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In the previous work [1], we studied interface regularity of three dimensional
Maxwell system when the interface is C?, and that of Stokes system when
it is flat. In this article, we continue the study and show refined interface
vanishing theorems for general interface.

Geometric situation which we are concerned in is described as follows.
Namely, 2 C R?® denotes a bounded domain with Lipschitz boundary 02,
and M c R3 is a Lipschitz hypersurface cutting Q) transversally. Thus, it
holds that

MNOQ#£¢
Q=0,UQNM)uQ_ (disjoint union) (0.1)
with the open subsets 0. of Q. First, we consider the Maxwell system in
magnetostatics,
VxB=J .
v.B=0 } in Qs (0.2)

where B = ¥(B'(z), B*(z), B*(2)) and J = t(J'(z), J3(z), J*(z)) stand for
three dimensional vector fields, indicating magnetic field and total current
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density, respectively. Furthermore, V = *(0;,0,,03) denotes the gradient
operator and x and - are outer and inner products in R3, so that Vx and
V- are the operations of rotation and divergence, respectively.

In the context of magnetoencephalography, Suzuki, Watanabe, and Shi-
mogawara [3] introduced an interface vanishing theorem when the interface
is given by the boundary 8D of a smooth bounded domain D c R? in use of
the layer potential. More precisely, if J is continuous on Q. and system (0.2)
has a solution B € C(R3)3 N CY(R3\ 8D)? for Q_ = D and 2, = R*\ D,
then

V(n-B)]f=0 on 0D

follows, regardless with the continuity of J across 8D. Here, n denotes the
outer unit normal vector to 8D, [A]f = A, — A, and
AQ=__Jm, A@,  A©=_lm AQ

for £ € &D. Then, Kobayashi, Suzuki and Watanabe [1] studied local version,
the case where the bounded domain € is given with the interface M N as
in (0.1), and showed that even if n x J has an interface on MN{, the normal
component n - B of B gains the regularity in one rank. In this article, we
refine the argument and reduce smoothness of the interface. This refinement
is very useful to study similar problems for the Stokes system as will be
described later.

To state our result for (0.2), we take some preliminaries on function spaces
from Girault and Raviart [2). Namely, if D C R? is a bounded domain with
Lipschitz boundary 0D and n denotes the unit normal vector to dD, then
for p € [1,00], LP(D) denotes the standard L? space on D provided with the
norm || - || »(p), and the Sobolev space W™? (D) is defined by

W™(D) = {u € [P(D) | 8*u € LP(D) for |a| <m}

for a positive integer m, where 8% = 02:92202% for the multi-index o =

(1,9, 3). Put H™(D) = W™2(D). Given o € (0,1), we say that u €
H™to(D) if u € H™(D) and

/ vla"‘u(x)—a"‘U(y)lz
DJD

o — o dzdy < +00

for any o in |o] = m and n = 3. The space H*(T") is defined similarly with

'n = 2 through the local chart of I', where s € [0,1] and ' C 8D is a relatively
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open connected set. Then, we set H™*(T") = Hg(T')’, where Hg (T') denotes
the closure in H*(T) of the space composed of Lipschitz continuous functions
on I' with compact supports. Thus, we have H§(I') = H*(I) if I' C OD is
a closed surface, and in particular, it holds that H 1/2(D) = H(:)l/ 2(6D). In
this context, let us remember the standard trace theorem that H YD)|gp =
HY?(8D). We also put

H(div,D)={ue I*(D)’ |V -ue L*(D)}

and
H(rot,D) = {ue L*(D)* |V xu € L(D)*}.

Here and henceforth, (-,-)p and ((-,-)), denote L*(D) and L*(D)® inner
products, respectively, and (-,-)yp and ({:, ))sp the duality pairing between
H-Y2(dD) and HY2(dD) = Hy'*(8D), and H~V/2(8D)® and H'/*(8D)’,
respectively. Then we have the following.

Proposition 0.1 Each v € H(div, D) admits the trace
n-vlyp € H?(8D),
and Green’s formula
(v, V) p + (V- v,0)p = (70, ¥)ap

holds for ¢ € HY(D).

Proposition 0.2 Each v € H'(rot, D) admats the trace

n x v|,p € H*(0D),
and the Stokes formula
(V x v,w))p = (v, V x w))p = {(n X v, W))ap

| holds for w € HY(D)3. -

To discuss the interface regularity of the solution B to the Maxwell system
(0.2), we take that
L =00:N"M
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with 84 being the boundary of 2. This means that I'; and I'_ coincide as
sets, but are regarded as parts of the boundaries of Q2 and Q_, respectively.
Henceforth, n denotes the outer unit normal vector to I'_ so that —n is the
outer unit normal vector to I';.. Unless otherwise stated, if M is C*1, then
CHINWET1™ extension of the normal vector n defined on I' = MNQ is always
taken to 2 henceforth, where k is a non-negative integer. Furthermore, given
a function A(z) on 2, we set

Af=A,-A_ on T,

where Ay (€) = lim, ¢ zen, A(z) for £ € T are always taken in the sense of
traces to I'+.

Suppose that B and J are in L?(£24)? and satisfy (0.2). This means that
those relations hold piecewisely in Q4 in the sense of distributions D'(Q+),
that is,

[ B-vxc=[ J-C end B-Vp=0
Q4 Qi Q1
for any C € C°(:)® and ¢ € C°(Q1). Unless otherwise stated, those
vector fields B € L*() and J € L*(Q4)? are identified with the elements
in L*(Q)3.

For the moment, we assume that M is Lipschitz continuous and relation
(0.2) holds for B € L*(€:)® and J € L?(4)°. This implies that B €

H(rot,Q4) N H(div,Qy), which assures the well-definedness of

nx Bl., € HY*(Tx)* and n- B, € HY2(Ty),
and hence B|., € H7'/*(T'+)* follows. Furthermore,
[nxBf=0 ad [n-B]Z=0 (0.3)
if and only if .
VxB=JeIL’)?® ad V-B=0€lL*Q) (0.4)

as distributions in €, respectively. If both relations of (0.4) are satisfied,
then B € H'(Q)? follows, because B € H'(Q)? is equivalent to [B] =0 on
[ for B € H(Q4)3. A slightly weaker fact B € Hj,.(€)? is also obtained by
Corollary 1.2.10 of [2],

H (rot,Q) N H(div, Q) C HL.(2)%, (0.5)



as (0.4) implies B € HL (Q)°.
Our first result is stated as follows. There, M is supposed to be C** and
hence C!' N W2™(Q) extension is taken to n.

Theorem 0.1 If M is C¥', and B € HY()® and J € H(rot, Q) satisfy
(0.2), then it holds that n- B € Hj,. ().

Above theorem is a slight improVenient of a theorem of [1], but new
argument for the proof is presented. Similarly to that case, B € H(Q)?
solves (0.2) in © as a distribution, so that

_LRVxC:AJ{? and ‘LBV¢=O

hold for any C € C°(Q)® and ¢ € C°(Q). We note that J € H(rot, Q)
belongs to J € H(rot, Q) if and only if [n X J ]* = 0onT, and if this condition
is satisfied furthermore, then we have

~AB =V x J € [}Q)*

(as distributions in €2), because V x B = J € H(rot,Q) and V- B =0 €
L2(Q)? are valid similarly in Q. Then, B € H,,()® is obtained from the
standard elliptic regularity. Theorem 0.1 says, in contrast, that even if n x J
has an interface on I' = M N, the normal component n - B of B gains
the regularity in one rank. It is not difficult to suspect that the solenoidal
condition V - B = 0 plays an essential role in such a regularity. In this
connection, it must be noted that in Theorem 0.1, interface to n - J is not
permitted. In fact, the first equation of (0.2) holds in Q, and therefore,

V.J=V-(VxB)=0

follows there. This implies J € H(div,2), and hence [n - J]T = 0 holds on
T.
The second theme of this article is the stationary Stokes system;

-Av=Vp+f .
V.v=0 } m Q:t (06)

where v = (v!(z), v*(z),v%(z)) denotes the velocity of fluid, p = p(z) the
pressure, and f(z) = {(f'(z), f2(z), f3(z)) the external force. The following
theorem is proven by Theorem 0.1 and the vorticity formulation. There,
M is supposed to be C*! so that C*' N W2 () extension is taken to n.
Actually, [1) showed the theorem when M is flat.
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Theorem 0.2 If M is C*', v € H*(Q)?, p € H'(Q), and f € HY(QL)®
satisfy (0.6), and [n-Vp]E = 0 holds on T, then the condition (n-V)2(nxv) €
HY(Q)? implies that v € H},(Q)® and p € Hf, ().

O

Standard regularity associated with the above theorem is obvious, so that
ve HX(Q3, pe HY(Q), and f € H'(Q)® imply v € H3 () and p € HL.()
in (0.6). On the other hand, f € H(div,) can take place of the assumption

o
on

in Theorem 0.2, because (0.6) holds in Q and therefore, f € H (div, Q) gives
that

[n- Vot = { [ =0 on T (0.7)

~Ap=-V-Vp=V-feIl*Q),
in Q, or Vp € H(div,). This implies (0.7) and also p € H2 () from the

loc
standard elliptic regularity. In other words, if (0.6) holds in a natural L2
setting in Q, then f € H*(Q4)* N H(div,Q) implies A 2 interface vanishing
of the pressure and H® interface of the velocity only in the second normal

derivative of the tangential component. Namely, we have the following.

Theorem 0.3 If M is C?! and v € H*(Q)3, p € H'(Q), and f € L*(Q)3
satisfy (0.6), then f € H(div, Q) implies p € Hf, (), and f € HY(Q+)? with
(n-V)3(n x v) € HY(Q)?, furthermore, gives that v € HE ()3

Those interface vanishing theorems are optimal in the sense that there is

v € HA(Q)®, p € H(), and f € H*(Q)* N H(div, Q) satisfying (0.6), (0.7),
and [(n - V)2(n x v)]T # 0 on T. Among them is the case that

M = {z = (1, 22, 23) | z3 = 0}
with n = £(0,0,1), @ = {z = (1, 2, 73) | z? + 73 + 23 < 1},

( x(z1 — )73 |23] )
v=| x(z1—z2)z3|23| | € H*(Q),
0

and p = z3 |z3] € H%(f2), where x is a smooth function on R with the support
containing 0. In fact, we have

2x(z1 — z9)H(z3) + X" (#1 — z2)T3 |z
f=—1 2x(z1 — z2)H(z3) l-+- )Ic”(a:l — z9)z3 |z3| |,
2 T3



where H = H(s) is the Heaviside function:

1 (1‘3 0)
e ={ 'ty 20

and this f is in H2(Q)® N H(div,€). Thus, here actual interface arises in
the second normal derivative of the tangential component of the velocity, in
spite that any other assumption in Theorems 0.2 and 0.3 is satisfied.
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