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Abstract. Let ZP denote the class of functions of the form

f(@=z7+Y az* (peN={23,}) whichare analytic and p - valent in the
k=0

punctured disc D={z:0< z|<1}. We introduce and study some new families of

meromorphic multivalent functions defined by certain linear operator. A number of
useful characteristics of functions in these families are obtained. In particular, some
properties of neighborhoods of functions in these families are given.

Key words and phrases. Meromorphic, neighborhood, operator, partial sum.

2000 Mathematics Subject Classification. Primary 30C45; Secondary 30D30,
33C20.

1. Introduction
Let Z,, denote the class of functions of the form

f@=z"+3 ez (peN={23}) (L.1)

which are analytic and p -~ valent in the punctured disc D={z:0<| z|<1}. Definc a
linear operator as following

D°f(2)=f(2)
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D'f(z)=z"7+(p+Da, +(p+2)az+(p+3)az* +---

_ "Ry

ZP
D*f(z)=D(D' f(2))

and for n=12,.--

D*f(z)=D(D" f(z)) =2 + 3 (p+k +1)"a,z*
k=0

_@Dm @)y

(1.2)
z
It is easy to see that
2(D"f(2)) = D™ f(2)~(p+1)D"f(2) . (1.3)

When p =1,Uralegaddi and Somanatha[20] investigated certain properties of the

operator D". Recently, Aouf and Hossen [2] showed some results of the operator
D" for pe N={1,23,--}.

Let ~1<B<As1. A function f(2)=z7+) a,z" €}, is said to be in the

k=0

class T,(A4,B)if it satisfies the condition

| 2(D"f(2)) + pD" f(2) |
|Bz(D" £ (2))' + ApD" £ (2)|

forall ze E={z:|z|<1}.

<1 (1.4)

Furthermore, a function f(z)=z7+) |a,|z* € Zp is said to be in the class

k=p

T, (4, B) if it satisfies the condition (1.4).

It should be remarked in passing that the definition (1.4) is motivated essentially by
the recent work of Mogra [13] and Liu and Srivastava [12]. The special class

T,(4,B) was studied by Mogra [13]. Another subclass associated with the linear

operator D" was considered recently by Liu and Srivastava[12].
In recent years, many important properties and characteristics of various interesting



subclasses of the class ZP of meromorphically p-valent functions were

investigated extensively by (among others) Aouf et al. ([2] and [3]), Joshi and
Srivastava [8], Kulkarni et al.[9], Liu and Srivastava ([10],[11] and [12]), Mogra ([13]
and [14]), Owa et al.[15], Srivastava et al.[18], Uralegaddi and Somanatha ([20] and
[21]), and Yang ([22]). The main object of this paper is to present several inclusion

and other properties of functions in the classes 7,(4,B) and T, (4,B) which we

have introduced here. We also apply the familiar concept of neighborhoods of analytic
functions (see [6] and [16]) to meromorphically p - valent functions in the class

Zp :
2. Properties of the class 7,(4,B)

In proving our results, we shall need the following lemma which is due to Jack [7].
Lemma. Let w(z) be non-constant analytic in E={z:z|<1}, w(0)=0. If

| w(z)| attains its maximum value on the circle |z|=r<1 at z,, we have
zoW'(2,) = kw(z,), where k isareal numberand k£ =>1.
Theorem 2.1. Let 1+ B2 p(A-B), then T,,(4,B)cT,(4,B).

Proof. Let f(z2)e7,,(4,B). Suppose that

z(D:f @) __,Ll+dwz) @2.1)
D"f(2) 1+ Bw(z)
where w(0)=0.
By using (2.1) and (1.3), we have
D™ f(2) _ 1+ AWz) p(A-B)zw'(2) 2.2)

D™ f(2) PIeBma) 1+ BM)I+[B- p(4- BIW()}
Suppose now that, for z, € E, glslmﬂ w(z) |5 w(z,) |=1. Applying Lemma, we have
z,W(2,) = kw(z,), k 21. Writing w(z,) = ¢'’ and putting z = z, in (2.2), we obtain

| 0™ @y +pD™ 1) |
|B2(D™ f(2)) + 4pD™ £ (2)|,.,,
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_|Gk+D+[B-pa-BYe* [
[1-[B(k~1)+ p(A- B)le” |

- H,(cosb)
[1-[Bk -1+ p(4-B)e”

, 2.3)

where
H,(cos@) = k*(1- B*)+2k[1 + B* - pB(4- P)] +2k[2B - p(A - B)]cosB .
Since 1+ B2 p(A- B), then
H,()=k*(1-B*)+2k(1+B)[(1+B)~ p(4-B)] 20

and

H,(-1)=k*(1-B*)+2k(1-B)[(1- B)+ p(4-B)] 20
This shows that H(cos@)20 for all 8 (0<60<2x) and it follows that (2.3)
contradicts the hypothesis f(z)e7,, (4,B). Hence |w(z)|<1 for all ze £ and

(2.1) shows that f(z)e H,(4,B).0

Theorem 22 Let a>0 and let A be a complex number such that

Red2 pa% If f(z)eT,(4B), then the function g(z) defined by

1
D"g(z)={’1 = L‘t“(D"f(r»“dt}; (24)
also belongs to 7,(4,B).
Proof. Put
(D'g(z)) 1+ Aw(z) 25
D"g(2) 1+ Bw(z)
where w(0)=0.
Using (2.4) and (2.5) together with some computations, it follows that
DS _ 1+ AWz) _ PA-B)w'(2) 26)

D" f(2) P 1+Bw(z) (1+Bw(2))[(A- pa)+(BA- Apa)w(z)]

The remaining part of the proof of Theorem 2.2 is similar to that of Theorem 2.1
and so is omitted. O

3. Properties of the class T (4,B)



In this section, we assume that 4+ B <0.

Theorem 3.1 Let f(z)=z7+) |a,|z* be analytic and p-valent in

k=p

D={z:0<z|<1}. Then f(z)e T, (4,B) if and only if

3 (20— A)+ k(- B))(p+k+1)" | 4, < p(A-B). @3.1)

k=p

The result is sharp for the function f(z) given by

— P p(A4-B) k
F &= k-] FoP ¢.2)

Proof. Let f(z)=z?+) |a,|z* €T,(4,B). Then

k=p

k=p l

S (p+kNp+E+1)" | ay | 2

| z(D"f(2))'+ pD"f(2) | _
|Bz(D" f(2))' + 4pD" £ (2)|

p(A-B)+ i(Ap+Bk)(p+k+l)" la, | 2***

k=p

<1. , 3.3)
Since |Rez|<|z| for any z,choosing z to be real and letting z — 1~ through real
values, (3.3) yields

i(p+k)(p+k+1)" la, ISP(A~B)+i(Ap+Bk)(P+k+l)" lay 1

k=p k=p
which gives (3.1).
On the other hand, we have that ,
. , i 3 (p+EXp+k+1)"|a,|
| D" £ +pD"f(2) | Z '

|B2(D" f(2))' + ApD" £ (2)| p(4-B)+ i(Ap +Bk)(p+k+1)"|a, |

k=p

<1.
This shows that f(z)e T, (4,B).0
Next, we prove the following growth and distortion property for the class
T.(4,B).

Theorem3.2 Let O0<m<p.If f(z)e T (4,B), thenfor 0<z|=r<1,
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(p+m-D) (4-B)p! ,2,,},-(p+m>
(p-1D!  @2-(4+B)Q2p+1)"(p-m)!
/™)
< {(p+m— D!, (4-B)p! r”}r‘“’*"” .
(p-1D!  2-(4+B))2p+1)"(p-m)!

The results are sharp for the function f(z) given by

A-B 2P
(2-(4+B)2p+1)”

f(@)=z7"+
Proof. Let f(z)e T, (4,B). Then we find from Theorem 3.1 that

PR (4+BYPH” S gy 4, 1 3 [p(1- A)+ kA= B)(p+k+1)" |a, |

‘p' k=p k=p
< p(4-B),
which yields
3 (4-B)p!

Now by differentiating f(z) m times, we have

m m (p+m—1)' pm N k! k-m
™) = (=" — Lz la, | 2™ . 3.5)
eI Y (
Hence Theorem 3.2 would follow from (3.4) and (3.5).0

Finally, we determine the radius of meromorphically p - valent starlikeness and

convexity for functions in the class T, (4,B).
Theorem 3.3 Let f(z)e T, (4,B). Then

(1) f(z) is meromorphically p - valent starlike of order § in |z |< 7, thatis

Re{f;(—(zz)—)} <-pdé (zlkn) (3.6)

where 0<6 <1 and



) =inf{(l-a)[p(l-A)+k(1-B)](p+k+1)"}5i7
Lok (4-BXk + pd) '

(ii) f(z) is meromorphically p - valent convex of order & in | z|<7,, thatis

Re{l +%} <-pé (zl<n) . 3.7

where 0<6 <1 and

1

: {p(l-a)[pa—A)+k(1-3)](p+k+1)"}f+7
r, =inf )
k(k + pS)(A- B)

Each of these results is sharp for the function f(z) given by (3.2).
Proof. (i) From Theorem 3.1, we have

2‘: k+pd a, | zl,ﬂ,<i[p(l—A)+k(l—B)](p+k+l)"

|a, |
t=p P(1-9) k=p p(4-B)
<1 dzi<n).
Therefore for | z|<n,
9 k | k+p
| zf'(z)/f(2)+p IS é( +p)|ak ”21 |
F'@ @ PA=20)" 50 5)- 31k - pa-26)]1 | 2 7
k=p
<1,
which shows that (3.6) is true.

(ii) It follows from Theorem 3.1 that

< k(k + pd) ktp [p(1-A)+k(Q-B)(p+k+1)
;pz(l_a){ak”zl <’§ P(A-B) |a, |

<1 (zlkn).

Thus for |z |<7,, we obtain

S k+p
| 1+7'@/ F@+p | 2k +play 2|

L+ f@-pA-20)" 5,2 _5)- 3 bk - p(1-26)]| 4, | z**

k=p -

v «,
which shows that (3.7) is true.
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Sharpness can be verified easily. []

4. Neighborhoods and partial sums

Following the earlier works (based upon the familiar concept of neighborhoods of
analytic functions) by Goodman[6] and Ruscheweyh{16], and(more recently) by
Altintas and Owa [1] and Liu and Srivastava ([10] and [12]), we begin by introducing

here the & —neighborhood of a function f e ZP of the form (1.1) by means of the

definition:

Ny(f)= {g(z) =z7+ ib,,z" €,

k=0

< [P(l'-A)+k(1‘B)](p+k+1)"|bk —a, 155,-153<As1;620}.
k=0 p(A-B)

Making use of the definition, we now prove
Theorem 4.1 Let §>0 and ~1<A<0.If f(z)=z"+) a,z" ) satisfies
k=0
the condition

ﬂiz-:—i—zie T,(4,B) (4.1)

for any complex number ¢ such that |g{< J, then N,(f)cT,(4,B).
Proof. It is obvious from (1.4) that g(z) € 7, (4, B) if and only if for any complex

number o with |o|=1

(DR D'EE Lo e
Bz(D"g(z))' + ApD"g(z) ’
which is equivalent to
5(5—1-55’-(52 £0 (zeE), 42)

where

h(z)=z7"+) c,z*
k=0

-» - [(p+k)-o(pA+kB)] n_k
"+k-o 5D (p+k+1)"z (4.3)

=2
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From (4.3), we have

e, | [P+ B)=o(pd +kB)]
1 po(B-4)

(p+k+1)"

p(1-A)+k(1-B) »
< (A B) (p+Ek+1)".

If f(z)=2z7+).a,2"¢€ ZP satisfies the condition (4.1), then (4.2) yields
k=0 )

Hf (2) Ha)}, (ze E). @.4)
<

Nowlet p(z)=z7 +) b.z* € Ny(f),then
k=0

I(p(Z)_{S»*h(Z)% -5 6, - ap)cu

k=0

R LI LY

<0 .

Thus for any complex number o such that | o |=1, we have

p(z)* h(z) 20

zP

which implies that p(z) € T, (4, B).0

(z€ E),

Theorem 42 Let -1<4<0. Let f(z)=z"+Y.q, 2" €y, , 5(2)=2"
k=0

m=-2

and s,(z2)=z"+Y a,z* (m22). Suppose that
k=0

AL 4.5)
k=0
where
1-A)+k(1-B
ck=P( )+ K )(p+k+1)".
p(4- B)
Then we have

@) f(2)eT,(4,B);



(i) Re{ /(2) } o1t (4.6)
s m (Z ) cm—l
and
Sm (Z ) cm-l
Re{ f(2)}> Tren, @7
The estimates are sharp.

Proof. (i) It is obvious that z7” € T,(4,B). Thus from Theorem 4.1 and the
condition (4.5), we have N,(z7?)cT, (A, B). This gives f(z)eT,(4,B).

(ii)It is easy to see that c,,, >c, >1. Thus

m-2 o

Slay1+e0, 310,163 e, 1a, 151 4.8)
k=0 k=0

k=m-1

Let

hl(z)=c,.-1{f @) -1 )}

5,(2) Cr

It follows from (4.8) that

Ihl(z)—lls cm.lk;-'lakl <1 (ZEE).

B@+" 5 3% 4, e Sasl
k=0

k=m-1

From this we obtain the inequality (4.6).
If we take

m-1

f(z)=z"* —-E——-— , 4.9

m-1

then

o+m-1
f(z)=1_z —-)1-—-1—- as z—o>1".
sm (Z) cm—l cm-l

This shows that the bound in (4.6) is best possible for each m .
Similarly, if we take

40



— sm(z)_ cm—l
hy(z)=(+c,, ){ ) 1+cm-1}

(+cpy) D 2"

=1- k=m-1 ,
1+ a,z***
k=0
then we deduce that
1+c,,_ a
m@-1], ‘)51 +|
- m~2 ©
@+ 580, 1 41-c,0) S |
k=0 k=m-1
<1 (zeE),

which yields (4.7). The estimate (4.7) is sharp with the extremal function f(z) given
by (4.9).0

For 620,-1<B<A<1 and f(z).—.z"’+2|a,,|z"ezp , we define

k=0

neighborhood of f(z) by

N;(f)={g(2)=2'p +il b, | z* EZF:

k=p

o [p(1-4) + k(1 - B)] mp |
2 pacm  wrEVIA '“”"5‘5}'

Theorem 43 Let A+B<0. If f(z)=z"+) |a,|z* €T, (4B), then

k=p

N;(f)< T, (4,B), where 5=T-%—12)— . The result is sharp.
p

Proof. Using the same method as in Theorem 4.1, we would have

h(z)=27 +3 2"

k=p

-» N (p+k)-o(pA+kB) n_k
=z%+ (p+k+1)"z" .
L oo

Under the hypothesis 4+ B <0, we obtain that
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f(2)*h(z)
z=P

L]
= 1+ch|ak | Z5+P
k=p

1 [p(1-4)+k(1-B)] i
1+2pk§ ) (p+k+D)™|a, | .

From Theorem 3.1, we get

[fD*h)|, 27 _ 5
z? | 1+2p

The remaining part of the proof is similar to that of Theorem 4.1.
To show the sharpness, we consider the function

A-B

f(2)= z7P+ (2—(A+B))(l+2p)'"l z* ETMI(A’B)
and
g(2)=z" +[ 4-B + (A—B)Jf ]z"
2Q-(4+B)1+2p)™  (2-(4+B)X1+2p)"
where 6'> Ny ().

+2p’

On the other hand, we find from Theorem 3.1 that g(z) is not in T, (4, B). Now

the proof is complete. [
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