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PATHS, TABLEAUX, AND ¢-CHARACTERS OF
QUANTUM AFFINE ALGEBRAS

i BREANER ZTUEBENFEMER I F T (Wakako Nakai) |
Graduate School of Mathematics, Nagoya University

1. INTRODUCTION

This paper is based on [15], joint work with T. Nakanishi.

Let g be a simple Lie algebra over C, and let § be the corresponding non-twisted
affine Lie algebra. The quantum affine algebra U,(g) is the quantized universal
enveloping algebra of §. The g-character of Uy(g) was introduced in [9] to study
the intricate structure of the finite dimensional representations of Ug(g).

Earlier than the introduction of the g-character, the tableaux descriptions of
the spectra of the transfer matrices of a vertex model associated to Uq(g) was
studied in [5, 11, 13] etc. for g of classical type. Since the g-character is designed
to be a “universalization” of the family of transfer matrices, one can interpret their
results in the context of the g-character. Then, the Jacobi-Trudi determinant X/,
is conjectured to be the g-character of certain finite dimensional representation
associated to a skew diagram A/u and a € C for A, and B,. For these cases, the
determinant X/, is described by the tableaux which satisfy certain “horizontal”
and “vertical” rules [5, 11]. In contrast, the tableaux description of Xx/u,a for Cp
and D,, is known only for the cases when A/p is a one-row or one-column diagram.

In this paper, we conjecture that X/, i the g-character of a finite dimensional
representation, and give a summary of the method to give a tableaux description
for C,,, using the “paths” method of Gessel-Viennot [10]. For simplicity, the paths
method is introduced by applying it for the A,, case. To apply it for the C, case,
some modifications are required. As a result, the tableaux are given by certain
horizontal and vertical rules with an “extra” rule. The case for two-row diagrams
are given, which is the simplest typical example of it. In conclusion, we give a
conjecture of an implicit form of the extra rule in terms of paths.

2. PRELIMINARIES

2.1. Quantum affine algebras. Let g be a simple Lie algebra over C of rank n,
and let § be the corresponding affine Lie algebra. Let U,(§) be the quantum affine
algebra, namely, it is the associative algebra generated by mf, kiil (i=0,...,n)
with relations

%
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Here, ¢ € CX, C = (Cyj)o<i,j<n is the Cartan matrix of g, and ¢; := ¢, where r;’s
are relatively prime integers such that B = (B;;) = DC for D = diag(ri,...,7n).

We also set
l?L S

[slg! = [slgls — g .. [l [slq :

$

_r-a
g—g!

If we let ¢ — 1, then Uy(§) becomes the universal enveloping algebra U(g') of the

subalgebra g’ := g ® C[t,t71] ® Cc C § (c is the center).

2.2. Finite dimensional representations of Uy(g). There is a bijection between
the set of the isomorphism classes of the finite dimensional representations of Uy, (g)
and the set of n-tuples polynomials P(u) = (F;(u))i=1,...,n With constant term 1,
which are called the Drinfel’d polynomials [6, 7]. For any skew diagram X\/p with
its depth d(A/p) < n (d(\/p) < n—1 for B,, and d(A\/p) < n—2for D,) and a € C,
let V(\/p,a) be the representation that corresponds to the Drinfel’d polynomial
d(\ /u')
[T Py-ia(@
j=1

where P; ,(u) = (Pj{u))j=1,...,n is defined as

P;(u) 1—ug? ifj=rz,
A1) = .
! 1, otherwise,

and
a{j} =a+ (25 — A;_ - u;» —1)é.

Here, A’ denotes the conjugate of A. Then, the highest weight of V(\/u,a) con-
sidered as a Ug(g)-module is Z;-l(:)‘l /1) w,\;_u;,'where w, is the rth fundamental

weight.
For the definition of the representation V' (A/u,a) associated to a skew diagram

My of dM ) =n for B, and d(A\/p) =n — 1,n for D, see [15].

2.3. The g-characters of quantum affine algebras. The ¢-character of U,(§),
introduced in [9], is an injective ring homomorphism

(2.1) Xq : Rep Ug() — Ug(h)[[u]],

where Rep Uy, (g) be the Grothendieck ring of the category of the finite dimensional

representations of U,(§), and U, (h) is a certain subalgebra of U,(§). It is defined as
a composition of two maps; the map that sends V' € Rep U,(g) to the “universal”
transfer matrix

ty(u) := Try (Ty () ® id)(R) € Uy(g)llul],

and the projection Uy(§)[[ul] — Uy(h)[[u]]. The element R € U, (§)QU,(§), called
the universal R-matriz, satisfies the Yang-Baxter equation

R12R13Ra3 = RozRi3Rie.
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Sending the second component of R by a representation (7®#, W®?), the element
tyv (u) becomes the transfer matrix
tv{u;u, ..., Up) =Try(Ryw(u—u1)... Ryw(u—up)).

For the simplest example, the tableaﬁx description (with spectral parameter
a € C) of the g-character for the first fundamental representation V((1),a) is given

as follows:

(2.2) Xe(V((1),0) = 2= [il,

el i€l
Here, the set 7 is
’{1,2,...,n,n~1—1}, _ (An)
{1<2<-<n<0<m=<---=<2<1}, (Bn)
(2.3) I:<{142—<--~<n-<'ﬁ<---—<-2~<i}, - (Chn)
(152~ <" < <T<T} (Dn)
7l
\

See [9] for the monomials z; , occurring in (2.2).

3. THE JACOBI-TRUDI FORMULA FOR THE ¢-CHARACTERS

For any a € C, we define E,(z, X) and Hg(z,X) as follows:

E.(z,X):=
fﬁ_l-)sk;sn-*—l(l + Zk,aX) o~ (An)
(31) {ngkgn(]‘ + zk,aX)}(l - zO,aX)ul{ngign(l + ZE,QX)} (Bn)

STNCEENS ) (RPN 200 o1 ICETE 0 o) BN G
\ {I_Lsicgn(l + Zk,aX)}(l - z'ﬁ',aX'zn,aX)«l{Hlskgn(l -+ ZE,QX)} (Dn)

(3.2)
Hy(z,X) =
SIPENC S o | (An)
! T cen® = 25, X) 731 + 200 X) T cecn (1~ 2.0 X) 7'} (Bn)
{H1§k§ ( zk aX) 1}(1 ~ Zn, GXZ‘H GX) 1{H1<k<w( Zk,aX)_l} (Cn)
\{Hlsks (1 zk aX) 1}(1 _ZnaXzﬂG ){H1<k<n( zk;GX)_l} (D’n)
where ﬁlgkgﬂ.Ak =A;... A, and ngkgnAk = A, ... A, and
(33) ZiaZjal = %40/ %ias Xz'i,a - z’i,a—25X7 7’13 € I;a,a' € C:
where ¢ is
]'7 (Ana C’n? Dn)
4 § =
&4 {2. (B.)

Then we have
(3.5) H,(2,X)E,(2,—X) = Eq(z, ~X)H, (2, X) = 1.
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It has been observed in [8, 12] (see also [11, 13]) that e;, is the g-character of

the rth fundamental representation V{((17),a) of U,(g) for 1 < r < n (r # n for
B,, r # n — 1,n for D,,), while h,, is the g-character of the rth “symmetric”

power of the first fundamental representation of U,(§)} for any r > 1. The tableaux
description is given as follows:

-
ero= 3, Nlawacn=" 3

il,.-.,?;rel;(V) =1 il)*"airef;<v)

r
hr,a+2r—-2 = Z Hz'il,a.—i-?(l—r) = Z ill iZI to irl .

i1, €1 (H) =1 yinel;(H) @ 912 a-+2r—2
The rules (V) and (H) for 41,...,%, € I, called the vertical and horizontal rules,
are given as follows [5, 11, 13]: for any k= 1,...,r,
(V) ik <dgs1, (An)
ik < Qg1 OF dg =gy =0, (Br)
(3.6) iy <ipps and [(ind)) = (6,8) = K —k<n—d, (Cn)
ik < tg+1 OF (i, iky1) = (n,7) or (ig,i5+1) = (7, n). (Dy)
(H) ik <k, (An)
ix S ikp1 and i = igp1 £ 0, (Br)
(3.7 [ik Jdgr1 or (ig,ipe1) = (W, )]
and (ig, g1, t642) # (7,7, n), (A, n,n), (Cn)
ik = ix+1 and n and 7 do not appear simultaneously. (D)

Due to the relation (3.5), it holds that [14]
(3:8)  det(ha,—p,—itjata(n—is)i<i i<t = deb(ex —pr —itja2(u—j+1)s)1<0,5<0

for any partitions (A, x}, where [ and {’ are any non-negative integers such that
[ > d(\),d(u) and I' > d(X'),d(y). For any skew diagrams A/p, let x»/, , denote
the determinant on the left or right hand side of (3.8). We call it the Jacobi-Trudi
determinant of Uy(g) associated to A/p and a € C. Note that x(;),o = hre and
X{1r),a = €r,a-

V\)/'e remark that the determinant (3.8) appears in [5] for A, and [11] for B, in
the context of transfer matrices.

We conjecture that

Conjecture 3.1. (1) If g is of type A, or B, and A\/u is a skew diagram of
d(')\) < n, then XX /e = XQ(V()\/IUW CI,))

(2) If g is of type Cy, or D, and M/ u is a skew diagram of d(A\) < n when g

is of type Cy, (resp. d(A) < n — 1 when g is of type Dy ), then X»/u,0 i

the g-character of certain (not necessarily irreducible) representation V. of

U,(8) which has V(\/u,a) as a subquotient; furthermore, if u = ¢, then

XXa = Xq(V()\, G,))
Remark 3.2. An analogue of Conjecture 3.1 is true for the representations of Yan-
gian Y (sl,,), which can be proved [2] using the results in [3, 4].



Remark 3.3. The representation V in Conjecture 3.1 for C,, and D,, do not coin-
cide with the irreducible representation V{\/u,a), in general. The case (A, p) =
((3,1),(2)) is a counter-example for Cy and for Dy, which can be shown from the
singularities of the R-matrices (see [1] for example).

Tn the following sections, we give the tableaux description by applying the path
method of Gessel-Viennot [10] (see also [16]). First, we introduce the method for
the A, case in Section 4, and then we refer to the modification of this method to

apply it for C), in Section 5.

4. TABLEAUX DESCRIPTION OF TYPE A,

The method was originally introduced to derive the well-known semistandard
tableaux description of the Schur function from the (original) Jacobi-Trudi de-
terminant. For A,, this method works out without any modification (except for
inserting the spectral parameters).

During this section, I is of type A, in (2.3).

4.1, Paths description. In this subsection, we give a paths description ofof Xx/u,a
(3.8) in terms of the method of Gessel-Viennot.

A path p in the lattice Z x Z is a sequence of steps (s1,82,...) such that each
step s; is of unit length with the northward (N) or eastward (E) direction. For

example, see Figure 1.
Let p be any path such that the initial point is at height 0 and the final point is

at height i, and set E(p) := {s € p| s is an eastward step}. The maps
Ll: E(p) — I, L2 B(p) — {a+2k |k cZ},

called the h-labeling of type A, associated to a € C, are defined as in Figure 1. For
example, 28 = 23,422,01-2%3,6+4%3,a+6 for p in Figure 1. We define

(4.1) 25 = H ZLi(s).pi(s)”
s€E(p)

Lt (s1) height

. . -5 4
. . .4 3
P= e . --3 2
84
52 53 4 . . 2 1
81

. 1 0

u:(0,0) . . .

L2(s;) a a+2 at+4 a+6
FIGURE 1. An example of a path p and its h-labeling.
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Then we have

(4.2) Pratar—2(2) = Z .-

(0,0) 5 {r,n)
For any skew diagrams A/u, let [ = d(A), and let u, = (u1,...,%) and vy =
(vy,...,v) be l-tuples of fixed initial and final points defined as u; = (y; +1—14,0)
and v; = (M + 1 —14,n). Let P(A,;u,,va) be the set of [-tuples of paths p =
(p1,--.,p1) such that u; 2 vr(sy for some perimutation 7 € &;. We define the
weight 2P and the signature (—1)P for any p € P(An;uy,vy) and a € C by

l
2P = Hzgi, (=1)P =sgnm.
i=1 '

Then, the determinant (3.8) can be written as

(43) XA\/pa = Z (*l)nga
PEP(Arniuu,va)

by (4.2). Applying the method of [10], we have
Proposition 4.1. For any skew diagrams A/ p,

(4'4) Xx/pa = Z Zfa

PEP(An;i,A)
where P(An; p,A) is the set of ali p = (p1,...,p1) € P(An; 1y, va) which do not
have any intersecting pairs of paths (p;,p;).

The idea of its proof is to consider a weight-preserving, sign-changing involution ¢
onallp € P(A,; u,, va) which possess an intersecting pair of paths. It immediately
follows that the contributions of all such p to the right hand side of (4.3) are canceled

with each other.

4.2. Tableaux description. We define the weight 2] for any tableau T of shape

A/ as
Zg = H AT(4,5),0+2(~i)1
(L,I)EX 1
where T'(Z,7) is the entry of T at (4, ), namely, the entry at the ¢th row and the
7 th column.

A tableau T which satisfies the rules (V) and (H) of A,, in (3.6) and (3.7) is called
an A, -tableau. Namely, an A,-tableau is nothing but a semistandard tableau. We
write the set of all the A,-tableaux of shape A/u by Tab(A,, A/u).

For any p = (p1,...,p1) € P(An;p, A), we associate a tableau T(p) of shape
A/p such that the ¢th row of T(p) is given by {L.(s) | s € E(p;)} listed in the
increasing order. See Figure 2 for an example. Clearly, T'(p) satisfies the horizontal
rule because of the h-labeling rule of p, and T'(p) satisfies the vertical rule since
p € P(A,; i, A) do not have any intersecting pairs of paths. Therefore, we obtain

a map
(4.5) T: P(Ap;p,A) 2 p = T(p) € Tab(A,, M p)

for any skew diagrams A/u. In fact,

Proposition 4.2. The map T (4.5) is a weighi-preserving bijection.



4 4
3 3
p= 3
2 2
D3 P2 1 {;
us (75 ¢ k751 -

5

4

3

2

1

L.(s) height

1

0
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FIGURE 2. An example of p and the tableau T(p) for (X, i) = ((3%), (1))

By Proposition 4.1 and 4.2, we reproduce the result of [5].

Theorem 4.3 ([5]). If \/p is a skew diagram, then

XX/ wa =

TETab(An, A/ 1)

2

5. TABLEAUX DESCRIPTION OF TYPE C,

In this section, we consider the case that g is of type C,.

5.1. Paths description. In view of the definition of the generating function of
H,(z,X) in (3.2), we define an h-path and its h-labeling as follows:

Definition 5.1. Consider the lattice Z x Z. An h-path of type Cy, is a path u L
such that the initial point u is at height —n and the final point v is at height n,
and the number of the eastward steps at height 0 is even. Let P(Cy) denote the

set of all the h-paths of type C,,.

For any p € P(C,,), the h-labe
defined as in Figure 3.

3
3

3l

n—l.

u

L2(s) a—2

Ui

a a%? a%4

b

ling (L, L%) of type C, associated to a € C is

Li(s) height

=1 2
»——Iﬁ I 1

. ,n 0
. n -1
. n—1 —2

FIGURE 3. An example of h-paths of type C, and their A-labelings.
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By (3.2), we have
(51) hr,a+2'r——2(z> = Z Zg,

(Oi_n)_};(?‘?n)

where 2P is defined as in (4.1) by the h-labeling of type Cy.

For any skew diagram A\/u, let I = d{\), and let u, = (u1,...,u) and vy =
(v1,...,v;) be l-tuples of initial and final points defined as u; = (u; +1 —14,-—n)
and v; = (A; +1 —14,n). As in the case of type A,, we set PB(Cpjuy, vy) be the
set of [-tuples of paths p = (p1,..., ) such that u; LS Ur(;) for some permutation
7 € 6,;. and define 2P and (—1)P for any p € P(Cpn;uu,va) and a € C by the
h-labeling of type Cp. Then, the determinant (3.8) can be written as

XX e = Z (__1)132:5,
PEP(Criug,va)
by (5.1).

The first difference from the A, case is that, the involution ¢ is not defined on
all p = (p1,...,m) € P(Cpju,,va) which possess an intersecting pair of paths
(ps,p;), because of the definition of the h-paths of type Cy, (Definition 5.1). To
define the involution for the C,, case, we give the definition of the specially (resp.
ordinarily) intersecting pair of paths (see [15]). Applying the method of [10], all
p = (p1,...,p) € P(Cp;uy,va) with an ordinarily intersecting pair (pi,p;) are
canceled, and we have

Proposition 5.2. For any skew diagrams A/,

(5'2) XX\ pa = Z (—l)ng,

PEP(CripsA)
where P(Cp; i, \) is the set of all p = (p1,...,pr) € P(Crjup, va) which does not
have any ordinarily intersecting pair of paths (ps,p;).

The second difference from A,, is that, the sum (5.2) is alternating. However, we
conjecture that the sum (5.2) turns out to be a positive sum for any skew diagram
A/u. To obtain a positive sum, we use the relations

(5.3) 2i,0%5 g _ont2i-4 — Fi—1,a%=1,a-2n+2i—40 ¢ 1,...,n; a€C.

The third difference is that there exist some p € P(Cy; p, A) that have a “trans-
posed” pair of paths (p;,p;). (Roughly speaking, if the initial points u = (u,u2)
and final points v = (v, v) are in order and u; 5 g, up P2 4, then (p1,p2) is
called a transposed pair of paths. For example, (p,p’) in Figure 3 is transposed.)
For such p, we cannot define a tableau of shape A/p as same as T(p) in (4.5),
and therefore, the map T on P(Cy; s, A) to a certain set of tableaux of shape A/p
cannot be defined as same as (4.5) of A,.

5.2. Tableaux description. To formulate the tableaux description, we define a
tableau T'(p) for any p = (p1,...p1) € P(Chn; i, A) such that any pair of paths
(pi,p;) is neither ordinarily intersecting nor transposed. Then we have a weight-

preserving bijection

(5.4) T : P(Cy; 1, A) = Tab(C, Mp) = {T(P)|p € P(Crij iy N}
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as in (4.5), where P(Cp; i, A) is the set of all p € P(Cr;uy, vy) which do not have
any transposed pair of paths. The set 'fa;f)(Cn, A/p) can also be described by the
set of all tableaux T of shape A/u which satisfy the following “horizontal” and
“vertical” rules as in the A, case, which reduce to the rules (H) and (V) for C, in
(3.7) and (3.6), when A/u is a one-row diagram for (H) and one-column diagram
for (V).
(H) Each (4,7) € A/ satisfies both of the following conditions:
o T(i,7) X T(G,j +1) or (T(,5), TG, +1)) = (7).
o (T(i,5~1),7(,5),T3J + 1)) # ®,7,n),([@,n,n).
(V) Each (¢,7) € M/ satisfies at least one of the following conditions:
o T, ) < T(i+1,7).
e T(i,/)=TE+L,5)=n, G+ 1L,j—1)eXpand T(i+1,j—1)=7.
e T(Zaj) = T(Z + 1&.7) =7, (%.7 + 1) & /\/[_l and T(iaj + 1) =T.
We expect that the alternating sum (5.2) can be translated into a positive sum
by a certain set of tableaux Tab(Cp, A/p) C Tab(Cy, A 1) as

(5'5) XA /pa = Z ZZ'
TeTab(Cn, A/ 1)

Thus, the tableaux in Tab{(C,,\/p) are described by a horizontal rule and the
vertical rule with an “extra” rule which selects them out of 'i‘EB(Cn, A ).

The idea in [15] to obtain from (5.2) is as follows: We introduce some weight-
preserving, sign-inverting injections which “resolves” a transposed pair of paths,
which is well-defined if d(A) < n. The relation in (5.3) plays a crucial role for
the weight-preserving property of these injections. Then, we can show that the
contributions for (5.2) from all p with a transposed pair of paths almost cancel
with each other.

In the following subsection, we give the tableaux description for A/u of d(X) = 2.
In this case, the set P(Cp;u, A) is exactly the set of all p = (p1,p2) € P(Cnjpty A)
such that (p1,ps) is not transposed. Moreover, we do not have to consider any

cancellations between all the transposed pairs p = (p1,p2). The contributions for
all the transposed pairs p = (p1,p2) are all negative, which turn into the extra rule.

5.3. Skew diagrams of two rows. Let Tab(Cy, A/u) be the set of all the HV-
tableaux T with the following extra condition:
(BE-2R) If T contains a subtableau (excluding a and b)

k

"
7~ ™~

(5.6) n na

n
bimwml - |

where k is an odd number, then at least one of the following conditions holds:
(1) Let (i1,51) be the position of the top-right corner of the subtableau (5.6).
Then (i1,5; + 1) € A/p and a :=T'(i1,51 +1) = n.
(2) Let (i2,72) be the position of the bottom-left corner of the subtableau (5.6).
Then (i9,52 — 1) € A/ p and b:=T(ig,j2 — 1) = 7.
Then

Theorem 5.3. For any skew diagrams A/p with d(A) =2 and n > 2, the equality
(5.5) holds.



184

height
L2 UZ L] - Ul L] L - - - » UZ - - Ul R 2
mon 7w
- x - - - . . . ) . 1
n o on W o on Win W n fi . non| .’U, . U. ) T on . 0
' TR = ] e ,
n n ;

. * . . . x - . -p2 - . pl 4 . - crr T ]—
D2 D [n n n .

. uz - - u1 -« [ L] - L] . uz - L u]. . - * . -

FIGURE 4. An example of p = (p1,02) € P1(Cp; i, A) and the map f;

Proof. Let Pi(Cy;u, \) (resp. Py(Cp; p, A)) be the set of all p = (p1,p2) € P(Crj i, A)
such that (p1,p2) is transposed (resp. (p1,p2) is not transposed). In this case, we

have Py(Ch; sy A) = P(Chs i, \).
Define a weight-preserving, sign-inverting injection

fl :PI(Cn;)u'a’\) - PO(Cruﬂa)\)

as follows (see Figure 4 for example): Let u (resp. v) be the leftmost (resp. right-
most) intersecting point of p; and py at height 0. We assume that u — (0,1) and
v+(0,1) is on p; while u—(1,0) and v+ (1,0) is on ps. Set fi(p1,p2) = (P}, p5) by

phiur B a4 (0,-1) — v+ (1, 1) — v +(1,0) B0y,
ph g P4 (—1,0) — u+ (—1,1) — v+ (0,1) 2 vy,
Roughly speaking, f; resolves the transposed pair (p1,ps2). From (5.2) and (5.4),

we have
XA/ma = Z z:f - Z Zg(p).
TETab(Cn, M 12) pElm fy
The set {T'(p) | p € Im f1} consists of all the tableaux in ’I"\aT)(Cn, A/p) prohibited
by the extra rule (E-2R). o

5.4. Conjecture on the implicit form of the extra rule. Let P;{Cy;u, A} be
the set of all p = (p1,...,m) € P(Cp;p, M) (I = d(N)) such that one pair of paths
(ps,p;) is transposed. Let P**'(Cy; u, \) be the set of p € Py(Cp;u, A) such that
the pair (p;, pi+1) is transposed. Then we have P;(Cp; u, \) = Zl : Pl (Chs py A).
We conjecture that one can always resolve the transposed pair (pg, Div1) (with-
out producing any ordinarily intersections) and define a weight-preserving, sign-
inverting injection f;**' : PP (Chj i, A) — Po(Ch; ity A). Furthermore, we conjec-
ture that '

Conjecture 5.4. For any skew diagram A/p of d(A\/p) <mn,
Tab(Cn, A/p) = Tab(Cp, A/ \ {T(p) | p € U ™" Im fi41}.

In other words, for a tableau T" € ’Eﬂ)(C’n, A/ ), the extra rule (E), which gives
the condition for 1" to be in Tab(C),, A\/u), is implicitly stated in terms of paths as

follows:
(E) If p € P(Cp;p,)) corresponds to T, then p is not obtained from some
p’ € Pi(Cy; i, A) as the resolution of the transposed pair.
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