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LARGE TIME BEHAVIOR FOR COMPRESSIBLE
EULER EQUATIONS WITH DAMPING AND VACUUM

FEIMIN HUANG

Department of Mathematics, Graduate
School of Sciences, Osaka University, Japan

ABSTRACT. We introduce some llew results of [17,19-20] on tlle asymptotic behavior
of compressible isentropic flow through porous medium with vacuum. The model
system is the compressible Euler equation with frictional da mping. As $tarrow\infty$ , the
density is conjectured to obey to the well-known porous medium equation and the
momentum is expected to be formulated by Darcy’s law. Here we give adefinite
answer to this conjecture without any assumptions on smallness or regularity for the
initial data. We proved that the $L^{\infty}$ weak entropy solutions to the Cauchy problem
of damped Euler equations converge strongly in $L^{p}$ with decay rates to the self similar
solutions of porous medium $\mathrm{e}\mathrm{q}\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ . Furthermore, we prove the density function
tends to the Barenblatt’s solutions of porous $\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{d}\mathrm{i}\iota 1\mathrm{l}\mathrm{I}\mathrm{l}$ equation while the momentum
is described by the Darcy’s law provided that the initial $1\mathrm{I}1_{\mathrm{C}}1.\backslash .\backslash$ is finite.

1. Introduction.
We study the asymptotic behavior of compressible isentropic flow through porous

media when vacuum occurs. As $tarrow\propto$ . the density is conjectured to obey to the
well-known porous $\mathrm{m}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{l}\iota \mathrm{n}\mathrm{l}$ equation $\dot{\mathrm{r}}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{l}$ the momentum is expected to be formu-
lated by Darcy’s law. Although, many contributions are made for the small smooth
solutions or piecewise smooth Riem ann solutions away fr$()111$ vacuum since the pi-
oneer work of Nishida [34], some key problems in this topic remain open. Among
them, the large time $\mathrm{a}\mathrm{s}\mathrm{y}_{111}\mathrm{p}\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}$ (. behavior for the solutions with vacuum has been
along-standing open problem. Tlle lll.dill $\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}\iota\cdot\iota \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{e},\mathrm{s}$ ($.\mathrm{O}111\zeta^{1}$ from that such problem
involves three mechanism: nonlinear convection, lower order dissipation of damping
and the $\mathrm{r}\mathrm{e},\mathrm{s}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{a}\mathrm{n}(\mathrm{j}\mathrm{e}$ frolll vacuum. $\mathrm{S}$ ince any result on this problem will help us to
understand the interaction of the effects of these three $111\mathrm{C}^{1},(.\mathrm{I}1\mathrm{a}\mathrm{n}\mathrm{i}_{\iota}\mathrm{s}^{\mathrm{t}}\mathrm{n}1$. the evolution
of vacuum boundary, singularity development and other ( $.()11\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ phenomena
caused by vacuum, it is of mathematical significance and physical importance, in
view of the strong physical background of vacuum. Besides, this study may present
useful information for the design of effective numerical schemes to capture the vac-
uum boundary. Here we shall introduce recent works of Marcarti. Pan and myself
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in [17-20] which will give acomplete answer to this $\mathrm{p}\mathrm{r}()\mathrm{t})\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{l}$ . In fact, we showed
that the $L^{\infty}$ weak entropy solutions with vacuum selected by tlle. physical entropy-

flux pairs, converge strongly in $L^{p}$ with decay rates to the self similarity solutions
of porous medium equation. determined by the end-states of $\mathrm{t}1_{1}\mathrm{e}$, initial data and
initial mass. New approaches are developed to deal with the nonlinear convection,

nonlinear coupling and the singularity near vacuum based $()11$ the conservation of
mass, the structure of the convection and the existence of $\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{c}\cdot,\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ energy func-
tion. This approach seems remarkable since we do not need $.\mathrm{b}.\mathrm{I}\mathrm{I}1\mathrm{a}11\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{e}^{*}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$

on $\mathrm{t}$ he sel $\mathrm{f}$ ions.
We now formulate our results. Consider the $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{r}\mathrm{e},\grave{‘}\cdot\backslash \cdot \mathrm{i}\mathrm{f}$ ) $\mathrm{l}\mathrm{e}$. Euler equation with

frict ional damping

$\{$

$p_{t}+(p\tau\iota)_{\mathit{1}}$ . $=0$
(1.1)

$(p\iota\iota)_{t}+(\mu\iota^{2}+P(\rho))_{x}=-c\mathrm{r}\rho\iota\iota$ .

with the following initial data

$\rho(a:.0)=\rho_{0}(?\cdot)\geq 0$ , $m(.x.0)=rr\iota_{\mathrm{O}}(.\iota\cdot)$ . (1.2)

Such asystem occurs in the mathematical modelling of compressible flow though
porous medium. Here $\rho$ . $n$ and $P$ denote respectively the density, velocity, and pres-
sure. $m$ $=\rho u$ is the momentum and tlle. constant $\alpha>0$ models friction. Assuming
the flow is polytropic perfect gas. then $P(p)=\mathrm{P}\mathrm{o}\mathrm{p}1$ , $1<\wedge/<.3$.with $P_{0}$ apositive
constant and $\wedge/$ the adiabatic gas exponent. Without loss of generality, $\alpha$ and $P_{0}$

are normalized to be 1throughout $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{i}.\backslash \cdot$ paper.
(1.1) is hyperbolic with two characteristic speeds $\lambda_{1}=\tau\iota-\sqrt{P’(\rho)}$ and $\lambda_{2}=$

$u+\sqrt{P’(\rho)}$ . Furthermore. (1.1) is strictly hyperbolic at $\mathrm{t}11(^{\backslash }$ point away from vacuum
where two characteristics coincide. Thus, this simple system involves three mecha-
nisms: nonlinear convection, lower order dissipation of damping and the resonance
due to vacuum. The interaction of these mechanisms lead to the big difference
in qualitative behaviors of solutions from those of strictly hyperbolic conservation
laws. For instance, the long time behavior of the solutions to Cauchy problem for
strictly hyperbolic $\mathrm{c}:\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{v}\mathrm{a}\mathrm{t}.\mathrm{i}\mathrm{o}\mathrm{n}$ laws were known to be tl$1\mathrm{t}^{\backslash }$. corresponding Riemann
solutions, while one should expect tlle nonlinear diffusive phenomena in the large
time behavior of solutions to (1.1) (1.2).

In fact, in the applications, Darcy’s law is used to approximate the momentum
equation in system (1.1). and thus one obtains

$\{$

$p_{t}=P(p)_{xx}$ .
(1.2)

$rr\iota$ $=-P(\rho)_{x}$ .

Where the second equation is the famous Darcy’s law and the first equation is the
well-known porous medium equation. So. it is natural $\uparrow \mathrm{c}’ \mathrm{e}^{\tau},\mathrm{x}1$) $\mathrm{e},\mathrm{c}:\mathrm{t}$ some relationship
between system (1.1) and system (1.3). Actually, we have tl$1\mathrm{t}^{\backslash }$. following $\mathrm{c}\cdot.\mathrm{o}\mathrm{n}\mathrm{j}\mathrm{e}(..\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{r}\mathrm{e}$ .
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Conjecture. As t $arrow\propto$ . the system (1.1) is equivalent t‘) the system (1.3).

In the case away from vacuum, system (1.1) can be transferred to the p-system
with damping by changing to the Lagrangian coordinates; see [smoller]. The con-
jecture has been justified by Hsiao and Liu $[10, 11]$ for small smooth solutions away
from vacuum based on the energy estimates for derivatives. Since then, this prob-
lem attracts considerable attentions; see [9], [12], [13], [27], [32-34], [37] and [39].
However, all of these results are away $\mathrm{f}\mathrm{r}()\mathrm{I}\mathrm{I}\mathrm{l}$

$\mathrm{v}\mathrm{a}\mathrm{c}\cdot\iota 11\mathrm{l}\mathrm{m}$ an(l/ $()\mathrm{r}$ reelnire small smooth
initial data. For more references on the $p$-system with damping, we refer to [4],
[14], [15], [24] and [41].

When avacuum occurs in the solution, the difficulty of tl1‘) problem is greatly
increased. The main difficulties come from the interaction of nonlinear convection,
lower order dissipation of damping and tlle resonance due to vacuum. It is known
that the nonlinearity is the reason for shock formation in finite time in ahyper-
bolic system. For hyperbolic conservation laws, the self-similarity is an important
feature in constructing fundamental Riemann solutions and in describing the large
time behaviors of solutions. The damping presents weak dissipation, it prevents
the formation of singularity if the data is small and smooth. However, it breaks the
self-similarity of the system. This is crucial for the large solutions. Another effects
of difficulties is due to the resonance near vacllllnl which develop anew singularity.
In fact, Liu and Yang $[25, 26]$ observed that the local smooth solutions of (1.1) blow
up in finite time before shock $fcJ7^{\cdot}rr\iota at,ic$)$r\iota$ . This implies the moving of the interface
between the vacuum and the gas. Due to this new singularity. it is very difficult
to obtain the solutions with any degree of regularity. This makes (1.1) difficult to
understand analytically and makes the construction of effective numerical methods
for computing solutions ahighly non-trivial problem. Indeed, the only global weak
solutions are constructed in $L^{\propto}$ space by using the method of compensated com-
pactness; see Ding, Chen and LIIO [6] for $1< \wedge[\leq.\frac{5}{3}$ and Pan and myself [18] for
$1\leq-(<3$ . Thus, to study $\mathrm{t}1_{1}\mathrm{e}$

, large time behavior of solution of (1.1)–(1.2) with
vacuum, it is suitable to consider the $L^{\infty}$ weak solution.

Definition 1. We call $(p, rn)(?..t)\in L^{\propto}an$ entropy weak solution of (1.1)-(l.6l).
if it holds, for any non-negative test $f?\iota(jtion$ $\phi\in D(\mathrm{R}_{+}^{2})$ . $tt\iota,‘\iota t$

$\{$

$\iint_{t>0}(\rho\phi t+m\phi_{x})dxdt+/\cdot \mathrm{R}\rho 0(?\cdot)\phi(x, 0)dx=0$ .
$\iint_{t>0}[m\phi t+ (\frac{m^{2}}{\rho}+P(\rho)\rangle\phi_{x}-rr\iota\phi]$ $dxdt+ \int_{\mathrm{R}}$

.
$rn_{()}(.\iota\cdot)\phi(.\iota\cdot.\mathrm{t}))dx=0$,

$] \int_{t>0}(\eta_{e}\phi_{t}+q_{e}\phi_{a}. -\mu\iota^{2}\phi)(l_{l(}.’\cdot lt +./\cdot \mathrm{R}^{7}le(x, 0)\phi(.l\cdot, \mathrm{t}))(l_{l}.’\cdot\geq \mathrm{t}\mathrm{J}$ .

(1.4)

Here, the, entropy flux pair $(7l\epsilon’.q_{\mathrm{t}})$ is associating with $rm^{J}.(:hnr\iota,i(j‘ l$ energy:

$\{$

$7l‘’= \frac{1}{2}p\tau\iota^{2}+\frac{1}{(\gamma-1)}\rho^{\gamma}$

$q_{\mathrm{e}},$ $=. \frac{1}{2}\rho\tau\iota^{3}+\frac{\gamma}{\gamma-1}\rho^{\gamma}\tau\iota$ .
(1.5)

As the compensated compactness theory does not give any information on the
regularity of the solutions, the methods for the case away fro111 vacuum are not
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applicable here. Recently, some essential progress are made by Pan and myself.
In [18], the authors followed the rescaling argument due to Serre and Hsiao [40]
and obtained the first justification to the conjecture for vacuum case. It showed
that the density in the $L^{\propto}$ weak entropy solutions of (1.1) (1.2) converge to the
similarity solution of porous medium $\mathrm{e},\mathrm{q}\iota 1\mathrm{a}\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}$ along the level curve of the diffusive
similarity profiles provided that one of the initial end-states is nonzero. The long
time behavior of the momentum is not known however. This is far from satisfactory.
Here we introduce new technique based on the conservation of mass and mechanical
entropy analysis to prove this conjecture. We showed that the $L^{\infty}$ weak entropy
solutions with vacuum converge strongly in $L^{p}(R)$ with decay rates to the similarity
solution of the porous medi um equation determined uniquely by the end-states and
the mass distribution of the initial data.

Let us explain the basic ideas. Two main difficulties are the lack of regularity and
the singularity near vacuum. Our ideas are based on the nature of the system: the
conservation of mass, the structure of the pressure law, tlle, dissipation of damping
and the existence of aconvex entropy (the mechanical $\mathrm{e}\mathrm{n}\mathrm{e}^{1},\mathrm{r}\mathrm{g}\mathrm{y}$). We want to explore
these features to control the singularity and nonlinearity. Our first observation is
that the mechanical energy will give auniform estimate for the solutions $(\rho, m)$ .
However, this estimate is not useful in the proof of the long time behavior. We thus
construct the proper functions by expanding the entropy around the self similar
solutions $(\overline{\rho},\overline{m})$ of Porous Media equations. this might give the estimate for the
difference $(p-\overline{\rho}.m-\overline{m})$ . In order to obtain the large time convergence, higher order
estimates are necessary. One may perform the energy estimates for the derivatives
if the solutions are smooth. However, our solutions are rather rough. It is possible
to introduce anti-derivative $y(a\cdot.t)$ for $(\rho-\overline{\rho})(\prime J^{\cdot}, t)$ . Thus, our entropy estimate
becomes the derivatives estimates for $y$ . Furthermore, tlle. equation of $y$ is wave
equation with source term. Thus, the normal energy method will give some kind
of estimate on $y$ and its derivatives. Coupling these two estimates in aclever way,
the uniform estimates for both $y$ and its derivatives are possible. However, the life
is not so easy. The singularity near vacuum makes our goal nmch further to reach.
In order to cont.rol the singularity near vacrurm, we $\mathrm{e},\mathrm{x}\mathrm{l}$)life tlle structure of the
convection and found some useful inequality near vacuunt With the help of these
inequality, the careful analysis on our two estimates gives tlle. desired estimates.
Then aweighted entropy estimates will give the decay rates. Our proof is somehow
tricky and technic $\mathrm{a}1$ , this is due to tlle, difficulties of tl$1\mathrm{t}^{\backslash }$. 1) $\mathrm{r}()\mathfrak{i})\mathrm{l}\mathrm{e},\mathrm{I}\mathrm{l}\mathrm{l}$ . Our argument
becomes neat and simple when it was applied to the case away from vacuum.

Since (1.1) is hyperbolic, the entropy estimates is 11lnch more nature than the
parabolic type energy estimate used in [10]. One may compare our proof with the
proof by Liu and Hsiao [10] for $\iota \mathrm{b}.\mathrm{I}11\mathrm{C}$ )$()\uparrow 11$ small solutions away from vacuum. In
[10], the estimates were obtained $1$)$\mathrm{y}$ normal parabolic type energy method for wave
equations. To weaken and decouple $\mathrm{t}$ he nonlinearity. smallness and the third order
estimates are necessary in order to close the arguments. $()\mathrm{I}1\mathrm{C}^{\backslash }$. lllay check that such
amethod is not applicable for our case. The nonlinear terms in convection can not
be controlled without higher order derivative estimates. Here, we succeed to close
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our argument in first order $\mathrm{e}\mathrm{s}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\dot{\epsilon}\backslash \mathrm{t}\mathrm{e}\mathrm{s}\mathrm{l}$ for large rough solutions. This is one of the
remarkable advantages of our approach.

2. Main theorems.
There are three subc ases:
1). $p_{+}>0$ , $\rho_{-}>0_{j}$

2). $P+\rho_{-}=0$ , $\mathrm{n}1\mathrm{a}\mathrm{x}\{p_{+}, p_{-}\}>\mathrm{t})$;
3). $P-=p_{+}=0$ and $/\cdot-x+x/y_{0}(.\iota\cdot)(l_{l\cdot}.=M>0$ .

Let us first consider the case 1). Let us denote $\overline{\rho}$ tlle nonlinear wave of the first
equation of (1.3) with boundary conditions

$\overline{\rho}(\pm \mathrm{x})=/)\pm$ , $/)\pm>0$ .

It is known that there exists aunique $\iota \mathrm{b}.\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}.\mathrm{y}$ solution $/j-(’ \int)$ . $”= \frac{x}{\sqrt{t+1}}$ with the
boundary condition $\overline{p}(\eta)=/^{\gamma}\pm$ , as ,

$\mathit{1}arrow\pm \mathrm{x}$ .
On the other hand, we define a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}.\iota_{()}.1$)$\mathrm{v}$ the $\mathrm{f}()11()\mathrm{w}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ equation

$J_{-\propto}^{x}.(p(\mathfrak{l}(.\iota\cdot)-\overline{/)}(.l\cdot+.\iota_{1\mathrm{I}}.))\iota l?\cdot=\gamma\gamma\iota_{+}-\prime\prime\prime-\cdot$ (2.1)

It is obvious that $\overline{/J}(.\frac{\mathrm{t}+.l_{(\}}}{\sqrt{t+1}})$ is the similarity solution of $(1.\cdot 3)_{1}$ , i.e. tlle following
holds

$\{$

$\overline{/J}_{t}=P(\overline{/J})_{aa}$

$/\overline{)}|_{t=()}=\overline{\rho}(.\iota\cdot+.\tau_{0}.)$ . (2.2)

Let
$7-\prime\prime=-P(\overline{/)})_{l}.\cdot$ (2.3)

We $\mathrm{s}^{\backslash }11\mathrm{a}11\mathrm{C}^{\cdot}\mathrm{O}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{e}$ tlle $\iota$

$\mathrm{s}.()1\iota\iota \mathrm{f}\mathrm{i}()\mathrm{I}\mathrm{l}(/)$ . \prime\prime\prime ) $()\mathrm{f}(1.1)$ witll $\mathrm{i}_{11}\mathrm{i}\mathrm{t}\mathrm{i}_{\epsilon},\iota 1\mathrm{t}.\mathrm{t}$ ) $11(\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}$ $(1.2)$ to the
functions $\overline{/J}+\hat{/J}(.\iota\cdot.t)$ . $;\overline{;}+’\hat{|}\iota(.\iota\cdot.t)$ ,

$\mathrm{w}11(^{\mathrm{Y}}\mathrm{r}\langle^{\backslash }$ the functions $/\hat{j}(.l\cdot, t)$ . $\prime\prime\iota(\wedge.\iota\cdot, t)$ are defined

$\{$

$\hat{p}(.l\cdot.t)=(7n_{+}-r\prime\prime-)e^{-t}\theta(.l\cdot)$ ,

$r\hat{n}(?\cdot.t)=r’\iota_{-}(’-t+(7’\iota_{+}-7r_{-})e^{-t}./\cdot-\propto|\theta(\xi)_{l}l\xi$ . (2.4)

here $\theta(_{\mathrm{i}\mathrm{I}}\cdot)$ is a $\mathrm{s}\mathrm{m}()()\uparrow \mathrm{h}$ function wifh compact support such that

$./-\cdot\propto\propto\theta(.\iota\cdot)cl_{l\cdot}.=1$ .

Let
$\{$

$y(x\cdot.t)=\cdot/\cdot-\mathrm{x}J/J(\xi.t)-\overline{\rho}(\xi+a_{()}..t)-/\hat{)}(\xi, t)(l\xi$
,

$z(.\iota\cdot.t)=7’\iota(.\iota\cdot, t)-’-’\iota(.\iota\cdot+.\iota_{()}.. t)-\hat{\prime\prime}\iota(.l\cdot, t)$. (2.5)

define
$\{$

$.l/()=./\cdot-\mathrm{x}\iota/y_{()}(\xi)-/-j(\xi+.\iota_{()}.)-/\grave{J}(\xi.\mathrm{t}))(l\xi$ .
$z(.l\cdot.\dagger)=’\prime_{\mathrm{t})}(.l\cdot)-r-\prime l(.\iota\cdot+.l_{()}.)-’\dagger’(.\iota\cdot.())$ .

(2.6)

Then we have the following result
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Theroem 1(see [19]). Suppose, that $yo(x)$
$\in H^{1}$ . $\rho_{0}(.\iota\cdot)-\overline{/j}(.\tau\cdot+x_{0})-\hat{\rho}(x, 0)$ .

$m_{0}(x)-\hat{m}(x. 0)\in L^{2}\cap L^{\propto}$ . then there $e,xists$ a global weak $e,ntropy$ solution of (1.1)

such that
$\int_{-\propto}^{\infty}y^{2}+y_{x}^{2}+\tau J_{t}^{2}da\cdot+\int_{0}^{\propto}\int_{-\infty}^{\infty}y_{x}^{2}+y_{t}^{2}.d.’\iota\cdot dt\leq C$ (2.7)

$\int_{-\propto}^{\infty}|y_{x}|^{p}+|y_{t}|^{p}dx\leq C(1+t)^{-\alpha}$ , $2\leq p<\infty$ , (2.8)

where $\alpha<\frac{1}{4}$ and the constant $C>0$ only depends on the initial data. Furthermore,

if $\rho_{-}=\rho_{+}$ . then

$\int_{-\propto}^{\propto}|_{l/x}|^{p}+|\tau/t|^{p_{(l\prime}}.\iota\cdot\leq C(1+t)^{-1},2\leq l^{J<\propto}$ . (2.9)

Remark 1.
(1) Theorem 1implies that the weak entropy solution $\rho(.\tau\cdot, t,)$ ($j(J7|,\mathrm{t}\prime erges$ strongly in

$L^{P}(R)$ towards the nonlinear diffusive profile $\overline{\rho}$ as $tarrow\propto$ $\tau\iota$’hen $\rho_{-}$ , $\rho+>0$ .
Further more, theorem 1also infers the strong $conver..qe,n(ie,$ $7n(x, t)$ to $\overline{m}$ . while
the results of [18] only show the $ule,ak$ convergence of $\mathfrak{l}\mathfrak{l}\iota(x, t)$ .

(2) Theorem 1claims the uniqueness of the asymptotic $be,l\iota a’\iota\prime ior$.for the solutions to
(1.1), if the initial data has the same end-states. Hence, the asymptotic $behavi_{\mathit{0}7}$.

of the solutions to (1.1) are uniquely determined by the end-states of initial data.

Now we consider the case 2). we have the following st $i|\}_{)}\mathrm{i}1\mathrm{i}\mathrm{f}\mathrm{y}$ theorem.

Theorem 2(see [20]). Suppose that 8/o $(\mathrm{J}^{\cdot})\in H^{1}$ . $y_{x}(.\iota\cdot.\mathrm{t}\mathrm{I}).\tau_{t}/(x, 0)\in L^{2}\cap L^{\infty}$ .
then there is a positive constant $C$, independent of time $.\mathrm{s}\tau\iota‘:h$ that, for any $t\geq 0$ . it

holds
$||y_{x}( \cdot\prime t)||_{L^{\tau+1}}^{\gamma\dagger 1}+||.y_{t}(\cdot.t)||^{2}+\int_{0}^{t}||y_{x}(\cdot.\tau)||_{L^{\gamma+1}}^{\gamma+1}d\tau$

(2.10)

$+ \int_{0}^{t}||y_{t}(\cdot.\tau)||^{2}d\tau\leq C,$.

Remark 2. Theorem 2 $i$ mplies that the weak entivpy solution $\rho(x, t)$ converges
strongly in $L^{\gamma+1}(R)$ towa$rds$ the $nonline,ar$ diffusive $p_{7}.ofile,\overline{p}$ as $tarrow\infty$ when
$\rho_{-}\rho_{+}=0$ and $\max\{\rho_{-}. \rho_{+}\}>0$ . It would be interest $t,o$ prove the decay rates

for this case.
Now we consider the case 3) which is an important open problem. This case

has particular interest since the asymptotic behavior is expected to be the famous
Barenblatt’s solution of porous media equation. We give adefinite answer to this

expectation when $\frac{1+\sqrt{5}}{2}<\wedge/<1+\sqrt{2}$ . We first give some properties of Barenblatt’s
solution.

By the results of [1], tlre solution of

$\{$

$\overline{\rho}_{t}=/)_{J\iota}\neg..$ ,
(2.11)

$\overline{\rho}(-1..\iota\cdot)=\Lambda I\delta(a\cdot)$ , $M>0$ .
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should take the form

$\overline{\rho}(.\tau\cdot, t)=(t+1)^{-\frac{1}{\gamma+1}}\{(A-B\xi^{2})_{+}\}^{\frac{1}{\gamma-\mathrm{I}}}$ . (2.12)

with $\xi=x(t+1)^{-\frac{1}{\gamma+1}}$ . $(f.)_{+}=\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{a}\mathrm{x}\{(). f.\}$ . $B= \frac{\gamma-1}{2\gamma(\gamma+1)}$ and $A$ determined by

$2A^{\frac{\gamma+1}{2(\gamma-1)}}B^{-\frac{1}{\underline{)}}}.. \cdot(\mathrm{e}\cdot 0_{\iota}\backslash ^{\backslash }\theta)^{\frac{\gamma+1}{\gamma-1}}\acute{()}\frac{\pi}{2}d\theta=\Lambda I$. (2.13)

$\overline{\rho}$ is aweak solution to (2.11) such that

$./-\cdot\propto\propto\overline{p}d.\tau\cdot=hI$ , (2.14)

and

$\overline{/J}=0$ . if.
$|\xi|\geq\sqrt{A/B}$. (2.15)

Hence, for any finite $\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}$

$T>0,\overline{p}11^{\cdot}\mathrm{a}\mathrm{s}^{\backslash }$ compact support. This is the properties offinite speed of propagation for porous media equation. Furthermore, the derivatives
of $\overline{\rho}$ is not continuous across the interface between the gas and vacuum. This is
because the porous media equation is parabolic away fr 01 vacuum and is not atvacuum. For the definition of tlle weak solution to (2.11). we refer to [1], [2] and
[38].

Kamin proved in [38] that (2.11) aellllits at most one solution. Here, we addressed
the initial data at $t=-1$ to avoid the $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}1\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}_{1}\mathrm{y}$ at $t=0$. Thus, we have thefollowing lemmas from (2.11)-(2.15).

Lemma 2.1. If $M$ is finite, then there $i_{9}$.one and only one solution $\overline{\rho}(x, t)$ to
(2.ll). Furthe rmore, the follows hold.

(1) $\overline{\rho}(x.t)$ is continuous on $R$ .
(2) $The7^{\cdot}e$ is a number $b=( \frac{A}{B})^{\frac{1}{2}}>()$ . such that $\overline{\rho}(a\cdot, t)>\mathrm{t}\mathrm{I}$ if $|x|<bt^{\frac{1}{\gamma+1}}$ and

$\overline{\rho}(x, t)=0if|x|\geq bt^{\frac{1}{\gamma+1}}$ .
(3) $\overline{\rho}(x, t)$ is smooth $if|x|<bt^{\frac{1}{\gamma+1}}$ .

In terms of the explicit form of $/\overline{j}$ . it is easy to check tlle following estimates.
Lemma 2.2. For $\overline{\rho}$ defined in (2.12) and $t>0$ . we have

$\{\begin{array}{l}|\overline{\rho}|\leq C(1+t)^{-\frac{1}{\gamma+1}}|(\overline{\rho}^{\gamma-1})_{x}|\leq C(1+t)^{-\mathrm{L}}\overline{\gamma}+1.|(\overline{\rho}^{\gamma-1})_{t}|\leq C_{/}(1+t)^{-\frac{2\gamma}{\gamma+1}}|(\overline{\rho}^{\gamma})_{x}|\leq C(\mathrm{l}+t)^{-1}.|(\overline{\rho}^{\gamma})_{t}|\leq C(1+t)^{--}2\gamma+1\gamma+1\end{array}$ (2.16)
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$a7\iota a$

$. \int_{-\propto}^{\propto}.\overline{/J}^{2}‘ l.\iota\cdot\leq C(1+t)^{-\frac{1}{\gamma+1}}$

$./_{-\mathrm{x}}^{\propto}\cdot\overline{/y}^{\gamma}‘ l.’\iota\cdot\leq C(1+t)^{-1_{\frac{-1}{+1}}}\gamma$

$. \int_{-\propto}^{\propto}.(/\overline{J})_{\iota}^{2}\gamma-1^{\cdot}.\cdot$

$d_{J^{\cdot}}’\leq C(1+t)^{-\frac{-\tau-1}{\urcorner+1}}.$

,

$./_{-x}^{\propto}\cdot(\overline{/J}^{\neg-1}’)_{t}^{2}(l.\tau\cdot\leq C(1+t)^{-\frac{|\backslash -|}{\backslash +1}}$

$.(_{-\mathrm{x}}.\propto(\overline{/J})\gamma..\underline{)}|.$

$\iota l.’\iota\cdot\leq C(1+t)^{-\frac{\mathit{2}\gamma+\mathrm{I}}{\gamma+\mathrm{I}}}$

.

$.(_{-\mathrm{x}}^{\mathrm{x}}.(/ \overline{j}’)\wedge\cdot.\frac{\cdot.)}{t}\iota l.\iota\cdot\leq C(1+t,)^{-\frac{4\gamma+\mathrm{t}}{\gamma+1}}$

(2.17)

Theorem 3(see [17]). $S\tau\iota ppo.vci$ $/j_{()}(.\iota\cdot)\in L^{1}(\mathrm{R})$ . an(l

$M=. \int_{-\mathrm{x}}^{\propto}/\lambda_{()(\prime}.l\cdot)dx$ .

Let $(p. r’\iota)$ be, an $L^{\propto}‘ \mathrm{J},nt_{7()}.py$ weak solution of the Cauchy $I^{J7Clblem}.(\mathit{1}.l)--(l.\mathit{2})$.
satisfying the $follo’uri7\iota.qe,stirr\iota‘\iota te,.\mathrm{v}$

$0\leq p(.\iota\cdot.t)\leq C_{/}$ , $|7r\iota(.’\iota\cdot.t)|\leq C\rho(.’\iota\cdot.t)$ , (2.18)

and let $\overline{p}$ be the Barenblatt $.s$ $.\mathrm{v}ol\tau\iota ti()7|$. $()f(\mathit{1}.’;\iota)\cdot\iota\iota’ ith7nas.v\Lambda I$
$‘\iota r\iota,‘ l\mathfrak{l}\overline{\mathfrak{l}}\iota=-P(\overline{p})_{x}$. Then

$\{$

$||/\overline{J}||_{L-}^{2}.,$
$\leq C(1+t)^{-\frac{1}{\gamma+1}}$ .

(2.19)
$||/\overline{l}||_{L^{\urcorner}}^{\hat{\prime}}\leq C(1+t)^{-}\gamma+1arrow-1$ .

Define $y=-./_{-\propto}^{\mathrm{J}}\cdot.(p-\overline{\rho})(\mathfrak{l}\cdot, t)$ dr. If. $!/\in L^{2}(\mathrm{R})$ . then there $t^{\mathrm{J}\prime}..\mathfrak{l}i.i^{5}.;t$ positive constants
$k_{1}=111 \mathrm{i}\mathrm{I}1\{\frac{\gamma^{2}}{(\gamma+1)^{2}}, \frac{\gamma-1}{\gamma}\}$ . $h_{2}.=1\mathrm{I}1\mathrm{i}\mathrm{I}1\{_{(1)-\neg}\mp^{\hat{\prime}}\hat{i}.,., \}-\underline{1}(\iota nd$ $C$ such that for $any=>\vee 0$ .

$\{$

$||(p-\overline{p})(.\iota\cdot, t)||_{L-}^{2}\cdot,$
$\leq C(1+t)^{-\kappa_{\iota+}\underline{\sim}}.$ , $if1<\gamma\leq 2$ .

(2.20)
$||(p-\overline{p})(.l\cdot.t)||_{L^{\mathrm{t}}}^{\wedge}\acute{\ell}\leq C(1+t)^{-k_{2}+\Leftrightarrow}.-.jf$

.
$\wedge/\geq 2$ .

Furthe rmore.

$\{$

$k_{1}.> \frac{1}{\wedge+\prime 1}$ , $jf \frac{1+\sqrt{0^{r}}}{2}<\wedge/\leq 2$.
(2.21)

$h_{2}.>’, \mp\bigwedge_{\sim}-11^{\cdot}if2\leq\gamma<1+\sqrt{\underline{)}}.$ .

Remark 3. (1) $c_{\mathit{0}7l}‘ lit^{i}i()r\iota(’l.lb.)$ $j,.\backslash \cdot f’\iota\iota lfille,‘ l$ if $tl\iota e.\backslash \cdot ol\iota\iota t\dot{\iota}or\iota.\mathrm{v}‘ ll.\mathrm{f}^{y}$ in the, $ph.y.\backslash \cdot i‘ j‘\iota l$

$r.egio7l$ initially. The $i_{71’\{\prime}.‘\iota 7^{\cdot}i‘\iota r\iota t7^{\cdot}‘ x_{\mathrm{L}}.q.io7ltl\mathfrak{l}‘ J.\mathit{0}7^{\sim}.l/\cdot/\prime^{J}‘.7^{\sim}ifie,.9(^{\prime_{J}}l.\mathit{1}b.)$ .

(2) Since $Ba7^{\cdot}e,7lblatt..\mathrm{v}$ $.\mathrm{v}()l’\iota\iota t\prime i_{\mathit{0}7\mathfrak{l}}/\overline{J}‘ l^{J}‘ \mathrm{t}:‘ l’.1/\cdot\backslash \cdot it.\mathrm{s}.e,lf$. it $i_{\mathrm{S}ne(j’\backslash \backslash l7^{\vee}l/},‘.\cdot.\cdot‘.to$ ($j()mpa7^{\cdot}e$, the $dec,a\iota_{\mathit{1}}$

$7^{\cdot}ate$ of/-, with that of/j-/)-. (2.21) shows th at $||/$) $-\overline{/y}||_{L-}.’‘ l.r^{J}’.‘ \mathfrak{l},\cdot.l/\cdot\backslash \cdot$ fast than $||\overline{p}||_{L-}.$, when

$\frac{1+\sqrt{0^{r}}}{2}<\wedge(\leq 2$ and $||/y-\overline{/\mathrm{J}}||_{L^{\urcorner}}‘ le.(.\cdot‘\iota^{l}/\cdot\backslash \cdot.f$($\iota.\mathrm{s}.t$ than $||\overline{/J}||_{L^{\mathrm{t}}}\{$)$l_{l}C’7l\underline{9}\leq\wedge’<1+\sqrt{2}$ . $I\dagger$ $i.s$

$r \dot{\iota}ote‘ ltl\iota.a.t.\frac{\tau \mathrm{J}\ulcorner}{3}\in(\frac{1+\sqrt{v^{r}}}{)(l2}‘’ 1.+‘..\sqrt{2})Tl,.‘.Tl|,e.(.)7^{\cdot}e.rrt^{r},.\cdot’;,\cdot \mathrm{s}t,ate,.,\backslash \cdot\dagger l\prime solutioo7l\backslash of(\mathit{1}.l.\mathit{2})\mathrm{s}\iota ti\mathrm{v}f.yinjt\oint^{1’1l,9}1’l\cdot CJ7\iota.dit\dot{/,}CJ71\backslash i7\iota Th.e(J7\mathrm{Y}’’\tau r1\cdot.‘ Jf.\iota r’.u,.\mathrm{v}t(j(J7’ l’ 1\prime e,7^{\cdot}ge,\cdot tCJ’ t’ h‘)\iota\iota\dagger l7\mathfrak{l},l/L^{\propto}er\iota t7opy\mathrm{z}\iota eahi$
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$Althoughthe,reisr \iota(Jtuniq\uparrow\downarrow er\iota ess|\backslash \cdot f..’(J7^{\cdot}tl_{1}\epsilon^{)}sol?\mathit{4}tt\dot{\uparrow}CJns.ou7^{\cdot}7’re_{y}lat_{/}edBar\cdot er\iota blatt’ ssol\tau\iota ticJ7lof(\mathit{1}’f)llJjththe.\backslash \cdot cxmem(xs.\backslash ^{l}.‘ ll\mathit{1}[,’\epsilon)r.r\wedge\in/,(\frac{1+\sqrt{v^{\ulcorner}}}{ed2}\backslash 1+\sqrt{2})|\backslash ^{1}llt.\backslash i_{7l(}lic(xtthe\iota\iota r\iota ique$.

asymptotic profile dete rmined by the initial mass.
(3) It would be interest to $p_{7CJ}.ve$ $that$ the, $r.e$ exists $.\backslash \cdot O7l‘ \mathrm{J}$ (.onlvtant $p$ such that

$||\rho-\overline{\rho}||_{L^{p}}$ decays fast than $||\overline{\rho}||_{L^{p}}$ {llhen $\wedge f\in(1, \frac{1+\sqrt{5}}{2})a7’(l\wedge/\in(1+\sqrt{2}, \mathrm{x})$ .
(4) The decay rates in Theorem $\mathrm{t}’$;seem not to be optimal, it uumhl be $intere_{J}st$ tofind the optimal decay $r.(xte.\backslash \cdot$ .
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