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A four-class association scheme derived from
ahyperbolic quadric in $PG(3,q)$

Tatsuya Fujisaki
Graduate school of mathematics

Kyushu University
(藤崎 竜也 九州大学数理学府 )

1 Introduction

In the paper [4], Ebert, Egner, Hollmann and Xiang constructed afour-class symmetric associ-
ation scheme by using the set of secant lines with respect to an elliptic quadric $O$ of $PG(3, q)$

for $q\geq 4$ apower of 2. We can regard this association scheme as defined on the set of external
lines by taking the orthogonal complement with respect to $\mathcal{O}$ . In this paper, we consider an
analogous construction by hyperbolic quadric. We construct afour-class symmetric association
scheme by using the set of external lines with respect to ahyperbolic quadric of $PG(3, q)$ . Each
relation is invariant under the action of the orthogonal group $O^{+}(4, q)$ but the set of relations
is not the set of orbitals on the set of external lines. Indeed, there are more orbitals than rela-
tions. Moreover, aquotient of this association scheme forms astrongly regular graph with Latin
square type parameters. We also prove that this strongly regular graph is isomorphic to the
one constructed from adirect product of apseud0-cyclic symmetric association scheme defined
by the action of $SL(2, q)$ on the right cosets $SL(2, q)/O^{-}(2, q)$ , which is ageneralization of the
construction given by Mathon [6]. This isomorphism is obtained by an isomorphism between
$SL(2, q)^{2}$ and $\Omega^{+}(4, q)$ .

2Association schemes, strongly regular graphs and projective
spaces

Let $X$ be afinite set and let $\{R_{i}\}_{0\leq i\leq d}$ be relations on $X$ , that is, subsets of $X\cross X$ . Then
$\mathcal{X}=(X, \{R_{t}\}_{0\leq i\leq d})$ is called a $d$-class symmetric association scheme if the following conditions
are satisfied.

1. $\{R_{i}\}_{0\leq i\leq d}$ is apartition of $X\cross X$ .

2. $R_{0}$ is diagonal, that is, $R_{0}=\{(x, x)|x\in X\}$ .

3. $\{(y, x)|(x, y)\in R_{\iota}\}=R_{i}$ for any $i$ .

4. For any $i,j$ , $k\in\{0, 1, \ldots, d\}$ , $p_{ij}^{k}:=|\{z\in X|(x, z)\in R_{i}, (y, z)\in R_{j}\}|$ is independent of
the choice of $(y, z)$ in $R_{k}$ .

数理解析研究所講究録 1299巻 2003年 85-95

85



For $i\in\{0, \ldots, d\}$ , let $A_{i}$ be the adjacency matrix of the relation $R_{\mathrm{t}}$ , that is, $A_{i}$ is indexed by
$X$ and

$(A_{i})_{xy}:=\{$
1if $(x, y)\in R_{\mathrm{z}}$ ,
0if $(x, y)\not\in R_{\iota}$ .

Then we have

$A_{i}A_{j}= \sum_{k=0}^{d}p_{ij}^{k}A_{k}$

for any $i,j$ $\in\{0, \ldots, d\}$ . So $A_{0}$ , $A_{1}$ , $\cdots$ , $A_{d}$ form abasis of the commutative algebra generated by
$A\circ$ , $A_{1}$ , $\cdots$ , $A_{d}$ over the complex field (which is called the Bose-Mesner algebra of $\mathcal{X}$). Moreover
this algebra has aunique basis $E_{0}$ , $E_{1}$ , $\cdots$ , $E_{d}$ of primitive idempotents. One of the primitive
idempotents is $|X|^{-1}J$ where $J$ is the matrix whose entries are all 1. So we may assume
$E_{0}=|X|^{-1}J$ . Let $P=(pj(i))_{0\leq i,j\leq d}$ be the matrix defined by

$(A_{0}A_{1}\cdots A_{d})=(E_{0}E_{1}\cdots E_{d})P$ .

We call $P$ the first eigenmatrix of $\mathcal{X}$ . Remark that $\{Pj(i)|0\leq i\leq d\}$ is the set of eigenvalues
of $A_{j}$ . The first eigenmatrix satisfies the orthogonality relation:

$\sum_{\nu=0}^{d}\frac{1}{k_{\nu}}p_{\nu}(i)p_{\nu}(j)=\frac{|X|}{m_{i}}\delta_{ij}$ ,

where $k_{i}=p_{ii}^{0}$ and $m_{i}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $E_{i}$ . We say that $\mathcal{X}$ is pseudO-cyclic if there exists an integer
$m$ such that rank $E_{i}=m$ for all $i\in\{1, \cdots, d\}$ . Remark that in this case, $|X|=dm+1$ and
$k_{i}=p_{ii}^{0}=m$ for all $i\in\{1, \cdots, d\}$ (see [1, p.76]).

Let $G$ be afinite group and $K$ be asubgroup of $G$ . Then $G$ acts naturally on the set
$G/K\cross G/K$ with orbitals $R\mathit{0}$ , $R_{1}$ , $\ldots$ , $R_{d}$ , where we let $R\circ=\{(x, x)|x\in X\}$ . If all orbitals
are self-paired, then $\mathcal{X}=(G/K, \{R_{\iota}\}_{0\leq i\leq d})$ forms asymmetric association scheme. We denote
this association scheme by $\mathcal{X}(G, K)$ .

For astrongly regular graph with parameters $(n, k, \lambda, \mu)$ , one of the eigenvalues of its adjacency
matrix is $k$ , and the others $\theta_{1}$ , $\theta_{2}$ are the solutions of $x^{2}+(\mu-\lambda)x+(\mu-k)=0$ . We can
identify the pair of astrongly regular graph and its complement with atw0-class symmetric
association scheme whose first eigenmatrix is

$\{$

1 $k$ $n-k-1$
$1$ $\theta_{1}$ $-1-\theta_{1}$

$1$ $\theta_{2}$ $-1-\theta_{2}$

(1)

In the paper [6], Mathon constructed astrongly regular graph ffom the pseudo cyclic sym-
metric association scheme $\mathcal{X}(SL(2, 8)$ , $O^{-}(2,8))$ . The next lemma is ageneralization of this
construction
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Lemma 2.1 Let $\mathcal{X}=(X, \{R_{\iota}\}_{0\leq i\leq d})$ be a pseudO-cyclic symmetric association scheme on $dm+$

$1$ points. Then the graph $\Delta(\mathcal{X})$ whose vertex set is $X\cross X$ , where two distinct vertices $(x, y)$

and $(x’, y’)$ are adjacent if and only if $(x, x’)$ , $(y, y’)\in R_{\mathrm{t}}$ for some $i\neq 0$ , is a strongly regular
graph with Latin square type parameters $(|X|^{2}, m(|X|-1)$ , $|X|+m(m-3)$ , $m(m-1))$ .

Proof) The direct product of $\mathcal{X}$ is $(X\cross X, \{R_{\mathrm{z}j}\}_{0\leq i,j\leq d})$ , where

$R_{\iota j}:=\{((x, y), (x’, y’))|(x, x’)\in R_{\iota}, (y, y’)\in R_{j}\}$ .

If $P$ is the first eigenmatrix of $\mathcal{X}$ , then $P\otimes P$ is the first eigenmatrix of $(X\cross X, \{R_{\iota j}\}_{0\leq i,j\leq d})$ .

The edge set of $\Delta(\mathcal{X})$ is defined to be $j=1\cup R_{jj}d$ . Then the eigenvalues of the adjacency matrix of

$\Delta(\mathcal{X})$ are

$\{\sum_{j=1}^{d}p_{j}(i)p_{j}(i’)|0\leq i$ , $i’\leq d\}$ .

Since $\mathcal{X}$ is psued0-cyclic, $k_{0}=m_{0}=1$ , $k_{j}=m_{i}=m$ for $i,j$ $\neq 0$ . Hence the orthogonality
relation implies

$\sum_{j=1}^{d}p_{j}(i)p_{j}(i’)=\frac{m|X|}{m_{i}}\delta ii’-m=\{$

$m(|X|-1)$ if $i=i’=0$,

$|X|-m-m$ $\mathrm{i}\mathrm{f}i=i’,\neq 0\mathrm{i}\mathrm{f}i\neq i.$
’

Therefore $\Delta(\mathcal{X})$ has three eigenvalues. This implies that $\Delta(\mathcal{X})$ is strongly regular. The param-
eters of $\Delta(\mathcal{X})$ can easily be calculated. $\square$

In Lemma 2.1, if $\mathcal{X}=\mathcal{X}(G, K)$ for some finite group $G$ and its subgroup $\mathrm{X}$ , then $\Delta(\mathcal{X})$ has the
following geometric interpretation.

Lemma 2.2 Suppose the a finite group $G$ and its subgroup $K$ form a pseudO-cyclic symmetric
association scheme $\mathcal{X}=\mathcal{X}(G, K)$ . Then the graph $\Delta(\mathcal{X})$ of Lemma 2.1 is isomorphic to the
collinear $.ty$ graph of the coset geometr$ry$ $(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ where $D(G):=\{(x, x)|x\in G\}$

and for $x_{1}$ , $x_{2}$ , $y_{1}$ , $y_{2}\in G$ , $(\mathrm{X}, x_{2})K^{2}*(y_{1}, y_{2})D(G)$ if and only if $(x_{1}, x_{2})K^{2}\cap(y_{1}, y_{2})D(G)\neq\emptyset$ .

Proof) Since each relation of $\mathrm{X}(\mathrm{G}, K)$ is an orbital of the action of $G$ on $G/K\cross G/K$ , two pairs
$(x_{1}K, y_{1}K)$ , $(x_{2}K, y_{2}K)$ are adjacent in the graph $\mathrm{A}(\mathrm{X}(\mathrm{G}, K))$ if and only if there exists $w\in G$

such that $y_{1}K=wx_{1}K$ , $y_{2}K=wx_{2}K$ . On the other hand, two pairs $(x_{1}, y_{1})K^{2}$ , $(x_{2}, y_{2})K^{2}$ are
adjacent in the collinearity graph of $(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ if and only if $(x_{1}^{-1}x_{2}, y_{1}^{-1}y_{2})$ is in
$K^{2}D(G)K^{2}$ (cf. [3, p.15]).

For $x_{1}$ , $x_{2}$ , $y_{1}$ , $y_{2}\in G$ ,

$(x_{1}^{-1}x_{2},y_{1}^{-1}y_{2})\in K^{2}D(G)K^{2}$ $\Leftrightarrow$ $x_{1}^{-1}x_{2}$ , $y_{1}^{-1}y_{2}\in KwK$ for some $w\in G$ ,
$\Leftrightarrow$ $x_{1}^{-1}x_{2}\in Ky_{1}^{-1}y_{2}K$

$\Leftrightarrow$ $y_{1}kx_{1}^{-1}=y_{2}k’x_{2}^{-1}$ for some $k$ , $k’\in K$ ,
$\Leftrightarrow$ $y_{1}\in wx_{1}K$ , $y_{2}\in wx_{2}K$ for some $w\in G$ ,
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Hence the mapping $G/K$ x $G/K\ni(xK, yK)\mapsto(x, y)K^{2}\in G^{2}/K^{2}$ is an isomorphism between
the above two graphs. cl

For the rest of this section, we recall some terminologies on finite projective spaces. In this
paper, let $q$ be apower of 2and let $PG(3, q)$ be the three-dimensional projective space over
$GF(q)$ . For anon-degenerate quadratic form $Q$ on $GF(q)^{4}$ , we say that apoint $p=\langle v\rangle$ is
singular if $Q(v)=0$ , and we say that aline $l$ is external (resp. secant) if the number of singular
points in 1is 0(resp. 2). For apoint $p$ , denote by $p^{[perp]}$ the orthogonal complement of $p$ with
respect to the symmetric bilinear form obtained ffom $Q$ . Define for aline $l$ or aplane $\pi$ ,
$l^{[perp]}:= \bigcap_{p\in l}p^{[perp]}$ , $\pi^{[perp]}:=\bigcap_{p\in\pi}p^{[perp]}$ . We say that aplane $\pi$ is tangent if the point $\pi^{[perp]}$ is singular.
Otherwise, we say that $\pi$ is oval.

It is well known that there are two types of non-degenerate quadratic forms on $GF(q)^{4}$ , which
are called elliptic type or hyperbolic type. Acanonical form of hyperbolic type is

$Q(x_{1}, x_{2}, x_{3}, x_{4})=x_{1}x_{4}+x_{2}x_{3}$ .
Denote by $\Omega^{+}(4, q)$ the commutator group of the orthogonal group defined ffom the above $Q$ .

3Main results

For an elliptic type quadratic form, afour-class symmetric association scheme on the set of
secant lines was constructed:

Theorem 3.1 ([4]) Let $q=2^{f}\geq 4$ . Then the following relations on the set of secant lines of
$PG(3, q)$ with respect to an elliptic type quadratic form

$R_{1}$ $=$ $\mathrm{t}\mathrm{t}$ , $m)|l\cap m$ : a singular point }
$R_{2}$ $=$ $\mathrm{t}\mathrm{t}$ , $m)|l\cap m$ : a singular point}
$R_{3}$ $=$ $\{(l, m)|l^{[perp]}\cap m\neq\emptyset\}$

$R_{4}$ $=$ $\{(l, m)|l\cap m=\emptyset$ , $l^{[perp]}\cap m=\emptyset\}$

and the diagonal relation $R_{0}$ define a four-class symmetric association scheme.

For an elliptic type quadratic form, aline $l$ is secant if and only if $l^{[perp]}$ is external. So we can regard
the above association scheme as defined on the set of external lines. The relations $R_{1}$ , $R_{2}$ , $R_{3}$

and $R_{4}$ correspond to the following relations on the set of external lines

{ ( $l$ , $m$) $|\langle l$ , $m\rangle$ : atangent plane} ,
$\mathrm{t}\mathrm{t}$ , $m)|\langle l, m\rangle$ : an oval plane },
$\{(l, m)|l^{[perp]}\cap m\neq\emptyset\}$ ,

$\{(l, m)|l\cap m=\emptyset$, $l^{[perp]}\cap m=\emptyset\}$ ,
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respectively.
For ahyperbolic type quadratic form, we can construct afour-class symmetric association

scheme similar to the above one. Let L be the set of external lines with respect to ahyperbolic
type quadratic form in $PG(3,$q).

Theorem 3.2 Let q $=2^{\hat{J}}\geq 4$ . Then the following relations on the set L of external lines of
$PG(3,$q) with respect to a hyperbolic type quadratic form

$R_{1}$ $=$ { ( $l$ , $m$) $|l\cap m$ : a point }
$R_{2}$ $=$ $\{(l, m)|l$ : external, $m=l^{[perp]}\}$

$R_{3}$ $=$ $\{(l, m)|l^{[perp]}\cap ms$ a $point\}$

$R_{4}$ $=$ $\{(l, m)|l\cap m=\emptyset$ , $l^{[perp]}\cap m=\emptyset\}$

and the diagonal relation $R_{0}$ define a four-class symmetric association scheme.

Moreover we can construct astrongly regular graph ffom this symmetric association scheme by
taking aquotient.

Theorem 3.3 Let $\Gamma=\Gamma_{q}(q=2^{f}\geq 4)$ be the graph with vertex set $\{\{l, l^{[perp]}\}|l\in \mathrm{L}\}$ , where
two distinct vertices of $\Gamma$ , $\{l, l^{[perp]}\}$ , $\{m, m^{[perp]}\}$ are adjacent if and only if $l\cap m\neq\emptyset$ or $l\cap m^{[perp]}\neq\emptyset$ .
Then $\Gamma$ is a strongly regular graph with Latin square type pammeters

$v= \frac{1}{4}q^{2}(q-1)^{2}$ , $k= \frac{1}{2}(q-2)(q+1)^{2}$ , A $= \frac{1}{2}(3q^{2}-3q-4)$ , $\mu=q(q+1)$ .

Remark that $l\cap m\neq\emptyset$ is equivalent to $l^{[perp]}\cap m^{[perp]}\neq\emptyset$ , and $l\cap m^{[perp]}\neq\emptyset$ is equivalent to $l^{[perp]}\cap m\neq\emptyset$ .
So the adjacency in $\Gamma$ is well-defined.

4Proof of Theorem 3.2

To prove Theorem 3.2, we recall some facts about $PG(3, q)$ with ahyperbolic type quadratic
form ffom Hirschfeld’s book [5, \S 15]. From now on, put $q=2^{f}\geq 4$ .

Proposition 4.1 For a hyperbolic type quadratic form in $PG(3, q)$ , the following statements
hold.
(i) A plane containing an external line is oval.
(ii) The number of external lines is $q^{2}(q-1)^{2}/2$ and there are $q+1$ oval planes containing $a$

given external line.
(iii) The number of oval planes is $q(q^{2}-1)$ and there are $q(q-1)/2$ external lines in a given
oval plane.
(iv) For an oval plane $\pi$ , there is no exter$mal$ line through $\pi^{[perp]}on$

$\pi$ . For a nonsingular point $p$

of $\pi$ distinct from $\pi^{[perp]}$ , there are $q/2$ external lines through $p$ on $\pi$ .
(v) There are $q(q-1)/2$ extemal lines through a given nonsingular point
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Call $\pi^{[perp]}$ in (iv) the nucleus of $\pi$ . (Remark: when $q$ is an odd prime power, (i),(ii),(iii) and (v)
also hold. For an oval plane $\pi$ , $\pi^{1}$ is not in $\pi.$ )

First we show that the relations $R\circ$ , $\ldots$ , $R_{4}$ form apartition of $\mathrm{L}\cross \mathrm{L}$ . It is clear that any
pair $(l, m)$ of $\mathrm{L}\cross \mathrm{L}$ is in one of $\{R_{\mathrm{t}}\}_{0\leq i\leq 4}$ . Since any external line 1is skew to $l^{[perp]}$ , $R_{1}$ and $R_{2}$

have no intersection. Suppose that 1, $m\in \mathrm{L}$ satisfy that $l$ meets $m$ . Then the nucleus of the
oval plane $\langle l, m\rangle$ is on $l^{[perp]}$ , so $m$ is skew to $l^{[perp]}$ by Proposition 4.1 (iv). Hence $R_{1}$ and $R_{3}$ have no
intersection. Therefore $\{R_{\mathrm{t}}\}_{0\leq i\leq 4}$ is apartition of $\mathrm{L}\cross \mathrm{L}$ .

Next we show that each relation is symmetric. It is clear that $R_{1}$ , $R_{2}$ and $R_{4}$ are symmetric.
For $(l, m)\in R_{3}$ , the nucleus of the oval plane $\langle \mathit{1}, m^{[perp]}\rangle$ is $l^{[perp]}\cap m$ . So $l^{[perp]}$ meets $m$ in apoint, hence
$(m, l)\in R_{3}$ . Therefore $R_{3}$ is also symmetric.

Finally we show that for any $i$ , $j$ , $k\in\{0$ , $\cdots$ , 4 $\}$ ,

$p_{ij}^{k}=|\{n\in \mathrm{L}|(l, n)\in R_{i}, (n, m)\in Rj\}|$

is independent of the choice of $(\mathrm{Z}, m)\in R_{k}$ . The assertion is clear when $k=0$. For the moment,
we put $p_{ij}(l, m)=|\{n\in \mathrm{L}|(l, n)\in R_{i}, (n, m)\in R_{j}\}|$ . We can easily see that when $(l, m)\in R_{k}$ ,
$p_{0j}(l, m)=\delta_{jk}$ . Since each relation is symmetric, $p_{ji}(l, m)=p_{ij}(m, l)$ . Since $R_{0}$ , $\ldots$ , $R_{4}$ form a
partition of $\mathrm{L}\cross \mathrm{L}$ , we have

$\sum_{i=0}^{4}p_{ii}^{0}=|\mathrm{L}|=\frac{1}{2}q^{2}(q-1)^{2}$ ,

and
$\sum_{j=0}^{4}p_{ij}(l, m)=p_{ii}^{0}$

for any $i\in\{0$ , $\ldots$ , 4 $\}$ and for any pair $(\mathrm{Z}, m)$ . Let $\sigma$ be the permutation $(0, 2)(1,3)$ on {0, $\cdots$ , 4}.
Then since $(\mathrm{Z}, m)\in R_{i}$ if and only if $(l, m^{[perp]})\in R_{\sigma(i)}$ ,

$p_{ij}(l, m)=p_{i\sigma(j)}(l, m^{[perp]})=p_{\sigma(i)\sigma(j)}(l, m)$ . (2)

Hence we only need to show that $p_{11}^{k}(1\leq k\leq 4)$ are independent of the choice of $(l, m)\in R_{k}$ .

Lemma 4.2 For $1\leq k\leq 4$ , $p_{11}^{k}$ is independent of the choice of $(l, m)\in R_{k}$ and

$p_{11}^{0}= \frac{1}{2}(q-2)(q+1)^{2}$ , $p_{11}^{1}=q^{2}- \frac{3}{2}q-2$ , $p_{11}^{2}=0$ , $p_{11}^{3}= \frac{1}{2}q^{2}$ , $p_{11}^{4}= \frac{1}{2}q(q+1)$ .

Proof) Fix $l\in \mathrm{L}$ . Any line which meets 1in apoint is in an oval plane through $l$ , and conversely
any line in an oval plane through 1meets $l$ in apoint. Hence by Proposition 4.1 (ii) and (iii),

$p_{11}^{0}$ $=$ $|\{n\in \mathrm{L}|(l, n)\in R_{1}\}|$

$=$
$\sum_{\pi\in\Pi_{\iota}}|\{n\in \mathrm{L}|n\subset\pi, n\neq l\}|$

$=$ $(q+1) \cross(\frac{1}{2}q(q-1)-1)$

$=$ $\frac{1}{2}(q-2)(q+1)^{2}$
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where $\Pi_{l}$ is the set of oval planes through l.
For (l,$m)\in R_{1}$ , if n $\in \mathrm{L}$ meets both l and m, then n has apoint $l\cap m$ or n is in the plane

\langle l, m\rangle . Hence by Proposition 4.1 $(\mathrm{i}\mathrm{i}\mathrm{i})-(\mathrm{v})$ ,

$p_{11}^{1}$ $=$ $|\{n\in \mathrm{L}|(l, n), (n, m)\in R_{1}\}|$

$=$ $|\{n\in \mathrm{L}|n\subseteq\langle l, m\rangle, n\neq l, m\}|+|\{n\in \mathrm{L}|l\cap m\in n\not\in\langle l, m\rangle\}|$

$=$ $( \frac{1}{2}q(q-1)-2)+(\frac{1}{2}q(q-1)-\frac{1}{2}q)$

$=$ $q^{2}- \frac{3}{2}q-2$ .

From (2), we have $p_{11}^{2}=0$ . For $(l, m)\in R_{3}\cup R_{4}$ , we have

$| \{n\in \mathrm{L}|(l, n), (n, m)\in R_{1}\}|=\sum_{\pi\in\Pi_{l}}|\{n\in \mathrm{L}|m\cap\pi\in n\subseteq\pi\}|$
.

If $(l, m)\in R_{3}$ , then there is just one plane $\pi_{0}=\langle l, l^{[perp]}\cap m\rangle\in\Pi_{l}$ such that $m\cap\pi_{0}$ is the nucleus
of $\pi_{0}$ . By Proposition 4.1 (iv), there is no line of $\mathrm{L}$ through $m\cap\pi_{0}$ and in $\pi_{0}$ , and for other
plane $\pi$ , there are $q/2$ lines of $\mathrm{L}$ through $m\cap\pi$ and in $\pi$ . Hence

$p_{11}^{3}$ $=$ $|\{n\in \mathrm{L}|(l, n), (n, m)\in R_{1}\}|$

$=$ $\sum$ $|\{n\in \mathrm{L}|m\cap\pi\in n\subseteq\pi\}|$

$\pi\in\Pi_{l}\backslash \{\pi 0\}$

$=$ $q \cross\frac{1}{2}q$ .

For $(l, m)\in R_{4}$ , any plane $\pi$ of $\Pi_{l}$ has $q/2$ lines of $\mathrm{L}$ through $m\cap\pi$ . So

$p_{11}^{4}=| \{n\in \mathrm{L}|(l, n), (n,m)\in R_{1}\}|=(q+1)\cross\frac{1}{2}q$ .

0

Therefore $(\mathrm{L}, \{R_{i}\}_{0\leq i\leq 4})$ becomes asymmetric association scheme. For $i\in\{0, \ldots, d\}$ , let
$B_{i}:=(p_{ij}^{k})_{0\leq j,k\leq 4}$ . Then $B_{0}$ is the identity matrix,

$B_{1}=\{$

$p_{11}^{0}$ $q^{2}-3/2q-2$ 0 $q^{2}/2$ $q(q+1)/2$
$000$ $q^{2}/201$

$00$

$q^{2}(q-3)/201$ $(q+1)(q^{2}-3q-2)/200)$ ,
$p_{11}^{0}$ $q^{2}-3/2q-2$ $q(q+1)/2$

0 $q^{2}(q-3)/2$ 0

$B_{2}=(\begin{array}{lllll}0 0 1 0 00 0 0 1 01 0 0 0 00 \mathrm{l} 0 0 00 0 0 0 1\end{array})$ ,
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$B_{3}=(\begin{array}{lllll}0 0 0 1 00 q^{2}/2 p_{11}^{0} q^{2}-3/2q-2 q(q+1)/20 1 0 0 0p_{11}^{0} q^{2}-3/2q-2 0 q^{2}/2 q(q+1)/20 q^{2}(q-3)/2 0 q^{2}(q-3)/2 (q+1)(q^{2}-3q-2)/2\end{array})$ ,

and

$B_{4}=(p_{44}^{0}0000$ $q(q-3)(q^{2}-3q-2)/2q^{2}(q3)/2q^{2}(q \frac{0}{-0}3)/2$ $p_{44}^{0}0000$ $q(q-3)(q^{2}-3q-2)/2q^{2}(q3)/2q^{2}(q \frac{0}{-0}3)/2$ $q(q^{3}-6q^{2}+5q+16)/2(q+1)(q^{2}-3q-2)/2(q+1)(q^{2}-3q-2)/211)$

where $p_{44}^{0}=q(q-2)(q-3)(q+1)/2$ . The first eigenmatrix of this association scheme is given
by

$P=(\begin{array}{lllll}1 (q-2)(q+1)^{2}/2 1 (q-2)(q+1)^{2}/2 q(q-2)(q-3)(q+1)/21 (q-2)(q+1)/2 -1 -(q-2)(q+1)/2 01 -(q+1) -1 q+1 01 -(q+1) 1 -(q+1) 2q1 (q^{2}-3q-2)/2 1 (q^{2}-3q-2)/2 -q(q-3)\end{array})$ .

5Proof of Theorem 3.3

In this section, we prove Theorem 3.3 by using Theorem 3.2. The number of vertices of the
graph $\Gamma$ is $|\mathrm{L}|/2=q^{2}(q-1)^{2}/4$ . For a pair $\{l, l^{[perp]}\}\in V\Gamma$ ,

{ $\{m$ , $m^{[perp]}\}\in V\Gamma|\{m$, $m^{[perp]}\}$ is adjacent to $\{l$ , $l^{[perp]}\}$ }
$=$ { $\{m$ , $m^{[perp]}\}\in V\Gamma|m$ meets $l$ in apoint. }
$=$ $\{\{m, m^{[perp]}\}\in V\Gamma|(l, m)\in R_{1}\}$ .

So, the size of this set is $p_{11}^{0}=(q-2)(q+1)^{2}/2$ , which is just $k$ in the definition of strongly
regular graph. Next choose $\{l, l^{[perp]}\}$ , $\{m, m^{[perp]}\}\in V\Gamma$ which are adjacent in $\Gamma$ . We may suppose
that 1meets $m$ in apoint. Then

{ $\{n$ , $n^{[perp]}\}\in V\Gamma|\{n$, $n^{[perp]}\}$ is adjacent to both $\{l$ , $l^{[perp]}\}$ and $\{m,m^{[perp]}\}$}
$=$ { $\{\mathrm{m}$ , $n^{[perp]}\}\in V\Gamma|n$ meets both 1and $m$ in apoint.}

$\cup$ { $\{\mathrm{m}$, $n^{[perp]}\}\in V\Gamma|n$ meets both $l$ and $m^{[perp]}$ in apoint. },
$=$ $\{\{n, n^{[perp]}\}\in V\Gamma|(l, n)\in R_{1}, (m, n)\in R_{1}\cup R_{3}\}$ .

Hence the size of this set is $p_{11}^{1}+p_{13}^{1}=(3q^{2}-3q-4)/2$ . This is just Ain the definition of
strongly regular graph.
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Similarly, for $\{\mathrm{I}, l^{[perp]}\}$ , $\{m, m^{[perp]}\}\in V\Gamma$ which are not adjacent in $\Gamma$ , since $(l, m)\in R_{4}$ ,

$|\{\{n, n^{[perp]}\}\in V\Gamma|\{n, n^{[perp]}\}$ is adjacent to both $\{l, l^{[perp]}\}$ and $\{m, m^{[perp]}\}\}|=p_{11}^{4}+p_{13}^{4}=q(q+1)$ .

This is just $\mu$ in the definition of strongly regular graph.
Alternatively, we can prove Theorem 3.3 by using the quotient association scheme (cf. [1,

p.139, $\mathrm{T}\mathrm{h}\mathrm{m}.9.4$]). In the association scheme of Theorem 3.2, $R_{0}\cup R_{2}$ is an equivalence rela-
tion on L. So we can define aquotient association scheme on the set of equivalence classes
$\{\{l, l^{[perp]}\}|l\in \mathrm{L}\}$ whose relations are

$\{(\{l, l^{[perp]}\}, \{m, m^{[perp]}\})|(l, m)\in R_{1}\cup R_{3}\}=\mathrm{t}\mathrm{h}\mathrm{e}$ edge set of $\Gamma$ ,

$\{(\{l, l^{[perp]}\}, \{m, m^{[perp]}\})|(l, m)\in R_{4}\}$ ,

and the diagonal relation. The first eigenmatrix of this association scheme can be computed
$\mathrm{f}$ or $P$ (cf. [1, p.148]):

$\{$ 1 $-(q+1)$ $q$

1 $(q-2)(q+1)^{2}/2$
$q(q-2)(q-3)(q+1)/4)$ .

1 $(q^{2}-3q-2)/2$ $-q(q-3)/2$

The first relation forms astrongly regular graph whose parameters are calculated ffom the
second column of the above first eigenmatrix.

6Another construction of $\Gamma_{q}$

In this section, we will give another construction of the strongly regular graph $\Gamma_{q}$ . This con
struction uses amethod which generalizes aconstruction of Mathon ([6, p.137], see also [2,
pp.96-97]).

Let $G=SL(2, q)$ , $K=O^{-}(2, q)$ . Then $\mathrm{X}\{\mathrm{G},\mathrm{K}$ ) is a $(q-2)/2$-class pseud0-cyclic symmetric
association scheme (cf. [2, p.96]). By Lemma 2.1, we can construct astrongly regular graph
$\Delta(\mathcal{X}(G, K))$ with parameters

$( \frac{1}{4}q^{2}(q-1)^{2}$ , $\frac{1}{2}(q-2)(q+1)^{2}$ , $\frac{1}{2}(3q^{2}-3q-4)$ , $q(q+1))$

which are the same as those of $\Gamma_{q}$ . We shall prove that these graphs are isomorphic.
To show this, we use the isomorphis$\mathrm{m}$ $G^{2}\simeq\Omega^{+}(4, q)$ which maps $(X, Y)$ to $X\otimes Y$ (see [7,

p.199]). Let $l_{0}$ be the external line generated by $v_{1}={}^{t}(0,1,1,0)$ , $v_{2}={}^{t}(1,1,0, \alpha)$ , where at is

an element of $\mathrm{F}_{q}$ such that the polynomial $x^{2}+x+\alpha$ is irreducible over Fq. For an external
line $l$ , there are $2(q+1)$ basis $(u_{1}, u_{2})$ of 1such that $Q(xu_{1}+yu_{2})=x^{2}+xy+\alpha y^{2}$ for any
$x$ , $y\in \mathrm{F}\mathrm{q}$ . Indeed, by Witt’s Theorem, $K$ acts regularly on the set of basis $(u_{1},u_{2})$ of $l$ with the

above condition. It follows that the size of this set is equal to $|K|=2(q+1)$ . Let 7’ be the set

of nonsingular points in $PG(3, q)$ and let $\mathcal{L}=\{l\cup l^{[perp]}|l\in \mathrm{L}\}$ . Then the following lemma holds
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Lemma 6.1 The group $\Omega^{+}(4, q)=\{X\otimes Y|X, Y\in G\}$ is flag-transitive on the incidence
structure $(P, \mathcal{L}, \in)$ . Under the isomor phism $G^{2}\simeq\Omega^{+}(4, q)$ , the groups $D(G)$ , $K^{2}$ are the
stabilizers of an element of $P$ , $\mathcal{L}$ , respectively.

Proof) Let $X=(x_{ij})_{1\leq i,j\leq 2}$ , $Y=(y_{ij})_{1\leq i,j\leq 2}\in G$ . Since

$X\otimes Y=(\begin{array}{llll}x_{11}y_{11} x_{11}y_{12} x_{12}y_{11} x_{12}y_{12}x_{11}y_{21} x_{11}y_{22} x_{12}y_{21} x_{12}y_{22}x_{21}y_{11} x_{21}y_{12} x_{22}y_{11} x_{22}y_{12}x_{21}y_{21} x_{21}y_{22} x_{22}y_{21} x_{22}y_{22}\end{array})$ ,

$X\otimes Y$ fixes $v_{1}$ if and only if

$x_{11}y_{12}+x_{12}y_{11}=x_{21}y_{22}+x_{22}y_{21}$ $=$ 0,
$x_{11}y_{22}+x_{12}y_{21}=x_{21}y_{12}+x_{22}y_{11}$ $=$ 1.

This implies
$\Omega^{+}(4, q)_{v_{1}}=$ { $X$ (&X $|X\in G$} $\simeq D(G)$ . (3)

For $X\in G$ , $X\otimes X$ fixes $v_{2}$ if and only if

$x_{11}^{2}+x_{11}x_{12}+\alpha x_{12}^{2}$ $=$ 1,
$x_{11}x_{21}+x_{12}x_{21}+\alpha x_{12}x_{22}$ $=$ 0,

$x_{21}^{2}+x_{21}x_{22}+\alpha x_{22}^{2}$ $=$ $\alpha$ .
Rom these, we have

$\Omega^{+}(4, q)_{v_{1},v_{2}}=\{X\otimes X|X=(\begin{array}{ll}a b\alpha b \text{。}+b\end{array})$ $\in G\}$

which is of order $q+1$ . Hence

$|\{(Mv_{1}, Mv_{2})|M\in\Omega^{+}(4, q)\}|$ $=$ $|\Omega^{+}(4, q)|/(q+1)$

$=$ $q^{2}(q-1)^{2}(q+1)$ .

Since $Q(xv_{1}+\mathrm{y}\mathrm{u}2)=x^{2}+xy+\alpha y^{2}$ for any $x$ , $y\in \mathrm{F}_{q}$ ,

$|\{(u_{1}, u_{2})|Q(xu_{1}+yu_{2})=x^{2}+xy+\alpha y^{2}$ $\forall x$ , $y\in \mathrm{F}_{q}\}|$ $=$ $|\mathrm{L}|\cross 2(q+1)$

$=$ $q^{2}(q-1)^{2}(q+1)$ .
Hence $\Omega^{+}(4, q)$ acts transitively on the set of pairs $(\mathrm{u}\mathrm{i}, u_{2})$ such that $Q(xu_{1}+yu_{2})=x^{2}+xy+\alpha y^{2}$

for any $x$ , $y\in \mathrm{F}_{q}$ . In particular, $\Omega^{+}(4, q)$ is flag-transitive on $(P, \mathcal{L}, \in)$ .
The equality (3) means that the stabilizer of $\langle v_{1}\rangle\in P$ is isomorphic to $D(G)$ . Let

$A:=(\begin{array}{ll}1 01 1\end{array})$ , $B:=(\begin{array}{ll}a_{0} b_{0}\alpha b_{0} a_{0}+b_{0}\end{array})$ $\in G$
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such that B is of order $q+1$ . Then the group \langle A, B\rangle is isomorphic to K. $A\otimes I$ , $I\otimes A$ interchange
$l_{0}$ and $l_{0}^{[perp]}$ , while $B\otimes I$ , $I\otimes B$ fix $l_{0}$ and $l_{0}^{[perp]}$ . So $\{X\otimes Y$ |X, Y $\in\langle A, B\rangle\}$ is asubgroup of
$\Omega^{+}(4, q)_{l_{0}\cup l_{0}^{[perp]}}$ . Since $\Omega^{+}(4, q)_{l_{0}\cup l_{0}^{[perp]}}$ has order $4(\#+1)^{2}=|K|^{2}$ , we have that $\Omega^{+}(4, q)_{l\mathrm{o}\cup l_{0}}[perp] \mathrm{i}\mathrm{s}$

isomorphic to $K^{2}$ . $\square$

Theorem 6.2 The graph $\Gamma_{q}$ is isomorphic to $\Delta(\mathcal{X}(SL(2, q)$ , $O^{-}(2, q)))$ .

Proof) The graph $\Gamma_{q}$ is isomorphic to the collinearity graph of the dual of the incidence
structure $(P, \mathcal{L}, \in)$ . From Lemma 61, the dual of $(\mathcal{P}, \mathcal{L}, \in)$ is isomorphic to the coset ge-
ometry $(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ defined in Lemma 22. From Lemma 22, the collinearity graph of
$(G^{2}/K^{2}, G^{2}/D(G),$ $*)$ is isomorphic to $\mathrm{A}(\#(\mathrm{G}, K))$ . Therefore $\Gamma_{q}$ is isomorphic to $\Delta(\mathcal{X}(G, K))$ .
口
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