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On the construction of normal mixed difference matrices *

Shanqi Pang
Department of Mathematics, Henan Normal University, Xinxiang, 453007, P. R. China

Abstract: By exploring the relationship between difference matrices and orthog-
onal decomposition of projection matrices, this paper presents a general method
for constructing smaller normal mixed difference matrices. Moreover, given a
normal mixed difference matrix of order r + 1 and a difference matrix of order r,
this paper alsc presents a general method for constructing a lager normal mixed
difference matrix of order r{r + 1). As an application of these methods, some
normal mixed difference matrices are constructed.

Key words: Normal mixed difference matrix, Kronecker sum, orthogonal array
(OA), projection matrix.

MSC: 62K15, 05B15.

1. Introduction

A Xs x ¢ array D()s,c;s) with entries from a Galois field of order s, GF(s), is a difference
scheme (difference matrix) if for all ¢ and j with 1 <4 < ¢, 1 £ j < ¢, i # j, the vector difference
between the ith and jth column contains every elements of GF(s) A times. Difference matrix was
first defined by Bose and Bush (1952), and it is a simple but powerful tool for the construction
of orthogonal arrays of strength 2 (Hedayat et al. (1999)). Mixed difference matrices have
also been used for construction of orthogonal arrays (see Wang (1996), Wang and Wu (1991),
Wu, Zhang, Wang (1992), Pang et al (2004a), Seun and Kuhfeld (2005), etc). Normal mixed
difference matrices have also been introduced and used for construction of mixed-level orthogonal
arrays by Pang, et al (2004b). However, it has not received much attention to construct mixed
difference matrices, especially normal mixed difference matrix. By exploring the relationship
between difference matrices and orthogonal decomposition of projection matrices, this paper
presents a general method for constructing smaller normal mixed difference matrices. Moreover,
given a normal mixed difference matrix of order r + 1 and a difference matrix of order r, this
paper also presents a general method for constructing lager normal mixed difference matrix of
order r(r + 1). As applications of these methods, some normal mixed difference matrices are

constructed. Some symbols can be referenced to those by Zhang et al (2001).

*Corresponding author. Department of Mathematics, Henan Normal University, Xinxiang, 453007, China.
E-mail: pangshanqi@263.net
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2. Basic concepts and main theorems

The following definitions, notations and results are needed in the sequel.

Definition 1. Let Ly = Ly(s1 -+ sm) = (C1, . ..,Cr) be an orthogonal array where C} is a
vector with entries from an additive group Gj of order s; for any { (I =1,...,m). The array Lq
is said to be normal if the set G = {A1,..., A, : A; is the i-th row of L} constitutes an additive
subgroup of order ¢, where G C G1 X -++ X Grg := {(z1,.. ., Zm); T €Gpy I = 1,2,...,m,} with

the usual addition, i.e., for any z,y € G,z = (€1,%Z2,...,Zm),¥ = (Y1,¥2,- -+, Ym), We have
T4y =(z1+ynLT2+Y2,- Tm + Ym)-

Proposition 1 There is a map ¢(4;) = i — 1 which is a group isomorphism between G and
Go=1{0,1,...,9—1}. And the map

St — 1) = ai (1)

is a group homomorphism from Gy = {0,1,...,¢— 1} to Gy for t = 1,2,...,m.
Definition 2. Suppose that the array Lg is a normal orthogonal array, and that the maps
b1, ..., ¢m are defined in (1). Let Dy = D(n, ko;¢) be a difference matrix based on Gy, and let

D be & difference matrix based on Gy, [ = 1,2,...,m. If the matrices

[¢1(D0)’D1L [¢2(D0)’D2}» Ty [qu(D@),Dm]

are difference matrices based on G1,Ga, ..., Gy, respectively, then the matrix
[DGaDlaDZ) e 7Dm]

is called a normal mixed difference matrix.

Definitions 1 and 2 can be found in Pang et al (2004b).

Lemma 1. Suppose that D{Ap, m;p) is a Ap x m matrix with entries from a Galois field of
order p, GF(p), and that 7 is a column of orthogonal array Ly (p®). If D(Ap,m1;p) @y is also
an orthogonal array, then D(Ap, m;p) is a difference matrix.

Proof. We suppose without lose of generality that a = (a3, ... ,a,\p)T and 8 = (by,... ,bxp)T
are any two columns in D{Ap,m;p), and that by — a1 = ©1,by — a2 = 2,...,byp — axp = Thp,
)T

and that v = {¢1,¢g,...,¢,)* is a column in the array L, (p°®). Then we have

a@y:(a1+cl,...,a1+cn,ag+cl,...,a2+cn,...,a,\p+cl,...,a;\p+cn)T,

8Dy = (0»1+C1+551, co @1+ Cpt T, @122, ., 02 C T2, . Bap T, ,a,\pﬁ—cn-f-z)\p)T‘
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Since vy is a column of orthogonal array L,(p®), c1,c¢z,...,c, contain every element of GF(p)
n/p times. So a;+c1,a;+c¢z,. .., a; +¢q also contain all elements of GF(p), each of which occurs

n/p times. Therefore, by some permutations,
{(a; + cr,ai+c1 + i), (a; +eo, a5 + ¢+ Zs), . .oy (@i + Cny 05 + Cn + T5)
can be written as

\(vai))“w(oaz"i)"ﬁl:l+$i)>"'7(121"—557:2:""\(}7_13?“1+xi)a--'7(p'—1:p—'1+$i))

e

n/p n/p n/p
where z; € {z1,...,Zxp}
We consider these pairs just like (0,;),...,(0,z;) in two columns a @y and 8 @ 7. Since
n/p
these two columns are orthogonal, each element of GF(p) occurs in {z1,...,%),} with the same

frequency. Therefore, D(Ap,m;p) is a difference matrix. This completes the proof.

Lemma 2. If D(m,m;p) is a difference matrix, then both (p)®D{(m, m;p) and D{m, m;p)®
(p) are OAs, and their matrix images satisfy m((p) ® D(m,m;p)) < 7 ® I, and m(D{(m, m;p) ®
(p)) < I, ® 7y, respectively.

Proof. From Wang and Wu (1991), L = [1, ® (m), (p) ® D(m,m;p)] is an OA. From
Zhang et al 2001, we have m(L) < Tpp and m(L) = P, @ 7 + m({p) ® D(m, m;p)). Since
Tmp = Pp @ Ty + Tp ® Iy, it follows that m((p) ® D(m,m;p)) < 7 ® Ir,. Similarly, we can prove
the remaining part.

Now we state the following theorem.

Theorem 1. Suppose that Ly(s1--+sp) = (¢1,...,¢,) is a normal orthogonal array, and
that L = [D(m, k;p) ® (p), D(m, k1;81) ®c1,..., D(m, kyn;s,) ® ¢u] is also an orthogonal array.
Then

D = [D(m, k;p), D(m, k1; 81), ..., D{m, kn; 5n)]

is & normal mixed difference matrix.

Proof. Since Ly(si---85) = (c1°--cn) is a normal orthogonal array, we have a group
homomorphism ¢ from Gg = {0,1,...,p — 1} to G;. Set o = (p) = (0,1,...,p — D7, then
#1(co) = ¢;. From Proposition 1 and the expansive replacement method in Hedayat et al (1999),
if the levels 0,1,...,p — 1 in [D(m, k;p) @ (p), D(my, ki; 81) @ ¢;] are replaced with Ay, ..., Ap,
respectively, where A; is the 4th row of L,, we can obtain a mixed orthogonal array with the
levels s, - -, 8p. Pick out all the s;-level columns, we can get an s;-level orthogonal array, which

can be written as
[¢l(D(m’ k;p))a D(m, kl; Slﬂ D ¢
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It follows from Lemma 1 that [¢(D(m, k;p)), D{m, k;; s;)] is a difference matrix, I = 1,...,n.

We have D = [D(m, k;p), D{m,k1;31),...,D(m, kn;sn)] is a normal mixed difference matrix.

3. Construction method for smaller nbrmal mixed difference ma-
trices.

The following method is from orthogonal decomposition of projection matrices. We illustrate
its applications with examples.

Example 1. Construction of normal mixed difference matrix D = [Do(8,5;4), D1(8,1;2),
D4(8,1;2), D3(8,1;2)] and D = [Dq(8,6;4), D1(8,2;2), D2(8,2;2), D3(8,2;2)]

Orthogonally decompose 74 ® Iy ® 74 as follows:

T4 R ®1y
7’2®P2®P2®7’2®P2+P2®72®P2®P2®‘T2+T2®7‘2®P2®7'2®7‘2)

(

(MOnAPANROP+PR®neOnORRn+ne@R®n®n )
(Po@m@nedn®@P+ne®n®@n®Pen+n®RePenen)
(RO NnRROP+nmdRne®Pen+P@n®P®n )
(OPRNnAn®P+ne®n®@PoRen+P0n®nn®rn)

I

PBn@PnOP,+n@FPQP,0R,0m+n@nl@nrn .

By using the method in Zhang et al (1999), we can construct an orthogonal array Ls;(2'%) as

follows:

L3a(2"%)

(220, 90:0(2) 002,00 (2) 00, 80:9(2),(2) 2 (2) ®0: & (2) @ (2)),
(202800 (2)002,0:8(2)a(2)00:8(2),2)20:0(2) 8 (2)&(2)),
:0(2)0(2)e(2)002,2)0(2)8 (2)©0:0(2),(2) @060 & (2) ®(2)),
(2)e2)0(2)80(2)80:,(2)B0:0(2) ®0:8 (2),0:8 (2) 0 ® (2) & (2)),
Qetee2)e0,(2)e2e0e0:0(2),0:0(2)(2) e (2)e(2),
020 (2)@0:0(2)902,(2) 800000, (2),(2) @ (2) & (2) & (2) ®(2)]
By using the generalized Hadamard product in Zhang et al. (2001), Le.,((2)802)0(0,8(2)) =

{4) and its MI satisfies m({((2) ® 02)0(02 B (2))) =R @ Po+ P ® T2+ o @ 7o = 74, We can

construct an orthogonal array

/—\/\.

L3p(4°2%) = [L33(4°),0: 9 (2) @0, @ (2) 202, (2) 20,9020 0: ©(2), 2) ® (2) 9 (2) @ (2) ® (2)]
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where L3p(4%) = D(8,5;4) & (4) and

——

D(8,5;4) =

_ O W N WO

O NN DD
CH AN WO
RN DWW D
O N = WWw =N O

2

"

From orthogonal decomposition of 74 & I3 ® 74 and the construction of 4-level columns, we
can easily construct a normal mixed difference matrix D = [Dg(8,5;4), D1(8,1;2), D2(8,1;2),
D3(8,1;2)] (see table 1).

Table 1. The mixed difference matrix D = [Dg(8,5;4), D1(8,1;2), D2(8,1;2), D3(8,1;2)]
Do(8,5,4) | Di(8,1;2) Ds(8,1;2) Ds(8,1;2)
00000 0 0 ]
01332 0 0 1
13321 1 0 1
12013 1 0 0
22133 0 1 1
23201 0 1 0
31212 1 1 0
301290 1 1 1

Furthermore, since 74 ® Iy ® 74, Ps ® 74 and Py ® 7 ® 74 are pairwise orthogonal, we can
construct orthogonal array Lap(462%) = [L32(4%),05 @ (4), (02 @ (2) © 02,0, @ 028 (2)) @ (2) &
02,((2) @0, ®02,0: @0, D (2)) @020 (2),((2) ® (2) ®(2),0: 2022 (2)) & (2) ® (2)]. Then we
can obtain a normal mixed difference matrix D = [Do(8, 6;4), D1(8,2;2), D2(8,2;2), D3(8,2;2)]
(see table 2).

Table 2. The mixed difference matrix D = [Dg(8, 6;4), D1(8,2;2), D2(8,2;2), D3(8,2;2)]
(

Do(8,6i4) | D1(8,2;2) D5(8,2;2) Ds(8,22)
000000 00 00 00
001332 01 01 11
013321 10 00 10
012013 11 01 01
022133 00 10 10
023201 01 11 0t
031212 10 10 00
030120 11 11 11

Example 2. Construction of normal mixed difference matrix [Do(24,20;4), D1(24,4;2),
Dy(24,4;2), D3(24,4;2))
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By using the construction method in Zhang, et al. {2002), we can obtain a difference matrix
D(12,12;4) as follows:

D(12,12;4) =

PR L0 W W N DD O OO
BO DY D) = WO OO
G2 DD O LR DN D WD
O R = DN = D s 0 R W
= NI W ORI DD R W W

R W W NN O OO
(VI R JURE N S B VU R I
NI I VRV M S B - s
DO = QU = WO B LN N
O D DN O L) WD) BN
[ RSN JURNJURE R 2 SV AR I VL
Lo DD = o W WD W

From Lemma 2, we have D(12,12;4) @ (4) is an orthogonal array and its matrix image
satisfies that m(D(12,12;4) @ (4)) = [;> ® 74. On the other hand, D(12,12;4) & (4) can be
written as

D(12,124) & (4) =

[D(4,3;4) © 03 ® (4), Ti(D(4,3;4) @03 © (4)), T (D(4,3;4) 03 & (4)), Ts(D(4,3;4) ® 03 © (4))],

where the difference matrix D(4,3;4), and the operation @, and the permutation matrices 11,

T and Ts are as follows:

a0 1 2 3

?gg 0/0 1 2 3

D(4,3;4) = , 1110 3 2
2 81 212 3 0 1

812 313 2 10

T = dz’ag(o’(l), U(Z)a 0(3)7 K(?’a 3) ® 14):
Ty = diag(d(z)a 0(3)> 0(1)3 (diag(ll?v:Nl?a NBQ)K(& 3)) ® 14)7
T; = diag(0(3),0(1),0(2), (diag(I3, N3, N3)K (3,3)) ® Ls),

where (1), 0(2) and ¢(3) are the following permutation matrices: o(1) = I;®N3, 0(2) = Na®1
and ¢(3) = N2 ® N.

Then we have s

Ip®my=) Ti(rs@P3® m)TT,
=0
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where Ty = Iig. It follows that

Iy @74
= (In®K(2,4)([12074 0 L)(Ha® K(2,4)7)

3
(I @ K(2,4)[(Y Tira ® Py @ m)T]) ® L](I12 @ K (2,4)7)
i=0
3

ZMi(Pi’, @n®L )M,
1=0
where My = K{4,3) @ Iy, M; = ([12® K2, @ L) (I, ® K(4,2)}(K (4, 3) ® Iz). The
decomposition is orthogonal because of the orthogonality in each step.

From Example 1, we can find an orthogonal array L32(4°23) = D(8,5;4) & (4),0. ® (2) ©
020 (2)002,(2) D0, @000, @ (2),(2) @ (2) & (2) ® (2) ® (2)] such that its MI is less than

or equal to 74 ® Is ® 74. From the orthogonal decomposition of Iz4 ® 74, we can construct an

orthogonal array
Lgs(4702'2) = [My (03 @ Ls2(2°4%)), M1 (03 © L32(2°4%)), M2 (03 @ La2(2°4%)), M (03 & Laa (2°4°))].
Now we consider a 4-level subarray L* of Lgg(4%9212).
L' = [My(03 @ L32(4%)), M1(0s @ L32(4%)), M2(03 ® L2(4%)), M3 (03 ® L2(4%))].
And
My(03 © L3(4°))
= (K(4,3)®L3)(0s© D(8,54) @ (4))
= [(K(4,3)®2)(0s ® D(8,54))] ® (4).
Set Doy = (K(4,3) ® I>)(03 ® D(8,5;4)), we have
My (03 ® Laz(4°))
= (h2®@K(2,4))(T1 ® I)(I12 ® K(4,2))(K(4,3) ® Is)(03 ® D(8,5;4) @ (4))

= diag(l®o(1), L, ® 0(2), I, ® 0(3), K(3,3) ® Is)[Das ® (4)]
= DIZLI @ (4)>

where
Y D1(27 5, 4—)

26 D2(27 574)
30 D3(27 5v4)
(K(3,3) ® [5)D4(18,5,4)
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and D1(2,5,4), D2(2,5,4), D3(2,5,4) and D4(18,5,4) are respectively the first two rows, the
3th and 4th rows, the 5th and 6th rows and the last 18 rows of the matrix Daq.
Hence L' can be written as L = D(24,20;4) & (4) = [Daa, Doy, Dy, D3] & (4), where
26 D1(2,5,4)
36 Dy(2,5,4)
16 D3(2,5,4)
((diag(137 NE’n NBQ)K(Bs 3)) ® I2)D4<18, 55 4)

D24_

and
3@D1( 3V )

2,5

1@ Dy(2,5,4)
2@ D3(2,5,4)
((diag(IS’NgaN3)K( ) ))®12)D4(18=574)

By Theorem 1, D(24,20;4) is a difference matrix, which is listed in Table 3.
Table 3. The normal mixed difference matrix D = [Do(24,20;4), D1(24,4;2), D9(24,4;2),
D3(24,4;2)]

"o__
D24 -

Do(24, 20; 4) D1(24,4;2) Dy(24,4;2) D3(24,4;2)
00000111112222233333] 0011 0101 6110
01332102232311032001| 0011 0101 1001
00000222223333311111] 0110 0011 0101
01332231103200110223] 0110 0011 1010
00000333331111122222| 0101 0110 0011
01332320011022323110| 0101 0110 1100
02230022300223002230 1111 1111 0000
03102031020310203102| 1111 1111 1111
02230330223302233022| 1000 1000 0000
03102323103231032310( 1000 1000 1111
02230203032030320303| 1111 1000 0111
038102210312103121031| 1111 1000 1000
00311311030031113030| 1010 1011 0001
01023302310102312302| 1010 1011 1110
00311003111303031103| 1100 1110 0010
01023010231230230231| 1100 1110 1101
00311130303110300311| 1001 1101 0100
01023123023023101023| 1001 1101 1011
02121200120212111200] 0001 0100 0101
03213213200321310132( 0001 0100 1010
02121112002001202121] 0100 0010 0110
03213101322132003213| 0100 0010 1001
02121021211120020012| 0010 0001 0011
03213032131013221320] 0010 0001 1100

And through similar computing, Lgs(4%°2'2) can be written as

[D1(2434; 2) @ ((2) @ 02)1 D2(24a4; 2) © (02 @ (2))7D3(24> 4§2) ® ((2) @ (2))7D(247 20; 4) @ (4)]
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From orthogonal decompositions of Ing ® 74, 74 ® I» ® 74 and Theorem 1, it is obvious that
D = [D(24,20;4), D1(24,4;2), D3(24,4;2), D3(24,4;2)] is a normal mixed difference matrix
(see Table 3).

Theorem 2 Suppose that Ly(s;---8,) = {c1,...,¢,) is & normal orthogonal array, and
that D(m, k;p) is a difference matrix. If we partition D(m,k;p) into [D(m, k;p) = [D{m, k —
rip), D{m,r;p)], then [D(m, k — r;p), p1(D(m,r;p)), ..., o {D(m,r;p))] is a normal mixed dif-
ference matrix, where ¢; is as in (1).

Proof. It follows from that ¢;(D{m,k;p)) is a s;-level difference matrix.

4. Construction method for larger normal mixed difference ma-
trices .

The following Lemma is due to Zhang et al(2002).
Lemma 3 Suppose that both

D(T)T;T) = (dij)rxr = (d17 R )dr‘)

and
0 0 0. 0 g 6 --- 0
1 M = = e
D(T+ ,T—{-l,P) ( 0 A) (0 (aij)'rxr > (O ay v Gy )
are difference matrices with entries from two additive groups G, = {0,1,...,r — 1} and G, =
{0,1,...,p — 1}, respectively. For any d;; € G, define a permutation matrix o(d;;) as follows

o(dij) - (r) = di; + (r). (2)
Set F' = {o{di;j)A)1<i<r,1<j<r- Then the following array

T
D(T(T—l—l),r(r—kl);p):(AgOr AE]’;OT )

is a difference matrix.

Lemma 4 If D = [D{m,k;p), D(m,k1;s1),...,D(m, kp;s,)] is a normal mixed difference
matrix based on a normal orthogonal array Ly(sy - s,) = (c1,... ,Cn)y then D is still an normal
mixed difference matrix after performing the following operations:

(1) adding an 4 (4 € {0,1,...,p— 1} to any column of D(m, k;p) or adding an i; i; € G; to any
column of D(m, kj; s;).

(2) adding an 4 (1 € {0,1,...,p— 1} to row of D(m,k;p) and adding ¢;(i) to the same row of
D{(m,kj;s5) for j=1,...,n.

Proof It is obvious from the definition of normal mixed difference matrix.
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Theorem 3. Under the conditions of Lemma 3, suppose that (D(r + 1,k + 1;p), D1{r +
1,k1;81)s -+ Din{r + 1, km; 8mm)] is a normal mixed difference matrix based on a normal orthog-
onal array Ly(s1-+-8m) = (c1,...,0m) and that D(r,r;r) is a difference matrix. Then we can

obtain a normal mixed difference matrix
[D(r(r + 1), k(k +1);p), D1(r(r + 1), ka(r + b+ 1); $1)s s D (r(r + 1),k (r + &+ 1) 5m)]

based on the normal orthogonal array Ly(si -« Sm).

Proof. From Lemma 4, we assume that

0 0 0 0 6 0 --- 0
[D(T.—}’17k+l>p)7D(T+17kt;3t>]"—(0 H)"—(O (hij)rxrt)“(o hl hn)7

where Ty = k+ kt and H = (ATX;C,BTX;%). And set F' = (U(dij)H)ISiST,lﬁjS'rw where O‘(dz'j) is

as in (2). Then we construct the following matrix K as follows

K:( 0 HEBOZ;)

Ha0, F
h; @ Uz;
And in the K, set Ky = ( HEOBO ) and K; = oldiy)H for j = 1,...,r;. Moreover, if h;
-
oldry;)H

is a p-level column i.e. a column of A, .y, we take K; as follows

hi @ OF, ¢u(hy;) @ OF,
o(di;)(A, B)

K; =
o(drj)(A, B)
and if ; is a s;-level column i.e. a column of By,, we take K; as follows
h; @ 07,
K; = o(di;)(¢:(4), B)
o(dr;)($e(A), B)

Through some column permutation, K can be written as
K =[D(r(r +1),k(k + 1);p), De(r(r + 1), ks(r + & + 1) 5)].

It easily follows from Lemma 3 that all the p-level columns of K constitute a difference
matrix D(r(r + 1), k(k + 1); p).
Now we prove that [¢:(D(r(r +1),k(k + 1);p)), De(r(r + 1), ke(r + k + 1); 5¢)] is a difference

matrix based on the group Gi.
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Let

[@(D(r + Lk + 1)), Dilr + 1 ki 81)] = ( 8 ¢z€A) zg )

By using D(r,r;r) and Lemma 3, we can construct an s¢-level difference matrix

T
Fo Sl L e b el = ( G580 ) |

On the other hand, through some column permutation, we just have that Ky, can be written
as Ky, = [¢po(D(r(r+1),k(k+1);p)), De(r(r+1), ky(r+k+1);s;)]. Hence, Totaket=1,...,m,

respectively, we can get a normal mixed difference matrix
[D{r(r +1),k(k +1);p), Di(r(r + 1), ki + k +1);81), ., D (r(r + 1), b + & 4 1); 5]

based on the normal orthogonal array Ly(sy - sp).

Remark Intheorem 3, if r{r+1)—1is a prime or prime power, then we can use the method
again to construct a new normal mixed difference matrix.

Example 3. Construction of normal mixed difference matrices [Dg(132, 30; 6), D1(132,51; 3),
D,(132,102;92)] and [Dg(132,20;6), D1 (132, 112; 3), D2(132, 112;2)].

By Lemma 4, we can make the normal mixed difference matrix [Dy(12,6;6), D1(12,3;3),
D5(12,6;2)] in Wang (1996) the following form

0 0
0 H )
Then using the difference matrix D(11,11;11) and Theorem 2, we can construct a normal mixed
difference matrix [Dg(132, 30;6), D1(132, 515 3), D(132, 102;2)].
Similarly by using [Do(12,5;6), D1(12,7;3), D2(12,7;2)] in Wang (1996), we can obtain a
normel mixed difference matrix [Dg(132,20;6), D1(132,112;3), Do(132,112;2)).
Example 4. Construction of normal mixed difference matrix [Dg(23 x 24,380;4), D1(23 x
24,172:2), D2 (23 x 24,172;2), D3 (23 x 24,172;2)]
By Lemma 4, we can make the [Do(24,20;4), D1(24,4;2), D5(24, 4;2), D3(24,4;2)] in Ex-
ample 2 the following form
0 0
0 H |

Then using the difference matrix D(23,23;23) and Theorem 2, we can construct a normal mixed
difference matrix [Do(23 x 24, 380; 4), D1 (23 x 24, 172; 2), D(23 x 24,172;2), D3(23 x 24,172;2)].
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