;) = {x € X : T,z = z}, where N' = {1,2,3,-.- , N}. The set of

N
common fixed points of T; (i € N) denotes by F, that is, F = [} F(T}).
i=1

Definition 1.1. ([2},[4],[5]) Let T': X —>Xbea mapping.
(1) T is said to be nonezpansive if

d(Tz,Ty) < d(z,y)
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for all z,y € X.
(2) T is said to be quasi-nonezpansive if F(T) # 0 and

d(Tz,p) < d(z,p)

for all z € X and p € F(T).
(3) T is said to be asymptotically nonexpansive if there exists a sequence
hy, € [1, 00) with linolo h,, = 1 such that

d(T"z, T"y) < hnd(z,y)

for all z,y € X and n > 0.
(4) T is said to be asymptotically quasi-nonezpansive if F(T) # § and
there exists a sequence h,, € [1,00) with linéo hn =1 such that

d(T"z,p) < hnd(z, p) (L.1)
forallz € X, p€ F(T) and n > 0.

Remark 1.1. From the Definition 1.1, we know that the following implica-
tions hold:

(1) = )
YF(T)#0 YF(T)#0
(2) = @

In 2001, Xu-Ori [16] have introduced an implicit iteration process for a
finite family of nonexpansive mappings in a Hilbert space H. Let C be a
nonempty subset of H. Let Ty, Ty, - - - , Ty be self-mappings of C and suppose

that F = ﬂ F(T;) # 0, the set of common fixed points of T}, i = 1,2,--- , N.

An 1mp1101t 1terat10n process for a finite family of nonexpansive mappings is
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defined as follows, with {t,} a real sequence in (0,1), zo € C :

Ty = t170 + (1 — t1)T121,
T2 = taz1 + (1 — t3) 1oz,

N =tyzn-1+ (1 —tn)InzN,

TN+1 = tN+1ZN + (1 — tN+1)TIZN+1,

which can be written in the following compact form:

where T}, = Tk mod N. (Here the mod N function takes values in N.) And
they proved the weak convergence of the process (1.2).

In 2003, Sun [12] extend the process (1.2) to a process for a finite family
of asymptotically quasi-nonexpansive mappings, with {a,} a real sequence
in (0,1) and an initial point z¢ € C, which is defined as follows :

1 = o1To + (1 - a1)T1.’B1

zN = anZNn-1+ (1 —an)InzN,

2
zN+1 = on+1ZN + (1 — any1)Ti TN+,

2
TaN = agnTaN—1 + (1 — can )T T2N,

3
ToN+1 = QaN+1T2N + (1 — aon+1) T ZaN+1, -

which can be written in the following compact form :

xn = alnxn_l + (1 - an)q-‘ikwn, n Z 1, (1.3)
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where n = (k—1)N +4,i € N.

Sun [12] proved the strong convergence of the process (1.3) to a com-
mon fixed point, requiring only one member T in the family {T; : ¢ € N}
to be semi-compact. The result of Sun [12] generalized and extended the
corresponding main results of Wittmann [15] and Xu-Ori [16].

The purpose of this paper is to introduce and study the convergence prob-
lem of an implicit iteration process with errors for a finite family of asymp-
totically quasi-nonexpansive mappings in convex metric spaces. The main

result of this paper is also, an extension and improvement of the well-known

corresponding results in [1]-[11].
For the sake of convenience, we recall some definitions and notations.

~ In 1970, Takahashi [13] introduced the concept of convexity in a metric
space and the properties of the space.

Definition 1.2. ([13]) Let (X, d) be a metric space and I = [0, 1]. A mapping

W :XxXxI - X is said to be a conver structure on X if for each

(zyy,A) € X x X x I and u € X,
d(u, W(z,y,A)) £ Ad(u,z) + (1 — N)d(u, ).

X together with a convex structure W is called a convez metric space, de-
noted it by (X,d,W). A nonempty subset K of X is said to be conver if
W(z,y,A) € K for all (z,y,\) € K x K x I.

Remark 1.2. Every normed space is a convex metric space, where a convex
structure W(z,y, 2;a,0,7) = az+By+vz, forallz,y,2 € X and a, 8,7 € I
with a + 8+ v = 1. In fact,

d(u, W (2,9, 2 0,6,7)) = |lu— (az + By +72)||
< allu— || + Bllu -yl +vllu - 2|
= ad(u,z) + Bd(u,y) +vd(u,2), VueX.

But there exists some convex metric spaces which can not be embedded
into normed space.
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Example 1.1. Let X = {(z1,%2,z3) € R®: 21 > 0, z2 > 0, z3 > 0}. For
T = (21, T2, 73), ¥ = (Y1,¥2,¥3) € X and o, 8,y €  witha+ [+ =1, we
define a mapping W : X3 x I3 — X by

W(z,y, 2 o, B,7)
= (az1 + Byr + 721, oz + Bys + V22, axs + Bys + V23)
and define a metric d : X x X — [0, 00) by

d(z,y) = |Z1y1 + T2y2 + T3Y3)-
Then we can show that (X,d, W) is a convex metric space, but it is not a
normed space.
Example 1.2. Let Y = {(z1,22) € R? : z; > 0, 2 > 0}. For each z = (3,
€3), ¥y = (y1,92) €Y and X € I. we define a mapping W :YZx I — Y by

) — _ Az1zz + (1 = Nny2
W(z,y;A) = (/\:1:1 + (1= Ny, et = Vo )

and define a metricd: Y x Y — [0,00) by

d(z,y) = |21 — y1| + 2122 — yayal|-
Then we can show that (Y,d, W) is a convex metric space, but it is not a
normed space.

Definition 1.3. Let (X, d, W) be a convex metric space with a convex struc-
ture W and let T; : X — X (i € N) be asymptotically quasi-nonexpansive
mappings. For any given zo € X, the iteration process {z,} defined by

z1 = W(zo, T121,u1; 01, B1, M),

zn = W(zn-1,TNTN,uN; N, BN, TN),

. 2 .
TN+1 = W(ZN, TETN+1, UN+1; ON+1) BN+1, TN+1),

2 .
ron = W(zan—1,TjTaN, U2N; 02N, Ban, V2N ),

3 ) : v
Ton+1 = W(zan, T3 TaN+1, U2N+1; @2N+1, BN 415 YaN+1)
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which can be written in the following compact form:
Tn = W(wn—l,nkxmumamﬁm'Yn)y n>1 (1.4)

where n = (k—1)N +14, i € N, {up} is bounded sequence in X, {am}, {6n},
{7} be three sequences in [0, 1] such that ap+Bn+7n = Lforn =1,2,3,--- .
Process (1.4) is called the implicit iteration process with error for a finite
family of mappings T; (¢ =1,2,---,N). '

If up, =0 in (1.4) then,
Tn = W(mn—l,n'kwn;amﬂn)a n>1 (1.5)

wheren = (k—=1)N+i, i € N, {an}, {Bn} be two sequences in [0, 1} such that
Op+ Bn =1forn=1,2,3,---. Process (1.5) is called the implicit iteration
process for a finite family of mappings T; (i =1,2,--- ,N).

2. MAIN RESULTS

In order to prove the main theorems of this paper, we need the following
lemma:

Lemma 2.1. ([14]) Let {pn},{\n} and {6r} be the nonnegative sequences
satisfying

Prt+1 S (14 Ap)pn + tny, V12 ng,

and
o0 oo
Z An < 00, Z P < OO
n=ng n=ng

Then lim p, ezists.
n—o0
Now we state and prove the following main theorems of this paper.

Theorem 2.1. Let (X,d, W) be a complete convex metric space. Let {T; :
i € N'} be a finite family of asymptotically quasi-nonezpansive mappings from
X into X, that is,

d(Tzf"'x,pi) < (1 + hn(i))d(w’pi)
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forallz € X, p; € F(T;), i € N. Suppose that F # 0 and that z9 € X,
{Bn} C (s, 1—s)forsomes€(,2) Eh(,)<oo (i € N), E’yn<oo

and {un} is arbitrary bounded sequence zn X. Then the zmplzczt iteration

process with error {z,} generated by (1.4) converges to a common fized point
of {T; : i € N'} if and only if

liminf Dy(z,,F) =0,
n—00

where Dy(z,F) denotes the distance from x to the set F, i.e., Da(z, F) =
nel;-' d(z,y). :
v

Proof. The necessity is obvious. Thus we will only prove the sufficiency. For
any p € F, from (1.4), where n = (k—1)N +14, Ty, = Tyy(mod &) = T, i €N,
it follows that
d(xmp) = d(W(wn—lyTik-'Um Un; On, Pn, 'Yn),p)
< and(®n-1,p) + ,Bnd(Tikwmp) + Ynd(un, p)
< and(xn——lap) + ﬂn(l + hk(i))d(m'n,p) + '7nd(un’p) (2'1)
< ond(Zp-1,p) + (Bn + hk(i))d(wmp) + Ynd(tun, p)
< and(Tp-1,p) + (1 —an + hk(i))d(mmp) + Ynd(n, p),
for all p € F. Since nhn;‘J ~vrn = 0, there exists a natural number n, such that

for n > ny, v, < §. Hence

S S
an:l_ﬂn—7n21—(1*8)—-2—=§

for n > n;. Thus, we have by (2.1) that
and(zn’p) < and(wn—l’p) + hk(i)d(wn, p) + 'Ynd(unap)

and
d(w'n,p) S d(m'n—-l,

h ,
k() 7"n"d(um p)
Gn Gn (2.2)

2 2 :
< d(@n-1,p) + ;hk(i)d(zn’p) + ;7nd(ump)°
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oo
Since Y hy;) < oo foralli e N, nliI%O hn(i) = 0 for each i € N. Hence there
n=1 -

exists a natural number ny, as n > 3 +1lie, n>ny such that
s ,
hn(i)SZ, VieN.

Then (2.2) becomes

8 2
< —_— _ —————d(Un, p)- 2.3
d(zn,p) < s—th(.-)d(w" Lp)+ 5 2hny (un, P) (2.3)
Let
8 th(,-)
1 IS e— ———
+ Ak(t) 88— th(,') 1+ 8 — 2hk(,;)
Then
k@) = 52 2hgiy s k()
Therefore

o0 4
ZAk(i) < ;th(i) <oo, VieN
k=1 k=1

and (2.3) becomes

2
d(zn,p) < (14 Ag())d(Tn-1,p) + T’Ynd(“n,P)
8 — k(i) (2.4)

4
<1+ Ak(i))d’(wn—l,p) + ;’YnMa VpeF,

where, M = sup d(un, p). This implies that
n>1

4M
Dy(zn, F) < (1+ Ak(i))d(l‘n__h]:) + —;——'yn.

o0 o0
Since Y Ak < oo and Y Yn < 00, from Lemma 2.1, we have
k=1 n=1

lim D4(zn,F) =0.
n—oo
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Next, we will prove that the process {z,} is Cauchy. Note that when a > 0,
1+a < e?, from (2.4) we have

4M

d(Zntm:P) < (1+ Br(i))d(Zntm-1,P) + —TYntm

aM
< (1+ Agg) [(1 + Ag(i))d(@nim—2,P) + —s'7n+m—1]
4M
T e
4M
< (14 k)’ [(1 + Ak (i))d(Tn+m—3,D) + T7n+m—2]

4M
+ T(l + Ak:(i))(')'n+m—1 + Yntm)
< (1+ Agi))d(@ntm—3,p)

4M
+ P (1 + AIc(z'))s('7'7t-i°m—2 + Yn4m-1 + 'Yn+m)
S...

(2.5)

- <exp { f: i Ak(i)}d(-’b‘mp)

i=1 k=1
N oo n+m
4M
e { Y Mo} 2w
i=1 k=1 Jj=n+1

< Mld(xmp) +

AMM! ST
Z Yis

@

Jj=n+1

forallp € Fand n,m € N, whereM’—exp{ Z Z Ak(,)} < 00. Since lim

Dd(z‘ny ‘7:)

i=1k=1 n-—00

=0 and Z i@y < oo (i € N), there exists a natural number n;
n=1

such that for n > n,,

&
Dd(mnyf) < m—, and —nzl+17J - 16MM'
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Thus there exists a point p; € F such that d(zn,,p1) < 757 by the definition
of Dg(xn, F). It follows, from (2.5) that for all n > n; and m > 0,

d(mn+m9xn) < d(mn+m,p1) + d(mmpl)

4MM' n+m
< M'd(zn,,p1) + > %+ Md(za,, )
j=ni+1
4MM’ i
Z Vi
j=ni+1
, € AMM' s-¢ , €
<M-ort— tanr M or
AMM' s-¢
s 16MM'
=e. '

This implies that {z,} is Cauchy. Because the space is complete, the process

{z,} is convergent. Let lim z, = p. Moreover, since the set of fixed points
n—oo

of asymptotically quasi-nonexpansive mapping is closed, so is F, thus p € F
from 7}_1{20 Dy(zn,F) = 0, i.e,, p is a common fixed point of {T; : i € N'}.
This completes the proof. O

If u, =0, in Theorem 2.1, we can easily obtain the following theorem.

Theorem 2.2. Let (X,d,W) be a complete convex metric space. Let {T; :
i € N'} be a finite family of asymptotically quasi-nonezpansive mappings from
X into X, that is,

d(T‘inm’pi) < (1 + hn(i))d(wapt)
foralz € X, p; € F(T}), i € N. Suppose that F # 0 and that z¢ € X,
{an} C (8,1 — 8) for some s € (0,1), E hni < 00 (i € N). Then the

implicit iteration process {z,} genemted by (1.5) converges to a common
fized point of {T; : i € N'} if and only if

liminf Dy(zn, F) = 0.

n-—oo

From Theorem 2.1, we can also easily obtain the following theorem.



A finite family of asymptotically quasi-nonexpansive mappings

Theorem 2.3. Let (X,d, W) be a complete conver metric space. Let {T; :
i € N'} be a finite family of quasi-nonezpansive mappings from X into X,
that s,

d(Tiz,p;) < d(z, p;)
foralz € X, p; € F(T}), i € N. Suppose that F # § and that 2o € X,
o0
{an} C (8,1 — 8) for some s € (0,1), 3 v < o0 and {us,} is arbitrary
: =1

n=
bounded sequence in X. Then the implicit iteration process with error {z,}
generated by (1.4) converges to a common fized point {T; : i € N'} if and
only if ‘

liminf Dy(z,,F) =0

n—00

Remark 2.1. The results presented in this chapter are extensions and im-
provements of the corresponding results in Wittmann [15], Xu-Ori [16] and
Sun [12].
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