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Partial Sums of Certain Analytic Functions

Shigeyoshi Owa, H.M.Srivastava and Nobuyuki Saito

Abstract

It is well-known that Koebe function f(z) = —Z% _ is the extremal function for the

(1-2)?
class S* of starlike functions in the open unit disk U, and that the function g(z) = 1 iz
is the extremal function for the class X of convex functions in the open unit disk U. But
the partial sum fn(2) of f(z) is not starlike in U, and the partial sum gn(2) of g(z) is not
convex in U. The object of the present paper is to discuss for starlikeness and convexty of
the partial sums fa(2) and gn(2).

1 Introduction

Let A denote the class of functions f(z) of the form

(1.1) f(z)=2z+ i ap 2

k=2

which are analytic in the open unit disk U = {2 € C: [z] < 1}. We denote by S the
subclass of A consisting of all univalent functions f(z) in U. Let S*() be the subclass
of A consisting of all functions f(z) which satisfy

(1.2) Re {%’;—)} > o (zeU)

for some (0 £ a < 1). A function f(2) in §*() is said to be starlike of order & in U.
Furthermore, let X(a) denote the subclass of A consisting of all functions f(2z) which
satisfy
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(1.3) Re {1+ ;’é())} >Sa  (z€U)

for some (0 £ a < 1). A function f(z) belonging to K(a) is said to be convex of order
ain U.

By the definitions for the classes $*(e) and K(a), we note that f(z) € §*(e) if and
only if zf'(2) € K(a) and denote by §*(0) = §* and K£(0) =
It is well-known that Koebe function f(z) given by

(1.4) flz) = (1_z —z+Zkz

k=2

is the extremal function for the class S*, and that the function

(1.5) g(z)—-————-z—i—Zz

k=2

is the extremal function for the class K.
For a function f(z) given by (1.1), we introduce the partial sum of f(z) by

(1.6). fal2) =2+ ) a2,

k=2
For the partial sums f,(z) of f(z) € S*, Szegd [4] showed the following result.
Theorem 1.1. If f(2) € S*, then f,(z) € 8* for |z| < -—, and fo(z) € K for |2] < -;—

Further, Padmanabhan [3] proved the following theorem.

Theorem 1.2. If f(z) is 2-valently starlike in U, then fn(z) is 2-valently starlike for
IZ‘ < -6-

Recently, Li and Owa [1] derived some interesting results for partial sums of the
Libera integral operator which is defined by

LH@ =2 [ e

for f(z) € A, and Owa [2] considered partial sums for the extremal functions of the classes
S* and K.



Remark 1.1. If f(2) €S, then f,(2) ¢ S for |an| 2

St

Proof. Note that

- -1 n— 1
ful2) = 1+Zkakzk_l = Ndy {z""l—!-g—n-'——-—)-a—'-—l'z"'z_}...._}_ } =0

e Nnay, nay,

forz=2 (j=1,2,3,---,n—1)

Therefore, we have

n—1

1

A= 1({~= n-1_°— <K .

J-I__._I]_ z.? !( 1) NG = 1
This showslthat there exists a point z; € U such that |z;| < 1. Thus we say that fn (2) ¢S
for |an| 2 —. o

n
Noting that KX C 8* C 8, we also have
H * o *
(i) fa(z) ¢ S* for f(z) = m =z4+ 350, keF €S

| (i) gn(z) & K for g(2) = =2+ Y peg 2t € K.

z
1—2
2 Partial sums f3(z) and g3(2)

| For Koebe function f(z) given by

| f(z)=(1jz)2=z+k2=:kzk

which is the extremal function for the class S*, we consider the partial sum
f3(2) = 2+ 222 + 32

Theorem 2.1.  The partial sum f3(2) = z+222+32° of Koebe function f (2) = (—1——z—;);
salisfies
” 2(1—-2 10 »
(21) Re(1+if§((£}'>>a(r)=3—-r_(—£_:%);§>2(l——\/;—)=0.7350.‘...
Where
7-2v/10

0S5 = 0.0750.....



Proof.  We consider « such that

. {4+ 5O} Cnefon 22 Y

for0 £ r < ——-g——— = 0.0750- -
It follows that

(23) Re 1422 1 + (1 - 9r2)(1 + 9r% + 4rcos b)
B 1+424922f 2 " 2(1 — 2r2 4 81r* + 8r(1 + 9r2)cos § + 36r2cos?6)
< 3—«a
2 b)
that is, that
(1 —97%)(1 + 972 + 4rcos 6) }
(24) Re {1 — 2r2 4 817 + 8r(1 4 9r2)cos 6 + 36r%cos?d <l-oe

Let the function g(t) be given by

(1 —9r2)(1 + 9r? + 4rt)

t = cosf).
T2 Tl 4 51 5 0 + sore = %)

(2.5) 9(t) =

Then, we have

(2.6) g't)

-—4r(1 +3r)(1 — 3r)(1 + 382 — 81r% + 1627* + 18r(1 + 4r + 9r2)t + 36r2t2)
(1 — 2r2 4 81r% 4 8r(1 + 9r2)t + 36r2t2)?

Letting

(2.7) h(t) = 143872 — 81r® + 162r* + 18r(1 + 4r + 9r%)t 4 367°¢2,

we see that
(i) k) <0 = g(t) >0,
i) A(t) >0 = 4(t) <0,
and
(iii) h(t) =0fort=tyt=1ts (61> t2).

99
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It is easy to see that t; < —1. Since

—3(1 4+ 4r +9r?) + /5 = T2r + 154r% + 972r° + 817
127 ’

(28) tl =

- 0
our condition 0 £ 7 < z———g\/—l: implies that t; £ —1, so that, A(t) 2 0.

Consequently, we conclude that

1—9r? 2v/10
2.9 t) < g(-1) = < 9-
that is, ,
Yo g LT g 22
- 1—4r+9r2 1 —4r+9r%
Thus, we have
"
Re{1+ : ,3(z)} > afr
f3(2) )
and
2(1 — 2r)
2.10 =3-
(2.10) | or) = 3= 1" rom
for0Sr S z—-——%—@ O
Next, for the function
__*% _ S
g(z) = - —z+§z
which is the extremal function for the class X, we consider the partial sum
gs(z) = z+ 22 + 22
Theorem 2.2. The partial sum gs(z) = z + z° + 2° of the function g(z) = 1 ul
-z
satisfies
zg3(2) 2—r 4—+/5
2.11 Re (r) =3 - = 0. et
(2.11) (gs(z)> > afr) 1__r+r2> 5 0.9919
Where Y
0Sr< =35 _ p1458....

2
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Proof.  We consider « such that

295(2) 2+2
2.12 = L N
(212 Re{gs(z)} Refa- ) > @
for0Sr< 7«-3‘/5==O.1458---.

This implies that

(2.13) Re{ 247 }:1 (1 - r?)(1 + 2 + reosf)

1424 22 1 —r2 4 r4 + 4r2cos?6 + 2r(1 + r?)cos 6
< 3-aq

that is ,

(1 = 72)(1 4 r% + rcosf) }
2.14 R - a.
(2.14) ° { 1 — 1724 r*+ 4r2cos?20 + 2r(1 + r2)cos § <2-a

Let the function g(¢) be given by

(1=r))(1+rt+ri)

— 1247t +4r22 + 2r(1 + r2)t (t = cos ).

(2.15) 9(t) = 1

Then, we have

r(r+ 1)(r — 1)(1 + 572 + r* + 4r%2 + 8r(1 + r?)t)
(1 —r2+rt4+4r2t2 4+ 2r(1 + r2)t)?

Defining the function h(t) by

(2.17) h(t) = 145 +r* +4r2t + 8r(1 + r¥)t,

we see that

i) R{t) <0 = g(t) >0,

(i) R >0 == 4'(t) <0,
and

(111) h(t) = 0fort= ti,t=1y (tl > tg).
Note that ty < —1. Since

- 2 PR
(2.18) = 2(1+r)+2r3(1+r + rt) <0,
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0 of the theorem implies that t; £ —1, so that, A(t) 2 0.
Consequently, we conclude that

our condition 0 £ r <

(2.19) g(t) £ 9(-1) =

that is,

Thus, we have

93(2)
and
2~-r
(2.20) a(r) =3-— T
for0_<_.r<7"3‘/g=o.1458---.

Using the same method in the above, we also derive the following result.

Theorem 2.3.  The partial sum f3(2) = 2+222+32° of Koebe function f(z) = L
L

satisfies

2f3(2) . 21-7) 3(89 — 16v/22) _
(2.21) Re{ Sy > e =3- T = = 0.3055... .
Where /i
0Sr< 5_3 22 _ 0.1031....
Theorem 2.4. The partial sum gs(z) = z + 2% + 2° of the function g(z) = : z ~

satisfies

2(1 —r) 3(89 — 16v/22)

zg"(z)
(2.22) Re {1+-g—,3—3(—z)— > afr) = 3= 155 = = 0.3055... .
Where /B
0<r< 5= V2 _ g1031....

3
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3 Partial sums f;(2) and g4(2)

For the Koebe function

flz) = a7 —z+§:1uz

which is the extremal function for the class S*, we con31der the partial sum
fa(z) = 2+ 222 + 32° + 42*.

Theorem 3.1.  The partial sum fy(2) = z + 22% + 32% + 42* of Koebe function
z .
f(z) = —(-1—_-7)-2- satisfies

2fi(2) _ 3 —4r+3r?
(3.1) Re{7f(;)—-} > Ol(’l") = 4- l—27‘+37‘2——41‘3'

Where0 S r S rp < 1and

v/531 + 1611695 37
16 1690 16\3/3(531 +16/1695)

Proof.  For fi(z) = z + 222 + 323 + 42*, we have

= 0.3545....

Tp =

2fy(2) | _ 1442+ 92% +162°
(32) Re{f4(z) = Re 1+ 2z + 322 + 428
344z 4322
—4_Re{1+2z+322+4z3}

=4-R . - A =rev).
¢ {1 + 2ret® + 3r2ei? | 4r3¢i%f (2 =re®)

By using Mathematica, we know that the value of (3.2) takes its minimum value for 8 = .
This gives that

z2fy(2) > 4 3 — 4r + 3r? <, <
(3.3) Re {—ﬂ_f4(z) } 24 T or 137 — 4% (0L r S o).
Let the function h(r) be given by

| 3 — 4r + 3r?
= 4 — < pr <)

hr) = 4= g e —gs (0E7 1)
Since 0 = h(ro) S h(r) £1
for

/531 + 161/1695 37

ro = — = 0.3545- - ,

+ = -
16 1679 163/3(531 + 16v/1695)
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we have
zfi(2) 3 — dr + 3r?

. ZoAVvy = 4
(3.4) Re { fa(2) > afr) 1—2r+43r2 - 4r3
which completes the proof of the theorem.

O

Next, we show

Theorem 3.2.  The partial sum gu(2) = z + 2% + 53 + 2* of the function g(z) = : z .

satisfies

zg4y(2) _ ., 8—dr+3r
(3.5) Re{1+-———g;(z) } > afr) =4 T or F 32— 4r3

Where 0 Sr<ro <1 and

3 V/531+16v1695 37
r0=-1-6-+f +‘a/_\/ - —— = ().3545....
16v9 163/3(531 + 161/1695)
Proof.  For gs(2) = z + 2% + 2% + 2*, we have
zg4(2)\ _ { 2z + 622 + 1227
(36) Re{1+ a.(2) |~ Ret ™ 1422+ 322+ 428
3+ 4z + 322
B 4—Rje{1+2z+3z"’+4z3}
3+ 4re® + 3r2e®
=4 <r<
4-Re {1 + 2re 4+ 3r2e? + 4r3e‘39} Osrsm)
Further, an application of Mathematica shows that
ZAC S 3 — 4r + 3r? <. <
(3.7) Re {1 + B e 0<r<m).
Defining the function h(r) by
- 2
h(r) = 4 — 3 dr+dr (07 Sr),

1—2r+3r2 —4rd

we see that
0 £ h(ro) £ h(r) £1

for
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N /531 + 16v/1695 37 — 0.3545
3 _ — 0.3545---
16 1639 16/3(531 + 16+/1695)
that is, that
244(2) R ke kL
(3.8) Re {1 + ) >afr) =4 1—2r + 312 — 419

for0Sr <. O

Using the same method in the above, we also derive

Theorem 3.3.  The partial sum fy(2) = z + 222 + 32° + 42* of Koebe function
z .
f(z) = T satisfies

z2f{ () - 4 3 — 8r + 9r?
Re{1+ fi(2) > afr) = 4 1 —4r+9r2 — 16r3

Where0 S £ 71 <1 and

9 /4257 4 64118681 269 — 0.1933
el ELT ~ — 0.1933....
643/3(4257 + 64,/T8681)

Theorem 3.4.  The partial sum g4(2) = z + 2% + 2* + z* of the function g(z) =

satisfies

1—-2z

zg,(2) ., 8=2r+r?
Re{ 22 } > o) = 4=y

Where 0 SrSre <1 and

$/5(9 + 44/6 3
1 ( ) VB _ ess....

re = -4 —
4 499 43/3(9 + 4v/6)

4 Appendix

In this section, we try to describe the image domain of the disk by the partial sums for
the theorems in Section 2 and Section 3. ’
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Example 4.1. By Theorem 2.1, we take the partial sum fa(2) = 2+ 2224 32 for
|z| = r with ~

7 - 210

0 r<—T—=O.O750....

17AN

The image domain of fs(z) is shown in Fig.4.1.

<< Graphics’ ComplaxMap '
£3[z_]=z+22°+32°

7-24/10
| Pmf3 := PolarMap[£3, {0, "'TL}' {0, 27}]:
i Show[Pmf3]
|
z+222+32°
g
.05
0
-0.pS 0. 0,035 O ‘ 0 (;7
-0%
<0.0
'—-—1

Fig.4.1
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Example 4.2. By Theorem 2.2, we take the partial sum gs(z) = z + 22 + 2° for
|2] = r with

7-3v5
0Sr< 2\/_=0.1458....
The image domain of gs(z) is given by Fig.4.2.
<< Graphics ComplexMap’
g3lz_l=z+z2+2°
7-3
Pmg3; = PolarMap[g3, {0, _--l[—_—-} {0, 27}];
Show[Pmg3]
z+22+2°
0.15
0
- 0lo s 0 1

Fig.4.2
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Example 4.3. By Theorem 2.3, we consider the partial sum f3(2) = z + 222 + 323
for |z| = r with

5— 2
0sr< 3\/—2--—-:0.1031....
We give the image domain of f3(z) in Fig.4.3.
<< Graphics' ComplexiMap’
£3[z_] =z+22°+32°
5-+22

| Pmf3 := PolarMap[£3, {0, ————-—} {0, 27}]:

Show{Pm£3]

| z+222+32°

-0.

Fig.4.3
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Example 4.4. By Theorem 2.4, we take the partial sum g3(z) = z + 22 + 23 for
|2| = r with

OSr<7_3\/g

— 0.1458... .
< 5 0.1458

The image domain of g3(z) is shown in Fig.4.4.

<< Graphics‘c'omplexnap‘
g3[z_l=z+2®+2°

5-v22

22
Pmg3 : = PolarMap[g3, {0, ———;—-—-}, {0, 2x}}:
Show [Pmg3]

z+22+23

]

Fig.4.4
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Example 4.5. By Theorem 3.1, we consider the partial sum fy(2) = z+22%432° +
4z for |z| =rwith0 S r S 70 < Land

3 /531 + 161695 37 |
ro = —+ = - — = 0.3545... .
16 169 164/531 + 16+/1695
Then we show the image domain of fs(z) in Fig.4.5.
<< Graphics‘c‘omple:m;p‘
£41z_] ez+2z2+32%+42¢
pmf4 : = PolaxrMap[£4, {0, ¥0}, {0, 2m}]¢
0n > \3/;31 +16+/1695 | 37
20 = ~—— % -
16 169 16 4[3 (531 + 16 /1695
Show [Pmf4]
z+222+32%+42¢
3 (531+16\/1695)1/3 ‘ 37
—_— -
16 163%/° 16 (3 (531 +16 v1695))""”
0.6}
0
- o] 4 0‘ 6 0{8
-0N
-0.6 F

Fig.4.5
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Example 4.6. By Theorem 3.2, we consider the partial sum ga(z) = z+ 2428+ 2
for |z| =r with0 < » £ 7o < 1 and

3
Ty = I% \/531 +\1/6_\/1695 — 87 = 0.3545....
16v9 163/3(531 + 16v/1695)
Then we have the image domain of g4(z) by Fig.4.6.
<< Graphics ComplexMap®
gilz_] =z +2° +z34 24
Pmg4 := PolarMap[g4, {0, x0}, {0, 27}]:
6.2 {531 + 16 V1695 37
20 = —— + -
1 165 16 4[3 (531 + 16 V1695 )
Show[Pmg4]
z+2%+2%4+2¢
3 (531+16\/1_é;§)1'3 37
—_— -
16 163203 16 (3 (531+161695))""
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Example 4.7. Considering the partial sum fi(z) = z+22% +32° + 4z* for 2| =
with0 £ r» £ n < land

9 | /4257 + 64v/18681 269
et . _ = 0.1033...,
644/3(4257 + 64V 18681)
in Theorem 3.3, we see the image domain of fy4(2) in Fig.4.7.

<< Graphice ' Complexiap’
£4[z_]=2+2 22 +325+ 424
Pmf4 := PolarMap([£4, {0, rl}, {0, 2 n}]:
e, A 4257 + 64 /18681 _ 269

64 649 64 /3 (4257 + 64 18681 )
Show[Pmf4]
z+2z%+323+42¢

o (4257 +64I681) " 269
—_— -
64 64327 64 (3 (4257 + 64 VIBE8L))
|
o1 0 3

Fig.4.7
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Example 4.8. Taking the partial sum gy(z) = z + 22 + 2% + 2* for |z| = r with
0<r<ry<land

¢/5(9 + 4v/6 3/9F
n=g+ Otevd) B _oess...,
439 43/3(9 + 4v6)
we have the image domain of go(z) in Fig.4.8.
<< Graphics 'ComplexMap"®
gilz_]=z+2?+ 2342
Pmg4 := PolarMap[g4, {0, x2}, {0, 27}];
r2=.1‘.+35(9+4‘\/?) - ‘\3[2_5.
a9 a3 (9+4+s)
Show[Pmg4d]
z+28 4234 2!
1 52/3 (5 (9+4\/€))”3
—“”4(3(9\‘4\/?3'))”3+ 4327
1}
%
\ o .
I 5] Jo 0]7s 1.25
)
-1

Fig.4.8
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