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We have derived the explicit velocity distribution function of the steady-state Boltzmann
equation for hard-core molecules to second order in density and the temperature gradient. [1]
We correct some mistakes in the results in this addenda.

The second-order coefficients Bjl in eq.(38) in our recent paper|l] should be written in

the form:
— (0, 7)* — (9,T)%] + bo.T [20°T — 02T — 92T } .

(1)
Values for the constants b%. and b2, are summarized in Tablelll o, n, T are the diameter of
hard-core molecules, density and temperature of gases, respectively. Owing to the properties
of the spherical harmonic function|[2], B,S,)H can be obtained by replacing 2(9,T)*—(9,T)* —
(0,T)?* and 20T — O°T — 8§T in eq.(ll) by 60,70,T and 60,0,T, respectively, using an
axis change. Similarly, C{)™ can be obtained by replacing 2(8.T)* — (9,T)2 — (9,T)? and
20°T — 92T — 02T by 60.T9,T and 60.0,T, respectively. B,g)n can be obtained by replacing
2(0.7)* = (0,T)* — (9,T)* and 20°T — 02T — 02T by 6[(9,T)* — (9,T)%] and 6(I;T —
8§T ), respectively, via an axis change; C’,S,)H by replacement by 120,70,T and 120,0,T,
respectively.

The calculation of B} in Appendix D of our paper[l] should be also changed as follows.
Equations (D-4), (D-5) and (D-6) become

o - o (o) R - @ - 01

16 \/2702T2 \2kT 2
— buT 20T — 92T — 9;T)} (2)
and
% = 15_6 \/ﬁlo—wz (QZLT) 2
X {[2 0.7)* — (8, T)* - (0,T)°] an — 3512]
+ T [202T — 02T — 92T [byy — 2bya] } (3)
and
D = 1% \/%102T2 (2:;) 2
<A RO = @7 = O] [~ 10+ P + @t P = b
+ T[20T — 02T — 2T [—(r + )byt + bi] } (4)
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respectively. Here m and k are the mass of hard-core molecules and the Boltzmann constant.
No other corrections appear in the calculation of Bil in Appendix D of our paper[l]. We
emphasize that the final form and the numerical values by, by, and by, of the velocity
distribution function to second order in eq.(39) of our paper[l] which we have used to
calculate thermodynamic quantities are unchanged. We also note that the 4th approximation
by in Table I1T of our paper|[l] still deviates from Burnett’s 4th approximation by by a factor
1.003.[2] This deviation is considered to be due to errors in Burnett’s calculation, as was
indicated in our paper[l]. Furthermore, we note a miss print in eq. (A-4) of our recent

paper[l]. Its correct form is

kE+1 3 k

Gk,r = 2k+3{(k+r+§)8k+l,r_Bk+1,r71}+ 2%k — 1

{Br-1, — (r+1)By_1r41}-
(5)

Finally, we correct the numerical values A7, in each component of the kinetic temperature
T; for i = z,y and z. In eq.(44) of our paper[l], the values of A, should be identical with
those of A% in Table IV of the paper|[l]. We also indicate that the second-order pressure
tensor in eq.(43) of our paper|l] should be uniform from the solubility conditions for the

third-order solution <;5§3).

[1] Kim H.-D. and H. Hayakawa: J. Phys. Soc. Jpn. 72 (2003) 1904.
[2] D. Burnett: Proc. Lond. Math. Soc. 40 (1935) 382.



TABLE I: Numerical constants b3, (upper) and b (lower) in eq. ()

r r<4 r<5b r<6 r<7

0 7.065x 1073 7.312x 1073 7.366 x 1073 7.380 x 1073

1 —1.654 x 1071 —1.647 x 1071 —1.646 x 107! —1.646 x 10!

2 5970 x 1072 6.040 x 1072 6.055 x 1072 6.059 x 102

3 4593 x 1073 5.071 x 1073 5.166 x 103 5.190 x 1073

4 — 3.364 x 107% 3.824 x 1074 3.930 x 10~*
5 — — 2.495 x 107° 2.888 x 10~
6 - — — 1.726 x 106
r r<4 r<b5b r<6 r<7

0 8119 x 1072 8117x1072 8.116 x 1072 8.116 x 1072

1 —7.380 x 1072 —7.388 x 1072 —7.390 x 10~2 —7.390 x 102

2 —7.001 x 1073 —7.090 x 1073 —7.108 x 1073 —7.113 x 1073

3 5.828 x 107* 6.469 x 10~* —6.595 x 10~* —6.626 x 10—+

4 — —4.897 x 107° —5.541 x 107> —5.687 x 107°
5 — - —3.796 x 1076 —4.365 x 1076
6 — — — —2.716 x 1076
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I. INTRODUCTION

The kinetic theory has long history and various investigations have been carried out
analytically, numerically and experimentally.H7 B, B, u, B, ] Text books on the Boltzmann
equation[d, I8, 9, [10, [11] show the fact that the Boltzmann equation has attracted much
interest among researchers of kinetic phenomena. It is well accepted that the Boltzmann
equation is one of the most reliable kinetic models for describing nonequilibrium phenomena.

A number of studies on the Boltzmann equation have been based on two representative
models of molecules: hard-core molecules and Maxwell moleculesﬂ, E, . Maxwell
molecules interact via a force that is inversely proportional to the fifth power of the distance
r, that is, Maxwell molecules interact via a central potential proportional to r=*. It is well
known that calculations involving the Boltzmann |ﬂuation for Maxwell molecules become

, B, E, B, m, B] In order to obtain

the velocity distribution function of a dilute gas system in a nonequilibrium state, various

much easier than those for hard-core molecules.ﬂ,

methods, such as the Chapman-Enskog method, the Grad method and the Hilbert method,
have been presented.H, B, B, u, B, H, H, B, B, E], |£|, M, E, m, H, E, m, Q] They are well
known as methods to derive the normal solutions of the Boltzmann equation.

Other kinetic models besides the Boltzmann equation, such as the linearized Boltzmann
e uationﬁ, |£| and the Bhatnagar-Gross-Krook (BGK) equationB, EJ, Q, @, @, H, IQ,
@, Q, , g, @], have also been proposed in order to avoid mathematical difficulties
in dealing with the collision term of the Boltzmann equation. It has been believed that
results of those kinetic models approximately agree with those of the Boltzmann equation,
though they are accepted as quantitatively different ones from the Boltzmann equation:
e.g. the Prandtl number is 2/3 for the Boltzmann equation, while it is 1 for the BGK
equation. M, Ig] The BGK equation retains important properties of the Boltzmann equation,
such as the conservation laws and the H-theorem. It has been felt that characteristics
of molecules, such as hard-core molecules and Maxwell molecules, can be absorbed into
the relaxation time 7. The most important contribution concerning the solution of the
BGK equation has been made by Santos and his coworkers.@, E, @, @, Q, H, Q, Q]
They have solved the steady-state BGK equation exactly and C]ﬁmred its exact solution

b, b, b, ) They

have concluded that the Chapman-Enskog solution is asymptotically correct, although the

with the Chapman-Enskog solution derived to arbitrary order.



Chapman-Enskog series diverge.[20, 27, 28, 29, 30] They have also compared high order
velocity distribution function for the steady-state BGK equation with that for the Boltzmann
equation for Maxwell molecules under uniform shear flow.[31, 32, 133]

On the other hand, it had been believed that Burnett[11] determined the complete second
order solution of the Boltzmann equation by the Chapman-Enskog method.[l] Importance
of the second-order coefficients has been demonstrated for descriptions of shock wave profiles
and sound propagation phenomena.[34, 135, 136, 37] However, we have realized that Burnett’s
solution[15] is not complete. Though there are various studies on the transport coefficients
of the Boltzmann equation to second order|l, 2, 3, [19, 20, 38, 39] or even to third order[34],
we have found that nobody has derived the explicit velocity distribution function of the
Boltzmann equation for hard-core molecules to second order. This is a result of mathe-
matical difficulties, as was indicated by Fort and Cukrowskij4(]. For Maxwell molecules,
Schamberg[16] has derived the precise velocity distribution function of the Boltzmann equa-
tion to second order by the Chapman-Enskog method, while Shavaliev[17] has derived it
implicitly by the moment method.

In this paper, we derive the explicit velocity distribution function of the steady-state
Boltzmann equation for hard-core molecules to second order in density and temperature
gradients by the Chapman-Enskog method. The derivation of it is of some physical signifi-
cance. For example, it has been required for calculating a nonequilibrium effect on the rate
of chemical reaction|4(], because the nonequilibrium effect on the rate of chemical reaction
does not appear to first order and it cannot be calculated by the moment method. [41] There
also exists a need to confirm the existence of universal nonlinear nonequilibrium statistical
mechanics from the microscopic viewpoint as mentioned in ref.[4(], so that it is necessary to
derive the explicit velocity distribution function of the steady-state Boltzmann equation for
hard-core molecules to second order and compare it with that for Maxwell molecules. Addi-
tionally, the derivation of the explicit second-order solution of the steady-state Boltzmann
equation for hard-core molecules by the Chapman-Enskog method will contribute to an un-
derstanding of the difference or the correspondence between the Chapman-Enskog method
and the Grad method by the direct comparison of the solution by the Chapman-Enskog
method with that by the Grad method. In the present paper, we also discuss the relation
between the steady-state Boltzmann equation and the steady-state BGK equation which
has not been fully understood yet.



The organization of this paper is as follows. In §IIl we will introduce the Chapman-
Enskog method to solve the steady state Boltzmann equation. In §[IIl, we will derive the
explicit form of the velocity distribution function of the steady-state Boltzmann equation for
hard-core molecules to second order in the density and temperature gradients. In particular,
the result for the first-order coefficients is shown in eq.(B3]), and the results for the second-
order coefficients are shown in eqs.([B7) and (B8). The velocity distribution function of the
steady-state Boltzmann equation to second order for hard-core molecules is shown explicitly
in eq.(BY9) and graphically in Figl, and compared directly with that for Maxwell molecules
@0) in FigBl In §IV], we will apply the velocity distribution function to second order for hard-
core molecules (BY) and those for Maxwell molecules () and the steady-state BGK equation
to a nonequilibrium steady-state system under steady heat conduction and calculate some
thermodynamical quantities. We stress the existence of the qualitative differences among
hard-core molecules, Maxwell molecules and the steady-state BGK equation in the pressure

tensor (B3) and the kinetic temperature ([#4l). Our discussion and conclusion are written in

gVl and V1], respectively.

II. METHOD FOR SOLVING THE STEADY-STATE BOLTZMANN EQUATION

Let us introduce the Chapman-Enskog method to solve the steady-state Boltzmann equa-
tion in this section. Assume that we have a system of dilute gases in a steady state, with
velocity distribution function f; = f(r,vy). The appropriate steady-state Boltzmann equa-
tion is

V1'Vf1:J(f1,f2)> (1)

where the collision integral J(f1, f2) is expressed as

st = | [ [ s sipgaed, 2)

with f| = f(r,v]) and f} = f(r,v}): v{ and v} are postcollisional velocities of v; and vs,
respectively. The relative velocity of two molecules before and after the interaction has the
same magnitude g = |v;—vsy| ; the angle between the directions of the relative velocity before
and after the interaction is represented by x. The relative position of the two molecules is
represented by b, called the impact parameter, and e represents the orientation of the plane
v/

in which g and g’ = v| — v} belong. The impact parameter b depends on the kind of
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interactions between molecules. Note that x can be expressed as a function of b for a central
force. (see Figll)

Suppose that the velocity distribution function f; can be expanded as:
fi=A"+ A+ A = 1O o ), 3)

fl(o) is the local Maxwellian distribution function, written as

with m mass of the molecules and « the Boltzmann constant. n(r) and 7'(r) will be identified

later as the density and the temperature at position r, respectively. Substituting eq.(B) into
the steady-state Boltzmann equation ([II), we arrive at the following set of equations which

we will solve completely in this paper:
LIt = vi- V11, (5)
to first order and
LUA"I0Y = v VR =T 1Y), (6)
to second order. The linear integral operator L[ fl(o)] is defined as
LIf9x, = / / / FO RO X — X, + X) — Xo)gbdbdedv,. (7)
The solubility conditions of the integral equation (H) are given by
/ dvy - Vv, =0, (8)
where ®; is one of the collisional invariants:
1

(I)l = 1, (I)Q =mvy, (I)g = §mvf (9)

Substituting eq. (@) into the solubility conditions (), it is seen that nkT is uniform in the
steady state. We use this result in our calculation. Similarly, the solubility conditions of the

integral equation (@) are given by

/(I)ivl Vv, = 0. (10)



To construct solutions of the integral equations (Bl) and (@) definite, five further conditions

must be specified; we identify the density:

mz/mm:/ﬁ%w, (11)

r mv? mv?
Lo [P v = [ 0, (12)

the temperature:

and the mean flow:
CO = /mvlfldvl = /mvlfl(o)dvl. (13)

Here we assume that no mean flow, i.e. Cy = 0, exists in the system. The introduction of
these conditions distinguishes the Chapman-Enskog adopted here from the Hilbert method
in which the conserved quantities are also expanded.|[2] We assert that conditions (1), (T2)
and (I3) do not affect all our results in this paper. It should be noted that, to solve the
integral equations (H) and (@), we should consider only the case in which the right-hand
sides of egs.(H]) and (@) are not zero: if the right-hand sides of egs.(l]) and (@) are zero,
the integral equations (B) and (@) become homogeneous equations which do not have any

particular solutions.[2]

III. BURNETT’S METHOD
A. A general form of the velocity distribution function

To solve the integral equations ({) and (@), Burnett|15] assumed a general form of the

velocity distribution function:

00 JeS)

ﬁ::f%}2ﬂﬂr+3ﬂ%ﬂrq+§:<zﬂJ2§:HNk+r+gﬂh@Q@ﬁ( 2)]. (14)

r=0 r=0
Here ¢; = (m/2kT)"?v; is the scaled velocity and I'(X) represents the Gamma function.
S (X) is a Sonine polynomial, defined by
Xw

(1—w) Flemizw 53 L(p+k+1)SPX)w? (15)

Yjr(c1) is a linear combination of spherical harmonic functions:

Ed

Yir(€1) = Bi Ya( BPYP(c)) + P 2P (1)), (16)

p=1



where By, B,(f;) and C,g’;) are coefficients to be determined. Introducing the normal spherical
coordinate representation for ¢y, i.e. ¢i; = ¢;sinf cos ¢, ¢, = ¢y sinfsing and ¢;, = ¢; cos 0,

the spherical harmonic functions Yj(cy), Yk(p )(cl) and Z}gp )(cl) are expressed as

k
2T\ 2
Yi(c)) = (%) FPy(cosh), (17)
and
2T 2
V) = (17 (250 ek cos o) cospo (18)
and
k
2T\ 2
Z,(gp)(cl) = (-1)? (%) c’fP,ip)(COSQ) sin po, (19)

with the Legendre polynomial Py(cos ) and the associated Legendre polynomial Pk(p ) (cos®).

Assumption of the velocity distribution function of eq.([dl) has some mathematical ad-
vantages in our calculation. Firstly, it is sufficient to determine the coefficients By, because
B ,8:,) and C,S,) can be always determined from By, by a transformation of axes owing to the
properties of the spherical harmonic functions ([), (I8) and ([Id). We call B, Bl(f;) and C,S,)
the family of By,. Secondly, some important physical quantities are related to coefficients
B, B,(f;), C,gf): e.g. the density (), the temperature ([2Z) and the mean flow ([3)) with f;
in eq.(I4) lead to the five equivalent conditions[15, [16]:

Bo=1 Byp=BY=c) =0 By=0 (20)

Similarly, the pressure tensor P;; defined by
5 0
P = (%) i /Oo deymeyies;fi, (21)
for 7,7 = x,y and z is related to the family of Byy, which is the only family in which Burnett
was interested.[15]
The coefficients By, except for those in eq.(20) can be calculated as follows. Multiplying
the steady-state Boltzmann equation ([II) by

1

Qur(er) = (k+ V(g ) ¥ile)Sp, 4 (). (22)



1/2¢,, it is found that

(37 <o -
3
<¥) ////(Q;cr_ri)flfQ.gbdbdedCQdcl’ (23)

where < X >,, represents (257/m)%? [ X fidc,, and @}, represents the postcollisional
Qrr- We should calculate both sides of eq.(Z3) for every k and r, because eq.([Z3)) leads to

and then integrating over (257" /m)

KT\ ?
- (L> <Cy- Vri > av +V :

m

equations to determine By,., as will be shown in Appendices [(] and

For convenience, we introduce ), and Ay, as the left-hand and right-hand sides of

eq.(23), respectively, i.e.

24T 2
ri = - (%) <Cp- var > aw +V -

(y) ’ < Cler >av] ) (24)
m

Ay = (%)3 [ ][] [@. - amnngamcc.de (25)

We will calculate €, and Ay, separately. The result of €2, becomes

and

n 2kT 1 k
ri = T(?)i[(T+ 5)(Dk’raxT‘|‘Ekﬂ»ayT‘FGk,razT)
— (Dpyp—10,T + Eip—10,T + G r—10,T)]
28T 1 28T 1 28T 1
+ 0, {n( - )QD,W} +9, {n( - )Ek} +0. {n( - )2Gk,r}, (26)

where 0,X denotes 0X/0i for i =,y and z. Dy, Ei, and Gy, are functions of the family
of By,, as is written in Appendix [Al

B. The collision term Ay,

Next, we calculate the collision term Ay, in eq.(28). We should specify the kind of
interactions of molecules so as to perform the calculation of the collision term Ay,; the
impact parameter b is explicitly determined by specifying the type of interaction. For hard-

core molecules, the impact parameter b is given by the relation

b= o cos %, (27)



where ¢ is the hard-core molecular diameter and x is the scattering angle (see Figll). There-
fore, Ay, for hard-core molecules, i.e. Al becomes|15]

0.2

" X X
Al = % [ IR0 = Fa0))sin g cos Y. (28)

where F} (x) is defined as

= (20 [ [ [ @unsraciee, 29

and we have used FY (0) = (2T/m)? [ [ [ Qgrf1f29*dedeade;. Note that y = 0if b > o.

For Maxwell molecules, the impact parameter b is given by the relation
1
bdb =~ H (x)dx; (30)

where H () is a function of x.[6, [12, [13, [14] Therefore, Ay, for Maxwell molecules, i.e. AM

becomes

AM = / "2 — FL.0)H(x)dx. (31)

Since AM has been calculated by Schamberg|16], we will calculate only Al in this paper.
Schamberg’s result for AM is briefly summarized in our web page.|42]

From eq.(28), it is sufficient to calculate F}! () for Al The details of F} () are written
in Appendix [Bl Several explicit forms of All are also demonstrated in Appendices [ and
Dl From the definitions (24]) and (23), both sides of eq.([23) for arbitrary & and r can be

calculated for hard-core molecules via
Qgr = AET’ (32)

which produces a set of simultaneous equations determining the coefficients Bj,., as is ex-

plained in Appendices [ and [Dl Here Q! denotes Q, in eq.(@H) for hard-core molecules.

C. Determination of By,

We will determine the first-order coefficients B}, and the second-order coefficients By
in accordance with the previous two subsections, which corresponds to solving the integral
equations (H) and (@), respectively. Here the upper suffices I and IT are introduced to specify
the order of By,.. We have provided an example of our Mathematica program for calculating

these coefficients.[42]



1. The first order

We show the results of the first-order coefficients Bj,. of which the solution of the integral

equation (H), ¢§1), is composed. They can be written in the form:

15 0, T
B, = 0 1b1p— ————. 33
b= TRUN6 Voo T (33)

Values of the constants by, are given in Table [ The calculation of B}, is explained in
Appendix [ Tt is seen that B} is of the order of the Knudsen number K, which means that
the mean free path of molecules should be much less than the characteristic length for changes
in the macroscopic variables. Though Burnett derived B}, only to 4th approximation, i.e.
B;, for r < 4, we have obtained B}, for r < 7 in this paper. This ensures the convergence of
all the physical quantities calculated in this paper. It should be mentioned that our values
of Bl for r < 4 agree with Burnett’s values|15]. Once Bj, have been calculated, B 1)1 can
be written down directly by replacing 0,7 by 0,7 by symmetry, owing to the properties of
the spherical harmonic function[15]; C,S,)I can also be obtained similarly by replacing 0,7

)

by 0,T. Note that other terms, such as B,gi)l, do not appear because p in B,(f; must be k

or less from eq.([[H). Substituting all the first-order coeflicients derived here into eq.(IH), we

can finally obtain the first-order velocity distribution function fl(l)

2. Solubility conditions for ¢§2)

Since the first-order velocity distribution function fl(l) has been obtained, the solubility
conditions of the integral equation () should be considered before we attempt to derive an

expression for gb?). The solubility conditions for gb?), that is, eqgs. () lead to the condition
V-JW =0, (34)

where JM | i.e. the heat flux for fl(l), can be obtained as

26T\ ?
W= <W) / ey e, Y

75 (KT
= —b11@< ) EVT, (35)

with the appropriate value for by; listed in Table [l It must be emphasized that, since J@,
i.e. the heat flux for fl(Z), does not appear, the solubility conditions of the steady-state

10



Boltzmann equation for gng) lead to the heat flux being constant to second order. From

eqs.([3) and (BH), we also obtain an important relation between (V71)* and V2T, namely

(VT)?
StV =0 (36)

Owing to the relation (B8), terms of V27" can be replaced by terms of (V).

3. The second order

We write down the results of the second-order coefficients By of which gb?) is composed.

We can determine the second-order coefficients Bl appearing in eq.(Id) as

bOr

1
By — o
O roin2T?

(VT)*. (37)

Values for the constants by, are summarized in Table [l The calculation of B{\. is shown in
Appendix[Dl It must be emphasized that Burnett did not obtain the second-order coefficients
Bl because he was only interested in the family of the coefficient B, which is related
to the pressure tensor P;;.[15] The necessity of the second-order coefficients BLL for the
calculation of some physical quantities will be discussed later. We have calculated Bf. to
7th approximation, i.e. B{L for r < 6 in this paper.

The other second-order coefficients B} in eq.([d) can be written in the final form:

5k,2b2r

BH —
kr ™ roin2T?2

2(0.T)* — (8,T)* — (0,T)°] - (38)

Values for the constants by, are summarized in Table[TIl The calculation of B}l is explained
in Appendix[Dl Our 4th approximation Bl deviates from Burnett’s 4th approximation B}
by a factor 1.003. This deviation is considered to be due to errors in Burnett’s calculation
of the second and the third terms on the right-hand side of eq.(DIf). Although Burnett
obtained B}l only to 4th approximation, i.e. Bjl for r < 3, we have obtained Bj. to 7th
approximation, i.e. B for 7 < 6 in the present paper. Owing to the properties of the
spherical harmonic function[15], Blilr)ﬂ can be obtained by replacing 2(9,7)? — (9,T)? —
(0,T)* in eq.@B8) by 60,79, T using an axis change; similarly, C’,S,)H can be obtained by
replacing 2(8.T)% — (8,T)2 — (8,T)* by 69.T9,T, and B> can be obtained by replacing
2(0.T)2 — (0,T)% — (8,T)2 in eq.@) by 6[(0,T)% — (8,T)% via an axis change; C" by
(3)I1

replacement by 120,70,T. Note that other terms, e.g. B}, do not appear because p in
B,S)H must be k or less, from eq.(IH).

11



One can see that both of Bl and B}l are of the order of K?. As is mentioned in Appendix
D, we have found the fact that Bj. for k = 4, 6 and 8 do not appear, which strongly suggests
that Bl for all k greater than 2 do not appear. Thus, we expect Bj. = 0 for k # 2 although
Burnett[15] had believed that they would appear. We have calculated the second-order
coefficients now, so that we finally obtain f1(2) by substituting the second-order coefficients

obtained here into egs.([[4]) and (I4).

4. The velocity distribution functions to second order

The velocity distribution function for hard-core molecules which we have derived in
I CTl and [T C3 valid to second order is now applied to a nonequilibrium steady-state

system under the temperature gradient along z-axis. It can be written as

Al,  m . 5
_ o e 3N by, D(r + 2) S5 (c?
= fOg 5b11n/£T(2/iT) T§>1r el (r 4 5) 55 (¢%)
4096m.J2 3
x 16n..T 2)87% (c?
T 562507, T [;>2 rlbo T (r + )83 (c?)
7
9 2 2 r 2
! r>0 T!b2r<20$ o Cy - CZ)F<T + 5)53 <C )]}7 (39>

where the specific values for by, by, and by, are found in Tables [, [ and [T, respectively,
and J, corresponds to the x component of the heat flux in eq.([BH). Note that we have
changed c; to c. Figure] provides the explicit form of the second-order velocity distribution
function of the steady-state Boltzmann equation ¢ (c) for hard-core molecules with 7th
approximation by, and by,, scaled by m.J?/n?x*T3. Figure B shows that the scaled ¢ (c)
for hard-core molecules is strained symmetrically.

In order to compare the macroscopic quantities for hard-core molecules with those for
Maxwell molecules, we also adopt the velocity distribution function for Maxwell molecules
derived by Schamberg[16] for our calculation of the macroscopic quantities. We apply Scham-
berg’s velocity distribution function to a nonequilibrium steady-state system under the tem-
perature gradient along z-axis, that is, we take out the differential coefficients with respect to
time ¢ from Schamberg’s velocity distribution function and also use the solubility condition

B2) for Maxwell molecules. The precise velocity distribution function of the steady-state
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Boltzmann equation for Maxwell molecules to second order finally becomes|16]

AT, m . 7 4096m.J2 3
= fO1 — —(=——=)2buce,[(2)S5(c?) + ——— 2= bo, (1 + =) 5% (c?
J=IT = g Q)P nel (5)S; (e )+5625n2/<3T3[r22:3T orl(r+3)53(c)
7 T
+ Z rlbo (2¢3 — ¢ — )D(r + §)Sg(c2)]} (40)

r=1,2

As can be seen from egs.(BY) and (), the explicit form of the velocity distribution function
for hard-core molecules becomes the sum of an infinite series of Sonine polynomials, while
the precise form of the velocity distribution function for Maxwell molecules is the sum
of five Sonine polynomials. Figure [ gives the direct comparison of the scaled ¢®s in
eq.Bd) with 4th, 5th, 6th and 7th approximation by.s and by,s with the scaled ¢ in
eq.@™). It should be mentioned that, as Figl shows, the scaled ¢ in eq.[3) has not
yet converged to 4th approximation. Furthermore, in this paper, we adopt the precise
expression of the corresponding velocity distribution function for the steady-state BGK
equation, though we do not write down the explicit form of it, which can be reduced from
the general form of the the Chapman-Enskog solution for the steady-state BGK equation to
arbitrary order[26, 21, 28, 29, 13d]. We mention that ¢ for the steady-state BGK equation
is identical to that for the steady-state Boltzmann equation for Maxwell molecules appearing

in eq.(@[), while ¢?s are different from each other.

IV. THERMODYNAMIC QUANTITIES

We can introduce the general form of the heat flux as
Jy = —wT?0,T, (41)

where ¢ indicates temperature dependence of the thermal conductivity and w is a constant
that depends upon microscopic models. J, is constant from the solubility condition (B4).
For example, ¢ is calculated as 1/2 for hard-core molecules and 1 for Maxwell molecules; w is
determined as 7511k (k/mm)'? /6402 with by ~ 1.025 for hard-core molecules ( see eq.(B3))
and 5k2(2m/G)"/? /4 A for Maxwell molecules|[14], where G is the constant of proportionality
between the intermolecular force and the reciprocal fifth power of the distance, and A is
a number constant erroneously evaluated as 1.3682 by Maxwell[12, [13] and recalculated as

1.3700 by Chapman[43]. Note that ¢ and w cannot be determined explicitly from the BGK
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equation. From eq.(HIl), the temperature profile T'(z) in the nonequilibrium steady state

can be determined as

T(r) = [0 ~ (o + 1) Za]ohs

Jo ©J?

= TON = 70 ~ sz )

(42)

to second order. The temperature profile T'(x) becomes nonlinear except for ¢ = 0. This
fact is in accord with a numerical result that a temperature profile becomes nonlinear as the
heat flux becomes larger.[44]

Using eq.(Z1l), the pressure tensor P,; in the nonequilibrium steady state can be obtained

as

.. J2
Pij = n/iT[él-j+)\” My

PnzﬁsTs]’ (43)

with the unit tensor J;; and the tensor components )\Zg given in Table [Vl Note that the
off-diagonal components of A are zero and A% = A% is satisfied. The values of A} for 7th
approximation by,., by and by, for hard-core molecules, i.e. 7Tth approximation )\’g seems to
be converged to three significant figures, as can be seen from Table [Vl We find that )\g
for hard-core molecules differs from that for Maxwell molecules not only quantitatively but
also qualitatively: A\3' # A% = A% for hard-core molecules in the nonequilibrium steady
state, while A% = A% = A% = 0 for Maxwell molecules. For hard-core molecules, P,,
becomes smaller than P, and P,, regardless of the sign of J,. It is also important that,
since nkT is required to be uniform from the solubility conditions for ¢(!) in eq.(8), we find
from eq.(#2) that P;; in eq.(#3) is uniform to second order in the steady state. Additionally,
since the temperature profile T'(z) has already been given in eq.(@2), we can determine the
density profile n(x) to second order for uniform P,;. Note that the equation of state in the
nonequilibrium steady state is not modified to first order, and that )\g for the steady-state
BGK equation is identical with that for Maxwell molecules.

Each component of the kinetic temperature in the nonequilibrium steady state, i.e. T;

* mc
/_dc2f

for i = z,y and z is calculated as

nrl; 25T
2 m

N

nkT m.J?
= g A 4



for i = z,y and z. Values for the constants \r, for i = z,y and z are given in Table [Vl Note
the relation Ay, = Ar,. Ag; with 7th approximation by, by, and by, for hard-core molecules,
i.e. Tth approximation Az seems to converge to three significant figures, according to the
results reported in Table [Vl Since nkT and J, are uniform, we see that the correction
term of 7} in eq.(#d) is independent of x. The value of Ap for hard-core molecules is
seen to be qualitatively different from that for Maxwell molecules: Ay, # Ar, = Mg, for
hard-core molecules in the nonequilibrium steady-state, while Ay, = A, = Ay, = 0 for
Maxwell molecules in that state. For hard-core molecules, T, becomes smaller than 7}, and
T, regardless of the sign of J,, which means that the motion of hard-core molecules along the
heat flux becomes dull. We note that T} for the steady-state BGK equation is identical with
that for Maxwell molecules, and that, to first order, T; for hard-core molecules is isotropic.

The Shannon entropy in the nonequilibrium steady state S is defined via

—K (ﬁ) / dcf log f
m —00
m.J?

m \2] 3
= —nklog [n (m) } + g + ASnKPTZS' (45)

Values for the constant Ag are given in Table [Vl \g for 7th approximation by,., by, and

S

by, for hard-core molecules, i.e. 7th approximation Ag seems to converge to four significant
figures, see Table [Vl It is found that Ag for hard-core molecules is close to that for Maxwell
molecules, while the latter is identical with that for the steady-state BGK equation. Note

that the Shannon entropy in the nonequilibrium steady state is not modified to first order.

V. DISCUSSION

It is noteworthy that all macroscopic quantities now become able to be calculated directly
from the explicit velocity distribution functions of the steady-state Boltzmann equation to
second order. Actually, as in Appendix [E], we examine the nonequilibrium steady-state ther-
modynamics(SST) proposed by Oono and Paniconi|4f], and extended by Sasa and Tasaki[46]
by using the velocity distribution function to second order for hard-core molecules we have
derived in §I] and that for Maxwell molecules. As a result, our results do not support
SST. We mention that the full information of the second-order coefficients Bl and Byl is
necessary for the calculation of some physical quantities in the test of SST. (see Appendix

[El) Furthermore, as indicated in the introduction, the other important application of the
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explicit second-order velocity distribution function for hard-core molecules is to evaluate the
nonequilibrium effect on rate of chemical reaction of gases. The line-of-centers model[417]
which is accepted as a standard one requires the full form of the second-order velocity distri-
bution function for hard-core molecules[4(]. Our result enables us to calculate the reaction
rate.[41]

We have found that there are qualitative differences between hard-core molecules and
Maxwell molecules in the nonequilibrium steady state: second-order corrections appear for
hard-core molecules in the pressure tensor F;; and the kinetic temperature 7;, while no
correction to these quantities appears for Maxwell molecules, as Table [V shows. It should
be noted that the qualitative differences between hard-core molecules and Maxwell molecules
still appear no matter which boundary condition is adopted, that is, the isotropy and the
anisotropy of the pressure tensor in eq.(@3) and the kinetic temperature in eq.(ddl) are not
affected by any kinds of boundary conditions. It is conjectured that these differences are
attributed to the special nature of Maxwell molecules: Ay, for Maxwell molecules, i.e. A%
is independent of the magnitude of the relative velocity g, because FP () is independent of
g. In general, Ay, for molecules which interact with each other by a central force depends
on g, because F}. (x) generally depends on g. Therefore, it may be suggested that molecules
which interact via a central potential still have the qualitative differences from Maxwell
molecules: second-order corrections in pressure tensor P;; and kinetic temperature T; may
appear also for such molecules as well as hard-core molecules.

It is also found that the pressure tensor P;; and the kinetic temperature 7; for the steady-
state BGK equation are qualitatively different from those for the steady-state Boltzmann
equation for hard-core molecules but agree with those for the steady-state Boltzmann equa-
tion for Maxwell molecules, as illustrated in Table [Vl Since the Chapman-Enskog solution
of the steady-state BGK equation is asymptotically correct|26, 27, 28, 29, B(0], we may
conclude that the steady-state BGK equation does not capture the essence of hard-core
molecules, but captures that of Maxwell-type molecules. This conclusion indicates the pos-
sibility that even the exact solution of the steady-state BGK equation can be applied only
to Maxwell-type molecules.

Finally, we consider the possibility of the existence of a universal velocity distribution
function in the nonequilibrium steady state. When we express the velocity distribution

function for hard-core molecules to second order using the heat flux J, as in eq.(B9), it be-
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comes independent of the diameter ¢ of the hard-core molecules. However, the explicit form
of the velocity distribution function for hard-core molecules (BY) definitely differs from the
precise form of the velocity distribution function for Maxwell molecules [H) as FigBl shows.
Actually, as mentioned above, we have shown that the results calculated from the former
are qualitatively different from those calculated from the latter. These results indicate that
the characteristics of microscopic models appear in a nonequilibrium steady state solution
and affect even qualitatively the macroscopic quantities of a system in that nonequilibrium
steady state. It can be concluded that a universal velocity distribution function does not
exist in the nonequilibrium steady state even if the velocity distribution function is expressed

only in terms of macroscopic quantities. [4§]

VI. CONCLUSION

The velocity distribution function of the steady-state Boltzmann equation for hard-core
molecules subject to a temperature gradient has been derived explicitly to second order
in the density and the temperature gradient as shown explicitly in eq.(BY) and Figll In
the nonequilibrium steady-state system, qualitative differences between hard-core molecules
and Maxwell molecules are found in the pressure tensor ([#3) and the kinetic temperature
E2): it appears that Maxwell molecules do not possess the characteristics of other models
of molecules which interact with each other by central forces in the nonequilibrium steady-
state system. Additionally, we have found that the steady-state BGK equation belongs to
the same universality class as Maxwell molecules, and that it does not capture the essence of
hard-core molecules. We finally conclude that a universal velocity distribution function does
not seem to exist, as FigBl explicitly shows, even when the velocity distribution function is

expressed only in terms of macroscopic quantities.
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APPENDIX A: THE CALCULATION OF (),

From the definition of Qg,, {2, can be calculated using the mathematical properties of

the spherical harmonic functions and the Sonine polynomials. |15, [16] One can calculate Dy,

Ey, and Gy, defined as

Dk,r = < Clekr >av - (A]-)

S|

1 1
E < Clekr >avs Ek,r = ﬁ < Clkar >av and Gk,r =

The results can be written as

1 3 1 1 1 1 1

Dir = g5l + 5B = B ) = 5 B2, — 0+ DB ), (A2)

and
Bo, = —[(k Sye o L o0 HoY A3
kr — 2k:+3[( +r+ 5) k+1,r k+1,r71] - 9% — 1[ b1, (r+ ) kfl,r+1]7 ( )

and

k+1 3 k
Grr = Sy 3[(l€ +r+ é)Bk—i—l,r — Bry1r1] — m[Bk—l,r — (1 +1)By_1,41). (Ad)
One can also obtain
0, T k

< clx@ngr Sap= —"N T [(T + E)Dk’r — Dk,r—l]- (A5)

Similarly < ¢1,0,Qkr >av and < ¢1,0,Qk, >4, are obtained by replacing the differential
coefficients with respect to x by the corresponding differential coefficients with respect to
y and z, the Dy ,’s by the corresponding Ej ,’s and GY,’s, respectively. Substituting these
results into eq.(24l), Q, finally becomes eq.(20).
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APPENDIX B: THE DETAILS OF Fklr(x)

The details of F} (x) are as follows. Substituting the general forms of f, fo in eq.(Id)
and Q) in eq.(22) into F.(x) in eq.(@d), F} (x) can be written as[15]

FLx) = > W repeprgl B bipe () (B1)

n1,n2,k1,k2,k1>p1>0,k2>p2>0

where the summation with respect to p; and p, is performed from 0 to k; and ks, respectively

as seen in eq.([H). Here ="\7*"7*(y) is the characteristic integral defined as

iy 3 25T

Erhis 00 = Tlka+n1+ )0(ka + 02+ 5 ( ) ///Yk (c1)Y, ") (c,)
x exp|—(c] + cg)]S;+%(c’12)S,jll+% (cl)SZ;F% (c3)gdedcyde;. (B2)

Note that the integrals containing products like Yk(f’ 1)(01)2,?2) 2(cy) are zero, owing to
the orthogonality properties of the spherical harmonic functions, while those containing
Zlill”)( )Z(m)(cQ) are identical with the corresponding integrals =", >""* (). The factor

WiimliP? in eq.(B1)) is defined as

ktkq+ko

ni,n m 3 m 2 1
Wekie, ™ =n* (27mT) (2/<;T) milnal(k + 5)v/'m
7 ) )
W (BP) B o) o)) (B3)

which is obtained from the prefactors and the coefficients in the general form of fi, fo

in eq.[™@) and @}, in eq.(). Note that C**) ¢

kini “kansg
Z(p1)<01)Z(p2)<02>7 and that B\” = B, and C\¥ = 0 from eqs.([@), (T7), () and (Td). The

P z is defined as

appear from the integrals containing

constant \pr !

\Ilii’,g =1 for p=py=0, (B4)
and
Ak — p)! (k2 — p1)!
g2 — for = 0. B5
k1,ko <k1+p1)'(k2+p1)' P1 pQ# ( )
Here \I!p e for p1 # py is not necessary for our calculation.[15, 49] It is found that we

need only to evaluate the characteristic integral =) ";1 "1

ki ko

(x) in order to calculate F}. ().
Our calculation of =/} (y) is written in ref.[49]. Our calculation has been performed

mainly based on Burnett’s method[15]. We have, however, made some modifications on his
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method, which make the calculation of Z 727" (x) much easier.[49] We emphasize that

our calculation could not be carried out completely if we did not make the modifications on
Burnett’s method.

Once the characteristic integral =31 7>"""!(x) has been derived, F (x) is now calcu-
lated from eq.(BT)) with W', """ in eq.(B3). Note that the coefficient term B¥) g2 |

kini1 " kano

C,f; ,11)1 C’,i’; fL)Q in WPt can be determined for each order when the suffices ki, ko, n1, na,

p1 and py are specified.

APPENDIX C: THE CALCULATION OF THE FIRST ORDER COEFFICIENTS
By,

Let us explain how to obtain the first-order coefficients, that is, how to solve the integral
equation ([H). To begin with, we calculate Q} in eq.(ZH) to first order; Q} for first order
corresponds to the right-hand side of eq.(H). For first order, Q}! in eq.(ZH) can be calculated
by substituting Byy = 1 into the expressions of Dy, Ei, and G, in egs.[A2), (A3) and
([A4)): the coefficient Byg = 1 corresponds to f; = f1 and higher-order terms do not appear

in QI for first order. Q. for first order finally becomes

g N -3 0T
= T(QF;T) azél”“ (C1)

Now QI for first order is found to vanish unless k = 1, so that we need calculate only
AET for first order; as was mentioned in the end of §[Il, we do not need to consider the case in
which the right-hand side of eq.(H) becomes zero.[2] To derive A}, in eq.(28) for first order,
we must calculate both W' 2Pt and ZPi et in FY (x) of eq.(BI)) for first order as
was shown in the previous subsection. The result for AET to first order can be written finally

in the form
r,n1,0,0,0
A} = B Z By, M7, (C2)

where the set of the coefficients By, Buy is obtained from Wlnl’o 900 eq.(B3). f1 in eq.(29)
contains only By = 1 and the first-order coefficients, i.e. the family of B}, to first order;
fo in eq.(29) also contains By = 1 and the family of B}mm to first order. Thus, we obtain

only the term B, By from W' 1’800 to first order using the fact that F\.(x) = 0 unless

1nq
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k = |ki — ko| + 2¢q. Note that it is sufficient to consider only the case for k; > ko as is

explained in refs.[15, 49], and that we set ¢ = 0. The matrix M{:%’O’O’O is thus obtained

4

rn1,0,0,0 M
1,1,0 o 2
G4ma kAT
iy
< / [Z150°°° (00 — Z455°°(0)]sin  cos S, )
0

using eqgs.([28), (BI) and (B3).
For k = 1, eq.(B2) gives simultaneous equations determining the first-order coefficients

BI

Iny> 1€
Of = > BL, Mg, (C4)
ni>1

from egs.(CIl) and (C2). Note that we need only to obtain the first-order coefficients By,
for ny > 1, because Byg = 0 from eq.(20). We have calculated the matrix M} LO00 for
1 <r <7and1 < n <7 from eq.([C3), and we have confirmed that Mﬁ’{%’o’o’o for
1 < ny <7 caleulated from eq.([C3]) vanishes. Our result for M{’f 5’0’0’0 for 1 <r <7and
1 < ny < 7is given in ref.[42]. At last, we can determine the first-order coefficients B, by

solving the simultaneous equations (C4l), that is, Bj, can be obtained as
B!, = ZQH Mrnl,OOO) ’ (C5)

r>1

where X ! represents the inverse matrix of a matrix X. Note that we have confirmed, using
egs. ([CT)) and (C3)), that both sides of eq.(C4)) for r = 0 vanish, so that we need only calculate
both sides of eq.([C4) for » > 1. Finally, the results of the first-order coefficients B} ie.

kl ny?
Bj, in eq.([T) can be calculated as in eq.(B3)).

APPENDIX D: THE CALCULATION OF THE SECOND ORDER COEFFI-
CIENTS B}l

Let us explain how to obtain the second-order coefficients, that is, how to solve the integral
equation (@). The coefficients of first order, i.e. the family of Bj , have been obtained as
given in eq.(B3), so that we can employ them to determine the second-order coefficients, i.e.
the family of B;l.

To begin with, we calculate Q! in eq.(Z8) for second order; Q! for second order corre-

sponds to the first term on the right-hand side of eq.(d). For second order, Q! in eq.(26)
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can be calculated by substituting the family of B} into the expressions of Dy, Ej, and
G in egs.(A2), (A3) and [A4); other terms do not appear in QI for second order. The
results of the tedious calculation of Q}! to second order finally become as follows. For k = 0,

Qi becomes

Q. =0, (D1)
for r =0 and 1,
35 1 m 3
o — 22 ( ) T — D2
02 32 /27TO'2T2 2/‘€T (v ) (bl2 bll) Y ( )

for r = 2, and

5 1 m \ 3 r 3 1
O = 2 ( ) T2 2+ 5 = 2V — (20— Sy + by D

for r > 3. Note that values for the constants by, are summarized in Table [l For k =2, Qi

becomes
Qf =0, (D4)
and
H _E 1 m ’% 2 2 2 _
a1 = —3 V2r02T? <2/<;T> 2(0-T)° = (9.T)" = (9,T)°] (br2 — bur), (D5)
and

5 1 ~3
b = Voo (507) ~ [2@.07 = @.1) - 0,7)7]

X [—T‘(T + ]-)bl,r—l—l —+ 2Tb1r — bl,r—l] , (D6)
for r > 2. For k=1 and k > 3, we find that Q]! becomes
Q. =0, (D7)

for any value of r.
Next let us calculate Al in eq.(28) for second order. In order to derive A}l for second
ni1,n2,P1,P1 —7r,n1,n2,p1,p1 ; 1
order, we have to calculate W' "2 P and =770 in F} (x) of eq.(BI)) to second order,
as was shown in Appendix [Bl For even k, A}l to second order results in the general form:

H r,n1,0,0,0 r,n1,n2,0,0
Akr - BOO § Bk 2qn1Mkk 24,0 + E :Blnl lnngll

ni O<q<k ni,ne

(11 1) DI I r,ni,n2,1,1
+ Z ln)l B%ng fn)l Cfn)g]Mk 111 > . (D8)

ni,n2
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Here the set of the coefficients By, ,, Boo can be obtained from W}’ 2’0’20400 in eq.([B3). The
Bi,, is obtained from W;1**" in eq.(B3); B}, from f; and
BI

Ing

set of the coefficients B!

Inq
BI

1n is second

from f, are the first-order coefficients obtained in eq.(B3), so that Bi

Inq

order. Similarly, the set of the terms BB 1 oMo 46 ohtained from Wﬁ’rf%l’l in

Inq 1n2 1n,
eq.(B3); Bln L 1n . " from f; and Blm, 0131)21 from f, are the first-order coefficients obtained
in [T, so that B B! and O\
eq.([Z) contains only By = 1, the family of Bj

BH

kini

Ing

C1n2 are also second order. To second order, f; of

obtained as eq.([B3) and the family of

1ny

ni

to be determined here; fy of eq.(2d) also contains only By = 1, the family of B

kono

and the family of B}l to second order. Thus, we can only obtain the sets of the terms in
eq.(DY) for second order by using the fact that F}l (x) = 0 unless k = |k; — ko| + 2¢: the
second and the third terms on the right-hand side of eq.(D8) do not appear for odd k. Note
that it is sufficient to consider only the case for ki > ks, as is explained in refs.[15, 49], and

that B'CM! or ¢TBM!

1y B, does not appear owing to the orthogonality properties of the

spherical harmonic functions. (see Appendix [B)) The matrix M,’ Zl’gqooo in eq.(DY) is thus

obtained as

202 3/ m k¢ 1
prm000 N0 ( m ) ( ) W+ =
ok 24,0 > \amer) \Gog) Mt vr
" —r,n1,0,0,0 —r,n1,0,0,0 X X
X /0 (S a0 (X) — Exkl 9,0 (0)] sin 5 Cos de, (D9)

. . . . s ,0 0 ) 7171 3
using eqs.([28), ([BI)) and (B3)). Similarly, the matrices M, 7}"*™" and M7y in eq.(DS)
are derived as
2 2

3 m %‘f’l 1
Mr,nl,nz,O,O — n'g ( m ) ( ) Ino(k —
oLl > \amnr) (o) mimlE+)vm

< [ ERT00 - S )sn S eos Sy (D10)
0

2

and

3/ m \ 5+l 1
Mr,nl,ng,l,l — n-o < m ) ( ) 1151 —
k11 5 \amnr) \gap)  mlmlE+ o)V

X / [52’771’711’"2’1’1()() — 52’7711711’"2’1’1(0)] sin % coS %dx, (D11)
0

respectively.

For even k, eq.(B2) finally leads to simultaneous equations to determine the second-order
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coefficients B!

k—2q, nl:
H _ rnl,OOO rnl,ng,0,0
U, = E Bilogn, Mk Dog0 + E:Blm o M1t
n170<q<k ni,ne
+ S BRIBI o) ol Myt (D12)
Iny 1n2 Iny Y1ne k,1,1 )
ni,n2

from eq.([DY). The second and the third terms on the right-hand side of eq.([DI2) correspond
to J( 1(1), f2(1)) in the integral equation (). Thus, it had been believed that eq.([DJ2) should
be considered for all even k because the contribution from the right-hand side of eq. () would
not become zero even when Q! which corresponds to the first term on the right-hand side
of eq.(d) is zero.[15] However, for k = 4, 6 and 8, we have confirmed that the second and
the third terms on the right hand side of eq.(DI2)) disappear, which leads to the fact that it
is not necessary to consider eq.(DI2) for k¥ = 4, 6 and 8. Therefore, it is natural to expect
that we do not need to consider eq.(DI2)) for even k furthermore. Our contention that the
second and the third terms on the right hand side of eq.(DIZ) will disappear for k = 2n
with the integer n > 2 should be demonstrated by a mathematical proof in the future. It
should be mentioned that the second and the third terms on the right-hand side of eq.(DI2)
do not appear for odd k, and QI to second order is found to be zero for odd k, so that
we do not need to calculate Al for odd k; it is not necessary to consider the case in which
contribution from the right-hand side of eq. () becomes zero.[2]

Now, we need to consider eq.(DI2) only for £ = 0 and 2. If & = 0, eq.(DI2) leads to

simultaneous equations to determine the second-order coefficients B, :

H r,n1,0,0,0 r,n1,n2,0,0
Qo = E BomMooo +§ BIm 1n2M011

ni>2 ni,ng
1) r,ni,n2,1,1
+ Z Inq B%ng + Clnl Clng]MO 111 : ) (D13>
ni,n2

that is,

I _2 : H § : r,n1,n2,0,0
BOn1 - {QOT‘ Bln1 1n2M011

r>2 ni,ne

sy

B Z [B§n)1 BSLQ + Clm Clnz]Mrnth,Ll} (MTSB,O(]O) ’ (D14>

ni,n2

with QI in egs.(DI), (D2) and ([D3). We should derive the second-order coefficients B!
only for ny > 2, because Byy = 1 and By, = 0 from eq.(20). We have calculated the

On1
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matrix Morﬂlo’o’o’o for 2 < r <6 and 2 < n; < 6 from eq.([DJ), and we have confirmed
that Mg:& 6’0’0’0 vanishes for r = 0,1 and 2 < n; < 6. We have also calculated the matrices
Mg:ﬁll’m’o’o for 2 < r <6,1 <n <7and1l < ny <7 from eq.([DI0), and we have
confirmed M&’ill’m’o’o vanishes for r = 0,1, 1 < n; < 7and 1 < ny < 7. Our results for
Mg:&lo’o’o’o for 2 <r <6and 2 <n; <6 and M&’ﬁ’m’o’o for 2 <r <6,1<n <7and
1 < mny < 7 are given in ref.[42]. The matrices Mor:fll’m’l’l for2 <r<6,1<n <7and
1 < ny <7, which can be calculated from eq.([DI1), are also obtained from the symmetric
relation M&,ﬂ,nz,O,O = Mg:ﬁll’m’l’l arising from properties of the spherical harmonic function.
Finally, we can determine the second-order coefficients B, in fi, i.e. BiL in eq.([d) as in
eq.(BD).

If k =2, eq.(DI2) leads to simultaneous equations to determine the second-order coeffi-

: I .
cients By, :

H _ 11 7,n1,0,0,0 II r,n1,0,0,0 I I r,n1,n2,0,0
Q. = E [Ban, M5 + By, Moo ]+§ Bin, Bin, My

2n1 Ony 1no
n1>0 n1,n2
DI (1)1 DI ~(1)I r,ni,n2,1,1
+ Z [B§n)1 B%n)g + Cfn)l C%n)g ]MQ,LII : ) (D15)
ni,n2

that is,

I _ § H § I 1 r,n1,n2,0,0
Ban - {QQT - BlnlBlngMQ,Ll

r>0 ni,n2
. Z [B(I)IB(I)I + C(I)IC(I)I]Mr,nl,ng,l,l} (Mr,nl,O,O,O)fl (D16>
Inq Ing Ing Ing 2,1,1 2,2,0 Y
ni,n2

with Q. in eqgs.(Dd)), (D), and (D). Note that we have confirmed M L0000 eq. (D)
becomes zero, which had been also confirmed by Burnett[11]. We should derive the second-
order coefficients By, for n; > 0. We have calculated the matrix Myy })’0’0’0 for0<r <6
and 0 < ny; <6 from eq.([DJ), and also the matrices M;‘;{fll’"%o’o for0<r<6,1<n <7
and 1 < ny < 7 from eq.(DI0). Our results are given in ref.[42]. The matrices M;";{‘}f"%l’l
for 0 <r <6,1<n; <7and1<ny <7, which can be calculated from eq.(DITl), are also
obtained from the symmetric relation M;:ﬁll’m’o’o = —2M;7 L2 arising from properties of
the spherical harmonic function.[15] The second-order coefficients B!, in fi, i.e. By in

eq.(IH) can be written in the final form shown in eq.(BS).
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APPENDIX E: TEST OF THE NONEQUILIBRIUM STEADY-STATE THER-
MODYNAMICS

We examine SST from the microscopic viewpoint, that is, by applying the velocity distri-
bution function for the steady-state Boltzmann equation for both hard-core molecules and
Maxwell molecules to the cell on the right-hand side in a simple nonequilibrium steady-state
system illustrated in Figldl We also use the velocity distribution function for the steady-state
BGK equation to second order in the test of SST. This simple nonequilibrium steady-state
system is inspired by SST suggested by Sasa and Tasaki|46]. They predicted the following
results. When the system shown in FigHlis in a steady-state, the osmosis, defined as the
difference between the pressure P,, of the cell in the nonequilibrium steady state and the

value Fy of the cell at equilibrium, namely
AP = P,, — PR, (E1)
always becomes positive. Additionally, there is a relation
n(0) _ <8Pm> ’ (F2)
ng ORy ) 1,1,

connecting n(0), P, no and Fy, where n(0) is the density of the cell in the nonequilibrium

steady state around the hole and ng is that of the cell at equilibrium.

We consider the nonequilibrium steady-state where the mean mass flux at the hole is

o) o) 0 00
/ dcm/ d*cimey fo + / dcm/ d*cymeg flo—o = 0, (E3)
0 —00 —00 —00

where c; represents the components of the velocity which are orthogonal to ¢, ie. ¢,

Zero:

and c,. Note that we consider the mean mass flux at the hole, so that we put x = 0 in
fo fo = no(m/2mkTy)32e™v*/25To i the velocity distribution function of the cell on the
left-hand side at equilibrium at temperature Ty and density ng. From eq.([E3), the relation
between n(0) and ng is obtained as

2
mJ:

I (E4)

to second order. The value for the constant A, is given in Table [Vl The density of the cell

in the nonequilibrium steady state around the hole n(0) is greater than that of the cell at
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equilibrium ng regardless of the sign of J,. We emphasize that A, could not be calculated if
we did not derive the explicit form of the velocity distribution function f to second order.
We have adopted the boundary condition around the hole, T'(0) = Tp, in order to examine
SST. Although it is believed that the Knudsen layer effect, i.e. the slip effect is dominant
around the 'wall’[5, 116, 21l], for reasons of simplification, we do not consider the slip effect
around the "hole’ in this paper. If the slip effect is not dominant, the density of the cell in
the nonequilibrium steady state will always be larger than that of the cell at equilibrium,
regardless of the sign of J,. This can be tested by experiments on the nonequilibrium
steady-state system shown in Fig[l
We also calculate the osmosis AP in eq.([E]l) as

mJ?

AP = Mp——=—=

(E5)

to second order, using eqs.(@3), (Edl) and Py = noxTy. Values for Aap are given in Table [Vl
We have found that A\ap is always positive, which agrees with the prediction by SST[46].
Furthermore, we are able to test the relation ([E2). Though substitution of egs.(#3]) and
([E4) into eq.(E2) leads to the relation A3 /A, = —2, our numerical results conflict with this
relation: our results give A3'/\,, = —0.5604 for 7th approximation by, and by, for hard-core
molecules and AF’ /A, = 0 for both Maxwell molecules and the steady-state BGK equation.
We have also confirmed that the relation A3 /A, = —2 predicted in SST[46] is not modified
if the boundary condition around the hole can be written in the form:

T0) =Tl + Mp—5—= E
(0) =B+ A i) (16)

where the constant Ay represents the difference between the temperature of molecules around
the hole and that of the mid-wall. Our boundary condition 7'(0) = Tj corresponds to putting
Ar = 0 for any kinetic models. It can be concluded that, although we regard a state in which
the mean mass flux at the hole is zero to be a nonequilibrium steady state, as in eq.(EJ),
this state has yet to be interpreted phenomenologically.

On the other hand, by virtue of the derivation of the explicit form of the velocity distri-

bution function f to second order, we can also calculate the x component of the heat flux
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at the hole as

J* = (%)/ dcl,/ 42 l—2¢xfo (2“T)/ dcx/ d? L—Cmﬂxo

Iy mJ? (ZHTO) 2

™m

(E7)

to second order using eq.(E4). Numerical values for the constant A« are given in Table
[Vl The first-order term on the right-hand side of eq.(E1) is from Fourier’s law, while the
second-order term also appears on the right-hand side of eq.(ET), though the second-order
heat flux J does not exist in the cell in the nonequilibrium steady state. This fact indicates
that 7°(0) is not appropriate for the nonequilibrium temperature, if J* suggests the existence

of the nonequilibrium temperature.
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TABLE I: Numerical constants by, in eq.(B3])

r r<4 r<5 r<6 r<7 Maxwell’s by,
1 1.025 1.025 1.025 1.025 1
2 4.881 x 1072 4.889 x 1072 4.891 x 1072 4.892 x 1072 0
3 3.639 x 1073 3.698 x 1073 3.711 x 1073 3.715 x 1073 0
4 2.526 x 107* 2.838 x 107 2.905 x 107* 2.922 x 10~* 0
5 — 1.855 x 107° 2.123 x 107> 2.187 x 107 0
6 — - 1.284 x 1076 1.492 x 106 0
7 — - - 8.322 x 1078 0

TABLE II: Numerical constants by, in eq.(B7)

r r<4 r<5b r<6 r<7 Maxwell’s by,
2 4434 %1071 4390 x 107! 4.381 x 1071 4.380 x 107! =

3 -4.935x1072 —5.342 x 1072 —5.413 x 1072 —5.429 x 1072~ —2&

4 — —3.581 x 1073 —4.007 x 1073 —4.098 x 1073 0

5 — - —2.779 x 107* —3.184 x 104 0

6 — - — —2.087 x 1077 0
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TABLE III: Numerical constants be, in eq.(BS])

T r<4 r<5 r <6 r<7 Maxwell’s by,
0 —3.353 x 1072 —3.327 x 1072 —3.322 x 1072 —3.320 x 1072 0

1 —1.285 x 107! —=1.278 x 107! —1.277 x 107! —1.276 x 10~* s

2 6.320x 1071 6.394 x 1072 6.410 x 1072 6.414 x 1072 2

3 4.884 x 1073 5.395 x 1073 5.496 x 102 5.521 x 1073 0

4 — 3.609 x 107*  4.101 x 107* 4.214 x 107* 0

5 — — 2.685 x 107°  3.106 x 107° 0

6 — — — 1.861 x 1076 0

TABLE IV: Numerical constants for the macroscopic quantities I: the ¢th approximation quantities

for hard-core molecules and the exact values for Maxwell molecules and the steady-state BGK

equation.
ith Az Y AT, AT, As
4th —4.647 x 1072 2.324 x 1072 —2.324 x 1072 1.162 x 1072 —2.034 x 107!
5th —4.610 x 1072 2.305 x 1072 —2.305 x 1072 1.153 x 1072 —2.035 x 107!
6th —4.602 x 1072 2.301 x 1072 —2.301 x 1072 1.151 x 1072 —2.035 x 107!
7th —4.600 x 1072 2.300 x 1072 —2.300 x 1072 1.150 x 1072 —2.035 x 107!
Maxwell 0 0 0 0 —%
BGK equation 0 0 0 0 —%
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TABLE V: Numerical constants for the macroscopic quantities II: the ¢th approximation quantities
for hard-core molecules and the exact values for Maxwell molecules and the steady-state BGK
equation. The values of A,,, Aap and Aj+ for hard-core molecules has not yet converged to 4th
approximation bg, and by, values. The ratios of the 7th to the 6th approximation A,, Aap and \ j«
are 1.011, 1.023 and 1.004, respectively, so that the errors included in the 7th approximation A,
Aap and Aj- appear to be less than about one or two percent. Note that n(0) = ng to first order,

and that osmosis does not appear to first order.

ith An AAp Py

4th 9.255 x 1072 4.608 x 1072 —3.237 x 10~*

5th 8.528 x 1072 3.917 x 1072 —3.109 x 10~*

6th 8.296 x 1072 3.694 x 1072 —3.073 x 10~*

7th 8.210 x 1072 3.609 x 10~2 —3.060 x 10~*
Maxwell % % —%
BGK equation % 22—5 —%

v

FIG. 1: Schematic description of an interaction.

db
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FIG. 2: The scaled ¢? for hard-core molecules with 7th approximation by, and bs,. Note that we

put ¢, = 0.
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(2)
Scal ed b

FIG. 3: Comparison of the scaled ¢®)s for hard-core molecules with the scaled ¢ for Maxwell
molecules. The dashed line, the dash-dotted line, the long-dashed line and the solid line correspond
to the scaled ¢@s for hard-core molecules with 4th, 5th, 6th and 7th approximation bg,s and bg,s,

respectively. The dotted line is the scaled @ for Maxwell molecules. Note that we put cy =c, = 0.
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To To T,

f f f X
- Lo 0 L

FIG. 4: The cell on the left-hand side is at equilibrium at temperature Ty. The cell on the right-
hand side is in a nonequilibrium state under a temperature gradient along the x-axis caused by
the right wall (at © = Lg) at temperature 7} and the thin mid-wall (at x = 0) at temperature
Ty, of thickness less than or equal to the mean free path [ of the dilute gases. Both cells are filled
with dilute gases and connected by a small hole of diameter d on the thin mid-wall. The diameter
of the small hole d is much smaller than [, i.e. d < [. Molecules which have passed through the
small hole are relaxed into the state of the cell they go into after a few interactions, so that they
do not affect the macroscopic state of that cell. The mean mass flux at the small hole is zero in

the nonequilibrium steady state.
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