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ON THE VARIETY OF HEYTING ALGEBRAS
WITH SUCCESSOR GENERATED
BY ALL FINITE CHAINS

A bstract. Contrary to the variety of Heyting algebras, finite
Heyting algebras with successor only generate a proper subvariety
of that of all Heyting algebras with successor. In particular, all
finite chains generate a proper subvariety, SLH,,, of the latter.
There is a categorical duality between Heyting algebras with suc-
cessor and certain Priestley spaces. Let X be the Heyting space
associated by this duality to the Heyting algebra with successor
H.

If there is an ordinal x and a filtration on X such that X =
Ux<, X, the height of X is the minimun ordinal { < x such that
Xgiz (. In this case, we also say that H has height £. This
filtration allows us to write the space X as a disjoint union of
antichains. We may think that these antichains define levels on
this space.

We study the way of characterize subalgebras and homomorphic
images in finite Heyting algebras with successor by means of their
Priestley spaces. We also depict the spaces associated to the free
algebras in various subcategories of SLH,,.
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1. Introduction

In this paper we study the successor function in Heyting algebras. This
operation was introduced by Kusnetsov in [10] and studied by Caicedo and
Cignoli in [3]. A set E(f) of equations in the signature of Heyting algebras
augmented with the unary function symbol f is said to define an implicit
operation of Heyting algebras if for any Heyting algebra H there is at
most one function frr : H — H. The function f is an implicit compatible
operation provided all fz are compatible.

The system E(S) consisting of the following equations [3] defines an
implicit compatible operation S (called successor) of Heyting algebras:

(S1) = < S(x),
(52) S(x) <y Vv (y— =),

(S3) S(z) -z =u.

Since S does not exist in the Heyting algebra [0, 1], we get that it is
not a term in the language of Heyting algebras. We say that a Heyting
algebra endowed with its successor function is a S-Heyting algebra. We
write (H,S) for a S-Heyting algebra.

We recall that Heyting duality (see [13] or [9]) establishes a dual equiv-
alence between the category HA of Heyting algebras and Heyting algebra
homomorphisms and the category HS of Heyting spaces and p-continuous
morphisms,

PF:HA = HS”? : CU

Morphisms of SH are called Heyting morphisms of Heyting spaces. Here,
for every Heyting algebra H we write PF(H) for the set of prime filters of
H. For every Heyting space (X, <), CU(X, <) denotes the set of clopen
upsets of (X, <). We have that py(z) = {P € PF(H) : = € P} defines
an isomorphism of Heyting algebras between H and CU(PF(H),C) and
Gx(zr) = {U € CU(X,<) : x € U} defines an isomorphism of Heyting
spaces between (X, <) and PF(CU(X, <)).

We write SHA for the category whose objets are S-Heyting algebras
and whose morphisms are Heyting algebras homomorphisms that commute
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with the successor. A Heyting space (X, <) is a S-Heyting space if for
every U € CU(X, <) the set U U (U°)ys is clopen, where (U¢)y is the set
of maximal elements in U¢. We observe that (X, <) is a S-Heyting space
if and only if it is a Heyting space such that for every clopen downset
V the set Vi is clopen. Let (X, <) and (Y, <) be S-Heyting spaces and
g: (X, <) — (Y, <) aHeyting morphism of Heyting spaces. We say that g is
a S-Heyting spaces morphism if for every downset V in (X, <) it holds that
g ' (Var) = [¢71(V)]ar. We denote by SHg the category whose objects are
S-Heyting spaces and whose morphisms are S-Heyting space morphisms.
We recall that in [4] it was proved that there exists a dual equivalence
between the category SHA and the category SHg and that if (X, <) is a
S-Heyting space then in CU(X, <) the successor function takes the form

S(U) =UU Uy

In section 2 we give some general properties of the successor function.
In section 3 we study some particular cases of the duality: linear Heyting
algebras with successor and algebras of finite and w height. In section
4 we characterize the S-subalgebras and homomorphic images. For the
case of finite S-Heyting algebras we give some pictorial examples of their
determination. Finally in section 5 we study the free algebras in finite
generators of subvarieties of the variety generated by all finite chains.

2. Some general properties of S

Let H be a Heyting algebra and E, the filter {y € H :y — = < y}. It was
proved in [4] that the function S can be defined as S(z) = min E,.

For example, the successor operation exists in any Boolean algebra,
where it is the constant function 1. It also exists in any finite Heyting
algebra and in the free Heyting algebra with one generator. In the chain of
natural numbers with a top w, S(n) = n + 1, for every natural number n,
and S(w) = w. For more examples see [7].

Proposition 2.1. Let (H,S) be a S-Heyting algebra.

(i) S(xAy)=S(z)ANS(y), for every x,y € H.
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(ii) The equations (S1) and (S3) are equivalent to the equation S(z) —
z < S(z).

(iii) S(xz) =z if and only if x = 1.

Proof. (i) It is a consequence of ([4], Lemma 2.2).
(79) Tt is a consquence of the fact that, y — = <y if and only if y — = =
x, x <.
(797) It follows from (S1) and (S3). O

We shall say that M is a subalgebra of (H,S) (or a S-subalgebra) if M
is a subalgebra of H such that for every z € M, S(z) € M.

Lemma 2.2. Let (Hy,S) and (Ha,S) be S-Heyting algebras, and let f :
Hy{ — Hs be a Heyting algebras homomorphism. The following conditions
are equivalent:

(a) f is a morphism in SHA.
(b) For every x € Hy we have that f(S(x)) < S(f(x)).

(c) For every x,y € Hy the following equations hold:

f(S(x) <yV(y— f(x)), (1)

(d) Im(f) is a S-subalgebra of Hs.

Proof.

(a) < (b). We only need to prove (b) = (a). We have that S(f(x)) <
fS@) v (f(5()) = f(x) = f(S@)V [(S(x) —x) = f(S()V flz) =
flxv S(x) = f(S(x)).

(a) < (¢). We suppose that the equations (1) and (2) hold. Taking
y = S(f(x)) in (1), f(S(x)) < S(f(x)) vV (S(f(z)) — f(z)) = S(f(z)V
f(x) = S(f(x)). Hence (b) holds, and then (a) holds.

Conversely we suppose that (a) holds. Using (S2) we conclude that
f(S(x) = S(f(x)) <yV(y — f(x)). Now using (53) we conclude that

f(5(@)) = f(x) = 5(f(z)) — f(z) = f().
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(a) < (d). We suppose that f commute with S. Let y € Im(f). Thus
there exists x € Hy such that f(z) =y. Then S(y) = S(f(z)) = f(S(x)).
Therefore S(y) € Im(f).

Conversely, let Im(f) be a Heyting subalgebra of Hy closed by S. If
x € H; we have that S(f(x)) € Im(f). Then there exists z € H; such
that S(f(xz)) = f(z). By (52) we conclude that S(z) < zV (z — x).
Hence £(S(x)) < f()V (f() — f(x) = S(f(2)) V (S(f(x) — f(z)) =
S(f(x))V f(x) = S(f(x)). Then (b) holds, so (a) holds. O

Lemma 2.3. (i) Let (Hy,S) and (H,S) be S-Heyting algebras, and

let f : H — Hy be a Heyting algebras homomorphism. If f is a
surjective function then it is a morphism in SHA.

(i) Let (X, <) and (Y, <) be S-Heyting spaces and g : (X,<) — (Y,<)
a continuous p-morphism. If g is an injective function then it is a
morphism in SHg.

Proof.
() It is immediate from Lemma 2.2.d.

(74) Tt follows from (i) and the duality between SHg and SHA. O

3. Particular cases of the duality

In this section we characterize the Heyting spaces asociated to linear Heyt-
ing algebras with successor. Then we define the notion of height of a Heyt-
ing space and of a Heyting algebra.

3.1 Linear S-Heyting algebras

Linear Heyting algebras were considered by Horn in [8] as an intermediate
step between the classical calculus and intuitionistic one and were studied
also by Monteiro [12], G. Martinez [11] and others. This is the subvariety of
Heyting algebras generated by the class of totally ordered Heyting algebras
and can be axiomatized by the usual equations for Heyting algebras plus
the linearity law (z — y) V (y — =) = 1. In ([1], ch.IX) and in [12] there
are characterizations for linear Heyting algebras.
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If H is a Heyting algebra, for every P € PF(H) we define Cp = {Q €
PFH) : P C Q}. We say that PF(H) is a root system if for every
P € PF(H) the set Cp is totally ordered in (PF(H),C). Horn showed
in [8] (although it was in fact proved by Monteiro, see [12]) that linear
Heyting algebras can be characterized among Heyting algebras in terms of
the prime filters. Specifically, a Heyting algebra is a linear Heyting algebra
if and only if (PF(H), C) is a root system.

Let SLH be the full subcategory of SHA whose objects are linear Heyt-
ing algebras with S. A SL-Heyting space is a S-Heyting space such that
for every € X the set [z) = {y € X : y > x} is totally ordered. The
category SLS is the full subcategory of SHS whose objects are SL-Heyting
spaces.

For the duality given between SHA and SHg we have the following

Theorem 3.1. There is a dual equivalence between the categories SLH
and SLS.

We now give an equivalent way to describe S in the algebra of clopen
upsets of an object of SLS.

Let (X, <) be an object in SLS and V' a clopen downset in (X, <). For
every x € V we write zy for the maximum of the set [z) NV ={y € V :

y >z}

Proposition 3.2. Let (X, <) be an object in SLS and V' a non empty
clopen downset. Then for every x € V there exists xy. Morever, Vyy =

Lbev{xV}-
In particular, if U € CU(X, <) and U # X then

SW)=UU (| {zve})

zelUec

Proof. Let V' be a non empty clopen downset. First we prove that for
every € V the set [z) NV has maximal elements. It is equivalent to prove
that if H = CU(X, <) then for every P € PF(H) and V clopen downset in

PF(H) such that P € V we have that theset {Q € PF(H) : PC Q,Q € V}
has maximal elements. The latter is a consequence of Zorn’s Lemma (see
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the proof of Lemma 4.4 in [4]).

Let y € [#) NV and y be maximal in this set. If z € [x) NV then z < z
and x <y. Thus y < z or z < y. Since y,z € [z) NV and y is maximal
in this set, if y < z then y = z. In any case z < y, so [x)NV has a maximum.

We now prove that Vi = U,y {zv}. If 2 € Viy then z € [2) NV, Let
y €lx)NV,sox <y withy € V. Using that € Vj; we conclude that
r =y. Hence [x) NV = {2} and then z € | ¢y {zv}.

Conversely, let y € |J,cy{zv}. Thus y € V and there exists z € V
such that z < y, and if x < z and z € V then z < y. We want to prove
that y € Viy. Let y < z, with z € V. In particular it holds that x < z and
then z < y. Hence z = y. O

3.2 S-Heyting algebras of height w

Let (X, <) be a S-Heyting space. Let k be an ordinal. We define a filtration
on (X, <) by Xy = Xy and for A < &, X, = (U>\<,.;X>\) U ((U)\<RX>\)C)
We say that (X, <) is a k-filtered space if

X={]JX\ (3)

A<k

M

We call the height of a r-filtered space (X, <) to the minimun ordinal
¢ < k such that Xg = (). We say that a S-Heyting algebra H has height &
if its associated Heyting space does.

Remark 3.3. Note that for the finite ordinals we have that X, =:
X1 C Xy C...C X, C X,t1 C.... Hence, if we write w for the first
non finite ordinal, and we assume that (X, <) is w-filtered, then (3) can be

X:UX:UXHLJ(UX,L)C (4)

n< w nc N ne N M

written as

Let X be a class of S-Heyting algebras of height less equal to a fixed
ordinal £. Using the categorical duality between S-Heyting algebras and
S-Heyting spaces, it can be shown that the elements of classes H(X), S(X)
and P(X) have also height less or equal to £&. Here H, S and P are the



232 J.L. CASTIGLIONI AND H.J. SAN MARTIN

class operators of universal algebra [2]. Hence for each ordinal &, the class
of S-Heyting algebras of height less or equal to £ is a variety.

For every natural number n > 1 we write SH,, for the variety of S-
Heyting algebras of height less or equal to n. This variety can be charac-
terized by the equation

SM0) =1

We write SH,, for the variety of S-Heyting algebras of height w.
Note that SH; is exactly the variety of Boolean algebras, and that we
have that

SH; CSH, C...SH, € ... CSH,,

Example 1. Let L, be the chain {0,1,...,n} seen as Heyting algebra
with successor. The height of this algebra is h(L,) = n, and in consequence
L, € SH,. Let us now consider the product algebra

L:= H L,
neN

Take C as the S-subalgebra of L generated by 0. It can be seen that C is
isomorphic as a chain to the first infinite ordinal. Hence C € SH,,. In fact,
C is in the subvariety of SH,,, SLH, = SH, N SLH.

Remark 2. Since the chain C of previous Example lies in SLH,,, we
have on one hand that the variety V generated by C is a subvariety of
SLH,. On the other hand, since each finite chain is homomorphic image of
C, we have that SLH,, is a subvariety of V. Hence, V = SLH,,.

4. Subalgebras and homomorphic images

4.1 Subalgebras

Let L be a bounded distributive lattice and M a sublattice of L. We define
the binary relation

Ry = {(P,Q) € PF(L) x PF(L): QN M C P}
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For each binary relation R in PF(L) we define the subset of clopen upsets
of PF(L)
Mg = {U € CU(PF(L),C) : R-Y(U) C U}.
It was shown in [6] that Mp is a bounded sublattice of CU(PF(L), C)

and that the relation Rj is reflexive, transitive and when X = PF(L) it
verifies that

(1) 1If for P,Q € PF(L) such that (P,Q) ¢ Ry there exists U € Mg such
that P € U and @ ¢ U then (Gx(P),Gx(Q)) ¢ Rup-

It was also shown that the correspondence M —— Rj; establishes an
anti-isomorphism between the lattice of bounded sublattices of a bounded
distributive lattice L and the lattice of binary relations defined in the Priest-
ley space PF(L) which are reflexive, transitive and satisfies the condition
(0)-

Let X be a set, R; and Rs binary relations on X. We define the binary
relation R = R o Ry in the following way:

(z,y) € R< there exists z € X such that (z,z) € Ry and (z,y) € Rs.

Let H be a Heyting algebra. We consider the following binary relation
in PF(H):

(P,Q) € Ry iffforall z, y€ H,if xt -y € P and z € Q, then y € Q.

This relation is the inclusion (Theorem 4.24 of [5]).
Let H a Heyting algebra with successor. We define the following binary
relation in PF(H):

(P,Q) € Rg iff SY(P) C Q

Theorem 4.1. Let (H,S) be a S-Heyting algebra. The correspondence
M —— Ry establishes an anti-isomorphism from the lattice of subalgebras
of (H,S) and the lattice of binary relations defined in the Heyting space
PF(H) which are reflexive, transitive, satisfies the condition (1) and such
that

(1) Ry oRy C Ry o (Ry} N Ry),
(2) Ry} oRs C Rso Ry}
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Proof. It follows from ([4], Corolary 4.3). O

Lemma 4.2. If (H,S) is a non trivial S-Heyting algebra of finite height
then
(P,Q) eERsesPCQ

Proof. If (P,Q) € Rg then S~1(P) C Q. Thus by (S1) we conclude
that P C Q. Suppose that P = Q, then S~!(P) = P. On the other hand,
there is n € N such that S (0) = 1. Thus 0 € P, a contradiction. Then
P C @Q. The converse is a consequence of condition (RF3) and Theorem
4.4 in [4]. O

Corolary 4.3. Let (H,S) be a S-Heyting algebra of finite height and
M a subalgebra of H. The following conditions are equivalent:

(a) M is a S-subalgebra.

(b) If P,Q,Z € PF(H) satisfy that PN M C Z C Q then there is W €
PF(H) such that P C W and WNM C Q.

Proof. It follows from Lemma 4.2 and Theorem 4.2 of [4]. O

Let H be a finite Heyting algebra. In the last part of this section we shall
build up a bijection between the subalgebras of (H, S) and some equivalence
relations defined in (PF(H), C). We start with some preliminary lemmas.

Lemma 4.4. If H is a finite Heyting algebra then (PF(H), C) has finite
height.

Proof. As H is finite, by (iiz) of Proposition 2.1 and the fact that
x < S(z), there is a natural number n such that S (0) = 1. Then
(PF(H), Q) has finite height. O

Let Xo = (. We define X; = (X¢ ), fori=1,...,n.

Lemma 4.5. Let (X, <) be a S-Heyting space of height n. Then X =
U?:l Xi.

Proof. It follows from the definitions of {X;}; and {X;};. O

Note that previous lemma allows us to write the space X as a disjoint
union of antichains X;. We may think that these antichains define levels
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on the space.

Let (X,<) be a S-Heyting space of height n and R an equivalence
relation defined in X. We write X/R for the quotient topological space.
For every x € X we denote by [z]|r the equivalence class of x with respect
to R. Then we can define in X/R the following partial order:

(C) [2]lr <r [ylr iff [z]r C | [y]r

i.e., if for every z € [z]g there is w € [y]g such that z < w.

We write (R1) and (R2) for the following conditions:
(R1) R=U;., Ri, where R; = RN (X; x X;) (fori=1,...,n).
(R2) Let z,y € X. If x <y then [x]g <gr [y]r-

Let H be a S-Heyting algebra and M a subalgebra of (H,S). We define
the following equivalence relation on PF(H):

PRMQ & PNM=QnM.
We can define in PF(H)/RM the following partial order:
[Plpv <y [Qlpm & PNM CQNM

Lemma 4.6. Let H be a finite Heyting algebra and M be a subalgebra
of (H,S). The following conditions hold:

(i) The aplication f: (PF(H),C) — (PF(M),C) given by
f(Py=PnM
1s an epimorphism in the category SHg.

(ii) If <gpm is the partial order in PF(H) given in (C) then <p5 = <pm.
Morever, RM satisfies the conditions (R1) and (R2).

(iii) (PF(H)/RM,<pu) is a S-Heyting space.
Morever, the aplication gy = (M,S) — (CU(PF(H)/RM,<pzm),S)
given by
gu(z) = {[Plpm :x € PN M}

18 an isomorphism in the category SHA.
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Proof. (i) The inclusion ¢ : M — H is a monomorphism in SHA.
Then, if f = CU(¢) we have that f: (PF(H),C) — (PF(M), Q) is given by
f(P)=PnN M and it is an epimorphism in SHg.

(77) Let P,@Q € PF(H). We must prove the following:

[Plrv <mr [Qlrm < [Plpu <pu [Q]gw.

Let [P]lpm <ar [Q]pm, s0 PONM C QNM. Let T € [P]pa. We consider
the function f given in (i). As TN M C QN M then f(T) C f(Q). By
(i) f is p-morphism, so there exists Z € PF(H) such that T C Z and
ZNM=f(Z)=f(Q)=QNM. Then [P]RM <gMm [Q]RM.

Conversely, let [P]gm <pum [Q]gy. By definition we have that [P]r <js
Q-

The condition (R2) holds because <p; = <pm. By Lemmas 4.4 and
4.5, to prove condition (R1) is enough to prove the following fact:

If P € (PF(H))y and (P, Q) € RM then Q € (PF(H)) .
By (i) we conclude that f=[(PF(M))n] = (PF(H))as, so
Qe (PFH))m < f(Q) € (PFM))m & QNM € (PF(M)) -

But as P € (PF(H))p we conclude that PNM € (PF(M))p. As PNM =
QN M then QN M € (PF(M))ns.

(#i1) (PF(H)/RM, <pu) is a S-Heyting space because H is finite. Now
we can define the bijection g : (PF(H)/RM,<pu) — (PF(M),C) given
by g([Plpm) = f(P) (it is surjective by (i) and injective by definition
of RM). Besides, as g is an isomorphism in SH, by (#i) of Lemma 2.3
it is an isomorphism in SHg too. Then ¢g; = CU(g) : (CW(PF(H),C
),8) — (CW(PF(H)/RM,<pn),S) given by ¢1(U) = g~ 1(U) is also an
isomorphism in SHA and ¢ : (M,S) — (CU(PF(M),C),S). Thus
gu = (M, S) — (CU(PF(H))/RM, <gar), ), given by g (x) = g1(on(2)),
is an isomorphism in SHA. Then we have that ¢1(pa(z)) = {[Plgm : x €
PN M}. O

If X is a topological space and R is an equivalence relation in X we
define the application pgr : X — X/R given by pr(x) = [z]g.
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Lemma 4.7. Let H be a finite Heyting algebra, R an equivalence re-
lation in PF(H) that satisfies the conditions (R1) and (R2), and <pg the
partial order in PF(H)/R given by (C). Then CUW(PF(H)/R,<R) is iso-
morphic to some subalgebra M of (H,S). Morever, R = RM.

Proof. Since H is a finite Heyting algebra we have that (PF(H), <) is
a S-Heyting space. The quotient map pr : (PF(H),C) — (PF(H)/R,<g)
is a morphism in SHg. The function pgr is continue because H is finite.
By (R2) we have that pg preserves order. Let now P,Q € PF(H) such
that pr(P) <gr [Q]r, so [P]r <gr [Q]r. Therefore there is F' € PF(H) such
that P C F and [F|r = [Q]gr. By (R2) we have that pr(P) <g pr(F) =
pr(Q) = [Q]r, s0 pr is a p-morphism.

Let U € CU(PF(H),C). We will prove that

A U M) = [ (U)]u

If P e [pp'(U®)|m then [Pl € Uc. Let [Plg <g [Q]r, with [Q]r € U°.
Then there is F' € PF(H) such that P C F and [F]g = [Q|r. In con-
sequence [Flgp € U, so P = F. Then [Plg = [F]g = [Q|r. Therefore
PR UM € pR (U], Conversely, let P € pp'[(U¢)y] and hence
[Plr € (U%)r. Let P C Q with [Qlg € U°. By (R2), pa(P) <p pr(Q).
Then [P]g = [Q]r. By (R1) there is some natural number k such that
(P,Q) € Xj. Since P C Q, P = Q, and we get that PR (U] C
[pR (U)]a- In consequence pp is a surjective S-morphism.

Let (X,<) = (PF(H),C). We have that pr is an epimorphism in
SHg, so hy = CU(pRr) : (CU(X/R,<Rr),S) — (CU(X, <), S) is a monomor-
phism in SHA and for this and Lemma 2.2 the function gp = gpl}lhl :
(CU(X/R,<Rr),S) — (5 h1(CU(X/R,<p),S) is an isomorphism in SHA.
Morever, gr(U) = ¢ (pél(U )). Define now the following subalgebra of
(H,S):

M = oy b (CU(X/R, <p))

We have that

€M e 3U € CUX/R,<g): pu(z) = pp'(U) (5)
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On the other hand the applications hy = PF(gr) : (PF(M),C) —
PF(CUW(X/R,<g)) and Gx/p : (X/R,<g) — PF(CU(X/R,<g) are iso-
morphisms in SHg, so hg = G;(}Rhg : (PF(M),C) — (X/R,<pg)) is
also an isomorphism. By (5) we have that hs(P N M) = [P]g. By simi-
lar arguments to those of the proof (ii7) of Lemma 4.6 we conclude that
g : (X/RM <pu) — (PF(M),C) given by g([P]pn) = PN M is an iso-
morphism in SHg and then h = hag : (X/RM, <pum) — (X/R,<gr), given
by h([P]gm) = [P]r, is an isomorphism. Therefore we have that

(P.Q) € R< [Plr=[Qlr & [Plgn = [Qlgm & (P,Q) € R
Hence R = RM. O

Theorem 4.8. Let H be a finite Heyting algebra. There is a bijection
M —— RM between the subalgebras of (H,S) and the equivalence relations
in PF(H) which satisfy (R1) and (R2).

Proof. By (ii) of Lemma 4.6 the bijection is well defined. Let M and N
be subalgebras of (H,S) such that RY = RM. Then CU(PF(H)/RM, <pu)
coincides with CU(PF(H) /RN, <pn). Let x € M. By (iii) of Lemma 4.6 we
have that there is y € N such that gy (z) = gn(y). We want to prove that
x =y. We suppose that £ y. Then by the Prime Filter Theorem there is
P € PF(H) such that r € Pandy ¢ P,soxz € PN M andy ¢ PN N. In
consequence [Plgpm € gpr(z) and [P]gy ¢ gn(y). Since [Plpm = [Plpy we
have that gy (z) # gn(y), a contradiction. Then z =y € N, so M C N.
The other inclusion is proved in the same way. Therefore M = N.

The surjectivity is a consequence of Lemma 4.7. O

Remark 4.9. If M is a S-subalgebra then RM = Ry, N RJT/}.

Example 3. The description given above for the S-subalgebras of finite
algebras allows us to give a simple pictorial procedure to determine them.

Consider the following concrete example: Find all the S-subalgebras of
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Ls x L. In order to so doing, let us draw the associated space

Note that we have taken care of preserving the levelwise structure of the
space. As a consequence of Theorem 4.8, we have that the possible relations
associated to some S-subalgebra are the trivial one and those depicted

bellow
° ° ° o ° o
° ° ° o ° o
. . . o . o
. . .

Here we are identifying the equalized dots. Thus the spaces associated to
the nontotal S-subalgebras are

AN
LN

Observe that, in the finite case, the levels corresponds exactly to the fibers
of the continuous map associated to the canonical inclusion of the subalge-
bra generated by the constants.
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4.2 Homomorphic images

Let X be a S-Heyting space, Y a topological subspace of X andi:Y — X
the inclusion function. For every A CY we define |y A={y €Y : (Ja €
A:y<a)}. We write | for |x.

Lemma 4.10. The following conditions hold:
(a) For everyU C X, if Y is an upset then Upy NY = (UNY ).
(b) For every U C X, if Y is an upset then |y (UNY)=(LU)NY.

(¢) IfY is an upset, then i is a momomorphism in SH if and only if it is
a monomorphism in SHg.

(d) i is a monomorphism in SH if and only if Y is a closed upset.

Proof.

(a) Let x € (UNY ), then z € UNY. It suffices to show that x € Uyy.
Let « < w with v € U. Since Y is an upset, u € UNY. Then z = u.
Conversely, let x € Uy NY. In particular, x € UNY. Let x < u with
u € UNY. Since z € Uy; we have that = = u.

(b) Let x €|y (UNY). Thus z € Y and there exists v € U NY such
that z < w. Then z € (] U)NY. Conversely let x € (| U)NY,s0z €Y
and there exists v € U such that < u. Since Y is an upset we have that
u€Y,sou€UNY; therefore z €|y (UNY).

(c¢) Let ¢ be a monomorphism in SH. First we will prove that Y is an
object of SHg. Let V a clopen downset in Y. Then there are an open
set A and a closed set B in X such that V = ANY =BNY. AsV is
closed in Y and Y is compact, V is compact. In particular we have that
V = ANV. On the other hand, A is union of clopens {A;};cs, and as V' is
compact we have that V = (U, 4;) NV, for some natural n. We define
C = (U, Ai), so C is clopen and V = CNY. Then, by (b) we have that
V=lyV=(0C)NY. As X is a S-Heyting space, | C' is a clopen downset
in X, so by (a) we conclude that Vi = (| C)y NY. Therefore we have
that Vjy is clopen in Y. Besides by (a) i is a S-morphism. The converse is
inmediate.
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(d) Let i be a monomorphism in SH. As Y is compact and X Hausdorff
we have that Y is closed. Let now y < x with y € Y, so i(y) < z. Since i is
a p—morphism there exists z € Y such that y < z and i(z) = i¢(z). Hence
z=ux. Then x € Y and Y is an upset. Conversely, let Y be a closed upset
of X. Besides Y is a Priestley space. Let A be an open set in Y. Then
there is an open set U in X such that A =UNY. By (b) we conclude that
ly A=(lU)NY. Since X is a S-Heyting space and | U is open in X we
have that |y A is open in Y. O

Theorem 4.11. i is a monomorphism in SHg if and only if Y is a
closed upset of X.

Proof. It is a consequence of (¢) and (d) of Lemma 4.10. O

5. Free S-Heyting algebras in varieties generated by finite
chains

Let n > 0. Write SLH,, for the subvariety of SH,, generated by L,. It is
shown in ([3], Theorem 6.1), that all implicit connectives of L,, are terms.

The proof of this theorem also shows that the class of implicit connec-
tives of L,, coincides with the set of Heyting polynomials on it; identical,
by affine completeness, to the set of compatible functions of L,,. Hence,
the unary implicit connectives of L,,, which constitute the elements of the
free algebra in one generator of SLH,,, may be explicitly described as those
functions f : L,, — L, satisfying for some a € L,, that f(x) > z, for every
z € [0,a] and f(z) =a on (a,l1].

A diagram of the free algebra in one generator of SLHj3 is depicted in
([3], figure 2).

In this section we shall completely characterize the free algebras in
one generator for the varieties SLH,,, for n > 1 and the free algebra in
one generator for the variety SLH,,. In order to get free algebras in more
generators we give at the end of this section a brief description of the
product of finite S-Heyting spaces
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5.1 Free algebras for SLH,

For any two distributive lattices M, N, we write M & N for the ordinal
sum (as posets) of these lattices (see [1], p. 39). If M and N are finite,
then M @ N is also finite, and hence a Heyting algebra. We write 0 for the
lattice with only one element. Let us also write F,, for the free algebra in
one generator, z,, in the variety SLH,,.

Lemma 5.1. The cardinal of the universe of F,, is

n—1
n!
Fa =32 (6)
§=0

J7°

Proof. A direct counting argument based on the explicit description
of the elements of the free algebra in one generator of SLH,, as functions
f: L, — L,, given above. O

Observe that for any n > 0 we have that 0 & F,, € SLH,,41; hence
we have a unique SLH,,4i-morphism «,+1 : Fp,11 — 0 @ F, such that
p+1(py1) = xy. We also have that L4, € SLH,, 41, and hence a unique
morphism (41 : Fpp1 — Lpyr with Bh41(2p41) = 0. By the universal
property of the product in SLH,,11, we have a unique morphism § making
the following diagram commute:

Fn—i—l (7)

y m

O®Fn é Ln—l—l

N /
(0®F,) X Lyt

Since Fy,+1 and (0@ F,,) x L,,+1 both have the same finite cardinal, in
order to prove they are SLH, 1 1-isomorphic, it will suffice to see that ¢ is
onto.

Lemma 5.2. (1,0) € im 6.

Proof. By definition of §, é(x,41) = (z5,0). Consider the S-Heyting
algebra term 7(x) = S(0) — x. A straightforward computation allow us to
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see that

700 (4) =1, and (8)

i1 (0) =0 (9)

Consider now the element yo = 75"+ (2,11) € Fypq. By (8) and (9), this
element is such that §(yo) = 6(7(z41)) = 7O XLni1 (g 0) = (1,0). O

Lemma 5.3. The morphism § of (7) is onto.

Proof. Take (z,n) € (0@ F,) x Lj4+1. Since (z,n) = (x,0) V (0,n), we
shall consider separately the case x = 0 and n = 0.

If z =0, take y3 = S™0 A (241 — 0). We get that d(y1) = S™(0,0) A
[(zn,0) — (0,0)] = S™(0,0) A (x,, — 0,1) = S™(0,0) A (0,1) = (0,5™0) =
(0,n).

On the other hand, suppose that n = 0 and x > S0. Since F,, is free,
there is an S-Heyting term ¢ such that z = t(z,). Take ¢ the term we get

by replacing by S0 any appearence of 0 in t. We have that z = ¢ 0HHn (zp)-

Taking now yo = t(2,,41) and yg as in Lemma 5.2, we get that u = yg A yo
is such that d(u) = (z,0).
Thus, we have proved that im § = (0 @ F,,) x Ly41. O

As an immediate consequence of Lemmas 5.1 and 5.3, we have the
following

Theorem 5.4. There is an S-isomorphism of Heyting algebras between
Fri1 and (0@ F,) X Lyiq.

5.2 Free algebra for SLH,

Let us write F, for the free algebra in one generator, x,,, in SLH,,. Since
for each finite n, we have that F,, € SLH,, there is a unique surjective
S-morphism of Heyting algebras €, : F, — F,, applying x, on z,. In
fact, F,, = F,/(S™0). Let us also write for n > m, Qp,, : F,, — F,, for
the unique S-morphism applying x,, on z,,. The system Q,,,, : F,, = F,,,
m < n is directed.

Theorem 5.5. Let 2,y : Fpy = Fu, m < n be as before. Then

F, = colim F, (10)
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Proof. Call H = colim F,,. Let us verify that H has the universal
property of the free algebra in one generator in the variety SLH,,.

Let us first give an explicit construction of H. Take H' = szl F;.
We take H as the subalgebra of H' whose elements a = (aq, as, ...) are such
that Q;;(a;) = a; for i < j. We have in particular that @ = (21,22, ...) € H.

Let u € H, hence u = (u1,us,...) with Q;;(u;) = u; for i < j. Since
u; € F; there must be an SLH,-term ¢ such that u; = ¢t (x;), for every
i > 1. By the finiteness of the length of terms, there must be some m > 1
such that ¢ is a term in SLH,,. Hence u = t(z), showing that H is gener-
ated by x. It is straightforward to verify that H = colim F,,.

Let A be any algebra in SLH,, and a € A. Let ¢; : H — A/ < S70 =
1 > be the S-morphism given by ¢;(u) := tA(a)j, the class modulo the
filter generated by S7(0) of t*(a), being ¢ the SLH,-term that defines .
For each term ¢ there is a j such that ¢; is completely determined by the

condition of applying x; to a. Thus, the condition ¢(z) = a defines a
unique SLH,,-morphism ¢ : H — A, that given by ¢(x) := t*(a). O

5.3 Priestley spaces for F,

We have seen that there are dualities between the categories SLH,,, m =
1,2,...,w and certain categories of Heyting spaces. In this section we use
the recursive nature of the definition of F,, and the “good” properties of
any categorical duality to make explicit constructions for these spaces.

Condition S(0) = 1 forces an S-Heyting algebra to be boolean. Hence
SLH; = Boole, and hence F; is the free boolean algebra in one generator,
whose Stone space is

We have seen that Fo = (0@ F1) x La. Since PF is part of a categorical
duality, it sends products into coproducs, and PF(Fy) = PF(O0 @ Fq) U
PF (L), which is simply the coproduct of the topological spaces. On the
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other hand, PF(0 @ F;) can be seen to be

VN
S\

Observe that in general PF(0 @ F,,) is built up from PF(F,,) by adding
a new point over it. Then, for instance, we get that PF(F3) is

N,
N,

This procedure allows us to effectively built up the space of any one of the
free algebras in one generator of the varieties generated by one finite chain.

Thus, PF(Fy) is

Since F, = colim F,, as we have previously seen, PFF,, is the forest X,
of infinite height depicted above, whose topology is given by the subbases
of upper clopens of the form U, = {u € X, | u > x} where z is any element

AN,
N,
oo

e N
e N




246 J.L. CASTIGLIONI AND H.J. SAN MARTIN

5.4 Product of finite Priestley spaces in SHg

Since SHg is dually categorically equivalent to a variety, it has arbitrary
products. In this subsection we want to give a simple explicit description
for the product of two finite spaces in SHg.

As we have already noted at the end of Example 3, the levelwise struc-
ture of finite spaces in SHg plays an important role in their description. Let
X and Y be two finite spaces in SHg. Since they are finite, they both have
finite height. Suppose that h(X) = m < n = h(Y). Write L,, the Priest-
ley space of L,,. Hence we have morphisms ix : X — L,, iy : Y — L,
and i : X x Y — L, induced by the unique SH-maps from L, to CU(X),
CU(Y) and CU(X x Y') respectively. The following diagram must commute
in SHs:

XxY (11)

Thus, the projections must send fibers in fibers, i.e, the product must
preserve the levelwise structure.

Proposition 5.6. Let X and Y be two finite spaces in SHg. Suppose
that X = J*, X, and Y = Ui, Y; and X; and Y; are as in Lemma 4.5.
Assume that m < n, and write X = J;"_, X;, with X; =0, ifi > m. Then,
we have that

X xY =& =)
i=1

the union is disjoint and the order is the induced by the usual product order.
Since we are considering finite spaces, the topology is the discrete one.

Example 4. Let us illustrate the product of two finite spaces in SHg
by calculating the Priestley space of the free algebra in two generators in
SLHj, oF9. Since 9F9 = F; [[F; and PF is part of a duality, PF(2F3) =
PF(F1) x PF(Fy). A straightforward calculation shows that PF(3F2) may
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be depicted as
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