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Regular surfaces with genus two fibrations after Horikawa
-Obstructed surfaces with ample canonical bundle –

大阪大学大学院理学研究科 今野一宏 (Kazuhiro Konno)

Departrnent of Mathematics, Graduate School of Science, Osaka University

0 Introduction
The purpose of the present note is to show that some surfaces of general type with a genus two

fibration are obstructed, that is, the Kuranishi space of deformations is singular. More precisely, it

has two irreducible coniponcnts rneeting normally one of which parametrizes surfaces with genus
two fibrations whilc the othcr does not. Surfaces with such a property already appeared in his

famous series of papers $‘ \mathrm{t}$ Sn1all $c_{1}^{\mathit{2}}$

”
$\mathrm{b}_{v}\mathrm{v}$ Horikawa and, indeed one of the highlights was to see that

thev form a bridge connecting rcalms of surfaces with weak canonical map and those with birational
canonical map, that is, $\mathrm{t}$ be other component corresponds to canonical surfaces (see [1], [3] and [4]).

The calculations presentcd here are only a mimic of his, [1] among others, done as an exercise when
I learned Horikawa’s works at the begining of my research on surfaces of general type. This explains

a reason why it has not been submitted to a journal for a long timc, though I already completed

around 1989. As time goes by, I }) $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{e}$ to think that it may have a certain meaning to gather my

sporadicting notes and put ther1l in the preprint format.
I want to emphasize here again thc importance of the still misterious line $K^{2}=4p_{g}-12$ appearing

in Miles Rcid’s Quadric $\mathrm{H}\mathrm{u}\mathrm{l}\mathrm{l}$ Conjecture $\lfloor\lceil 6$] to which I refereed several times in my papers, because

our obstructed surfaces live in the region bounded from below by Reid’s line and the “unknown”
component of the Kuranishi space seems a new world of canonical surfaces.

Main Theorem. Let $S$ be $\partial$ minimal regular surface ofgeneral type whose numerical characters

satisfy $K_{S}^{2}<1$nin{4p$\mathit{9}+10,5p_{g}+2$ } and $\mathrm{A}_{\mathrm{L}5^{1}}^{r}$ is ample. Assume that $S$ has a genus two hbration

with generic brarlcli locus and that the canonical image of $S$ is a cone over a ratior $\mathrm{a}l$ curve. Let
$p:\mathit{7}arrow \mathrm{r}$ $\mathit{1}\mathcal{V}$/7 be the Kuranishi family of deformations of S. Then

(1) $M=M_{1}$ LJ $NI_{\mathit{2}}$ , where the $/I$, ’s are complex manifolds with $\dim N$#$1=11p_{\mathit{9}}+6-2K_{S}^{2}$ ,
$\dim NI_{2}=10p_{g}+10-2K_{S}^{2},$ .

(2) $N=M_{1}\cap \mathrm{i}V$#2 is a complex manifold of dimension $10p_{g}+9-2K_{S}^{2}$ .

(3) Fox $t\in M_{1},$ $S_{l}$ fias a geJiu$‘ \mathrm{s}$ two Libration. For $t\in NI_{2}ZN,$ $S_{t}$ does not have a genus two

hbration.
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I do not know who live in $\Lambda$i$2\backslash N.$ Please let me know if you get acquainted with them !

1 Assumptions and the fundamental calculations
We refer the readers to $[\underline{9}]$ and [7] for the general theory of surfaces $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ a genus two fibration.

In [2], singular fibres are classified into six types(0), (I) through (V).
Let $S$ be a minimal regular surface of general type over $\mathbb{C}$ with a genus two fibration $f$ : $Sarrow \mathrm{P}^{1}$ .

Let $g$ : $Sarrow$ $\mathrm{I}:=\mathrm{P}(f*\omega s/\mathbb{P}^{1})$ be the relative canonical map which is a dorninant rational map
of degree two. The target surface $\nu|^{\tau}$ is isomorphic to the Hirzebruch surface $\mathrm{y}_{n}$ for some $n$ . W$\mathrm{e}$

denote by $\triangle$

0 and $\Gamma$ a rminimal section and a fibre on $\mathit{5}I_{n}$ , respectively. Lct $B$ denote the brallcIl
locus of $g.$ We $\mathrm{b}\mathrm{e}\mathrm{g}\mathrm{i}_{11\mathrm{W}}\mathrm{i}\mathrm{t}\mathrm{h}$ the following lemma in which Reid’s line appears naturally.

Lemma 1.1. Let $S$ be a minimal regular ‘surface of
$\cdot$

general type with a $genu_{\mathrm{c}}\mathrm{s}$ two fibration.
Assume that $pg\geq 4$ and that the canolljcal $i_{II\mathit{1}}age$ of $S\mathrm{j}\mathrm{S}$ a COIle over a rational $curve_{\mathit{1}}$ . Th $e$n
$n=p_{g}-2.$ Furthermore, eithcr $K_{S}^{\mathit{2}}l\geq 4p_{g}(S)-12$ or $(p_{g}, K_{\mathrm{A}9}^{2})$ $=(\mathfrak{v}, 6\ulcorner),$ $(^{\ulcorner}\mathrm{t}),$ $7)$ :

$(6, 8)$ .

Proof. See \S 1 of [3]. It follows from [2] that

$K_{S}^{2}-(2pg-4)= \sum_{k}(2k-1)\{\nu(I_{k})+lJ(III_{k})\}+\sum_{h}2k\{\nu(II_{k})+\iota/(I\mathrm{L}_{k}^{\mathit{1}^{r}})\}+\iota/(V)$

where $\iota/(A)$ stands for the number of singular fibres of type $A$ . Pllt $B\sim 6\triangle_{0}+2$ (yyy $+d+2$ ) $\Gamma$ on
$\mathrm{g}_{n}$ . Then thel.e is a divisor $\mathrm{c}$ such that

$p_{\mathit{9}}(S)=h^{0}$ ( $\Sigma,,$$[\iota\triangle 0+(m-\mathrm{d}\mathrm{e}$g $\mathrm{c}$ ) $\Gamma_{\mathrm{J}}^{\rceil}$ ), $q(S)=$ /i1 ( , Eo $+(rn-\mathrm{d}\mathrm{c}\mathrm{g}\mathrm{c})\Gamma]$).

$\mathrm{T}\mathrm{h}\mathrm{c}$ condition that the canonical image is a cone is equivalent to m-dcg $\mathrm{c}=n$ . Hence $p_{g}=n+\underline{.)}$ .
If we put

$r=2 \deg \mathrm{c}-(K_{S}^{2}-2p_{\mathit{9}}+4)=\sum_{k}\{\nu(I_{k})+\iota/(III_{k})\}+\nu(V)$,

then $B$ contains exactly $r$ fibres $\Gamma_{1},$

$\ldots,$
$\Gamma_{7}.$ Let $B_{h}=B-\Gamma_{1}-\cdots-\Gamma_{7}$ be the horizontal part. Then

we have $?\mathit{1}_{0}B_{h}=-6n+2(m+\mathrm{z}\mathrm{t}+2)-r$ $=\mathrm{A}_{S}^{\nearrow 2}-4pg+12.$ Assume that $K_{S}^{2}<4p_{g}-12$ . Then $\triangle 0$ B$h<0$
and it follows that $\triangle 0$ is acomponent of $Bh$ . We set $C=B_{h}-\triangle 0$ . $\mathrm{S}\mathrm{i}_{Y1}\mathrm{c}\mathrm{e}B_{h}$ has $\mathrm{r}1\mathrm{O}$ nlIlltiple
component, we must have $0\leq\triangle 0C=K_{S}^{2}-3p_{g}+10$ . $\mathrm{F}^{\neg}\mathrm{u}\mathrm{r}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{e},$ $\mathrm{s}\mathrm{i}_{11}\mathrm{c}\mathrm{e}\triangle 0$ is acornp$()$nent
of $B_{h},$ we have $\nu(III_{k})=\iota/(I7_{k}^{\Gamma})=0$ and $\triangle 0C\geq\sum_{k}(4k-2)\nu(I_{k})\mathrm{f}\sum_{k}4k\nu(II_{k})+3_{\mathrm{I}^{y}}(\mathrm{t}^{7})=$

$2K_{\mathrm{b}^{\mathrm{y}}}^{2}-4p_{\mathit{9}}+8+\nu(V)\geq 2\Lambda^{\prime \mathit{2}}s-4pg+8.$ It follows that $K_{S}^{2}\leq p_{\mathit{9}}+2.$ Since we $\mathrm{h}\mathrm{a}\mathrm{V}_{\nu}^{1}‘ \mathrm{N}\mathrm{o}\mathrm{c}\mathrm{t}1_{1}\mathrm{e}\mathrm{r}$ ’s
inequality, $l\mathrm{i}_{S}^{\prime 2}\geq 2p_{g}-4$ , we get $(p_{\mathit{9}}, K_{\mathit{8}}^{2})=(5,6),$ $(5,7),$ $(6,8)$ . $\square$

Throughout the paper, we assume that $\mathrm{t}1_{1}\mathrm{e}$ following two $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{t})}\mathrm{n}\mathrm{s}$ are satisfie(l:

(A1) Any fibre of $f$ do not contain (-2)-curves, that is, the relative canonical bundle $K_{S/\mathbb{P}^{1}}$ is
ample.
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(A2) The canonical map of $S$ is a rational map of degree two onto its image which is a cone over
arational norrnal curve. In particular, $p_{g}(S)\geq 4$ .

It follows from (A1) that any singular fibres of $f$ are of type (0) or $(I_{1}).$ We have $n=p_{\mathit{9}}(S)-2$

by (A2). tVrite $K_{S}^{2}=2p_{q}-4+r$ . witha non-negative integer $r$ . Then $B$ is linearly equivalent
to $6\triangle_{0}+(4n+4+2r)\Gamma$ on $\mathrm{x}_{n}$ . We $\mathrm{c},\mathrm{a}\mathrm{n}$ find 7 distinct fibres $\Gamma_{1},$

$\ldots,$
$\Gamma_{r}$ of $\mathrm{X}_{n}$ such that they

are contained in $B$ and, $()\mathrm{n}$ each $\Gamma_{\iota},$ there exist two triple points $p_{i}^{+}$ . $p_{i}^{-}$ of $B_{h}=B- \sum\Gamma_{i}.$ We

denote by $q$ : $C\tilde{V}arrow\Sigma_{\eta}\mathrm{t}\mathrm{h}\mathrm{c}$ blowing up with center $\{p_{l}^{\pm}\}_{i=1}^{r}$ and put $E_{i}^{\pm}=q^{-1}(p_{i}^{\pm}).$ Then the
proper tra1lsfornl $\tilde{B}_{h}$ of $B_{h}\mathrm{i}_{1}\mathrm{s}$ linearly cquivalent to $q^{*}(6\triangle 01(4rl+4+r)\Gamma)-3E$ on $\tilde{W},$ where
$E= \sum_{i}(E_{i}^{+}+E_{i}^{-})$ . Let $\tilde{\Gamma}_{i}$ be the proper transform of $\Gamma_{i}$ , and $\mathrm{P}^{\mathrm{u}\mathrm{t}\overline{B}=\tilde{B}}h+\sum_{i=1}^{r}\tilde{\Gamma}_{i}.$ By (A1), $\tilde{B}$ is
norl-singular. 1Ve de1l0te by $\tilde{g}$ : $\tilde{S}arrow 7$V the finite double covering with branch locus $\tilde{B}$ constructed
in a natural way in the total space of the bundle $[q^{*}(3\triangle 0+(27l+2+r)\Gamma)-2E]$ . Since $\tilde{\Gamma}_{i}$ is $\mathrm{a}$

part of the branch locus, $\backslash \mathrm{v}\mathrm{e}(^{\backslash }\mathrm{a}11\mathrm{W}\Gamma \mathrm{i}\mathrm{t}\mathrm{c}^{1}\tilde{g}$’r $\iota=2E_{\iota}.$ Thcn the $E_{i}’ \mathrm{s}$ are (-l)-curves. $\mathrm{t}\mathrm{V}\mathrm{e}$ remark that
the canonical bundle of $\tilde{S}$ is given by $[h’ ( \triangle 0+n\Gamma) +2\sum_{i}E_{i}],$ where $h=\tilde{g}\circ q$ : $\tilde{S}arrow t$ W. If we
blow down all such (-1)-curves $E_{i},$ then we obtain the original $S$ by the uniqueness of the minimal
modcl. Wc $\mathrm{d}_{\mathrm{C}\mathrm{I}1\mathrm{O}}\mathrm{t}\mathrm{e}$ thc blow down l1laI) by $\pi$ : $\tilde{S}arrow S.$ We put $D=\pi_{*}(h^{*}\Gamma)$ and $G=\pi_{*}(h^{*}\triangle 0)$ .
Then the canonical bundle of $S$ is given by $Ks=[G+nD].$ Needless to say $D$ stands for a fibre of
$f$ : $Sarrow \mathrm{P}^{1}$ . We rernark that $|$ h”$1\sigma^{\tau}|$ has exactly $r$ base points $e_{d}i=\pi(E_{i})$ all of which are on G. Note
that $S$ has a calloni\iota $\cdot$ al involution $\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{c}1_{1}$ induces the hyperelliptic involution on a general fibre. The
$1_{2}$ -action has $\{e_{1}, \ldots, e_{r}\}$ as the $\mathrm{s}\mathrm{c}\mathrm{t}$ of isolated fixed points, and the quotient space $W^{\mathrm{b}}=S/\mathbb{Z}_{2}$

can be obtained fronl $\mathrm{I}’\tilde{V}$ by contracting all the (-2) curves $\tilde{\Gamma}_{i},$ $1\leq i\leq r$ .

Before going further, we give a few comments on the branch locus. Let $C$ be a subdivisor of
$B_{h}\in|$ 6 $\triangle 0+$ ( $4n+4$ $+$ r)F $|$ consisting of horizontal components. We denote by $\tilde{C}$ the proper
transform of $C$ by $q:\tilde{W}arrow W$ Put $C\sim a\triangle 0+b\Gamma$ and let $m_{i}$ denote the multiplicity of $C$ at $p_{i}^{+}$

Then $a-m_{i}$ is the multiplicity of $C$ at $p_{j}^{-}$ 1Ve can assume that $0\leq n\iota i\leq a-m_{i}\leq 3$ . $\backslash \mathrm{V}\mathrm{e}$ put
$\gamma\cdot j=rj(C’)=c\mathrm{a}\mathrm{r}\mathrm{d}\{i|rn_{i}=j’, 1\leq;\leq r\}$ for $0\leq i\leq[a/2].$ We have

$\tilde{C}\sim q(*a\triangle 0+b\Gamma)-\sum_{i=1}^{r}(m_{i}E_{i}^{+}+(a-\prime n_{i})E_{i}^{-} )$ .

Since $\tilde{B}_{h}$ is n0ll-singular, we $1[perp].\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{C}^{\tilde{\gamma}}/(\tilde{B}_{h}-\tilde{C})=0,$ that is,

$r$

$(n+4)a+(2b-na)(3-a)+$ p$\{(a-m_{i})^{\mathit{2}}+m_{i}^{2}\}=2ar$.
$\mathrm{t}=[perp]$
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When $a=1,$ we have $m_{i}=0$ and $r=3n+4+4(b-n).$ Hence $K_{S}^{2}=5p_{g}-6+4(b-n).$ It follows
that $K_{S}^{2}\geq 5p_{g}-6$ if $C\neq\triangle 0$ . If $C=\triangle 0$ , we have $n+r=4,$ that is, $(n, r)=(4,0),$ $(3,1),$ $(2,2)$ . In
all such cases, $2_{0}$ is $\mathrm{a}$ (-4)-curve which gives us $\mathrm{a}(-\underline{9})$ -curve on $S$ and, hence, $K_{\mathrm{t}\mathrm{b}^{\urcorner}}$ is not ample.
When $a=2,$ we get $r_{1}=2n+4+(b-2n),$ $r\cdot 0+r_{1}=r$ . It follows that $K_{S}^{2}=4p_{\mathit{9}}-4+(b-2n)+r_{0}$ .
When $a=3,$ we get $3p_{g}+6+4r_{0}=r$ and $K_{S}^{2}=5p_{g}+2+4r_{0}$ .

Therefore, when $K^{2}s<5p_{g}+2,$ there are no subdivisor with $a=3$ in $B_{h}$ and we havc the following
types of branch loci.

(B1) $B_{h}$ is irreducible

(B2) $B_{h}$ consists of two irreducible components $C_{1}$ and $C_{2}$ with $Cj\Gamma=2j(\gamma=1,2),$ $K_{S}^{2}\geq 4p_{g}-4$ .

(B3) $B_{h}$ consists of three irreducible components $C_{1},$ $C_{2}$ and $C_{3}$ with $Cj\Gamma=2(j=1,2,3)$ ,
$K_{S}^{2}\geq 4p_{g}$ .

(B4) $B_{h}$ has $C_{1}\sim$ ao $+(n+\epsilon)\Gamma$ as an irre(lucible componellt, $K_{S}^{2}=5p_{g}+4\epsilon-6(r=3_{7l}+4\epsilon+4,$ $\epsilon=$

$0,1)$ .

(i) $B_{h}$ consists of two irreducible $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{p}_{\mathrm{o}\mathrm{I}1}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}C_{1},$ $C_{2}$ with $C_{2}\sim 5\triangle 0+(6n\mathrm{f}3\epsilon \mathrm{f}8)\Gamma$

(ii) $B_{h}$ consists of three irreeluCiIJle components $C_{1},$ $C_{2}’,$ $C_{3}$, with $C_{\underline{9}}\sim\Delta_{0}+(r\iota+c)\Gamma$ and
$C_{3}\sim 4\triangle_{0}+(5’\iota+\underline{9}\epsilon+8)\Gamma$ .

(B5) $B_{h}$ consists of two irreducible components $C1=\Delta_{0}$ alld $C_{2}\sim\overline{\mathrm{o}}\triangle 0+(3n+8)\Gamma$ . $7l\leq 4$ . In
this case, $Ks$ is not amplc and $(p_{g}, K_{g}^{2}‘)=(4,6),$ $(5,7)$ or $(6, 8)$ .

We say that the branch locus $B$ is generic if the following conditions are satisfie(l.

(A3) $\triangle 0$ is not a component of $B$ .

(A4) Every triple point of $Bh$ is ordinary.

(A5) $B$ and $2_{0}$ mect normall.v. In particular, no singular points of $B_{h}$ are $o\mathrm{r}12_{0}$ .

As we have already seen, both (A1) and (A3) are satisfied alltomatically when $K\mathrm{s}$ is ample. The
following examples show that (A4) and (A5) arc also harmless at least when $K_{S}^{2}\leq 4p_{\mathit{9}}$ .

Example. Though we already have in literatures a lot of exanlples of surfaces with a genus
two fibration, we give herc ones for the convenience of readers.

(1) We take an irreducible non-singular member $C\in|$ 2 $\triangle 0\mathrm{f}2n\Gamma|$ on $\mathrm{x}_{n}$ and choose $r\mathrm{d}\mathrm{i}\llcorner \mathrm{s}\mathrm{t}\mathrm{i}\mathrm{r}\mathrm{l}(.\mathrm{t}$

fibres $\Gamma_{i},$ $1\leq i\leq r,$ so that the intersection $C$
”

$\Gamma_{i}$ consists of two distinct $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\llcorner \mathrm{s}p_{i}^{+},p_{i}^{-}$ Let $\check{C}$ be
the proper tra1lSform of $C$ by $q:\tilde{W}arrow W.$ Then

$q^{*}(6/\Delta_{0}+(4n+4+r)\Gamma)-3E$

$q^{*}$ $(6 \triangle_{0}+ (4n\mathrm{f} 4-2r)\Gamma)+3\sum_{i=1}^{r}\overline{\Gamma}_{i}$

$3\tilde{C}+(r+4-2n)q^{*}\Gamma$
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Note that we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}C\cap \mathrm{x}_{0}=\emptyset$ and $\overline{C}\cap\tilde{\Gamma}_{i}=\emptyset$ for any $i$ . Hence, if $2n-4\leq r\leq 2n+$ 2, then
$|$ q’ $(6\triangle 0+(4n+4+r)\Gamma)-3E|$ is free from base points and we can take its non-singular member
$\tilde{B}$

h. In this way, we can construct dcsired surfaces in the range $4p_{g}-12\leq K^{2}\leq 4p_{\mathit{9}}-6.$ Since $\mathrm{a}$

general member of tbe linear subsystem $3\tilde{C}+|$ $(r+4-2n)q^{*}\Gamma|$ meets $q^{*}\triangle 0$ transversally, we can
assume that so doe$\mathrm{s}$

$\tilde{B}_{h}$ . Furthermore, since the restriction of $|\tilde{B}h|\mathrm{t},\mathrm{o}E_{i}^{\pm}$ contains special members
of the forms $(3-k)(\tilde{C}\cap E_{i}^{\pm})+k(\tilde{\Gamma}_{i}\cap E_{l}^{\pm})$ for $0\leq k\leq 3,$ we see that $\tilde{B}_{h}\mathrm{c}$an be assumed to meet
each $E_{i}^{\pm}$ at thrcc distirlCt $\mathrm{p}\mathrm{o}\mathrm{i}_{11}\mathrm{t}\mathrm{s}$.

(2) We aessume that $7^{\cdot}\geq 27\iota$ all(l write $r=2n\mathrm{f}c_{1}+c2$ with two non-negative integers $c_{1},$ $c_{2}$ such
that $0\leq c1\leq c_{2}$ . Wc take irreducible members $C_{i}\in|$ 2$\triangle 0+(r-c_{i})\Gamma|$ so that $C_{1}\cap C_{2}$ consists
of $2r$ distinct points and there cxist $r$ fibres $\Gamma_{i}$ each of which contains just two points $p_{i}^{+},p_{i}^{-}\mathrm{i}$ 11

$C_{1}\cap C_{2}$ . To see that this is possible, we fix a section $\triangle\in|$ 2 $0+n\Gamma|$ and let $\zeta 0\in H^{0}([\Delta_{0}])$ and
$(_{1}\in H^{0}([\triangle 0+\Gamma])$ define $\triangle 0$ and 2, respectively. Then any element in $H^{0}$ ( $[2\triangle 0+$ mI]), $m\geq 2n,$ can
be written as $a_{m}\zeta_{()}^{2}+a_{m-n}\zeta 0(+‘\iota_{n\iota-2n}\zeta^{\mathit{2}}$ , where the $a_{i}$ ’s are homogeneous forms of degree $i$ on $\mathrm{P}^{1}$ .
We choose $C_{7}$ whose equation is of the $\mathrm{f}_{0\Gamma 111}a_{r-c_{i}}\zeta_{0}^{2}+a_{r-\mathrm{c}_{\iota}-}2r\iota\zeta^{2}.$ Then, if we choose the coefficients
generic, the desired properties are satisfied. Furthermore, we can absume that $C_{1}\cap C_{2}\cap\triangle 0=\emptyset$ .

Let $\tilde{C}_{i}$ be the proper trallSforln of $C_{i}$ by $q.$ Then $\tilde{C}_{1}\cap\tilde{C}_{2}=\emptyset$ and

$q$
’ $(6\triangle 0+ (4n+4+r)\Gamma)$ –3 $\sum_{i}$ $(E_{i}^{+}+E_{i}^{-} )$

$3(_{1}^{\simeq}’+(4+(i_{1}-2c_{2})q^{*}\Gamma$

.J $\tilde{C}_{\mathit{2}}’$ f- $(4-2c_{1}\mathrm{f}c_{2})q^{*}\Gamma$

Hence, if $2c_{2}\leq c\iota+4$ and $2c\cdot 1\leq c\cdot 2+4,$ tlle1l we call find a llon-singular member $\overline{B}_{h}.$ In this way, we
can fill the range $4\mathit{1}^{)}g-8\leq$ A $2\leq 4p_{g},$ $K^{\sim}’\neq 4p_{g}-1$ . In order to fill the gap and to give examples
of types(B2)and(B3), we put $c2=4$ . Then $\tilde{C}_{2}(q^{*}(4\Delta_{0}\mathrm{f}(4n+8)\Gamma)-2E)=0.$ We can take $\mathrm{a}$

non-singular member $\tilde{B}_{1}\in|$ q’ $(4\triangle 0+- (47l+8)\Gamma)-2E|$ , becausc

$q^{*}(4\triangle 0+(4n+8)\Gamma)-2E$

$2\tilde{C}_{1}$

$\underline{9}\tilde{C}_{2}+(8-2c_{1})q^{*}\Gamma$

Then $\tilde{B}_{h}=\tilde{B}_{1}+\tilde{C}_{2}$ is a $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{l}- \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\iota 1\mathrm{l}\mathrm{a}\mathrm{r}$ curve, giving us surfaces with $K_{S}^{2}=4p_{\mathit{9}}-(4-c_{1}),$ $0\leq c_{1}\leq 4$ .
Note that, when $c_{1}=4,$ $B_{h}$ C0llSists of three members in the pencil spanned by $C_{1}$ and $C_{2}$ .

Lemma 1.2. For k $\in$ m,

$h^{p}(S, [kD\rfloor)=\{$

$(k+1)_{()}$ if $p=0$ ,

$(– k-1)0+(k-1)_{0}+(k-1-n)0$ if $p=1$ ,
$(-k+1)0+(n-k+1)0$ if $p=2$

Here $(m)0=rn$ if $m\geq 0$ and $(7’\iota)0=0$ if $rr\iota<0$ .

Proof. We have $H^{p}(S, [kD])\simeq H^{p}(\tilde{S}, k[h^{*}\Gamma])\simeq H^{p}(\nu\overline{V}, k[q^{*}\Gamma])\oplus H^{p}(\tilde{W}, [kq\Gamma*-\tilde{B}/2])$ and
$H^{p}(\overline{W}, k[q^{*}\Gamma])\simeq H^{p}(W, [k\Gamma])\simeq H^{q}(\mathrm{P}^{1}, \mathscr{O}(k))$. Since $kq’\Gamma-\#/2$ $\sim K_{\tilde{W}}-q$ ($*\triangle 0+(n+$-r-k)I) $+$
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$\sum_{i=1}^{r}(E_{i}^{+}+E_{i}^{-}),$ we have $H^{p}(\tilde{W}, [kq\Gamma*-\tilde{B}/2])$ $\simeq H^{2-p}(\tilde{W}, [q^{*}(\triangle 0+(n-k)\Gamma)+\sum_{i=1}^{r}\tilde{\Gamma}\mathrm{j})’$ by
duality theorem. It follows $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ the cohomology long exact sequence for

$0 arrow \mathscr{O}_{\overline{W}}(q^{*}[\triangle 0+(n-k)\Gamma])arrow \mathscr{O}_{\mathrm{I}\tilde{V}}([q^{*}(\triangle 0+(n-k)\Gamma)+\sum_{-,i_{-}- 1}^{r}\tilde{\Gamma}_{i}])$ $arrow\oplus^{r}\mathscr{O}_{1_{l}^{-}}\backslash (-1)i=1arrow 0$

that
$r$

$H^{2-p}$ ( $\tilde{W},$ $[q^{*}(\triangle 0+(n-k)\Gamma)+$ EI $\tilde{\Gamma}_{i}]$ ) $\simeq H^{2-p}$ (I$\tilde{V}$ , $q^{*}[\triangle 0+(n-k)\Gamma]$ )
$i=1$

Since the last group is isomorphic to $H^{2-p}(\Sigma_{n}, [\Delta_{0}+(n-k)\Gamma])$ , we get the assertion. $\square$

For a coherent $\mathrm{s}\mathrm{e}\mathrm{a}\mathrm{f}_{\epsilon}\varphi$ on $S,$ we sometimes denote by $\vec{h}(\mathscr{F})$ the triple $(h^{0}(S, \mathrm{c}\mathscr{T}),$ $h^{1}(S, \mathscr{F}),$ $h^{2}(S, \mathscr{F}))$ .
Since $f^{*}\Theta_{\mathbb{P}^{1}}=\mathscr{O}s([2D]),$ we get the following fronl LenlIlla 1.2:

Corollary 1.3. $\vec{h}(f^{*}.\Theta_{\mathrm{P}^{1}})=(3,1_{\mathrm{r}}n-1)$ .

Lemma 1.4. $h^{0}(G, [G]|c)=0$ and $h^{1}(G, [G]|c)=71$ .

Proof. It follows from Lemma 1.2 that $\vec{h}(G)=(1_{7}n-1, n+1)$ . sincc $f\iota$p(S, $[G]$ ) $=h^{2-p}(S, [nD])$

by the duality theorem. We (’ $o\mathrm{n}_{\iota}\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}$ the cohomology long exact sequcncc for

$0arrow$ ’j$sarrow\theta s([G])arrow\theta_{G}([G]|_{G})arrow 0$ .

Since $S$ is a regular surface, we have $\vec{h}(\theta s)=(1,0, n+2)$ . Hence we get $\mathrm{t}\mathrm{b}\mathrm{e}$ assertion. $\square$

Lemma 1.5. $h^{0}(G, [D+G] |_{G})=0$ and the restriction map $H^{1}(S, [D+G])arrow H^{1}(G, [D+G]|_{G})$

is an isomorphism $bet\mathrm{w}’een$ vector spaces of diniension n $-\underline{9}$ .

Proof. We consider the $\mathrm{c}\mathrm{o}\mathrm{h}_{\mathrm{o}\mathrm{I}}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ long exact sequence for

$0arrow \mathscr{O}s([D])arrow \mathscr{O}s([D+ \mathrm{C}\mathrm{I}7])$ $arrow \mathscr{O}_{G}([D+G])arrow 0$ .

From Lemma 1.2, we have $\tilde{h}(D)=(2,0, n)$ and $\vec{h}(D+G)=(2, n- 2, n),$ since $h^{p}(S, [D+G])=$

$h^{2-p}(S, [(’\iota-1)D])$ . $\square$

Lenlma 1.6. $h^{\mathrm{U}}$ $(G, [\mathit{2}D+G]|c)=1$ and $h^{1}(G, [2D\mathrm{f}G]|c)=(\prime\prime-\cdot 3)0$ . In particular, the
$restrict\mathrm{j}_{onm\mathrm{d}}.pH^{1}(S, [2D+G])arrow H^{1}$ (G, $[2D+G]|_{G}$ ) is an isomorphism betwecn vector sI)aces of
dimension $(n-3)0$ .

Proof. Consider the cohomology long exact sequence for

$0arrow \mathscr{O}s([2D])arrow \mathscr{O}s([2D+G])arrow \mathscr{O}_{G}([2D+G])arrow 0$ .

We have $\vec{h}(2D)=(3,1, n-1)\mathrm{a}\iota \mathrm{l}\mathrm{d}\vec{h}(2D+G)=((3-n)_{0}+3, (n-3)_{0},$ $n-1)$ by Lemma 1.2
and the duality theorem. The assertion for $n\leq 3$ follow. Assume that $n\geq 4$ . $\mathrm{T}\mathrm{h}\mathrm{e},\mathrm{n}(h^{0}(G,$ $[2D+$
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$G]|_{G}),$ $h^{1}(G, [2D+G]_{G}))=(0, n-4)$ or $(1, r\iota-3).$ It suffices to show that $H^{1}(S, [2D])arrow H^{1}(S,$ $[2D+$

$G])$ is the zero nlap.

On $\overline{S},$ we $\}_{1}\mathrm{a}\mathrm{v}\mathrm{e}\pi^{*}(2D+G)$ $=h^{*}( \triangle 0+2\Gamma)+\sum_{i}E_{i}\sim\tilde{g}’ L-\mathrm{I}_{i}E_{i}$ , where $L=q^{*}(\triangle_{0}+(r+$

$2) \Gamma)-\sum_{i}(E_{i}^{+}+E_{i}^{-}).$ Fronl the cohomology long exact sequence for

$0arrow$ $i_{\tilde{S}}(\pi^{*}[G+2D])arrow \mathscr{O}_{\tilde{S}}(\tilde{g}^{*}L)arrow\oplus^{\Gamma}i=1x_{E_{i}}(-1)-0$ ,

we see that $H^{p}(\tilde{S}, \pi^{*}[G42D])arrow H^{p}$ ( $\tilde{S},\tilde{g}$ ’L) is an isomorphism for any $p,$ which is equivariant
with respect to the action of $\mathrm{G}\mathrm{a}1(\tilde{S}/\tilde{W})$ because the $E_{i}$ ’s are invariant divisors. We have the eigen
space decomposition

$H^{p}$ $(\tilde{S}\backslash \tilde{g}*L)$ $\simeq H^{p}(\tilde{W}, L)\oplus H^{p}(\tilde{W}, L-\frac{1}{2}\overline{B})$

We have $L-(1/2)\tilde{B}\sim K_{\overline{\mathrm{M}}^{r}}+$ $(2-n)q^{*}\Gamma$ So the duality theore1n gives us $H^{p}(\tilde{W}, L-(1/2)\tilde{B})^{\vee}\simeq$

$H^{2}p(\dagger\tilde{V}, (n-2)[q^{*}\Gamma])\simeq H^{2-p}(\mathrm{P}^{1}, \mathscr{O}(n-2)).$ It follows that the (-1)-eigen space $H^{1}(\tilde{W}$ , $Z-$
$(1/2)\overline{B})$ vanishes. In $\bigwedge_{1}^{\backslash }\mathrm{u}\mathrm{m},$

$\mathrm{w}\zeta^{1}$ see that $H^{1}(\tilde{S}, \pi^{*}[G+2D])$ is $\mathrm{G}\mathrm{a}1(\tilde{S}/\tilde{W})$ -invariant. On the other
hand, $H^{1}(\tilde{S}, [2\pi^{*}D])$ is clearly anti-invariant. Since $H^{1}(\overline{S}, [2\pi^{*}D])arrow H^{1}(\tilde{S}, \pi^{*}[G+2D])$ is an
e.qllivariant h0Inomorphisnl, $\mathrm{w}(^{\backslash }$ c.onclude that it must be the zero map. $\square$

Lemma 1.7. $Th\epsilon^{1}$ linear map

$H^{1}$ (S,$[G])arrow \mathrm{H}\mathrm{o}\mathrm{m}\mathbb{C}(H^{0}(S_{\}[(n-2)D]), H^{1}(S,$[G4(n $-2)D]))$

induced frolll the lllultjplicatiOll map $\ell^{7}s([G])\otimes\theta_{6},([(rl-2)D])arrow\theta s([G\mathrm{f}(n-2)D])$ is injective.

Proof. Since the assertion is trivial $\mathrm{f}()\mathrm{r}7\iota=2$ , we assume that $r’\geq 3$ . We shall show that
$H^{1}(S, [G+\iota.D])arrow \mathrm{H}_{0\mathrm{l}}\mathrm{n}\mathbb{C}(H^{0}(S, [D]), H^{1}(S, [G+(i+1)D]))$ is injective for any $i$ with $0\leq i\leq n-3$ .
Since $|$ 71) $|$ is a base-point-free pencil, it suffices to show that the KOszul map

$If^{0}(S, [G+(i+1)D])l_{\sqrt}-wH^{0}(S, [D])^{\vee}arrow H^{0}(S, [G+(i42)D])\otimes\wedge^{2}H^{0}(S, [D])^{\vee}$

$\mathrm{i}$ s surjective for arly ?. with $0\leq i\leq n-3$ (see [5]). This is equivalent to showing that the
nlUltiplication nlap $H^{0}$ ( $S,$ $[G$ f- $(i+1)D]$ ) $\otimes H^{0}(S, [D])arrow H^{0}(S, [G+(i\mathrm{f}2)D])$ is surjective. By
the free-l)ent $\cdot$il-trick, its kernel is isomorphic to $H^{0}(S, [G+iD])$ . We have

$2h^{0}(S, [G+(i+1)D])=2(i+2)=(i+1)+(i+3)=h^{0}(S, [G+iD])+h^{0}(S, [G+(i+2)D])$

by Lemma 1.2, $\mathrm{w}^{r}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{h}$ completes the proof. $\square$

2 Deformations of genus two fibrations
We denote by $\mathscr{T}_{\tilde{S}/W}\mathrm{t}\}_{1}\mathrm{e}_{d}$ cokcrnel of the natural $\mathrm{m}\mathrm{a}\mathrm{p}\ominus_{\overline{S}}arrow h^{*}\ominus_{W},$ $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\ominus x$ denotes the tangent

sheaf of a complex manifold $X$ .
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We first study when $H^{1}(\tilde{S}, \mathscr{T}_{\tilde{S}/W})\mathrm{v}$anishes. Recall that we have an exact sequence

$0arrow \mathscr{T}_{\tilde{S}/\tilde{W}}arrow \mathscr{T}_{\tilde{S}/W}arrow\tilde{g}^{*}\mathscr{T}_{\tilde{W}/W}arrow 0$ ,

and isomorphisms (cf. [1]) :

$\tilde{g}_{*}F\sim/\tilde{W}\simeq A\overline{B}$ , $\mathscr{T}_{\overline{\mathrm{M}}’/W}\simeq\oplus^{7}(\mathscr{O}_{E_{i}^{+}}(1)\oplus \mathscr{O}_{k_{\lrcorner}^{\urcorner}i}-(1))i=1$

’

where $Uflr\sim \mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{s}$ the normal sheaf of $\tilde{B}$ in $\tilde{W}.$ Hence taking direct images, we have

$0arrow A/^{\sim}arrow\tilde{g}_{*\cdot!},W$ $arrow \mathscr{T}_{\tilde{W}/W}(\mathrm{D}\mathscr{T}_{\overline{W}f^{W(-\underline{\frac{1}{9}}73)}}$ $arrow 0$ .

Since $\tilde{B}$ is of degree 4 on $E_{i}^{\pm}$ . we have $H^{p}( \mathscr{T}_{\overline{W}/W}(-\frac{1}{2}\tilde{B}))=0$ for any $p$ , and $H^{1}(\mathscr{T}_{\overline{W}f^{W}})=0$

Hence $H^{1}(\tilde{S}, r_{\overline{s}/W})$ vanishes if and only if the coboundary map $\delta$ : $H^{0}(\tilde{\mathrm{M}}^{r}’, \mathrm{F}_{\overline{W}/W})$ $arrow H^{1}(\tilde{B}, rarrow\parallel_{\overline{B}})$

is surjective. Apparently, $\delta$ factors as

$H^{0}(\overline{\nu}V, \mathscr{T}_{\overline{W}/W})arrow H^{0}(\tilde{B}, \mathscr{T}_{\overline{W}/W}|B)arrow H^{1}(\tilde{B}, \mathscr{N}_{\overline{B}})$

where the first map is the restriction and the last 1nap is tlle cob $()$und.a$\mathrm{r}\mathrm{y}$ map coming from

$0arrow \mathrm{L}\mathrm{A}_{\overline{B}}^{f}arrow l\tilde{B}/Warrow$ $.\Psi_{\overline{W}/W}|_{\tilde{B}}arrow()$ .

which consists of the following two parts

$0arrow\oplus^{7}\mathscr{N}_{\tilde{\Gamma}_{\iota}}arrow\oplus^{r}\mathscr{T}_{\overline{\Gamma}_{\mathrm{i}}/W}arrow\oplus^{r}\mathscr{T}_{\tilde{W}}$

/W
$|_{\tilde{\Gamma}_{i}}arrow 0$

$i=1$ $\iota=1$ $i=1$

and
$0arrow \mathrm{c}$S$harrow \mathscr{T}_{\tilde{B}_{h}/\mathrm{M}^{\gamma}}arrow\epsilon?_{\tilde{W}/W}|_{\overline{B}_{h}}arrow 0$ .

We $\mathrm{h}.\mathrm{a}\mathrm{v}\mathrm{e}/1$ . $\simeq \mathscr{B}_{\mathbb{P}^{1}}$ (-2) and $\mathscr{T}_{\tilde{\Gamma}_{i}/W}\simeq \mathscr{O}$j$\mathbb{P}^{1}$ , since $\tilde{\Gamma}_{i}arrow W$ is an enlbedding. It follows that
$H^{1}(\epsilon?_{\tilde{\Gamma}_{i}/W})=0$ for any $i,$ $1\leq i\leq r$ .

We assume that any singular point of $B_{h}$ is all ordinary triple point. Then $\overline{B}_{h}$ meets $E_{i}^{\pm}$ normally
at distinct points and $\mathscr{T}_{\overline{B}_{h}/W}$ is an invertible sheaf, because $\tilde{B}_{h}arrow W$ is a local cmbedding. For
each $i$ , $1\leq i\leq r$ , we put $\tilde{B}_{h}\cap E_{j}^{[perp]}=\{q_{i1}^{\pm}, q_{i^{\mathrm{r}}\mathit{2}}^{\pm}, q_{i3}^{\pm}\}$ and $\tilde{\Gamma},$ $\cap E_{i}^{\pm}=\{q_{i4}^{\pm}\}$ .

Lemma 2.1. Assume that B $satisfi_{GS}$ (A3) and (A4). If r $<1\mathrm{n}\mathrm{i}\mathrm{n}\{2n+18,3n+12\}$ , then
$H^{1}(\tilde{B}_{h}, \mathrm{Z}_{\overline{B}_{h}/W})$ $=0$ and one $c\dot{e}\lambda n$ assume that the $3r$ -djmellSional $sub_{\iota}\mathrm{s}pace$

$\oplus^{r}(\mathbb{C}_{q_{\mathrm{t}1}^{+}}\oplus \mathbb{C}_{q_{i1}^{-}}\oplus \mathbb{C}_{q_{i2}^{+}})i=1\subset H^{0}(\mathscr{T}_{\overline{W}/W}|_{\overline{B}})$

is in the image of $H^{0}(\mathscr{T}_{\tilde{B}_{h}/W})arrow H^{0}(\mathscr{T}_{\overline{W}/W}|_{\overline{B}_{h}})$ .
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Proof. Note that the map $H^{0}(\mathscr{T}_{\overline{B}_{h}/W})arrow H^{0}(\mathscr{T}_{\overline{W}/W}|_{\overline{B}_{h}})$ can be identified with the restriction
rnap. We consider case by case according to the types (B1) through (B4) of branch loci given in
the previous section. We denote by $\eta j$ a divisor on an irreducible component $\tilde{C}_{j}$ of $\tilde{B}_{h}$ .

We consider the case (B1) that $B_{h}$ is irreducible. Then we have $(\tilde{B}_{h})^{2}=6(2n+8-r),$ $g(\tilde{B}_{h})=$

$5n+15-r$ . Since $\deg \mathscr{T}_{\overline{B}_{h}/W}-2g(\tilde{B}_{h}\grave{)}+2=12n+$ 48–(lOyy $+$ 28-2r) $=2n+20+2r,$ we have
$H^{1}(\tilde{B}_{h}, \mathrm{Z}_{\overline{B}_{h}/W}(-\eta_{1}))=0$ for any divisor $\mathrm{r}/\iota$ with $\deg\eta_{1}\leq 2n+19+2r$ . We have $2n+19+2r\geq 3r$

when $r\leq 2n+19$ .

Assume that $B_{h}=C_{1}+C_{2}$ as in (B2). Put $C_{1}\sim 2\triangle 0+(2n\mathrm{t}\epsilon)\Gamma$ with a non-negative integer $\epsilon$

and $rj=7$ $j$
$(C_{1} )$ . Then $r_{1}=2n+4+$ c. Since $q$ blows up $2r_{1}$ simple points and $r0$ double points of

$C_{1},$ we have $(\overline{C,1})^{2}=C_{1}^{2}-2r_{1}-4r_{0}=8n+8+6\epsilon-4r$ and $g(\tilde{C}_{1})=p_{a}(C_{1})-r0=n+\epsilon-1-r_{0}$ .
We have $\deg \mathscr{T}_{C_{1}/W}-2g(\tilde{C}\iota)+2=8n+8+6\epsilon-2r-(27l+2\epsilon-\underline{9}r0-4)=71$ $+\epsilon$ . It follows that
$H^{1}$

$(\tilde{C}_{1,\prime}\mathscr{T}_{\overline{C}_{1}/W} (-\eta_{1} ))$ $=0$ when $\mathrm{d}\mathrm{e}\mathrm{g}’\int 1<r_{1}.+$ f. Similarly, since $q$ blows up $C_{2}\sim 4\triangle_{0}+(4_{7l}+8+r_{0})\Gamma$

at $27^{\cdot}1$ double points, $7^{\cdot}0$ triple points and simple points, we have $(\tilde{C}_{2})^{2}=C_{2}^{2}-8r_{1}-10r_{0}=-$8c $+32$ -

$2\tau\cdot 0$ and $g(\tilde{C}_{\mathit{2}}.)=71+13-2\epsilon$ . We have $\deg \mathscr{T}_{\overline{c_{/2}}/W}$
$-2g(\overline{C}_{2})+2=8n+48-$ 4r $+$ 2r0-(4n $+$ 24-4c) $=$

$4n+24+2r0\cdot 1\mathrm{t}$ follows that we get $H^{1}$
$(\tilde{C}_{2}, \mathscr{T}_{\overline{C}_{2}/W} \mathrm{C}^{-7|2}))=0$ when $\deg$ y72 $<4n+24+2r_{0}.$ We

see $(r1+\epsilon-1)+(47l+23 +2r0)$ $=2n+18+2r$ is not less than $3r$ when $r\leq 2n+18$ .
Assume that $B_{h}=C_{1}+C_{2}+C$’3 as in (B3). We put $C_{j}\sim 2\triangle 0+(2n+ 6j)$ I with non-negative

integers $\epsilon j,$ $1\leq j\leq 3$ . Thcn $\epsilon_{1}+$ r2 $+$ e3 $=r-2n+4$ and $r_{1}(C_{J})=2n+4+\epsilon j$ . As in the previous
(.ase, we have $H^{1}(\overline{C}j,$

$\mathrm{F}_{\overline{C}_{J}\mathit{1}^{W(-\eta j}})$ ) $=0$ when $\deg\eta_{\gamma}.\leq r_{1}(C_{J}\cdot)+\epsilon j-1$ . Since $\sum_{j=1}^{3}(r_{1}(Cj)+\epsilon j-1)=$

$27\iota+17+2r,$ we see that it is not less than $\dot{i}\mathrm{J}r$ when $r\leq 2r\iota 117$ .

Assume that $B_{h}=C_{1}+C,\mathit{2}$ as in (B4), (i). Put $C_{1}\sim\triangle_{o}+(n+\epsilon),$ where $\epsilon=0,1$ . Then
$r=3n+4\epsilon+4$ . Wc havc $(\tilde{C}\rceil)^{\mathit{2}}=n\mathrm{f}2\epsilon-r$ . $d’(\tilde{C}_{1})=0$ and $\mathrm{d}\mathrm{c}\mathrm{g}\mathscr{T}\mathrm{c}_{1}^{-}/W=7$ a $+2\epsilon$ . Hence
$H^{1}$ ( $\tilde{C}_{1},$ .7c1’ $W(-r\prime 1)$ ) $=0$ if $\mathrm{d}\mathrm{e}\mathrm{g}’/\mathrm{l}\leq n+\underline{9}\epsilon+1$ . Since $q$ blows up $r$ double points and 7 triple
points of $C_{2}$ , we have $(\tilde{C}_{\mathit{2}})^{\mathit{2}}=35n+30\epsilon+80-13r,$ $g(\mathrm{C}_{2})$ $=14n+12\epsilon+28-4r$ and $\deg \mathscr{T}_{\tilde{c}_{2}f^{W}}-$

$2g(\tilde{C}_{2})+2=7_{7}\iota+6\epsilon \mathrm{f}26$ . It follows that $H^{1}(\tilde{C}_{2_{\}}\mathscr{T}\sim 2/\iota\iota’(-\eta_{2}))=0$ if $\deg_{7}/2\leq 7n+6\epsilon+25.$ Now
$(n+2\epsilon+1)+7n+6\epsilon+2_{\iota}^{\cdot})\geq 3r$ holds when $n\leq 14-4\epsilon$ , that is, when $r\leq 2n+18$ .

Assume that $B_{h}=C_{1}+C_{2}+C_{3}$ as in (B4), (ii). For $\dot{7}=1,2$ , we put $Cj\sim\triangle 0+(n+\epsilon)\Gamma$ , where
$\epsilon=0,1$ . Then $(\tilde{C}j)^{2}=n+2\epsilon-r,$ $g(\tilde{C\prime}j)=0$ and $H^{1}(\tilde{C}j, e?_{\overline{G}_{J}/W},(-\eta j))=0$ if $\deg\eta_{J}\cdot\leq n+2\epsilon+1$ . Since
$q$ blows up 2 $(r-n)$ double points, $n$ triple points and $n$ simple points of $C_{3}\sim 4\triangle 0+(5n+2\epsilon+8)\Gamma$ , we
have $(\overline{C}_{3})^{2}=22n+16\epsilon+64-8r\cdot,$ $g(C_{3}^{\tilde{\prime}})=8n+6\epsilon+21-2r$ and $\deg \mathrm{f}\mathrm{f}_{\tilde{C}_{3}/W}-27(\tilde{C}_{3})+2=6n+4\epsilon+24$ .
It follows that $H^{1}(\tilde{C}_{3,\prime}?_{\overline{\mathrm{C}_{/3}}/W}(-\eta_{3}))=0$ if $\deg\eta_{3}\leq 6n+4\epsilon+23.$ Now $(n+2\epsilon+1)+(n+2\epsilon+1)+$

$(6’\iota+4\epsilon+8)\geq 3’\cdot$ holds wllell ll $\leq 13-4\epsilon$ , that is, wllell $’$
. $\leq 2_{Il}+17$

In any cases, we can ptit $\eta j=0$ to see $H^{1}(\mathit{7}t_{h/W}^{\sim})$ $=0$ . Furthermore, if $r\leq 2n+17$ , then
we can choose the $\eta j$ ’s so that $\sum_{J}\eta j=\sum_{i=1}^{r}(q_{1i}^{+}+q_{2\mathrm{i}}^{+}+q_{1i}^{-})$ and $H^{1}(_{\iota} \Psi_{\overline{B}_{h}/W}(-\sum_{J}\eta j))=0$ hold.
Hence, we can assume that the .3 $r$-dimensional subspace $\oplus 7=1$ $(\mathbb{C}_{q_{\iota 1}}+\oplus \mathbb{C}_{q_{i1}^{-}}\oplus \mathbb{C}_{q_{i9}}+\sim )$ is in the image of
$H^{0}(\mathscr{T}_{\overline{B}_{h}/W})$ . E3

Lemma 2.2. Assume that B satisfies (A3) and (A4). If r $< \min\{2_{ll}+18,3n+12\},$ then
$H^{1}$ ( $\mathscr{T}$

9r W) $=0$ .
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Proof. By Lemma 2.1, we have $H^{1}(\mathscr{T}_{\tilde{B}_{h}/W})=0$ and get the commutative diagram

$0arrow H^{0}(\epsilon f_{\overline{B}})arrow H^{0}(\mathscr{T}_{\tilde{B}/W})$ $arrow 0$

wherc the bottom sequence is exact. Thereforc, if $H^{0}(\mathscr{T}_{\overline{W}/W}|_{\tilde{B}})$ is generated by the images
of $H^{0}(\mathscr{T}_{\tilde{W}/W})$ and $H^{0}(\mathscr{T}_{\overline{B}/W}),$ then $\delta$ : $H^{0}(\mathscr{T}_{\overline{W}/W})arrow H^{1}(\epsilon \mathscr{N}_{\overline{B}})$ is surjective an(l it follows
$H^{1}(\mathscr{T}_{\tilde{S}/W})=0$ .

In the $8r$-dimensional vector space $H^{0}$
$(\mathscr{T}_{\tilde{W}/W}|_{\overline{B}} )$ , we can assume that the 3r-dimcnsional sub-

space $\oplus_{i}(\mathbb{C}_{q_{1}^{+}?}\oplus \mathbb{C}_{q_{\mathrm{i}1}^{-}}\oplus \mathbb{C}_{q_{\iota \mathit{2}}^{+}} )$ is in the imagc of $H^{0}(\mathscr{T}_{\tilde{B}_{h}/W})$ by Lcmnla 2.1. Similarly, the 2r-
dimensional subspaces $\oplus_{?}\cdot(\mathbb{C}_{q_{i3}^{+}}\mathrm{q}^{\backslash },\mathbb{C}_{q_{\iota 4}^{+}}\ovalbox{\tt\small REJECT})$ and $\oplus i$ (cq$\mathrm{z}2-\oplus \mathbb{C}_{q_{r3}^{-}}$ ) are $\mathrm{i}$11 $\mathrm{t}\mathrm{h}\mathrm{c}$ image of $-.{}_{\acuterightarrow i}H^{0}(E_{i}^{+}, tf(1))$

and $\oplus_{i}$H0(E
$i$ )$-\rho(1)),$ respectivel.y, and the r-dimensional subspace $\mathrm{h}_{i}\mathbb{C}_{q_{\mathrm{i}4}^{-}}$ is $\mathrm{i}_{\mathrm{I}1}$ the imagc of

$\oplus_{i}H^{0}(\mathscr{T}_{\overline{\Gamma}_{\iota}/W})$ . $\square$

In the rest of the section, we assume that $H^{1}(_{\epsilon}\Psi_{L})\overline{g}/W=0$ and follow the considcrations in [1]. It
follows from the c.ohomology long exact sequence for

$0arrow\ominus_{\tilde{S}}arrow\pi^{*}\ominus_{S}arrow\oplus^{r}i=1j,$. $(1)arrow 0$ ,

that $H^{2}(\overline{S}, \ominus)\tilde{s}\simeq H^{\sim}()-\tilde{S},$$\pi^{*}\mathrm{O}_{\mathrm{S}})\simeq H^{2}(S, \Theta_{6})$ and $h^{1}(\tilde{S}, \ominus_{\overline{S}})=h^{1}(S, \ominus s)+2r.$ We consider the
cohomology long exact sequence for

$0arrow\Theta_{\tilde{S}}arrow h^{*}\ominus_{W}arrow.\mathscr{T}_{\overline{\mathrm{q}}/1f’}‘arrow 0$.

Since the support of $\mathrm{y}_{\wedge},$ is$W$ (at most) one-dimensionaj we have $H^{2}(\tilde{S}_{7}\mathrm{F}_{/W}^{-})$ $=()$ . Hence assuming
that $H^{1}(\tilde{S}, \mathrm{z}_{/W}^{-})$ $=0,$ we get $H^{2}(\tilde{S}, \ominus_{\tilde{S}})\simeq H^{2}(\tilde{S}, h^{*}\Theta w)$ and the $\mathrm{e}\mathrm{x}\mathrm{a}(.\mathrm{t}$ sequencc

$0arrow H^{0}(\tilde{S}, h^{*}\Theta w)arrow H^{0}(\tilde{S}, \mathrm{Z}-)1^{W}$ $arrow H^{1}(\tilde{S}, \ominus_{\tilde{S}})arrow H^{1}(\overline{S}, h^{*}\ominus_{W})arrow \mathrm{O}$ .

We study $H^{p}(\tilde{S}, h^{*}\Theta_{W})$ with the cohomology long exact sequence for

$\mathrm{O}arrow t_{l}^{*}[2\Delta_{0}+n\Gamma]arrow h^{*}\Theta_{W}arrow h$
’

$[2\Gamma]arrow 0$ .

As we have already seen in Corollary 1.3, $\mathrm{w}\mathrm{c}$ have $\vec{h}(\tilde{S}, 2h^{*}\Gamma)$ – $(3, 1, n-1)$ . We have

$H^{p}( \tilde{S}, h^{*}[2\triangle 0+n\Gamma])\simeq H^{p}(\mathrm{I}\tilde{V}, q[*2\triangle 0+n\Gamma])\oplus H^{p}(\tilde{W}.q*[2\triangle 0+n\Gamma]-\frac{1}{2}\tilde{B})$.

Since $H^{p}(\tilde{W}, q[*2\triangle 0+n\Gamma])\simeq H^{p}(W, [2\triangle 0+n\Gamma]),$ we get $\vec{h}(\tilde{W}, q[*2\triangle 0+n\mathrm{F}])$ $=(n+2, n-1,0)$ . We
have $q^{*}(2 \triangle 0+n\Gamma)-\frac{1}{2}\tilde{B}\sim-q’$ ( $\triangle 0+(n+2+$ r)I’) $+2E.$ We put $L_{i}=-q’$ $(\triangle 0+(n+2+r)\Gamma)+iE$

for $i=0,1,2.$ Then, sirlce $E_{i}^{\pm}L_{i}=-i$ , we have the cxact sequence

$0arrow L_{i-\mathrm{l}}arrow L_{i}arrow\oplus^{r}(\mathscr{O}_{\Gamma_{\lrcorner}^{+}}( \tau_{l}-\iota=1i)$ $\prime_{\downarrow)\mathrm{i}_{E_{7}^{-}}(-i))}arrow 0$ .
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It follows that $H^{p}(\tilde{W}, L_{1} )$ $\simeq H^{p}(\tilde{W}, L_{0})$ $=0$ for any $p,$ alld we get

$H^{p}(\tilde{W}, q^{*}(2\triangle 0+n\Gamma)-\underline{‘\frac{1}{)}}\tilde{B})=H^{p}(\tilde{W}, L_{2})\simeq\oplus$ q$=1(H^{p}(E_{i}^{+}, \mathscr{O}(-2))9$ $H^{p}(E_{i}^{-}, \mathscr{O}(-2)))$ .

Herlce $\vec{h}(\tilde{W}, q*(2\Delta_{0}+n\Gamma)-\frac{1}{\mathit{2}}\tilde{B})=(0,2r, 0)$ . We have shown that $\vec{h}(\tilde{S}, q*(2\triangle 0 \dagger n\Gamma))=(n+2,$ $n-$

$1+2r,$ $0).$ Since $H^{0}(W, \Theta_{W})arrow H^{0}(W, 2\Gamma)$ is surjectivc, we get $\vec{h}$ ( $\overline{S}$ , $q^{*}$ O-)$W=(n+ 5, n+2r, n-1)$ .
We have $h^{0}(\tilde{S}, \ominus_{\overline{S}})$ $=0$ and $h^{2}(\tilde{S}, \ominus_{\overline{S}})$ $=n-1$ . Since it follows from the Riemann-Roch theorem

that we have $\chi(\ominus_{X})=2\mathrm{A}_{I\mathrm{Y}^{r}}^{\prime 2}-10\chi(\mathscr{O}_{\lambda^{-}})$ for any compact complex surface $X,$ we get $h^{1}(\tilde{S}, \Theta_{\tilde{S}})=$

$7$ rt $+29.$ We have shown $\mathrm{t}1_{1}\mathrm{e}$ following:

Lemma 2.3. $A_{\mathrm{S}_{\mathrm{t}}\mathrm{S}llI}n\epsilon 1tl_{1\dot{c}1}tf/^{1}(\tilde{S}, .?_{\overline{\mathrm{S}}^{7}/W})\mathrm{L}=0.$ Then $h^{0}(\tilde{S}, \mathscr{T}_{/W}^{-})$ $=7n+34-2r,\vec{h}$ ( $\tilde{S},$ O-)$\overline{s}=$

(0, $7n+29, r\iota-1)\dot{\epsilon}1nd\vec{h}(S, \Theta s)=(0,7r\iota+29-2r, r\iota-1)$ .

Lemma 2.4. $As\mathrm{s}\mathrm{u}In\mathrm{c}^{1}th_{l\mathfrak{i}}th^{1}$ ( $\tilde{S},$ y-)/W $=0$ . $Th_{\mathrm{C}\mathit{1}1}$ the llatural map $F^{p}$ : $H^{p}(S, \ominus s)arrow$r
$H^{p}(S, f^{*}(-)\mathbb{P}^{1}$ ) is surjectivc $f_{o\mathrm{I}}\cdot$ p $=1$ and it is an $\mathrm{j}_{SOl}norpl_{1}i_{SIl1}$ for p $=2$ .

Proof. We havcl the commutative diagranl

$H^{p}(\tilde{S}, \Theta_{\overline{S}})$ $arrow$ $H^{\mathit{1}^{J}}(\tilde{S}, h^{*}\Theta)\mathrm{M}’)$

$\downarrow^{1}$ $\downarrow$

$H^{p}(\tilde{S}, \pi^{*}\Theta_{S})$ $arrow$ $H^{p}(\tilde{S}, \pi^{*}f^{*}\ominus_{\mathrm{P}^{1}})$

$\mathrm{D}\backslash \mathrm{o}\mathrm{t}\mathrm{e}$ that $\mathrm{w}\mathrm{c}$ have already shown that $\mathrm{t}\mathrm{h}\mathrm{c}$ composite $H^{1}(\tilde{S}, \Theta_{\tilde{S}})arrow H^{1}(\overline{S}, h^{*}\ominus_{\mathrm{M}^{r}})arrow H^{1}(\overline{S}, h^{*}[2\Gamma])=$

$H^{1}$ $(\tilde{S}, \pi^{*}f’\ominus_{\mathbb{P}^{1}} )$ is $\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{j}(_{\lrcorner}^{1}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{c}.$

$\mathrm{H}_{\mathrm{C}11\mathrm{C}\mathrm{C})}.F^{1}$ is surjective. Since $H^{\mathit{2}}(\tilde{S}, \ominus_{\overline{S}})\simeq H^{\mathit{2}}‘(\tilde{S}, \pi^{*}\ominus s)$ alld
$H^{2}(\tilde{S}, \ominus_{\overline{6}},)\simeq H^{9}\wedge(\tilde{S}\backslash h^{*}\Theta_{W})\simeq H^{2}(\tilde{S}, \pi^{*}f^{*}.\ominus \mathrm{J}\mathrm{P}^{1})$, we see that $F^{\mathit{2}}$ is an isomorphism. $\square$

Then the following $1_{1()}1\mathrm{d}$ bv the $\mathrm{d}\mathrm{e}\mathrm{f}_{0\Gamma 1}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ theory of holomorphic maps as in [1].

Lemma 2.5. $A_{\mathrm{b}^{\mathrm{t}}}sume$ that $B$ satisfies (A3) artd (A4). If $7<\mathrm{m}\mathrm{i}_{11}\{2n+ 18, 3n+12\}$ , then there
$\Theta XjstS\acute{c}\mathrm{t}f\acute{c}1ll\mathit{1}i\mathit{1}vp\rceil$ : $\mathrm{X}1$ $arrow \mathrm{U}_{1}$ of

$\cdot$

$deformati_{\mathit{0}\mathit{1}1S\mathrm{O}}ff$
. : $Sarrow \mathrm{P}^{1}\mathrm{s}uc_{\nu}l_{\mathit{1}}$ that the Kodaira-Spencer map

$g\mathrm{i}ve\mathrm{s}^{\urcorner}$ an ison]orplliLsm onto $\mathrm{K}\mathrm{e}\mathrm{r}(F^{1}),$ $wl_{1}er\mathrm{e}1\#_{1}$ is a complex manifold of dimension $7n+28-2r$ .
FurtherInore,

(1) $A_{l\mathit{1}}y$ fibre ofpl $i\mathrm{s}^{\mathrm{Y}}$ a $\mathrm{s}urf_{\dot{\epsilon}}\mathrm{r}c\mathrm{e}$ with a genus two $fi$ })$\mathrm{r}ation$ .

(2) $A_{I1}yf_{dI\mathrm{I}1}il.V$ of $def_{\mathrm{o}lI}.n_{\dot{\epsilon}}\mathrm{r}$ti0ns of S.dll members of which llaVe a gezrus two $fibrati_{0\mathit{1}1}$ is $\mathrm{i}_{\mathit{1}1}duced$

from $p_{1}$ .

3 A filtration on the tangent space of the Kuranishi space

We assume that (A1) through (A5) are satisfied. In particular, $B$ is generic. We further assume
$7^{\cdot}<\mathrm{r}\mathrm{f}1\mathrm{i}\mathrm{I}1\{2rl+18,3n+12\}$ so that all the $\mathrm{r}\mathrm{e}\llcorner \mathrm{s}$ults in the previous section are valid.
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Lemma 3.1. G is an irl.educible non-singular curve of genus r– $n+$ 1, $G^{2}=r$ – 2n and
DG $=2$ .

Proof. We have $(h^{*}\triangle_{0})^{2}=2\triangle_{0}^{2}=-2n$ . Hence $G^{2}=r\cdot-2n$ . We have $DG=2$ by $(h^{*}\triangle 0)(h^{*}\Gamma)=$

$2\triangle_{0}\Gamma=2.$ By (A3) and (A5), $h^{*}\triangle 0$ is irreducible and non-siugul.a$\mathrm{r}$ . $\square$

Lemma 3.2. Let $\epsilon\parallel_{G}$ denote the normal sheaf of $G$ in S. Then the map $\zeta_{*}$ : $H^{1}(S, (-)s)arrow$

$H^{[perp]}(G, xI\mathit{7}_{G})$ induced from $th_{GCOTI\mathit{1}}posite\Theta sarrow\Theta_{S}|_{G}arrow$ It $\mathrm{j}_{S}$ surjective. Furthermore, $\mathrm{K}\mathrm{e}\mathrm{r}(\zeta_{*})$ is
contained in $\mathrm{K}\mathrm{e}\mathrm{r}(F^{1})$ .

Proof. By Lemma 5.5 of [4], we have $\mathrm{K}\mathrm{e}\mathrm{r}((,)\subset \mathrm{K}\mathrm{e}\mathrm{r}(F^{1})$ and

$\dim \mathrm{K}\mathrm{e}\mathrm{r}(\zeta_{*})\leq \mathrm{d}\mathrm{i}_{\mathrm{I}\Upsilon 1}\mathrm{K}\mathrm{e}\mathrm{r}\{H^{1}(\ominus_{\overline{\mathrm{q}},\mathrm{t}})arrow H^{1}(h^{*}\ominus_{W})\}$.

By a direct calculation, we see that the right hand side equals $h^{1}(\ominus s)-n$ . Then $7l=h^{1}(G, \mathscr{N}_{\mathrm{G}’})$ $\geq$

$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(\zeta*)=h^{1}(S, \Theta s)-\mathrm{d}\mathrm{i}_{\mathrm{l}}\mathrm{n}\mathrm{K}\mathrm{e}\mathrm{r}(\zeta*)\geq n.$ HeIlce $\zeta*\mathrm{i}\mathrm{s}$ surjective. $\square$

Lemma 3.3. Let $s\in H^{0}(G, [2G\mathrm{f}(n+2)D]|c)$ be an element $1’\mathrm{a}\mathrm{J}1ish\mathrm{i}ng.\mathrm{a}t.\mathrm{a}\mathit{1}\mathit{1}$ tlle $ba\iota \mathrm{s}e$ poirits
$e_{1},$

$\ldots,$
$e_{r}of|$Ks $|$ . If $s$ is $tbe$ restriction of an elemcnt $ofH^{0}(S, [2G+(n+2)D]),$ then either $s=0$ ,

or $n=2$ and $(s)=\underline{\eta}_{e_{1}}$ f- $\ldots+\underline{\eta}_{e_{r}}$ .

Proof. We have

$H^{0}(S, [2G+(n+2)D])\simeq H^{0}(\tilde{S}, \pi^{*}[2G+(\prime l+2)D])$

$\simeq$ $H^{0}( \tilde{S}, h^{*}[2\triangle 0+(7l+2)\Gamma]+\tilde{g}^{*}\sum_{\mathrm{z}=1}^{r}\tilde{\Gamma}_{i})$

$\simeq$
$H^{0}$ ( $\tilde{W},$ $[q^{*}(2\triangle_{0}+(n+2)\Gamma)+$ E| $i=17\tilde{\Gamma}_{i}]$ ) $\oplus H^{0}$ ( $\tilde{W},$ $[q^{*}(2\Delta_{0}+(’\iota+2)\Gamma)+$ EIi$=1 \tilde{\Gamma}_{i}-\frac{1}{2}\tilde{B}]$ )

Since $q^{*}(2\triangle 0+(n+2)\Gamma)+$ E7i—l $\tilde{\Gamma}_{i}-\frac{1}{2}\tilde{B}\sim-q’$ $[\triangle 0+n\Gamma]+E,$ it follows fronl the $\mathrm{c}\mathrm{o}1_{1\mathrm{O}\mathrm{I}11\mathrm{O}}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ long
exact sequence for

$0arrow \mathscr{O}_{\tilde{W}}(-q^{*}[\triangle 0+n\Gamma])arrow \mathscr{O}_{\tilde{W}}([-q^{*}(\triangle 0+n\Gamma)+E])arrow\oplus^{r}(\theta_{E_{\mathrm{i}}^{+(-1)\mathrm{G})}}\mathscr{O}_{\Gamma_{J}}-(\sqrt-1))i=1larrow 0$

that $H^{0}( \tilde{W}, [q^{*}(2\triangle 0\mathrm{t}^{1}(n+2)\Gamma)+\sum_{i=1}^{\tau}\tilde{\Gamma}_{i}-\frac{1}{2}\tilde{B}])=0.$ It follows that $H^{0}(S, [2G+(n+2)D])$ is
the $(+1)$ -eigen space with respect to the action of the hyperclliptic involution. So if .9 were $\mathrm{t}\mathrm{b}\mathrm{e}$

restriction of an element of $H^{0}(S, [2G+(n+2)D])$ , then it would vanish twicc on the base points
$e_{1},$ $\ldots,$

$e_{r}$ of $|$ Ks $|$ because they are also ramification points of $f|_{G}$ : $Garrow \mathrm{P}^{1}$ . On the other $\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{d}\backslash$

we have $G(2G+(n+2)D)=2(r-7L+2)<2r$ when $\mathrm{r}\mathrm{v}$ $\geq 3$ . Hence we conclude that $s=0$ whell
$n\geq 3.$ If $n=2$ and $s\neq 0,$ then $(s)=2$ ( $e1+\cdot$ . . $+$ e $r$ ). $\square$

We let $\{U_{i}\}$ be a sufficiently fine open covering of S. Let $\{d_{ij}\},$ $\{\zeta_{ij}\}$ and $\{\kappa_{i_{J}} \}$
$\})\mathrm{e}$ systems of

transition functions of $[D],$ $[G]$ and $Ks,$ respectively. We may assume that $\kappa ij=d_{ij}^{n}(ij$ holds for
any $i,$ $j.$ Let $x=\{x_{i}\}$ and t7 $=\{y_{i}\}\mathrm{b}\mathrm{e}_{J}$ the basis for $H^{0}(S, [D])$ , and $\zeta$i the local equation of $G\mathrm{i}\mathrm{r}\mathrm{l}$

$U_{i;}\zeta_{i}=\zeta_{\dot{\iota}j}\zeta_{J}$ .
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Let $\rho\in H^{1}$ $(S, \ominus s)$ and let $\{\rho_{ij}\}$ be the corresponding 1-cocycle with coefficients in $\Theta s\cdot$ Then

the 1-cocycle $\{yi\rho ij. Ei-Ii/’ ij . y_{i}\}$ is nothing but the representative of the imagc of $\rho$ under the

natural homomorphism $F^{1}$ : $H^{1}(S, \ominus_{s})arrow H^{1}$ ( $S,$ $f^{*}$ O$\mathbb{P}^{1}$ ). Recall that $\nu_{ij}=-$divp$\mathrm{z}j$ satisfies

$l/_{ij}+\nu_{jk}+\nu_{ki}=-\rho_{jk}$ . $\log\kappa_{ij}$

Furtherrnore, for $\phi=\{\phi_{i}\}\in H^{()}(S, K_{1}\mathrm{b}^{\tau}),$ $\{\rho_{ij}\cdot\phi_{iij}-lJ\phi_{i}\}$ is a $1$ -cocycle with coefficients in $\mathscr{O}_{S}(K_{S})$ .

We consider two elements $\{x_{l}^{\tau\iota}\zeta_{i}\}$ and $\{y_{i}^{n}\zeta_{i}\}$ in $H^{0}(S, \mathrm{A}’s)$ . We have

$\rho_{\mathrm{t}j}$ ( $x_{i}^{n}(_{i})-\nu_{i}$:$.(x_{i}^{n}(_{i})$

$=$ $nx_{i}^{n-1}$ $(_{i}\rho_{ij}\cdot x_{i}+x_{i}^{n}\rho_{ij}\cdot\zeta i-\nu_{ij})$ c $in\zeta_{i}$

$=$ $x_{i}^{n-1}(n\zeta_{i}\rho_{ij}\cdot x_{\iota}$. $+xi\rho_{ij}\cdot\zeta_{i}-\iota/_{ij}x_{i}\zeta_{i})$

and similarly for $y_{i}^{r\iota}\zeta$ i. Hell(.e, if we put $d\mathrm{t}_{ij}^{7}=n\zeta i\rho_{ij}\cdot x_{i}+$ xipij . $\zeta i-\nu ij\prime x_{i}\zeta i$ and $Y_{i}j=n\zeta_{i\rho ij\mathrm{i}1_{\mathrm{i}}}.+$

$y_{i}\rho_{ij}\cdot(_{i}-\nu_{ij}y_{i}\zeta_{\dot{\iota}}.$ tllen tllc collections $\{Xi_{J}\}$ and $\{Y_{ij}\}$ are 1-cocycles with coefficients in $\mathscr{O}s([G+D])$ .
We denote by $X$ and $\}’$ their cohornology classes, respectively. We havc

$y_{j}X_{ij}-x_{i}1_{\acute{i}j}=n\zeta_{i}(y_{i}\rho_{i)}\cdot x_{i}-x_{i}\rho_{ij}\cdot y_{\iota})$ .

It follows that $(y_{i}X_{\iota\gamma}-x_{i}1_{i_{j}}^{r})|_{G}=0$ .

(a) The case $n=\underline{9}$ .
We assume that $n=2$ . Then $H^{1}(S, [G+D])=0$ . Therefore, there exist O-c0chains $\{\alpha_{i}\},$ $\{\beta_{i}\}$

satisfying $X_{ij}=d_{ij}\dot{\zeta}ij\alpha$, $-\alpha_{l}$ and $1’$i$\mathrm{J}=d_{ij}\zeta_{ij}\beta j-\beta_{i}$ . Since ( $y_{l^{A}}.\mathrm{Y}_{ij}-$ ri $Y$ij) $|G=0$ , we see that
$\{(y_{\dot{l}}\alpha_{i}-x_{i}\beta_{i})|_{\mathrm{C}i}\}$ is a $()$ -cocycle with coefficients in $\mathscr{O}c,([G+2D]|c)$ . We denote its cohomology
class by $\gamma(\rho)\in H^{0}(G, [G+2D]|_{G})=h^{0}(G, Ks|_{G})$ .

Lemma 3.4. Assurne that $r\iota=\underline{9}$ and let $s\in H^{0}(G, Ks|c)$ be a section vanishing at all the
base $p()ints$ of. $|$ K$6^{\prime 1}$ . Then there is a section $.\tilde{\mathrm{s}}\in H^{0}(S, K_{\zeta}i)$ such that $\tilde{s}|G=s$ .

Proof. We have the exact sequence

$0arrow H^{0}(S, K_{1}\mathrm{s}’-G)arrow H^{0}(S, Ks)arrow H^{0}(G, Ks|c)$

We infer that the $\mathrm{r}\mathrm{e}\mathrm{k}\backslash \mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ lIlap $H^{0}(S, Ks)arrow H^{()}(G, Ks|c)$ is of rallk one. Recall that $Ks=$

( $G$ $+2D],$ $G^{\mathit{2}}=7^{\cdot}-$ $4$ and $GD=2$ . Hence $Ks|c$ is of degree 7 which coincides with the number of
base points of $|Ks|.$ Therefore, for a section $\tilde{s}$ of $Ks$ which does not vanish identically on $G,\tilde{s}|$ G

vanishes exactly on $\mathrm{t}\mathrm{h}\mathrm{c}$ base points. $\mathrm{I}\mathrm{f}.\mathrm{s}\in H^{0}(G, Ks|c)$ vanishes on the base points, then it is $\mathrm{a}$

constant mult iple of $\tilde{\mathrm{s}}|$ (y
$\square$

Lemma 3.5. Let $F^{1}$ : $H^{1}$ (S,$\Theta s)arrow H^{1}$ ( S, f.,O$\mathbb{P}$1) and $\zeta_{*}$ : $H^{1}(S, \ominus s)arrow H^{1}(G,$ A (;)be the
natural Inaps. Let $\rho\in H^{1}(S, \ominus s)$ .

(1) $F^{1}(\rho)=0$ if and only $\mathrm{j}f\gamma(\rho)$ vanishes at all the base points $of|$Ks $|$ .

(2) $\zeta_{*}$ (p) $=0$ it$\cdot$

and $on\mathit{1}.\gamma \mathrm{i}f\cdot\gamma(\rho)$ vanishes identically on $G$ .



77

Proof. (1) Assume that $F^{1}(\rho)=0.$ Then there exists a 0-cochain $\{a_{i}\}$ such that jjij)ij . $x_{i}-$ xipi)
$y_{i}=d_{ij}^{2}aj-a_{i}$ . Since $Ks=[G+2D]$ when $7?=2$ , we have

$y_{i}\alpha_{i}-x_{i}(\mathit{3}_{i}-\underline{9}\zeta_{i}a_{i}=/\sigma ij(yj\alpha_{J}-xj\beta j-2\zeta jaj)$

Hence $\{y_{i}\alpha_{i}-x_{i}\beta_{i}-2\zeta_{i}a_{i}\}\in H^{0}(S, K_{S})$ and we see that $\gamma(\rho)$ must vanish at $\mathrm{B}\mathrm{s}|Ks|.$ Conversely,
assume that $Y(fJ)$ vanishes at $\mathrm{B}\mathrm{s}|K\mathrm{s}|$ . It follows from the previous lemma that there exists an
element $\tilde{\gamma}\in H^{0}(S, K_{S})$ such that $\tilde{\gamma}|$ G $=\gamma(\rho)$ . Putting $\tilde{\gamma}=\{\tilde{\gamma}_{\mathrm{i}}\},\overline{\gamma}_{i}=\kappa_{ij}\hat{\gamma}_{J},$ we can write
$y_{i}\alpha_{i}-x_{i}\beta_{i}-\tilde{\gamma}_{?}$ . $=\zeta_{i}u_{\iota}$ with a holomorphic function $u_{i}$ on $U_{i}$ . Hence

2 $\zeta_{i}(y_{i}\rho_{ij}\cdot x_{i}-x_{i}\rho_{\iota j}\cdot y_{i})=\kappa_{ij}(y_{j}\alpha_{J}\cdot-x_{j}\beta_{J}-\tilde{\gamma}_{j})-(y_{i}\alpha_{i}-x_{\iota}/\mathit{3}_{i}-\tilde{\gamma}_{i})$ $=$ ;i( $d_{ij}^{2}u_{j}-$ j $i$ )

which shows that $F^{1}(\rho)=0$ .
(2) If ($*(\rho)=0,$ then we call find holomorphic functions $vi$ on $U_{i}\cap G$ such that $(\rho_{\dot{\iota}j}\cdot\zeta_{i})|_{G}=\zeta$i$j\iota$)$j-\iota)i$

on $U_{i}\cap Uj\cap G$ . On the other hand, we have $x_{i}\rho_{ij}\cdot$ ;i$J|G=d_{ij}\zeta_{ij}\alpha_{j}-\alpha_{i}$ and $y_{i}\rho_{ij}\cdot(_{ij}|_{G}=d_{ij}\zeta_{\dot{l}}J(j_{J}-\mathit{1}d_{x}$ .

on $U_{i}\cap Uj\cap G.$ It follows that $\{\alpha_{\iota}a|_{G}-x_{i^{\{)}i}\}$ and $\{\theta_{i}|G-yi’Ui\}$ represcnt clemerlts of $H^{0}(G, [G+D]|_{G})$

which is zero by Lemma 1.5. Hence $\alpha_{i}|_{G}=xivi$ and $\beta_{i}|c=$ ili)i on $U_{i}\cap G.$ Therefore, $\gamma(\rho)$ vanishcs
identically on G. Conversely, if $\gamma(\rho)$ vanishes identically on $G$ , then we h.ave $y_{i}a_{i}=x_{i}\beta_{i}$ on $U_{i}\cap G$ .
Since $x$ and $y$ havc no common zero, $v_{i}=\alpha_{i}/x_{i}=\beta_{i}/y_{i}$ gives us a holomorphic function on $U_{i}$

”

$G$ .
Then ( $\rho_{i_{J}}\cdot\zeta$i) $|c=\zeta_{ig}$.v$j-v_{b}$ implying that $(_{*}(\rho)=0$ . $\square$

(b) The case n $\geq 3$ .
We assume that n $\geq.3.\mathrm{W}^{\gamma}\mathrm{e}$ have the Koszul exact se(411ence

$0arrow \mathscr{O}_{S}([G])\otimes\wedge^{2}H^{0}(S, [D])arrow \mathit{5}_{\acute{S}}([G+D])\otimes H^{0}(S, [D])arrow \mathscr{O}_{S}([G+2D])arrow 0$

.

By Lemma 1.2 and the duality theorem, we have $2h^{0}(S, [G+D])=4=$ /y $0$ ( $S,$ $[C_{7}+$ 2Z|)$])+h0$ (S. $[G]$ )
since $n\geq 3.$ It follows $\mathrm{t}\mathrm{I}_{1}\mathrm{a}\mathrm{t}$ the multiplication map $H^{0}(S, [G+D])\mathfrak{G}H^{0}(S, [D])arrow H^{0}(S, [G\mathrm{f}2D])$

is surjective. Hence we get the exact sequence

$0arrow H^{1}(S, [G])-\otimes\Lambda^{2}H^{0}(S, [D])arrow H^{1}(S, [G+D])$
$\mathfrak{G}H^{0}(S, [D])arrow H^{1}(S, [G+2D])$

Via the last map, $X\otimes?/+Y\otimes x$ goes to $yX-xY$ Rccall that we have $(yX-xY)|c=0$ . Since
$H^{1}(S, [G+2D])\neg H^{1}(G, [G+2D] |c)$ $\mathrm{i}\mathrm{b}\dot{\epsilon}\iota \mathrm{n}$ isonlorphis1n by Lemrna 1.6, we see that $yX-x$} $’=\mathrm{U}$

in $H^{1}(S, [G+2D]).$ Hence the above exact sequence gives us an element $Z=Z(\rho)\in H^{1}(S, [G])$

such that $X=xZ$ and $Y=yZ.$ We let $\{Z_{ij} \}$ be the 1-cocyclc with coefficicnts in $\mathscr{O}s([G])$ whose
class is Z. Then there $\mathrm{e}_{d}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}$ O-c0chains $\{\alpha_{i}\},$ $\{\beta_{i}\}$ satisfying

(3. 1) $X_{ij}=n\zeta_{i}\rho_{i_{J}}\cdot x_{i}+x_{i}\rho_{ij}\cdot\zeta_{i}-\nu_{ij}x_{i}\zeta_{i}=x_{i}Z_{ij}+d_{i_{\mathrm{J}}}(_{ij}\alpha_{J}-\alpha_{i}$

(3.2) $r_{ij}=n\zeta$i $\rho_{i_{\mathit{1}}}$

.
$y_{i}$ $+y_{i}\rho_{ij}$ . $(_{i}-\nu_{ijJi};_{i}$ $=yiZ_{ij}+d_{i\gamma}\zeta$ij $\beta_{j}-\beta_{i}$
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Then substituting them to $yiX_{ij}-x_{i}1_{ij}^{\Gamma}$ , we get

(3.3) $7l\zeta_{i}(y_{i}\rho_{ij}\cdot x_{j}-x_{i}\rho_{ij}\cdot y_{i})=(l_{ij}^{2}\zeta ij(yj\alpha j-xj\beta j)-(y_{i}\alpha_{i}-x_{i}\beta_{i})$

By $\mathrm{r}\mathrm{e}\iota\backslash$tricting $(.3.\cdot \mathfrak{Z})$ to $G,$ we $\sec$ that the collection $\{(y_{i}\alpha_{7}-x_{i}\beta_{i})|_{\mathrm{G}’}\}$ is a $0$-cocycle with coefficients
in $\mathscr{O}_{G}([G+2D]|_{G})$ . We denote its cohomology class by $\gamma=\gamma(\rho).$ We remark that it depends only
on the cohomology class $\rho$ of $\{\rho_{\iota j}\}$ .

Lemma 3.6. Assumc that $\gamma l\geq 3$ and let $F^{1}$ : $H^{1}$ (S,$\ominus s)arrow H^{1}(S, f^{*}\ominus_{\mathrm{P}^{1}})$ be the natural map.
Then $F^{1}(\rho)=0$ if and onl.v if $\gamma(\rho)=0$ .

$Pr\cdot oof.$ Assume that $F^{1}(\rho)=0.$ Then there exists a 0-cochain $\{a_{i}\}$ such that $y_{i}\rho ij.xi-xi\rho ij.yi=$

$d_{ij}^{2}aj-a_{i}$ . It follows fornl (3.3) that

$y_{i}\alpha_{l}\cdot-x_{i}\beta_{i}-n\zeta_{i}a_{i}=d_{ij}^{2}(ij(y_{JJ}\alpha\cdot-xj\beta j-n\zeta_{J}\cdot aj)$

so that $\{y_{i}\alpha_{i}-x_{i}\beta_{2}.-\prime l(_{i}a_{i}\}\in H^{0}$ ( $S,$ $[G+$ 2D]). Since $n\geq 3$ . the restriction map $H^{0}(S, [G+2D])arrow$

$H^{0}(G, [G+2D]|c)$ is tlle zer0 1nap. Hence $\gamma(\rho)=0$ .
Conversely, assume $\mathrm{t}\mathrm{f}_{1}\mathrm{a}\mathrm{t}\gamma(\rho)=().$ Then we have a collection $\{ai\}$ such that $y\iota\alpha i-x_{t}\beta i=\zeta_{i}aj$ .

It follows from (3.3) that $n\zeta i(yi\rho i/\cdot x_{i}-x_{i}\rho_{\dot{x}j}\cdot y_{i})=(i(d_{ij}^{2}a_{g}-a_{i})$ . Hence $y_{i}\rho_{7j}\cdot x_{i}-x_{i}\rho_{ij}$ $jji$ $=$

$d_{ij}^{12}a_{J}/n-a_{\dot{\iota}}/n\mathrm{i}\mathrm{m}\mathrm{I})\mathrm{l}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{t}$ hat $F^{1}(\rho)=0$ . $\square$

We define a Inap $\zeta_{*}$ : $H^{1}$ ( $S,$ O-6’) $arrow H^{\rceil}(G, [G]|;)$ by $\zeta_{*}$ (p) $=$ { $(\rho_{ij}\cdot\zeta$i $)|$ G}. By restricting (3.1)
and (3.2) to $G,$ $\mathrm{w}\mathrm{c}\mathrm{g}\mathrm{c}\mathrm{t}\mathrm{t}\mathrm{h}(^{\mathrm{Y}}$ following $\epsilon^{1}\mathrm{q}\mathrm{u}\mathrm{a}1\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}\iota$ on $G\cap U_{i}\cap Uj$ :

$c_{i}(\rho_{ij} . \zeta_{i}^{\llcorner}-Z_{ij})|(;=d_{\ell j}\zeta_{ij}\alpha_{J}-\alpha_{i}, y_{i}(\rho_{\dot{l}}J^{\cdot}\zeta_{i}-Z_{ij})|_{G}=d_{ij\mathrm{t}ij}^{-}\beta_{J}-\beta_{i}$ .

HeIl(.e we have $\mathrm{c}\zeta_{*}(\rho)$ $=x\cdot Z(/’)|(_{J}’$ alld $y\zeta_{*}(\rho)=yZ(\rho)|_{G}$ in $H^{1}(G, [G+D]|c)$ .

Lemma 3.7. AssuIne that\prime b $\geq 3.$ Then $\zeta_{*}(\rho)=0$ if and $on\mathit{1}\mathrm{J}^{f}$ if $Z(\rho)=0$ and $\gamma(\rho)=0$ .

$Pr\cdot oof.$ AssuIIlC that $\zeta_{*}$ (p) $=0.$ Since $H^{1}(S, [G+D])arrow H^{1}$ ( $G,$ $[G+D]|$ G) is an isomorphism, we
see that $xZ=yZ=0$ in $H^{1}(S, [G+D]).$ This inlplies that $Z=0$ in $H^{1}(S, [G])$ as we saw in the
proof of Lernma 1.7. Since $(_{*}(\rho)=0,$ we automatically have $F^{1}(\rho)=0$ and, hence, $\gamma(\rho)=0$ by
tIlc previous lenlma.

Conversely, $\mathrm{a}_{\mathrm{L}}^{\sigma}\mathrm{i}\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{e}$ that $Z(\rho)=0$ and $\gamma(\rho)=0$ . We put $Z_{i_{j}}=\zeta_{ij}z_{J}-z_{i}$ . It follows from
$\gamma(\rho)=0$ that $yi^{CI}i$ $=x_{i}\beta_{i}\mathrm{o}\mathrm{r}1G\cap U_{i}$ . Hence $a_{i}=\alpha_{i}/x_{i}=\beta i/y_{i}$ is a holomorphic function on $G\cap U_{i}$ .
Substituting $\alpha_{i}=$ ;Ciai and $\beta_{l}$. $=y_{i}a_{i},$ we get

$x_{i}\rho_{ij}\cdot\zeta_{l}\cdot|_{G}=x_{i}((_{ij}(zj+aj)-(z_{i}+a_{i})), J\rho_{ij}\cdot(_{i}|c=yi(\dot{\mathrm{t}}ij(zj+aj)-(z_{i}+a_{i}))$ .

SirlCe $x$ and $y$ have no ( $.()\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{n}$ zeros, we conclude that $\rho ij$
$;_{\mathrm{i}}|c$ $=d_{ij}\zeta_{ij}(aj+zj)-(zi+a_{i})$ on

$G\cap U_{i}\cap Uj\cdot$ Hence $\zeta$. $(\rho)=0$ .
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We remark that $h^{1}(S, [G+(n-2)D])=1.$ We take a non-zero element $\xi\in H^{1}(S, [G+(n-2)D])$

which is represented by a 1-cocycle $\{\xi_{ij}\}$ . Since $H^{1}(S, [G+(n-1)D])=0$ , $\mathrm{w}\mathrm{c}$ can write

(3.4) $x_{i}\xi_{ij}=d_{ij}^{n-1}\zeta_{i}$0u$j-u_{i}$ , $\mathrm{j}\mathrm{j}_{i}\xi_{ij}=d_{ij}^{n-1}\zeta_{ij}v_{i}-\iota)_{\mathrm{t}}$ .

We put $\delta_{i}=liui$ $-x_{i}vi\cdot$ Then $\{\delta_{i}\}$ determines an element $\delta\in H^{0}(S, K_{S})$ .

Lemma 3.8. $\delta|c$ is not idelltically zero.

Proof. Assume that we have $y_{i}u_{i}=x_{i^{lI}i}$ on $G$ ” $U_{i}.$ Then $w_{i}=ui/x_{i}=v_{i}/yi$ is a wcll-defined
holomorphic function on $G\cap U_{i}$ . By substituting $u_{i}=x_{i}w_{i}$ and $v_{i}=y_{i}w_{i}$ , wc get $x_{i}\xi_{ij}|_{G}=$

$x_{i}$ ( $d_{i_{J}}^{n-2}\zeta_{ij}w$y. $-w_{i}$ ) $\dot{(}\mathrm{L}\mathrm{n}\mathrm{d}y_{i}\xi_{ij}|_{\zeta j}=y_{i}$ (’$4\mathrm{z}_{\mathit{3}}^{-2}\mathrm{r}_{ij}\mathrm{v}_{j}-$ ?fJ $i$ ) $\mathrm{o}\mathrm{r}1G$
”

$U_{i}$

”

$U_{j}$ . It follows that $\xi_{ij}|\mathrm{r},$ $=$

$d_{ij}^{n-2}\zeta$jj $wj-w_{i},$ $\mathrm{i}\mathrm{m}\mathrm{p}1\mathrm{y}\mathrm{i}_{\mathrm{I}\mathrm{l}}\mathrm{g}$ that $\xi|_{G}=0$ in $H^{1}$ $(C_{7}, [G +(n-2)D]|c)$ .
We shall show that the restriction map $H^{1}$

$(S, [G\mathrm{t} (\mathrm{y}\mathrm{y} -2)D])arrow H^{1}(G, [G+(n-2)D]|_{(_{\mathit{1}}^{\urcorner}})\mathrm{i}\mathrm{c}\mathrm{b}$

an isomorphism to see that $\xi=0\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}_{1}\cdot \mathrm{a}\mathrm{d}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ to the choice of $\xi$ . Note that we have $h^{1}(G,$ $[G\mathrm{f}$

$(n-2)D]|_{G})=h0(G, [G+2D]|_{G})=1$ by the duality theorem and Lemnla 1.6. W$\mathrm{e}$ consider the
cohornology long exact sequence for

$0arrow \mathscr{O}_{S}([(n-2)D])arrow \mathscr{O}_{S}$ ( $[G$ f- $(_{7l}-2)D]$ ) $arrow \mathscr{O}_{G}([G+(_{7l}-2)D]|_{G})arrow 0$ .

Since we have $h\prec$ ((yz –2)D)=(n–l, $n-3,3$ ) and $\vec{h}(G+(n-2)D)=(n-1,1,3)$ , we see that
$H^{1}(S, [G+(n-2)D])arrow i$ $H^{1}$ ( $G,$ $[G+$ (rt $-2)D]|_{G}$ ) is an isomorphism. 0

Lemma 3.9. As’sulne thar n $\geq.3.$ If/1 $(\rho)\neq 0$ for $\rho\in H1$ (S,$\ominus_{S})$ , tfien $\gamma(\rho)\delta|_{G}i‘ \mathrm{s}$ Ilot $\mathrm{r}l_{\mathrm{J}\Theta}$

restrictjon of an element in $H^{0}(S, [2G+(n+2)D])$ .

Proof. By the assumption, $\gamma(\rho)\neq 0$ and $\delta|c\neq 0.$ Furthernlore, $\delta$ v.a$\mathrm{r}1\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{e}^{1}\mathrm{s}$ at all the base points
$e_{1},$ $\ldots,$

$e_{r}\mathrm{o}\mathrm{f}|$ Ks $|$ . By LernIna 3.3, if $\mathrm{x}(\rho)\delta|c$ is the restriction of an elelnent of $H^{0}(S, [2G+(n+2)D])$ ,
then it must be zero, a contradiction. $[$

We put $\phi^{m}=x^{n-m}y^{m}\zeta$ for $0\leq m\leq \mathit{7}l$ and 7 $=\delta.$ Then thcse form a basis for $H^{0}(S, Ks)$ .
We have for $m$ with $0\leq m\leq n$ ,

$\rho_{ij}\cdot\phi_{\mathrm{i}}^{rr\iota}-\nu_{i_{J}}7\mathrm{i}\mathrm{f}^{m}$

$=(n-m)x_{i}^{n-1-m}$ym $\zeta_{i}\rho_{ij}\cdot x_{\mathrm{z}}+mx_{i}^{\prime\iota-m}y_{i}^{m-1}\zeta_{i}\rho_{ij}\cdot y_{i}+x_{i}^{n-\prime r\iota}y_{i}^{m}\rho_{\dot{\iota}j}\cdot\zeta_{i}-\nu_{ij}x\mathrm{i}\mathrm{n}^{-r\prime\iota}y_{l}^{rr\prime}\zeta_{i}$

$= \frac{n-m}{n}x_{i}^{n-m-1}y_{i}^{m}(n\zeta_{l}.\rho_{\dot{\iota}j}\cdot x_{\iota}+x_{i}\rho_{\dot{\iota}_{J}}\cdot\cdot\zeta_{i}-l\nearrow_{ij}x_{i}\zeta_{i})+\frac{m}{n}x_{i}^{n-m}y7^{-1}(\uparrow\iota\zeta_{i}\rho_{ij}\cdot y_{i}+y_{i}\rho_{i_{J}}\cdot\cdot\dot{\zeta}i-\iota/_{i\gamma}y_{l}(_{i})$

$= \frac{n-m}{n}x?-m-1$y7($x_{i}Z_{ij}+$ 1$i$j;$\dot{\iota}$j $\alpha_{j}-\alpha_{i}$ ) $+7x\mathrm{p}-my$r-1 $(y_{i}Z_{ij}+d_{ij}\zeta_{ij}\beta_{j}-\beta_{i})$

$=x_{i}^{n-m}y_{i}^{m}Z_{ij}+ \frac{n-m}{n}$ ( $\kappa_{ij}x_{j}^{n-m-[perp]}y_{J}^{m}\alpha$

J
$-x_{i}^{\uparrow\iota-m-1}y_{i}^{m}\alpha_{i}$ ) $+ \frac{m}{n}(\kappa_{ij_{J}^{X^{n-\uparrow nm-1}}}.y_{j}\beta_{j}-x_{i}^{n-m}y_{i}^{m-1}(\mathit{3}_{\gamma}\cdot)$

where we understand that, in the last expression, the second (resp. third) term is zero when $m=7b$
(resp. $m=0$) $.$ Hence

$\rho_{ij}\cdot\phi 57-\nu_{ij}\phi_{l}^{m}$

$=$ $x_{i}^{n-m}y_{i}^{m}Z_{2J}\cdot+\kappa_{\mathrm{z}j}$ ( $\frac{n-rn}{n}x_{j}^{n-\prime n-1}y_{J}^{\prime n}\alpha_{j}+\frac{m}{n}x$r7 $-mm-1y_{j}\cdot\beta_{j}$ ) $-( \frac{n-m}{n}x_{i}^{n-m-1}y_{i}^{m}\alpha_{i}+\frac{m}{n}x_{\dot{l}}^{n-m}y_{i}^{m-1}\beta_{i})$
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Since $Z=Z(\rho)\in H^{1}(S, [G]),$ we $\}_{1}\mathrm{a}\mathrm{v}\mathrm{e}x^{n-2-k}y^{k}Z\in H^{1}(S, [G+(n-2)D])$ for any $k\in \mathbb{Z}$ ,
$0\leq k\leq n-2.$ Hence there is a O-c0hain $\{w_{7}^{(k)} \}$ satisfying

$x_{i}^{n-2-k}y_{i}^{k}Z_{ij}=4(*)\mathrm{q}_{ij}+d_{ij}^{J\iota-2}\zeta_{ij}w_{j}^{(k)}-w_{i}^{(k)}$

By Leulma 1.7, we see that $(A^{(0)}, \ldots, A^{(n-2)})\in zn-1$ is not zero provided that $Z$ is not zero.

Lemma 3.10. For 1 $\leq k\leq n-$ 2, the collection $\{_{d}4^{(k)}u_{i}-A^{(k-1)}v_{i}+x_{i}w_{i}^{(k)}-y_{i}w_{i}^{(k-1)}\}$

determjncs an elenlent $jnH^{0}(S, [G+(n-1)D]).$ In $pal\cdot ticu\mathit{1}ar,$ it vanishes identically on $G$ .

Proof. $1\mathrm{V}\mathrm{e}1_{1}\mathrm{a}\mathrm{v}\mathrm{e}x_{i}^{n- 1-}$’yi $Z_{i_{j}}=x_{i}^{n-2-k}\tau$li $(x_{i}Z_{i})=x_{l}^{n-2-(k-1)}.y_{i}^{k-1}(y_{i}Z_{i}).$ Since $x_{i}\xi_{ij}=d_{ij}^{7l-1}\zeta$jju:J-
$u_{i}$ and $y_{i}\xi_{lj}.=\parallel_{ij}^{\iota-1}\zeta$ijv) $-v$i, it follows that

$d_{ij}^{n-1}\zeta_{ij}$ $(\wedge 4(k)u_{J}+x_{J}w_{j}^{(k)})-(A^{(k)}u_{\mathrm{t}}+x_{i}w_{l}^{(k}.))=d_{ij}^{n-1}\zeta_{ij}(A^{(k- 1)}v_{j}+y_{J}\cdot w_{j}^{(k-1)})-(A^{(k-1)}v_{i}+y_{i}w_{\iota}^{(k-1)})$

which shows the first $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}1}.$ Sirlcc $H^{0}(S, [G1(n-1)D])$ is spanned by $x^{n-1-rn}y^{m}\zeta_{\backslash }0\leq m\leq$

$n-1$ , any elernent vallishcs identically on G. $\square$

$\mathrm{h}^{7}\mathrm{o}\mathrm{t}\mathrm{e}$ that $x_{i}^{n-m}y_{\dot{\iota}}^{m}7_{ij}\lrcorner$ can $\dagger$ ) $\epsilon^{1}$ expressed in four forlns in general:

(3.5) $x_{\mathrm{i}}^{n-m_{l}}i$$\tau\iota_{Z_{ij}}=\{$

$\kappa_{\iota j}.(A^{(m)}x_{j}\cdot uj+x_{J}^{2}‘ w_{j}^{(rn)})-(A^{(m)}x_{i^{\mathcal{U}}i}+x_{i}^{2}w_{i}^{(m)})$

$\kappa_{ij}(\mathcal{A}(r’\iota-1)_{y_{j}x_{\mathrm{J}}u^{(m-1)}}u_{J}+y_{j_{j}}\prime f.)-(A^{(-1)}r\prime \mathit{1}y_{i}u_{i}+x_{i}y_{i}w_{i}^{(m-1)})$

$/\backslash ij(A^{(m-1)_{X_{J}l}},J+x_{j}y_{j}w_{j}^{(m-1)})-(A^{(m-1)}x_{i}v_{i}+x_{i}y_{i}w_{i}^{(m-1)})$

$h_{ij},(A^{(n\iota-\mathit{2})}y_{j^{U}j}+y_{j}^{2}w_{j}^{(m-2)})-(A^{(rn-2)}y_{i}v_{i\dagger}y_{i}^{2}wi^{m-2)})$

but Lelnma 3.10 shows the $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{c}^{\backslash }\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{s}$ are not essential.

4 Kuranishi space.

Let $p$ : $\mathscr{S}arrow\Lambda$I be the Kuranishi family of deformations of $S=p^{-1}(0),$ $\mathrm{O}\in M$ . Then $M$ is
an analytic Sllt)set $()\mathrm{f}$ a snlall open disc $\mathrm{D}$ around the origin of $\mathbb{C}^{\mu}$ , where $\mu=\mu(S)=h^{1}$ $(S.\ominus,s)$ .
$1\mathrm{V}\mathrm{c}$ take aHerlnitiall $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}$ (. $\mathrm{O}11S$ , and let $\theta$ and $\mathrm{G}$ dcnote respectively the adjoint operator and
Green’s opcrat0l, with respe(.t to this nlCtric, 011 the space of $(0, q)$ -forms with coefficients in $\Theta s$ .
We define the Poisson bracket $[\cdot, \cdot]$ of two $(0, 1)-$forms $\varphi$ and $\psi$ by the formula

$[ \varphi)\psi]=\sum_{\alpha,\beta}(\varphi^{\alpha}\Lambda\frac{\partial\psi^{\beta}}{\partial z^{\alpha}}+\psi^{\alpha}\wedge\frac{\partial\varphi^{\beta}}{\partial z^{\alpha}})\frac{\partial}{\partial z^{\beta}}$

if
$\varphi=\sum_{\alpha}\varphi^{\alpha}\frac{\partial}{\partial z^{\alpha}}$ , $\psi=\sum_{\alpha}\psi^{\alpha}\frac{\partial}{\partial z^{\alpha}}$

$.\mathrm{a}\mathrm{r}\mathrm{e}$ local expessions of; and $\psi.$ With the notation, there exists a $(0, 1)$ -form $\varphi$ (t) with coefficients
$\mathrm{i}\mathrm{n}\ominus_{S}$ which depe1l(ls holo1rlorphically on $t\in \mathrm{D}$ and satisfies

$\varphi(0)=0$ . $\varphi$ (t) $-\underline{\frac{1}{9}}\theta \mathrm{G}[\varphi(t), \varphi \mathrm{o})]$

$=\varphi$ 1 $(t\grave{)}$
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where $\varphi_{1}(t)$ denotes the linear term of $\varphi(t).$ Let $\mathrm{H}$ derl0te the projection onto tIle space of harmonic
forms. Then $M$ is defined by the equation

$\mathrm{H}[\varphi(t), \varphi(t)]=0$ .

We let $\varphi_{1}(t)=$ Ex $\rho_{\lambda}t_{\lambda}.$ We may assume that $\{\rho_{\lambda}\}$ forms a basis of $\mathrm{t}\mathrm{h}\mathrm{c}$ space of harmonic $(0, 1)-$

forms. We denote the cohomology $\zeta\cdot \mathrm{l}\mathrm{a}\mathrm{s}\mathrm{s}$ in $H^{1}$ ( $S,$ O- $s$ ) of $\rho_{\lambda}$ }) $\mathrm{y}$ the same $\mathrm{S}\}^{\prime \mathrm{m}\mathrm{b}\mathrm{o}1}\cdot$ Note $\mathrm{t}\}_{1}\mathrm{a}\mathrm{t}$ we
have

$\mathrm{H}[\varphi(t), \varphi(t)]\equiv\sum_{\lambda 1\sigma}\mathrm{H}[\rho_{\lambda}, \rho_{\sigma}]t_{\lambda}t_{\sigma}$
lnod $(t^{3})$

We have the following lemma as in [1], Lemma 30.

Lemma 4.1. $If\cdot\rho_{\lambda},$ $\rho_{\sigma}\in \mathrm{K}\mathrm{e}\mathrm{r}(F^{1})$ , then $\mathrm{H}[\rho\lambda, \rho_{\sigma}]=0$ .

(a) The case $?\iota=2$ .
We can choosea basis $\{\rho[perp], \rho_{2}, \ldots, ’ 43-2r\}$ satisfying

$F^{1}(\rho_{1})\neq 0,$ $F^{1}(\rho_{2})=0,$ $(_{*}(\rho_{2})$ ’ 0, $\zeta_{*}(\rho_{\lambda})=0$ $(\lambda\geq 3)$

By Lemma 4.1, we have

$\mathrm{H}[\varphi(t),$ $\varphi(t1=\sum_{\lambda=1}^{-)_{7}}a\lambda t1t43’\lambda+\mathrm{O}(t^{3})$

We can show the following as in [1], Lemma 31.

Lemma 4.2. $If\mathrm{H}[\rho_{\lambda}, \rho_{\sigma}]=0,$ $\mathrm{t}l_{1}en\gamma(\rho\lambda)\gamma(\rho_{\sigma})$ is the rcstriction ofan elemcnt $ofH^{0}(S, 2Ks)$ .

Therefore, we h.ave only to show the following to see that $a_{2}\neq 0$ .

Lemma 4.3. $\gamma(\rho_{1})\gamma(\rho_{2})$ is not the restriction of an $eleIn\mathrm{t}_{J}^{\mathit{1}}llt()fH^{0}(S, 2K\mathrm{s}’)$ .

Proof. Assume the contrary. It follows from LemIIla 3.3 that $\gamma(\rho_{1})\gamma(\rho_{2})$ is eitber zero or its
divisor is of the fornl 2 $(e_{1}+\cdot. . +e_{r}).$ Both cases are inadequate. $\square$

Theorem 4.4. Assume that $n=2$ , and let $p:p\swarrowarrow \mathrm{j}vI$ be the Kuranishi family ofdeformations
of S. Then

(1) $M=\mathrm{i}V$I$1\cup\#_{2}$ , vvhere the $NI_{i}$ ’s are complex manifolds of dirnension $42-2r$ .

(2) $N=\Lambda I_{1}$
”

$NI_{2}$ is a complex manifold of dimension $41-2r$ .

(3) For $t\in NI[perp],$ $St=p-1(t)l_{1}as$ a genus two Libration. For $t\in M_{\mathit{2}}‘ zN,$ $S_{l}$ does not have a genus
two Hbration.

Proof. Let $p_{1}$ : $\mathrm{X}_{1}arrow \mathrm{j}1\#_{1}$ be the family of surfaces with genus two fibrations obtained before.
By the completeness of the Kuranishi family, we have a holomorphic map $s$ : $M_{1}arrow M$ such that
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$\mathrm{X}_{1}$ is induced fronl $\mathscr{S}.$ We can $.$

$\mathrm{a}$ssume that the tangent map $ds$ : $7_{0}\mathrm{M}_{1}arrow T_{0}M$ is a bijection
onto the linear subspace spanned by $\partial/\partial t2,$ $\ldots\backslash \partial/\partial t_{43-27}$ . Hence $\mathit{1}\vee I_{1}$ can be identified with the
subnlarlifold defined by $r(t):=t_{1}-\emptyset(t_{\mathit{2}}, \cdots, t_{43-2r})=\mathrm{t}),$ $(\partial\psi/\partial t\lambda)|t=0=0$ for $\lambda\geq 2.$ Now, since
we have $\mathrm{H}[\varphi(t), \varphi(t)]=0011NI_{1},$ we can write $\mathrm{H}[\varphi(t),$

$\varphi$ ( $t\mathrm{l}=q(t)r(t).$ In view of the expansion
of $\mathrm{H}$ [ $\varphi(t),$

$\varphi$ (t)], we see that $q(t)$ is of the form

$q(t)= \sum_{\lambda=1}^{43-2r}a\lambda t\lambda+O(t^{2})$ , a2 $\mathrm{g}\mathrm{o}$ .

Therefore, $\Lambda I_{2}=$ { $t\in\Lambda$i : $q(t)=0$ } is a submanifold of M. $\square$

(b) The case $n\geq 3$ .
We take a basis $\{\rho_{\lambda}\}$ of $H^{1}$ $(S, \ominus s)$ satisfying

$F^{1}(\rho_{1})\neq(),$ $F^{1}(\rho_{2})=\cdots=F^{1}(\rho_{n})=0,$ $(_{*}(\rho_{\lambda})=0$ $(\forall\lambda>n)$

and $\{\zeta_{*}(\rho_{1}), \zeta_{*}(\rho_{2}), . . . , (_{*}(\rho_{n})\}$ fornlS a basis for $H^{1}(G, A_{G})$ . If we put $Z_{\lambda}=Z(\rho_{\lambda}),$ then $\mathrm{w}\mathrm{c}$ can
assunle that $Z_{1}=0$ and $\{Z_{2}, \ldots.Z_{n} \}$ forntS a basis for $H^{1}(S, [G])$ . We put

$x_{t}^{n-2-k_{\mathrm{t}/i}k}Z_{\lambda ij}=A_{\lambda}^{(k)}\xi_{ij}+d_{jj}^{n-\mathit{2}}$;$ijw_{\lambda j}^{(k)}-\iota v_{\lambda i}^{(k)}$

Since $\{\rho_{\lambda\dot{\iota}_{J}}\cdot 7_{i}^{k}-\iota/_{\lambda\iota\gamma}\cdot 7_{\iota}^{k}.\cdot\}$ gives $\iota 1\mathrm{S}$ acohomology class in $H^{1}(S, K_{S})=0,$ we can write

$\rho_{\lambda i_{J}}\cdot\phi_{i}^{k}-\nu_{\lambda ij}\phi_{i}^{k}=\kappa_{i_{j}}\tau_{\lambda j}^{k}-\tau_{\lambda i}^{k}$ .

$\mathrm{W}\mathrm{c}$ put
$\Phi_{f}^{k}=l$

$ik+ \sum_{\lambda}\tau_{\lambda i}^{k}t_{\lambda}$

$\mathrm{T}\mathrm{f}_{1}\mathrm{e}\mathrm{n}$ we have

$(\Phi_{\mathrm{z}}^{k}.)^{\mathit{2}}-\Phi_{i}^{k-1}\mathrm{P}\mathrm{i}^{+1}=$ $(\phi_{i}^{h})^{\mathit{2}}-\phi_{i}^{k-\mathrm{l}}\phi_{i}^{k+[perp]}+$ jE $\lambda(2\tau_{\lambda i}^{k}pl:-\tau_{\lambda i}^{k-1}\mathrm{E}\mathrm{A}" 1-\tau_{\lambda i}^{k+1}\phi_{i}^{k-1})$
$\mathrm{i}_{\lambda}$

$+$ (I $\lambda^{\tau_{\lambda i}^{k}t_{\lambda})^{2}}.-(\sum_{\lambda}\tau_{\lambda i}^{k-1}t_{\lambda})(\sum_{\lambda\tilde{\lambda}i}k+1t_{\lambda})$

The $\mathrm{p}\mathrm{r}o\mathrm{o}\mathrm{f}$ of $\mathrm{t}1_{1}\mathrm{e}\mathrm{f}_{\mathrm{t})}11\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}1_{\mathrm{C}\mathrm{I}\mathrm{I}1\mathrm{I}11}\mathrm{a}$ will be given in Appendix.

Lemma 4.5. $Fi_{X\epsilon}.\tau$ pair of indices $\mu_{\backslash }\nu$ such that $\mathrm{H}[\rho_{\mu}, \rho_{\iota/}]=0$ . Then, for $\mathrm{O}<m<n$ , the
following congruence $h\mathrm{o}ld15$ modulo $(t^{3})$ :

$\equiv$

$(\kappa_{ij})^{\mathit{2}}[(\Phi_{j}^{m})^{\mathit{2}}’-\Phi_{J}^{m-1}.\Phi_{J}^{m+1}.]+2\phi_{i}^{m}\Gamma_{ij}^{m}-\phi_{l}^{m-1}\Gamma_{ij}^{n\iota+1}-\phi_{i}^{m+1}\Gamma_{ij}^{m-1}(\Phi_{i}^{m})^{2}-\Phi_{i}^{n\iota-1}\Phi_{i}^{\pi\iota+\mathrm{L}}$

$- \sum_{\lambda}$ {p $\lambda ij$

. $[(\Phi_{i}^{m})^{2}-\Phi$7s $-1\Phi_{i}m+1]-2\nu_{\lambda ij}[(\Phi_{i}^{m})^{2}-\Phi 7-1\Phi_{i}m+1$ ]}t $\lambda$

$If\hat{\Gamma}^{n\iota}$ den$ij$ otes the coefficieIlt $\mathrm{o}ftt$ in$\Gamma_{ij}^{m}\mu\nu$ ’ then $\{\hat{\Gamma}_{ij}^{m}\}$ forms $a$ 1-cocycle with coefhcients in $\mathscr{O}s(Ks)$ .

Lemma 4.6. Let $\rho\in \mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}(\rho 2, \cdots, \rho_{n})$ be a non-zero element. Then $\mathrm{H}[\rho_{1}, \rho]\mathrm{g}\mathrm{o}$ .
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Proof. Without loosing generality, we can assume that $\rho=\rho_{2}$ . Then we have $x^{n-1-m}y^{m-1}Z_{\mathit{2}}\neq 0$

in $H^{1}(S, [G+(n-2)D])$ for some integer $rn$ with $1\leq m\leq n-1,$ $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}$ is, $\wedge 4_{2}^{(m-1)}\neq 0$ . Wc fix such
$m$ .

By using the first, second and fourth $\exp r\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ in (3.5), respectively, we can writc

$\tau_{\lambda i}^{m-1}=A_{\lambda}x_{i}u_{i}+\frac{n-m}{n}x_{i}^{2}\tilde{\alpha}_{\lambda i}+\frac{m}{n}x_{i}^{2}\tilde{\mathcal{B}}_{\lambda i}+\frac{1}{n}x_{i}^{2}(\tilde{\alpha}_{\lambda i}-\tilde{\beta}_{\lambda i})$

$\tau^{m}=A_{\lambda}y_{i}\lambda iu_{i}$ $+$ $\frac{n-n\iota}{n}x_{i}y_{i}\tilde{\alpha}_{\lambda i}+\frac{m}{n}x_{i}y_{i}\tilde{\beta}_{\lambda i}$

$\tau_{\lambda i}^{m+1}=A_{\lambda}y_{i}v_{i}+\frac{n-m}{n}y_{i}^{2}\tilde{\alpha})’+\frac{m}{n}y_{i}^{2}\hat{\beta}_{\lambda i}-\frac{1}{n}y_{i}^{2}$( $\overline{\alpha}_{\lambda i}-$ /j) $i)$ ,

where we put $A_{\lambda}=A_{\lambda}^{(m-1)}$ and

$\tilde{\alpha})i=w_{\lambda i}^{(m-1)}+x\mathit{7}-2-m$ y$im-1\alpha_{\lambda i}$ , $\tilde{\beta}_{\lambda i}=w_{\lambda i}^{(rn-1)}Jtx_{l}’ y_{\mathrm{t}}"\beta_{\lambda}n-1-7-2.,$ .

We have $\mathrm{m}\mathrm{o}\mathrm{d} (t^{2})$ ,

$(\Phi_{i}^{m})^{2}-\Phi \mathrm{t}7^{-1}\mathrm{I}7^{+1}$ $\equiv$ $x_{i}^{n-m-1}y_{i}^{m-1} \zeta_{i}\sum_{\lambda}(2x_{iUi}.\tau_{\lambda i}^{7n}-\tau_{i}^{2}\tau_{\lambda i}^{m+1}-y_{i}^{2}\tau_{\lambda i}^{m-1})t_{\lambda}$

$=$ $x_{i}^{r\iota-m-\mathrm{l}}y_{i}^{n\iota-1}(_{i} \sum_{\lambda}A_{\lambda}(2x_{i}y_{i}^{2}u_{i}-x_{\dot{l}}^{2}yivi-xi’/\iota_{i}^{2}’ u_{i})t_{\lambda}$

$=$ $x_{i}^{n-m-1}!y_{i}^{m-1}(_{i}\mathrm{E}_{\lambda}A_{\lambda}x_{i}y_{i}(y_{i}u_{i}-xi^{L\mathit{1}}i)t_{\lambda}$

$=$ $x_{i}^{n-m}$ y4$m\zeta$i $\sum_{\lambda}A_{\lambda}\delta_{i}t_{\lambda}$

$=$ $!_{i}^{m}" \delta_{i}\sum_{\lambda}A_{\lambda}t_{\lambda}$

We next consider its second order terms. Since $\tau_{\lambda i}^{m-1}=(x_{i}/y_{i})\tau_{\lambda?}^{m}$. $+(1/n)x_{i}^{2}(\tilde{\alpha}\lambda i-\tilde{\beta}\lambda i)$ and $\tau_{\lambda i}^{7\prime\iota+1}=$

$(y_{i}/x_{i})(\tau_{\lambda i}^{m}-A_{\lambda}\delta_{i})-(1/n)y_{i}^{\mathit{2}}(\tilde{a}_{\lambda i}-\tilde{\beta}_{\lambda i}),$ we $\mathrm{g}\mathrm{c}\mathrm{t}$ for two indices $\mu,$ $\nu$

$2_{\mathcal{T}_{\mu l^{\iota i}}^{m_{i}n\iota m-1}}\tau_{\iota’ i}-\tilde{l}\tau_{\iota’ i}^{m+1}-\tau_{\nu i}^{Jn-1}\tau_{\mu i}^{m+1}$

$=$ $A_{\mu} \delta_{i}(\tau_{\nu i}^{rn}+\frac{x_{i^{\{}/\iota}}{\eta}(\tilde{\alpha}_{\nu x}-\tilde{\beta}_{l/i}))+A_{\nu}\delta_{i}(\tau_{\mu i}^{r\prime\iota}+\frac{x_{\mathrm{i}}y_{i}}{n}(\tilde{\alpha}_{\mu i/’}-\tilde{f}_{\mu i}))+9^{\underline{x}^{\frac{)}{\lrcorner n}}y^{arrow}}.+(\tilde{\alpha}_{\mu i}-\tilde{\beta}_{\mu i})(\tilde{c\mathrm{v}}_{\nu i}-\tilde{[}i_{\nu i}))$

which is the coefficient of $t_{\mu}t_{\nu}\mathrm{i}_{11}(\Phi_{i}^{m})^{2}-\Phi$7-11’m$+1$ . $\mathrm{O}_{\mathrm{I}1}$ the other hand, by Lemma 4.5. we bave
the following congruence modulo $(t^{3})$ :

$(’$ Im $)^{\mathit{2}}-l$ f $\mathit{7}^{\iota-1}\Phi t^{n+1}$

(3.6) $\equiv$ $(\kappa_{ij})^{2}$ [ $(\Phi_{j}^{m})^{2}-$ I $JJm-1\mathrm{I}’7^{\iota+\mathrm{l}}$ ] $+267^{\mathrm{I}}\mathrm{r}’ 7-\phi_{i}^{n\downarrow-1}\Gamma_{ij}^{7\prime\iota+1}-\phi_{\uparrow}^{m+[perp]}.\Gamma_{\iota y}^{rn-1}$.

$- \sum_{\lambda}$ { $\rho_{\lambda i_{J}}\cdot\cdot[(\Phi_{i}^{m})^{2}-$ I $i\mathrm{y}^{b+1}m-1\mathrm{p}]-2\nu_{\lambda i_{J}}[(\Phi_{i}^{\gamma\prime\iota})^{2}-\Phi_{i}^{\prime n-1}\Phi_{l}^{m+1}.]$ } $t_{\lambda}$

We have
$\rho_{\lambda ij}\cdot$ [ $(\Phi_{i}^{m})^{2}-\Phi$T -1

$\mathrm{I}7^{+1}$ ] $-2\nu_{\lambda ij}$ [ $(\Phi_{i}^{m})^{2}-$ t7 $-\iota \mathrm{I}:^{n+1}$ ]
$=$ $\rho_{\lambda i_{J}}\cdot\cdot(\phi_{i}^{\prime r\iota}\delta_{i}\sum_{\sigma}\mathrm{A}_{\sigma}t_{\sigma})-2\nu_{\lambda ij}(\phi_{i}^{m}\delta_{i}\sum_{\sigma}A_{\sigma}t_{\sigma})$

$=$ $\sum_{\sigma}\angle 4_{\sigma}t_{\sigma}$ ( $\delta_{i}\rho_{\lambda\iota j}\cdot\phi_{l}^{m}-\nu_{\lambda ij}\phi_{\mathrm{i}}^{\pi\iota}\delta_{i}+$ l” $im\rho_{\lambda i)}\cdot\delta_{i}-\mathrm{I}/_{\lambda_{?j}\phi}$T $\delta_{i}$ )
$=$ $\sum_{\sigma}A_{\sigma}$ t $\sigma$ ( $\delta_{i}(\kappa_{i}$

J $\tau_{\lambda j}^{m}-\tau_{\lambda i}^{m})+\phi_{i}^{m}(\kappa_{ij}\tau_{\lambda j}^{n+1}-\tau_{\lambda i}^{n+1})$ )
$=$ $\sum_{\sigma}A_{\sigma}t_{\sigma}(\kappa_{ij}^{\mathit{2}}(\delta_{j}\tau_{\lambda j}^{m}+\phi_{j}^{m}\tau_{\lambda_{J}}^{1\iota+1})’\cdot-(\delta_{i}\tau_{\lambda\iota}^{m}. +\phi_{i}^{m}\tau_{\lambda i}^{n+\mathrm{l}}))$

Therefore, comparing the coefficient of $t_{\mu}t_{\nu}$ in both sides of (3.6), we get

$A_{\mu}\delta_{i}(\tau_{\nu i}^{m}+-x_{s}$ (i$\nu i-(\tilde{3}_{\nu i})$ ) $+A_{\nu}\delta_{i}(\tau_{\mu in}^{m\underline{x}_{u^{\eta}\mathrm{i}}}+(\tilde{\alpha}_{\mu i}-\tilde{\beta}_{\mu i}))$
$+2 \frac{x^{\mathit{2}}y^{2}}{n^{2}}(\tilde{\alpha}_{\mu i}-\tilde{[}f_{\mu i})(\tilde{\alpha}_{\nu i}-\tilde{\beta}_{\nu i})$

$=$ $\kappa$ e$j$

$(A_{\mu}\delta_{j}(\tau_{1rj}^{m}+\mathrm{A}y (x\tilde{\alpha}_{\nu j}-\tilde{\beta}_{\nu j})) +A_{l/}l)\dot{J}(\tau_{\mu j}^{m}+-x[perp]_{n}y[perp](\tilde{\alpha}_{\mu j}-\tilde{\beta}pi))+\underline{9}\star_{n-}(\tilde{\alpha}_{\mu j}x^{2}y_{L}^{2}-\tilde{\beta}_{l^{\iota j}})(\tilde{\alpha}_{\nu j}-\tilde{\beta}_{\nu j}))$

$+2\phi_{i}^{m}\hat{\Gamma}_{ij}^{m}-Irm-1n\mathrm{z}+1n_{\hat{\Gamma}_{ij}}-5^{m11}7\hat{\Gamma}_{\iota j}^{m-1}$

$-A_{\mu}(\kappa_{ij}^{2}(\delta_{j}\tau_{\nu j}^{m}+)_{j}^{m}\tau_{\nu j}^{n+\mathrm{l}})-(\delta_{i}\tau_{\nu i}^{m}+\phi 7\tau_{\nu i}^{n+1}))-A_{\sigma}(\kappa_{ij}^{2}(\delta_{j_{\mu j}^{T^{m}}}\mathrm{H}\phi_{j}^{m}\tau_{\mu j}^{r\iota+1})-(\delta_{i}\tau_{\mu i}^{r\prime l}+ 54\tau_{\mu_{l}}^{n+1}))$
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where $\hat{\Gamma}_{ij}^{k}$ denotes the $c\cdot \mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $t_{\mu}t_{\nu}$ in $\Gamma_{ij}^{k}.$ It follows that

$2x_{i}.y_{i}(_{i}\hat{\Gamma}_{i_{J}}^{r\tau\iota}-x\mathrm{j}($ , $\hat{\Gamma}_{ij}^{m+1}-y_{l}^{2}\zeta_{i}\hat{\Gamma}_{ij}^{m-1}=ff_{ij}^{+2}\zeta_{ij}^{2}\epsilon_{j}-\epsilon$ ,

where

$\epsilon_{i}=$
$A_{/4}(x_{i}y_{i}(_{i} \tau_{\nu i}^{n+1}-\frac{\delta}{n}(y_{i}\alpha_{\nu i}-x_{i}\beta_{\nu i}))+A_{\nu}(x_{i}y_{i}(_{i}\tau_{\mu i}^{n+1}-\frac{\delta}{7}\iota[perp](y_{i}\alpha_{\mu i}-x_{i}\beta_{\mu i}))$

$- \frac{2}{n^{\mathit{2}}}x\mathrm{i}^{-m-1}y^{m-1}i(y_{i}\alpha\iota-\mu x_{i}\beta\mu i)$ ( $y_{i}\alpha_{\nu i}-J|$ $i$ f3$\nu i$ )

Now, we think $\mathrm{u}=1$ and $\nu=2.$ Then $A_{\mu}=0$ and $\gamma(\rho_{\nu})=0,$ that is, we can write $!$
$y_{i}cx_{\nu i}-x_{i}\beta_{\nu i}=$

$\zeta$i $w_{l/i}.$ Then

$\epsilon_{i}=A_{\nu}(x_{i}y_{i}$ ( r$\mu in+1-\frac{\delta_{i}}{n}(y_{i}\alpha_{\mu i}-x_{i}$7$\mu \mathrm{i})$ ) $- \frac{2}{n^{2}}x\mathrm{r}$ $– m-1m-1y_{l}\zeta_{\iota}w_{\nu i}(y_{i}\alpha_{\mu i}-x_{i}\beta_{\mu i})$ .

If $\mathrm{H}[\rho_{\mu}, \rho_{\nu}]=0$ , then $\{\hat{\Gamma}_{\iota j}^{m}\}$ forms a 1-cocycle with coefficients in $\theta s(\mathrm{A}^{r}s)$ and hence cohomologous

to zero. By restricting to $G,$ $\mathrm{w}\mathrm{c}$ get

$0=(l_{ij}^{n_{\mathrm{T}}\mathit{2}}\zeta^{\mathrm{L}}$i$\mathrm{J}(-\frac{1}{n}A_{\nu}\delta_{j}\gamma_{j}(f^{J_{\mu})1_{C_{7}}})-(-\frac{1}{n}A_{\nu}\delta_{i^{\gamma}i},(\rho_{\mu})|$G).

Since $A_{\nu}\neq$ $0$ by absulnption, this implies that $\gamma(\rho_{\mu})\delta|_{G}$ can be obtained by restricting an element
of $H^{0}(S, [2G+(n+2)D])$ to $C_{\mathrm{J}},$ which is $\mathrm{i}\mathrm{m}\mathrm{I}$) $()\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ by Lemma 3.9. Hence $\mathrm{H}[\rho_{\mu}, \rho_{\nu}]\mathrm{g}\mathrm{o}$ . $\square$

Recall that we have $f_{l}^{2}‘(S, \ominus‘\zeta \mathrm{i})=\prime l-1.$ We havc

$\mathrm{H}[\varphi(t), \varphi(t)]=\sum_{\lambda=1}^{-9}\mathrm{H}[\rho_{1}, \rho_{\lambda}]t_{1\lambda}t+O(t^{3})77\downarrow+29_{\sim}r$ .

Sirtce $\eta_{\lambda}:=\mathrm{H}[\rho_{1} , \rho)]$ , $\underline{9}\leq$ A $\leq n$ , are linearly independent by Lemma 4.5, we can assume that they

fornl a basis for $H^{2}(S, \ominus s).$ We write

$\mathrm{H}[\varphi(t), \varphi(t)]=\sum_{\lambda=z\prime}^{n}\mathrm{H}[\varphi(t), \varphi(t)]_{\lambda}\eta_{\lambda}$ , $\mathrm{H}$ [ $\varphi(t),$
$\varphi$ (t)] $\mathrm{x}=t_{1}\sum_{\mu=1}^{7n+29-27}$ ax$\mu^{t_{\lambda}+}o(t^{3})$ ,

with $a_{\lambda\lambda}=1$ and $a_{\lambda\mu}=0\mathrm{w}\mathrm{h}_{\mathrm{C}\mathrm{I}1}\mu\neq\lambda$ for $2\leq\lambda,$ $\mu\leq n$ .

Theorem 4.7. Let $\mathit{1}\mathcal{V}$/I be the Kuranishi space of deformations of S. Then

(1) $\Lambda’lI=M_{1}\cup M_{2},$ $whel\cdot ethc\Lambda I_{i}$
’
$s$ are complex manifolds with $\dim NI_{1}=7n+28-2r,$ $\dim \mathrm{V}_{2}$ $=$

$6n+30-2r$ .

(2) $N=M_{1}\cap NI_{2}$ is a complex manifold ofdimeXlSion $6n+29-2r$ .

(3) For $t\in i\mathcal{V}I\mathrm{l},$ $S_{t}$ has a genus two fibration. For $t\in NI_{2}\mathit{2}N,$ $S_{t}$ does IlOt have a genus two
fibration.

Proof. Let $p_{1}$ : $\mathrm{Z}_{1}arrow NI_{1}$ be the family of surfaces with genus two fibrations obtained before.
By the completeness of the Kuranishi family, we have a holomorphic map $s$ : $\mathrm{M}_{1}arrow \mathrm{r}$ $M$ such that
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$\mathrm{S}1$ is induced from Z. We can assume that the tangent map $ds$ : $T0\mathit{1}\eta,I_{1}arrow i$ $T_{0}M$ is a bijection
onto the linear subspace spanned by $\partial/\partial t$2, $\ldots,$

$\partial/\partial t7n\dagger$29-2$r$ . Hence $kI\rceil$ can be identified with the
Submanif0ld of $M$ defined $\mathrm{b}\mathrm{y}^{7}r(t):=t_{1}-\psi(t2, \cdot.., t_{7n- 129-2r})$ $=0,$ $(\partial\psi/\partial t\lambda)|_{t=0}=0$ for $\lambda\geq 2$ .

Now, since we have $\mathrm{H}[\varphi(t), \varphi(t)]=0$ on $\mathrm{J}\prime I_{1}$ , we can write $\mathrm{H}[\varphi(t), \varphi(t)]_{\lambda}=q_{\lambda}(t)r(t)$ for $2\leq\lambda\leq n$ .

In view of the expansion of $\mathrm{H}$ [ $\varphi(t),$
$\varphi$ (t)], we see that $q(t)$ is of the forrn

$q_{\lambda}(t)=t_{\lambda}+ \sum_{\mu\neq\lambda}$ a2$\mu$
t$\mu+O(t^{2})$ .

Therefore, $NI_{2}=\{t\in M:q_{2}(t)=\cdots=q_{n}(t)=0\}$ is a submanifold of $\Lambda$#. $\square$

Now, Main Theorem in Introduction is nothing but the restatenleIlt of Theorems 4.4 and 4.7.

5 Appendix.
We show Lemma 4.5. We fix a couple of indices $(\mu, \nu)$ such that $\mathrm{H}[\rho_{\mu}, \rho_{\nu}]=0$ . $\mathrm{L}_{\mathrm{C}^{\lrcorner}}\mathrm{t}z_{i}=(z_{i}^{1}, z_{\iota}^{\mathit{2}})\mathrm{b}\mathrm{c}$

a system of coordinates on each $U_{i}$ . Then there is a holomorphic function $b_{lj}^{\alpha}(zj),$ $(\alpha=1,2)$ such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$

$z_{i}^{\alpha}=b_{ij}^{\alpha}$ $(z_{\mathrm{J}} )$ on $U_{i}\cap Uj\cdot$ Put

$\rho_{\lambda ij}=\sum_{\mathrm{u}}\rho_{\lambda ij}^{a}\frac{o}{\partial z_{i}^{\mathrm{L}\mathrm{Y}}}$

Then we can find $1_{1\mathrm{O}}1\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{x}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{v}\mathrm{e}\mathrm{c}\mathrm{t}_{01}$ fields

$\tilde{\rho}_{ij}=\sum_{\mathrm{C}1}\tilde{\rho}_{ij}^{\alpha}\frac{\partial}{\partial z_{j}^{\alpha}}$

on $U_{i}\cap Uj$ such that, if we set

$\mathrm{f}" 74$ $=\varphi$5 $(z_{j}, t)=b_{i_{J}}^{\alpha}(z_{j})+ \sum_{\lambda}\rho_{\lambda ij}^{\Omega}t_{\lambda}+\tilde{\rho}$ i$\backslash jt_{\mu}t_{\nu}$

and
$\xi_{ijk}^{\mathrm{o}}=$ ! $j_{k}-l_{ij}^{\alpha}(\varphi_{jk}, t)$ ,

then the coefficient of $t_{\mu}t_{\nu}$ in $\xi_{ijk}^{\alpha}\mathrm{v}$anishes. Put

$\Psi_{ij}(zj, t)=\det(\frac{\partial\varphi_{ji}^{\beta}}{\partial z_{i}^{\alpha}}(\varphi_{\mathrm{z}g}(zj\backslash t), t))$

Then
$\Psi_{ij}\equiv\kappa_{ij}-\sum_{\lambda}\kappa_{ij}\nu_{\lambda ij}t_{\lambda}$

mod $(t^{\underline{y}}.)$

Assume that $\phi\in H^{0}(S, Kg)$ is represented by $\{\phi_{i}\},$ $\phi_{i}=\kappa$ i, $\phi_{\mathrm{J}}$ . Then thete exists a cochain $\{\tau_{\lambda i}\}$ such that
$\rho_{\lambda ij}\cdot\phi_{i}-\nu_{\lambda ij}\phi_{i}=\kappa_{ij}\tau_{\lambda j}-\tau_{\lambda i}.$ We put

$\Phi_{i}(z., t)=\phi_{\iota}(z_{i})+\sum\tau_{\lambda i}t_{\lambda}$

$\lambda$

and $\overline{\Phi}=Di(\varphi_{ij}, t)$ . Since $\phi_{i}(\varphi_{ij})=\phi_{l}$ ( $b_{ij}+ \sum_{\lambda}\rho_{\lambda i\gamma\lambda}t+\tilde{\rho}$i$jt\mu\nu t$ ),, we get $[\phi_{i}(\varphi_{ij})]_{0}=6i(b_{ij})=\phi_{i}$ ,

$[ \phi_{i}(\varphi_{ij})]_{1}=\sum_{\alpha}\frac{\partial\phi_{\mathrm{i}}}{\partial z_{i}^{\alpha}}\frac{\partial\varphi_{ij}^{\alpha}}{\partial t_{\lambda}}|_{t=0}=\sum\partial_{\alpha}\phi_{i}\rho_{\lambda ij}^{\mathrm{c}\iota}t_{\lambda}=\sum_{\lambda}\rho_{\lambda \mathrm{i}j}\cdot\phi_{i}t_{\lambda}$



8 $\mathrm{G}$

$[\phi_{i}(\varphi_{i_{\mathrm{J}}})]\underline{)}$
$= \underline{\frac{1}{9}}\sum\frac{\partial^{\mathit{2}}\phi_{\mathrm{i}}}{\mathit{0}z_{l}^{\alpha}\partial_{\sim_{l}}^{\beta}}.\frac{\partial\varphi_{1}^{\alpha}}{\partial t_{\lambda}}\frac{\partial}{\partial}\varphi^{\rho}\vec{t_{\sigma}}$

.
$|_{t=0}+ \sum\frac{\partial f_{\iota\iota}}{\partial_{-}-q}.\cdot\frac{\partial^{l}\varphi_{t}^{a}}{\partial t_{\lambda}\partial t_{\sigma}}|_{t=0}t_{\lambda}t_{\sigma}$

$= \frac{1}{\underline{9}}$i $\sum(’\alpha\partial_{\mathit{0}}\phi_{i})\rho_{\lambda ij}^{\alpha}\rho_{\sigma i\gamma}^{\beta}t_{\lambda}t_{\sigma}1$ I, $\partial_{\alpha}\phi_{i}\tilde{\rho}_{i}^{\alpha}$7 $(t_{\mu}t_{\nu}+t_{\nu}t_{\mu})$

$= \frac{\mathrm{J}}{\sim\rangle}\sum(\partial_{\alpha}\partial_{\beta}\phi_{i})\rho_{\lambda ig}^{\mathrm{o}}\rho_{\sigma ij}^{\beta}t_{\lambda}t_{\sigma}+2(\overline{\rho}_{ij}\cdot\phi_{i})t_{\mu}t_{\nu}$

Similarly, we have $[ \sum_{\lambda}\tau_{\lambda i}(\varphi_{\iota j})t_{\lambda}]_{1}=$ E $\lambda\tau_{\lambda i}t_{\lambda}$ and

$[ \sum_{\lambda}\tau_{\lambda i}(\varphi_{ij})t_{\lambda}]_{2}=\sum\frac{\partial\tau_{\lambda i}}{\partial z_{i}^{C1}}\frac{\partial\varphi_{ij}^{\alpha}}{\partial t_{\sigma}}|_{t=0}t_{\sigma}t_{\lambda}=\sum\partial_{o}\tau_{\lambda i}\rho_{\sigma ij}^{\alpha}t_{\sigma}t_{\lambda}=\sum\rho_{\sigma ij}\cdot\tau_{\lambda i}t_{\lambda}t_{\sigma}$

It follows that $[\Phi_{i}]_{0}=\phi_{\mathrm{z}},$ $[ \Phi_{?}]_{1}=\sum_{\lambda}t^{J}\lambda ij$ . $/i$ t $\lambda+\sum_{\lambda}\mathcal{T}$ :Ai $t;\lambda$ and

$[ \overline{\Phi}_{i}]_{2}=\frac{1}{2},\sum_{\alpha_{\mathrm{t}}l,\lambda_{\backslash }\sigma}(\partial_{\alpha}\partial_{\beta}p_{\mathrm{i}})\rho_{\lambda ij}^{\alpha}\rho_{\sigma ij}^{\beta}t_{\lambda}t_{\sigma}+\sum_{\lambda_{7}\sigma}\rho_{\lambda?j}\cdot\tau_{\sigma i}t_{\lambda}t_{\sigma}+2(\tilde{\rho}_{ij}\cdot\phi_{i})t_{\mu}t_{\nu}$

Therefore,

$\mathrm{I}_{2}\equiv\tilde{\Phi}_{j}-\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}t_{\lambda}-[\tilde{\Phi}_{i}]_{2}$

$\mathrm{m}\mathrm{o}\mathrm{d} (t^{3})$

On the other hand, we have $u_{i}\equiv\Psi_{i},\Phi j$ mod $(t^{\mathit{2}})$ . Put $\Gamma_{ij}=[\Phi_{i}]_{2}-[\Psi_{ijj}\Phi]_{\mathit{2}}$ . Then we get $\tilde{\Phi}_{i}\equiv\Psi ij\Phi j+$ r $i$,
$\mathrm{I}\mathrm{I}1()\mathrm{d}(t^{3}).$ It $\mathrm{f}\mathrm{o}11_{\mathrm{o}\mathrm{W}\mathrm{b}\mathrm{k}}$ that

I $\dot{l}\equiv$ l! $1j/ \mathrm{I}-\sum\rho_{\lambda ij}\cdot\phi_{i}t_{\lambda}+\Gamma_{ij}-$ $[\tilde{\Phi}_{i}]\underline{)}$ $\mathrm{m}\mathrm{o}\mathrm{d} (t^{3})$

$\lambda$

We Ilavc the $\mathrm{f}()1\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{c}\mathrm{o}\mathrm{r}\iota \mathrm{g}\mathrm{r}\iota \mathrm{l}\mathrm{c}‘ \mathrm{n}\mathrm{c}\mathrm{e}$ modulo $(t^{3})$ :

$\equiv$ $(\Psi_{ij})^{\mathit{2}}$ {
$(\Phi_{j}^{m})\underline{)}(\Phi_{\acute{i}}^{\prime 1})^{\underline{7}}-\Phi_{i}^{\prime\prime\iota-1}\Phi_{j}^{t}-$,I$+|j\prime\prime\prime-1$

1yT $1$

} $+$ I.$j$ (2I7Bmp $-\Phi$jn $-1\Gamma_{i_{J}}n1+1-\Phi_{j}^{m+1}\Gamma_{ij}^{m-1}$ )
-I $ij$ ( $2\Phi_{J}^{m}$. $[\tilde{\Phi}_{i}^{\mathrm{n}\iota}]_{2}-\Phi$ T-1 $[\tilde{\Phi}_{i}^{m+1}]\underline{)}-$ I $\mathrm{V}^{\mathrm{z}+1}[\tilde{\Phi}_{i}^{\iota\prime\iota-1}]_{2}$ )
-I $i_{j} \sum_{\lambda}$ $(2\Phi_{j}^{n\iota}\rho_{\lambda i_{j}}\cdot\cdot\phi 7m- \mathit{1}’ n-1\rho_{\lambda ij}. \phi_{\tau}^{m+1}-\Phi_{J}^{n\iota+\rceil}\rho_{\lambda ij}\cdot 5\mathrm{r}^{\iota-1})t_{\lambda}$

$+( \sum_{\lambda}\rho_{\lambda i\dot{y}}\cdot\varphi_{\tau}^{m}t_{\lambda})^{\underline{\tau}}-(\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{n\iota-1}t_{\lambda})(\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{\pi\iota+1}t_{\lambda})$

$\equiv$ $(\Psi_{\iota j})^{2}$ { $(\Phi^{\prime\prime t},)^{\sim})-$ I $j\prime\prime\ell-1$ I $j\prime n+1$ } $+\kappa_{ij}(2\phi_{\acute{j}}^{\mathrm{n}}\mathrm{r};_{j}^{n}-\phi_{\mathrm{j}}^{\pi\iota-1}\Gamma_{ij}^{n\iota+\iota}--\phi_{j}^{m+1}\Gamma_{ij}^{m-1})$

$-h_{\iota j(2\phi_{J}^{m}[\tilde{\Phi}_{\iota}^{n1}]_{\underline{)}}-\phi_{j}^{n\iota-1}[\tilde{\Phi}_{i}^{n\iota+1}]_{\mathit{2}}}-\phi$jm$1+1[\Phi_{i}^{m-1}]\mathit{2})$

-2 $( \sum_{\lambda}\rho_{\lambda ij} . \mathit{7}i^{\prime \mathrm{L}}t_{\lambda})\kappa_{ij}$ ( 7 $y’+$ p$j? \mathfrak{n}\sum_{\lambda}\nu_{\lambda ij}t_{\lambda}+\sum_{\lambda}\tau_{\acute{\lambda}j}^{\prime l}t_{\lambda}$)
$+$ ( $\sum_{\lambda}\rho_{\lambda xg}\cdot\phi_{?}^{m}1$ tA) $\kappa_{\iota j}$ ( $\phi_{j}^{7n+1}+$ 7 $Jr’ \iota+1\sum_{\lambda}\nu_{\lambda i}$i $t_{\lambda}+ \sum_{\lambda}\tau_{\lambda j}^{\prime n+1}t_{\lambda}$ )
$+$ (I $\lambda\rho_{\lambda \mathrm{i}_{\mathrm{J}}}$

$\phi_{i}^{m_{\mathrm{T}^{\rceil}}}t_{\lambda}$ ) $\kappa_{1},$ ( $\phi_{j}^{\prime n-1}+$ 7 $jm-1 \sum_{\lambda}\nu_{\lambda ig}t_{\lambda}+\sum_{\lambda}\tau_{\lambda j}^{m-1}$ t $\lambda$ )
$+( \sum_{\lambda}\rho_{\lambda ij}\phi_{i}^{n\iota}t_{\lambda})\underline{)}-(\sum_{\lambda}\rho_{\lambda ig}\cdot\phi_{i}^{\pi\iota-1}t_{\lambda})(\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{l}^{m+1}t_{\lambda})$

$\equiv$ $(\Psi_{ij})^{2}\{(\Phi_{j}^{\prime n})arrow)-\Phi_{j}^{m-1}\Phi_{j}^{rn+1}\}+2\phi_{i}^{m}\Gamma_{ij}^{\pi\iota}-\phi_{i}^{n\iota-1}\Gamma_{ij}^{m+1}-\phi_{i}^{m+1}\Gamma_{j}^{m-1}\wedge$.
$-(2\phi_{i}^{7\prime 1}[\tilde{\Phi}_{\mathrm{i}}^{\tau n}]_{\underline{y}}-\phi_{i}^{\eta?-1}[\tilde{\Phi}_{i}^{m+1}]_{2}-\phi_{i}^{m+1}[\tilde{\Phi}_{i}^{m-1}]_{\underline{>}})$

-2 $( \sum_{\lambda}\rho_{\lambda\iota j}\phi_{i}^{\mathfrak{m}}t_{\lambda})(\phi_{i}^{m}+$ !i $\sum_{\lambda}\nu_{\lambda ij}t_{\lambda}+E\lambda\hslash$ i $j^{\mathcal{T}_{\lambda j}^{m}t_{\lambda})}$

$+$ (I $\lambda\beta\lambda i_{\dot{J}}$
. $\mathit{7};^{\gamma 1}-[perp] t_{\lambda}$ )( $\phi_{i}^{n\iota+1}+\phi_{i}’+\lfloor$ I$\lambda\nu$ )l$jt\lambda+$ I$\lambda {}^{\mathrm{t}}\mathrm{J}\lambda j\kappa\cdot\tau^{m+1}t_{\lambda}$)

$+( \sum_{\lambda}\rho_{\lambda ij}\cdot\phi 7+[perp]_{t_{\lambda}})$ ( $\phi_{i}^{m-1}+f"$ -1 $\sum_{\lambda}\nu_{\lambda ij}t_{\lambda}+\sum_{\lambda}\kappa_{ij}\tau_{\lambda j}^{m-1}$ tA)
$+$ (I $\lambda\beta\lambda \mathrm{z}j$

. $/” nt_{\lambda}$ ) $’-$ ( $\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{m-1}$ tx)( $\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{m+1}$ t) $)$

$=$ $(\Psi_{ij})^{\mathit{2}}$ { $(\Phi_{j}^{\mathrm{n}\overline{\iota}})^{-\prime}-$ In$\mathrm{t}-1\mathrm{I}7^{+1}$ } $+2\phi_{i}^{n\iota}\Gamma_{ij}^{m}-\phi_{i}^{m-1}\Gamma_{i_{J}}^{n\iota+1}.-57^{+1}\mathrm{B}\mathrm{S}-1$

$-(2\phi_{2}^{\tau r\iota}[\tilde{\Phi}_{\tau}^{\prime n}]_{\underline{)}}.-\phi_{i}^{\prime n-1}[\overline{\Phi}_{i}^{m+1}]_{2}-)7^{+1}[\tilde{\Phi}_{i}^{m-1}]_{2})$

-2 $( \sum_{\lambda}\rho_{\lambda ij} . \phi_{?}^{m}t_{\lambda})(\phi_{i}^{m}+\sum_{\lambda}(\tau_{\lambda i}^{m}+\rho_{\lambda ij}\cdot\phi_{l}^{n\iota})t_{\lambda})$

$+(El\lambda\rho_{\lambda ij} \phi_{i}^{r\prime\iota-1}t_{\lambda})$ $( \phi_{i}^{n\iota+1}+\sum_{\lambda}(\tau_{\lambda i}^{m+1}+\rho_{\lambda ij}\cdot \mathrm{j}_{i}^{m+1})t_{\lambda})$

$+$ (I $\lambda\rho_{\lambda \mathrm{i}_{\mathrm{J}}}$

. ’ $i$

$m+1t_{\lambda}$ ) $( \phi_{i}^{m-1}+\sum_{\lambda}(\tau_{\lambda i}^{m-1}+\rho_{\lambda ij}\cdot 1" \mathrm{T}^{-1})t_{\lambda})$

$+( \mathrm{I}\lambda\rho_{\lambda ij} . \phi_{i}^{m}t_{\lambda})^{2}-(\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{m-1}t_{\lambda})(\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{l}^{7n+}" t_{\lambda})$
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$=(\Psi_{ij})^{d}.$ { $(\Phi_{j}^{m})^{2}-\sim$ Ijm -14 $jm$
” $1$

} $+$ 2$z-[’’\sim mij-77-1BZ $+1-\phi_{i}^{m_{\mathrm{T}}[perp]}\Gamma_{ij}^{\prime \mathrm{n}-1}$

$-2(\Sigma_{\lambda}\rho_{\lambda ij}..\phi_{i}^{m}t_{\lambda})\Phi_{i}^{m}+(\Sigma_{\lambda}\rho_{\lambda ij}\phi^{m-1}.t_{\lambda})\Phi^{m+1}+(\Sigma_{\lambda}\rho_{\lambda\iota j}-(2\phi_{i}^{m}[\Phi_{l}^{m}]_{\tau}\sim-\phi_{i}^{m-1}[\tilde{\Phi}_{i}^{m+[perp]}]_{\sim^{y}}-d_{i}^{m+1}[\Phi_{i}^{m-1}]_{2}) . \phi_{l}^{m+1}t_{\lambda})\Phi_{\mathrm{i}}^{m-1}$

$=+( \sum_{(\Psi_{ij}}\lambda\rho_{\lambda i_{J}}\cdot\phi_{i}^{m}t_{\lambda})^{\underline{\mathrm{o}}}-(\Sigma\lambda\rho_{\lambda ij}\phi_{i,\phi_{i}^{m}\Gamma_{ij}^{m}}m-1^{ll}t_{\lambda})(\Sigma\lambda\rho_{\lambda i_{J\Gamma_{ij}^{m+1}}}\phi_{i}^{m+1}t_{\lambda}))^{2}\{(\Phi_{j}^{7n})^{\underline{9}}-\Phi_{\mathrm{j}}^{m-1}\Phi_{j}^{m+1}\}+2-\phi_{i}^{m-1}-d_{i}^{\tau n+1}\Gamma_{ij}^{m-1}$

$-(2\phi_{i}^{m}[\tilde{\Phi}_{i}^{m}]_{2}-\phi^{m-1}.[\tilde{\Phi}_{i}^{m+1}]_{\mathit{2}}-\phi^{m+1}[\tilde{\Phi}_{i}^{m-1}]_{2})$

$=+( \sum_{)^{2}(\Psi_{ij}}^{\lambda,\sigma}.\lambda\rho_{\lambda ij}\cdot\phi_{i}^{m}t_{\lambda})^{\underline{\supset}}\underline’-( \sum_{[perp],(\Phi_{j}^{m})^{2}-\Phi_{j}^{m-1}\Phi_{j}^{7n1}}\lambda\rho_{\lambda ij}\phi_{i\phi^{r\mathrm{n}}\Gamma^{m}}^{m-1}t_{\lambda})(\Sigma\lambda\rho_{\lambda \mathrm{i}j,\Gamma_{i_{J}}^{n\iota+1}}\cdot\phi_{i}^{m+1}t_{\lambda})+\Sigma-\Sigma\lambda\rho_{\lambda ij}\{\}+2-\phi_{i}^{m-1}-iij\phi_{i}^{m+1}\Gamma_{ij}^{\prime\}\iota-1}(2\phi_{?}^{m}\rho_{\lambda ij}\tau_{\sigma i}^{m}[(\Phi_{i}^{m})-\Phi_{i}^{m-1}\Phi_{i}^{r\prime 1+\mathrm{J}}]t_{\lambda}ll-\phi_{\dot{2}}^{n\mathrm{t}1}\rho_{\lambda\iota j}\tau_{\sigma i}^{rn+1}-\phi_{i}^{m+1}\rho_{\lambda ij}\cdot\tau_{\sigma\uparrow}$

m-l)tAt
$\sigma$

-2( $\Sigma_{\lambda}\rho_{\lambda i_{J}}\cdot\phi$

-(2 $\phi_{i}^{m}[\tilde{\Phi}_{i}^{m}]_{\Omega}\sim-$

r
$’\}\phi$

t
$.m_{\lambda}-1$

)
$\Phi_{l}^{m}+(\Sigma_{\lambda}\rho_{\lambda\dot{x}j}\cdot\phi^{m-1}[\tilde{\Phi}_{2}^{rn+1}]_{\underline{7}}-\phi_{i}^{\pi\iota+[perp]}[.\tilde{\Phi}_{i}^{7n}$

t
$\lambda 1]_{2})$

) $\Phi_{l}^{m+[perp]}+(\Sigma_{\lambda}\rho_{\lambda ij}\cdot\phi 7‘+1t_{\lambda})\Phi_{i}^{m-1}$

$=+((\Psi E\lambda 2\{\rho_{\lambda ij,(\Phi_{j}^{m2}}\cdot fi -t_{\lambda})^{2}-$

(
$\Sigma\lambda\rho_{\lambda ij}\phi\Phi_{j}^{m-1}\Phi_{j}^{n\tau+1}\}+2$

T$.-1^{l}\Gamma_{ij}^{m}-\emptyset_{i}^{m-\rceil}\Gamma_{ij}^{\pi\iota}t_{\lambda}$
)

$( \sum_{n\tau}\lambda\rho_{\lambda\iota j}j_{i,1}^{m+1}t_{\lambda})-\phi_{i}^{\prime+1}\Gamma_{ij}^{m-1}$

$-\Sigma_{\lambda}\rho_{\lambda\iota j}\cdot\{(\Phi_{i}^{m})^{2}-\Phi_{?}^{7n-1}4i?\mathrm{n}+1\}t_{\lambda}$

$+E$ ( $\phi_{i}^{m}$E$\partial_{\alpha}\partial_{\beta}\phi_{i}^{m}\rho_{\lambda\iota j}^{a}\rho_{\sigma lj}^{\beta}-(\phi_{i}^{\mathrm{m}-1}/2)\sum\partial_{\alpha}\partial_{\beta}\phi_{i}^{m+1}\rho_{\lambda ij}^{\alpha}\rho_{\sigma ij}^{\beta}-(\phi_{i}^{m+1}/2)\sum_{(\mathrm{t},(},\partial_{\alpha}\partial_{\beta}\phi_{i}^{m-1}$ f $\mathrm{t}\tau_{ij}\lambda\rho_{\sigma ij}^{\beta}$ ) $t_{\lambda}t_{\sigma}$

$+-$ {(’ $2\sigma$YIW
$.\Pi L\lambda^{\beta\lambda i_{J}\phi_{i}^{m}t_{\lambda})^{\underline{\lambda}}-(}\tilde{\rho}_{\mathrm{i}j}\cdot\phi_{\dot{\mathrm{t}}}^{m}-\phi_{i}^{n\iota-1}\tilde{\rho}$

YW
$\lambda.\phi_{i}^{m+1}-\phi_{i}^{m}\rho_{\lambda ij}\cdot\phi_{i}^{m-1}$

t
$\lambda\alpha\beta$

)$( \sum_{1}\lambda\rho_{\lambda ij}\phi_{l}^{m+\mathrm{l}}t_{\lambda})$ }
$\tilde{\rho}_{\mathrm{z}j}\cdot\phi_{i}^{n\iota-1})t_{\mu}t_{\nu}$

In the last $\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}_{011},$ we do not need the last term, because we have

$2\phi_{i}^{m}\tilde{\rho}_{ij}\cdot 57-1\mathrm{r}7^{-1}\tilde{\rho}_{i\gamma}\cdot\cdot\phi$q$’\iota+1-\phi 7+1\tilde{\rho}_{ij}$ . $5\mathrm{m}^{-1}=’ ij$ $\{(\phi_{?}^{m}. )^{\mathit{2}}- \mathit{1}\mathit{7}^{\iota-1}\mathit{7}:^{n+1}\}=0$

Furthermore, a calculation shows that the fourth and fifth tcrrns arc cancclcd out. To scc this,

we formally put $z$ $=y_{l}\cdot/x_{i}.$ Then we have 5’ $=\phi_{i}^{\kappa\iota}/z$ and $\phi$5’$’\iota+1=z\phi_{\iota}^{m}$ . Noting that $\partial_{(\chi}z=$

( $xi\partial_{\alpha}y_{i}-yia\alpha$x$i$ )/I7, we get

$\frac{1}{z}\phi_{\dot{\iota}d}^{m_{\partial_{\alpha}\partial_{(}(z\phi_{i}^{rr\iota})}}=\approx\underline{1}(\phi_{i}^{m})^{\mathit{2}}\partial_{\alpha}\partial_{(f}z+\frac{1}{z}\phi_{i}^{rr\iota}(\partial\alpha z(‘?\beta\phi_{i}^{r\prime\iota}+\partial_{[J}z\partial_{(f}\phi_{i}^{rn})+\phi_{i}^{r\prime\iota}\partial_{\alpha}\partial_{\beta}\phi_{\mathrm{i}}^{\tau n}$

$z\phi_{i}^{m}.\partial_{\alpha}$aA $\frac{\phi_{i}^{m}}{z}$ ) $=_{\sim}\circ( \mathit{7}i )^{\sim^{l}}$.7)aai $\frac{1}{z}+z\phi_{i}^{m}(\partial_{a}\frac{1}{z}.\partial_{\beta}\phi_{i}^{m}+\partial_{\beta}\frac{1}{z}O_{\alpha}\phi_{i}^{m})+\mathit{7}i$ $\partial_{\alpha}.\partial_{\beta}\phi_{i}^{\uparrow Y\downarrow}$

Sinc$\mathrm{e}$ $\frac{1}{z}\partial_{\alpha}z+z\partial_{\alpha}\frac{1}{z}=.\partial_{\alpha}1=0.$ we havc

$\frac{1}{\sim \mathit{7}}.\partial_{\alpha}\partial_{\beta}z+z^{\Gamma}\partial_{\alpha^{\dot{\mathrm{C}}}})_{\beta}\sim\underline{1}7=\frac{1}{z}’\partial\alpha\partial \mathcal{B}^{z-Z^{\mathrm{r}}}\partial_{\alpha}(\frac{1}{z^{2}}’\partial_{\beta}z)=\overline{z^{2}}\underline{‘)}\dot{c}?_{\alpha}z’\partial_{\beta}z$.

Therefore,

$\phi_{i}^{m}\sum_{\alpha,\beta}/\partial_{\alpha}\partial_{\beta}\phi_{i}^{m}\rho_{\lambda ij}^{\alpha}\rho_{\sigma ij}^{\beta}-(\phi_{i}^{\prime n-1}/2)\sum_{\alpha,\beta}\partial_{\alpha}\partial_{\beta}\phi_{i}^{\gamma\gamma\iota+1}\rho_{\lambda ij}^{\alpha}\rho_{\sigma i\gamma}^{\beta}-(\phi_{i}^{m+1}/2)\sum_{\alpha,\beta}\partial_{\alpha}\partial_{\beta}\phi_{i}^{m-1}\rho_{\lambda ij}^{\alpha}\rho_{\sigma ij}^{\beta}$

$=( \frac{\phi^{m}}{x_{l}y_{\mathrm{i}}})^{2}(x_{ij\lambda ij}’ . y_{i}-y_{i}\rho_{\lambda ij}\cdot x_{i})(x_{i}\rho_{\sigma ijli}.-lilU\sigma ej . JC_{i})$

To rewrite the fifth term, we note that

$\rho_{\lambda ij}\cdot(^{\underline{1}}, \phi_{i}^{m})\sim=\phi_{i}^{\mathrm{r}r\iota}\rho_{\lambda ij}$ $\frac{1}{z}+\frac{1}{z}\rho_{\lambda\iota j}.$ . $\phi_{i}^{m}=-\frac{1}{z^{2}}\phi_{i}^{m}\rho_{\lambda ig}\cdot z+\frac{1}{z}\rho_{\lambda ij}\cdot\phi_{i}^{m}$

$\rho_{\lambda ij}$
. $(z\phi_{i}^{m})=l$ $mi\rho_{\lambda ij}\cdot z+z\rho_{\lambda ij}\cdot\phi_{i}^{m}$ .
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Then

( $\sum_{\lambda}\rho_{\lambda i\gamma}$ $\phi_{i}^{m-1}$ tx) $( \sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{l}^{rr\iota+1}t_{\lambda})$

$=$ $(-( \phi_{\mathrm{z}}^{m}/z^{2})\sum_{\lambda}\rho_{\lambda ij}\cdot zt_{\lambda}+(1/z)\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{\dot{\iota}}^{m}t_{\lambda})(\phi_{i}^{\Pi\iota}\sum_{\lambda}\rho_{\lambda ij}\cdot zt_{\lambda}+z\sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{m}t_{\lambda})$

$=$ $( \sum_{\lambda}\rho_{\lambda ij}\cdot\phi_{i}^{m}t_{\lambda})^{2}-(\frac{\phi_{1}^{m}}{z})^{2}(\sum_{\lambda}\rho_{\lambda\ell j}.. zt_{(})^{2}$

$=$ $( \sum_{\lambda}\rho_{\lambda ij}\cdot lT^{t_{)}})^{2}-(\frac{\phi_{1}^{m}}{x,y_{l}})^{2}(\sum_{\lambda}(x_{i}\rho_{\lambda ij}\cdot j_{i}-y_{i}\rho_{\lambda ij}\cdot x_{i})t_{\lambda})^{2}$

Hence the $\mathrm{f}_{011\Gamma}\mathrm{t}\mathrm{h}$ and fifth terms are canceled. Now, we continue to calculate the congruence
modulo $(t^{3})$

$(\Phi_{j}^{m})^{\mathit{2}}-\Phi$:n-1o7$+1$

$\equiv$ $(\Psi_{l})^{\mathit{2}}J\{(\Phi_{j}^{7n})^{\mathit{2}}-\Phi_{J}^{m-1}\mathrm{I}_{J}^{m+\mathrm{l}}\}+2\phi_{i}^{\mathit{7}ll}\Gamma_{ij}^{m}-\phi_{i}^{7n-1}\Gamma_{ij}^{m+1}-\phi_{i}^{m+1}\Gamma_{i_{j}}^{m-1}$

$- \sum_{\lambda}\rho_{\lambda ij}$ { $(\Phi_{i}^{rn})^{2}-$ ly $lm-1\Phi_{i}m+1$ } $t_{\lambda}$

$\equiv$ $\kappa_{i_{J}}^{2}\{(\Phi_{j}^{m})^{2}-\Phi_{J}^{7n}1\Phi_{j}n+1\}+2\phi_{i}^{m}\Gamma_{ij}^{m}-\phi_{i}^{m-1}\Gamma_{ij}^{m+1}-\phi_{i}^{m+1}\Gamma_{i_{J}}^{m-\mathrm{l}}$.

$+2\kappa_{i}^{\mathit{2}}$J $\sum_{\lambda}\nu_{\lambda\iota j}\{(\Phi_{J}^{m})^{2}-\Phi_{j}^{m-1}\Phi_{j}^{m+1}\}t_{\lambda}-\sum_{\lambda}\rho_{\lambda ij}$ $\{(\Phi_{i}^{m})^{2}-\Phi_{i}^{m-1}\Phi_{i}^{m+1}\}t_{\lambda}$

$\equiv$ $(\Psi_{i_{J}})^{\mathit{2}}\{(\Phi_{j}^{rr\iota})^{2}-\Phi_{j}^{m-1}\Phi_{J}^{\gamma\gamma\iota+1}.\}+2\phi_{i}^{\gamma 1\iota}\Gamma_{ij}^{n\tau}-\phi_{f}^{\prime\prime t-1}\Gamma_{ij}^{m+1}-\phi_{i}^{7r\iota+1}\Gamma_{ij}^{m-1}$

$- \sum_{\lambda}\rho_{\lambda\iota}J$ { $(\Phi_{i}^{\prime n})^{l}-\Phi \mathrm{r}-$C$+1$ } $t_{\lambda}$

$\equiv$ $\kappa_{ij}^{2}$ [ $(\Phi_{J}^{n\iota}.)^{2}-\Phi$ y”-\rceil $\Phi_{J}^{m+1}$. ] $+$ 2$7Ffi--7 $m_{\Gamma_{i_{j}}^{m+1}}^{-\mathrm{j}}i-\phi_{\ell}^{m+1}\Gamma_{ij}^{m-1}$

$- \sum_{\lambda}$ { $\rho_{\lambda ij}$
$[(\Phi_{i}^{7\prime b})^{\mathit{2}}-\Phi$ rp-114$+1$ ] $-2\nu_{\lambda ij}[(\Phi_{i}^{7\Gamma L})^{\mathit{2}}-\Phi$ T-1 I $\mathrm{m}^{+1}]$ } $t_{\lambda}$

which is what we want. For $\mathrm{t}1_{1}\mathrm{e}^{1}$ rest, see [1]. $\square$
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