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RADIUS OF STARLIKENESS AND CONVEXITY 2

RIKUO YAMAKAWA [lUJIIEER] (ZHI¥KY)
SHIBAURA INSTITUTE OF TECHNOLOGY, JAPAN

ABSTRACT. In this note, we will investigate radius of starlikeness
and covexity for certain analytic functions on the unit disk.

1. INTRODUCTION AND NOTATIONS

Let U = {|z| < 1} and let B denote the family of functions f(z) =
z+ Y 0 5 anz™ which are analytic in U, and which satisfy the condition
lan| < n (n=2,3,4,...). For functions f € B, we consider the radius
of univalence , starlikeness and convexity i.e.,

Ry = maz{r: f€ B= fisunivalent in |z| <r <1}
Rs = maz{r:fe€ B= fisstarlikein |z|<r <1}
"Rg = maz{r: f€e B= fisconvexin |z|<r <1}

For Ry, Yong Chan Kim and Mamoru Nunokawa obtained in [2] the
following beautiful result:

Theorem A. Ry =0.164878-.. , where Ry is the root of the equa-
tion 2r® — 6r2 4+ Tr — 1 =0.

And for Rg, Shigeyoshi Owa and Nunokawa [1] showed
Theorem B. FRg > 0.08998....

The present author has showed in [3]
Rg >0.104--., and Rg >0.056--:.

In this note, we shall improve the above two results.

2. MAIN RESULTS
Theorem 1. Rg > 0.137788....

Theorem 2. Rg > 0.075450.. .,

Proof of theorem 1. Noting ﬂ:—) is analytic in U, we will need two
results. The first is the following lemma due to Owa and Nunokawa.
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Lemma 1.
o [ <<y O<ki=r<h
0 <|<gdy (Bmsr<)

where Ry =1 — 71.5 =0.29289. ..

The second is Poisson-J ensen’s Formula
27r

Z

dg

where ( = pe, z = re’e cmd 0 5 r < p < 1. By logarithmic

z

. differentiation, we find from (2) that

2(z
Rty

l 2r
(3) Re"’f =1+ / log |

where

d¢’

2z _,o. (p* + 1) cos(¢ — 6) — 2pr
C=2¢ PPt —2reos(p— O}
For brevity, putting

R,

2pr

(4) = m, o = ¢ -0

and

) B=cos'),  g(a) = g—(-_-_—}“—‘-g))—

we have from (3)

(6) , s

Rerf(S) =14 2—1_‘7r /_ﬁg(a) log I(zQ' de + 51;/; g(a)log L(C—Q‘dq&.

Since R; > Ry, we may assume 7 < R;. And since

9(@) >0 (-B<La<p)
g(e) <0 (B <a<2nb),

we deduce from (1) and (5)



zf'(2) 1 / g 1 —4p+2p°
Re—rm 214 — a) log —————da
1 2r—f

1
+§—7; , g(a) log = da
Evidently
[ Meosa—2A) sin o
/g(a)da B / (1- Acosoz)2da - }‘1 — Acosa’

So we have

zf'(z) A (1-p)? sin 8
0 Bgry >1“{1 —“““1—4p+zp2“°g<1—p)2}'1-,\cosﬁ
It deduce

z2f'(2) A 1
R >l ——nlog ——————
TG ©  nioR e1-dp+ton

z2f'(2) 2pr
>1— — g —————
i @ =T Ao eI, o

We set 9
=1 pr
¢(T1 p) =1 W(P2 __ 7_2) ].Og

According to

1—4p+2p%

#(r,po) /* ( for fixed pp )
We deduce

#(ro, p0) = 0 => ¢(r,po) 20 (for r<rp ).
On the other hand
d(r3, p3) = 9.47656 x 107¢ > 0

So we have
Rg > r3 = 0.137788

Proof of theorem 2. The proof is almost similar. We begin with the

following lemma;

Lemma 2.

B {—(L—)a— <If()| S i (0<r <Ry
| < 635

0 < |f’(z) -3 (R3 <r< 1)
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where, Rs = Ry = 0.164878. .. . It’s very easy to prove the lemma.

First,

lf(z|<znzn = +T)3'

n=1

Next,

1F'(2)] = 1—Zn2 o

'n._2
1—Tr +6r% — 2r8
> 2-) n¥rl= :
= Z” @=ry
From Poisson-Jensen’s formula, we obtain
©) g f(e) = [ oglQ)l S22
27 0 C— V4

which implies that

(10) R 272) L1214 ——/ a) log|f'(¢)] da

TE
27—
!
S RGO
By virtue of (8) and (10), we obtain that
2f7(2) | _A (1-pp®
RS ezt - Hop iy
140p sin g3
1 . .
R (1 —p)3} 1— Acosf
2f”(2) 2pr 1+p
1 +1>1- =2
) Ry T - %) o1 Tp+ 602 - 26°

We write the right hand side equation of (11) by %(r, p). Finally, if
we put 74 = 0.075450 and ps = 0.127, then 1/)(7‘4, pa) = 2.23722 X 10-8
It deduce that

z fn ( z)
Re——=>+1>0 (0L
@) Ozr
So we have R > 0.075450.
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