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We compute bounds on covering maps that arise in Belyi’s Theorem. In particular,
we construct a library of height properties and then apply it to algorithms that
produce Belyi maps. Such maps are used to give coverings from algebraic curves to
the projective line ramified over at most three points. The computations here give
upper bounds on the degree and coefficients of polynomials and rational functions
over the rationals that send a given set of algebraic numbers to the set {0, 1, 0o} with
the additional property that the only critical values are also contained in {0, 1, c0}.
© 2002 Elsevier Science (USA)

1. INTRODUCTION

In “ABC Implies Mordell” [4], Elkies proves an effective version of
Mordell’s conjecture assuming an effective ABC conjecture. In fact, the
Mordell conjecture has already been proven, in several different ways, while
the ABC conjecture remains open. However, none of these proofs is
effective; that is, none produces an actual upper bound on the size of the
rational points on a curve or a procedure to provably find all the rational
points. Elkies makes use of a result of Belyi, which for an algebraic curve
defined over Q gives the existence of a covering map from the curve to the
projective line ramified over at most three points [2]. Belyi’s result is used,
for example, in work on the inverse Galois problem. In fact, the converse
holds as well and was known prior to Belyi. See [11, 13] for a more recent
presentation of a proof.

In particular, Belyi provides an algorithm that given a finite subset S of Q
produces a non-constant function R(x) € Q(x) such that both the image of S
under R and the critical values of R are contained in {0, 1,00}. In other
words, R gives a covering of P;(C) to itself ramified only over {0, 1, oo} with
R(S) < {0,1,00}. To obtain such a covering map from the curve to the
projective line, one can compose an arbitrary non-constant (hence
surjective) rational function with a function R appropriately generated by
the algorithm. Notable for us is that Belyi’s proof not only demonstrates the
existence of such a map but gives an explicit construction. It is this fact, that
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Belyi’s theorem is constructive, which Elkies exploits. Given the apparent
effectiveness of Belyi’s theorem, Elkies can thus build his Mordell bound on
the degree and height of the coefficients of such a covering map.

In this paper, we compute an actual upper bound on the degree and
height of a polynomial over Q that is a Belyi function for a finite set S < Q.
Our bound is a function of both the size of the set S and the maximal height
of an element in S, and is proven using a modification of Belyi’s original
algorithm. For other presentations of this algorithm, one can see Serre’s
book on the Mordell-Weil Theorem [12], among others. Next, we consider
the case of a rational function in Q(x) that is a Belyi function for S. Applying
similar techniques to an algorithm that generates rational functions, we
prove better upper bounds. Geometrically, the polynomial case corresponds
to requiring that the map be totally ramified over infinity, and the rational
function case relaxes this condition. These bounds are a first step toward
realizing the ingredients in Elkies’ expression.

Moreover, the bounds can be interpreted in other contexts, for example,
bounding the number of edges of a Grothendieck dessin (see [5, 11]) given by
the map. Lower bounds are also of interest, and so we note a lower bound on
the degree of such a polynomial, an easy consequence of the Riemann—
Hurwitz Formula. See [9] for more on lower bounds. Litcanu also proves an
upper bound on the degree of a rational Belyi function for the case § =
{0, 1, a, 00} with a € Q, independently using methods similar to the ones here.

The main results are summarized in the following series of theorems; we
will in fact prove sharper versions of these.

Take S to be a finite, non-empty set in Q. closed under the action of the
Galois group Gal(Q/Q), of cardinality s and of height Hy. See Section 2 for the
definition of the height of a set, Hs, which bounds the size of each element of S,
and the height of a function, H(f), which bounds the coefficients.

THEOREM 1.1. Given the set S as above, there exists a non-constant
function R(x) € Q(x) with R(S) < {0, 1,00}, ramified over at most {0, 1,00},
such that:

® if s<3, then deg(R)<2,
® ifs=3and S < Q, then

deg(R)<2" HY

® and otherwise if s=3 and Sz Q, then

deg(R) < (4sHg)* > ™.
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THEOREM 1.2. There exists R(x) as in the previous theorem such that:

if s =1, then H(R)<Hsg,
ifs=2and S < Q, then H(R)<2H§,
if s=2and Sz Q, then H(R)<2’Hy{,
if s=3 and S < Q, then

vz 3s2
H(R)<(2Hs)* s

and otherwise if s=3 and S ¢ Q, then

351283

H(R) < (2sHg)>")

THEOREM 1.3. Let B(x) = x* and let B(x) = BoBo --- o B be the compo-
sition of i factors B. Let Bo(x) = x. There exists a non-constant polynomial
P(x) € Q[x] with P(S U {zeroes of P'}) < {0,1} such that:

® ifs<3, then deg(P)<2,
® ifs>3 and S < Q, then
deg(P) < (B, 3(2*H;))*

® and otherwise if s=3 and Sz Q, then

deg(P) < (B, 3((16sHs)*% ).

THEOREM 1.4. Let G(x) =x* and let Gi(x)=GoGo o+ oG be the
composition of i factors G with Go(x) = x. Set M <(23sHs)>*'. Then there
exists P(x) as in the previous theorem, such that:

if s =1, then H(P)<Hs,

ifs=2and S < Q, then H(P)<2H3,

if s =2 and Sz Q, then H(P)<2>H{, and
otherwise if =3, then H(P)< GS_3(M)3G~‘*3(M)2.

Although we will show slightly sharper bounds in Sections 3 and 4, these
give an indication of the behavior relative to S of the degree and height
obtained following Belyi’s algorithm. For example, if S contains many
rational as opposed to algebraic elements, one achieves better bounds.

The paper is arranged as follows. In Section 2, we develop the height
machinery that will serve us in all the computations of the following
sections. Section 3 first presents the algorithm of Belyi’s original paper [2],
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slightly modified (with little effect on the bounds) to produce polynomials.
Next, the height properties are applied to analyzing the algorithm, and given
a starting set of ramification points, we prove upper bounds for the degree
and the coeflicients of the polynomial. The bulk of the section is devoted to
a rather detailed computation of the effect of the algorithm on the heights of
the ramification points in the first stage, as these results return in the cases of
both the coefficient and the rational function bounds.

The computations in Section 4 parallel these and are presented in less
detail. First, we give an algorithm for producing Belyi maps that are rational
functions. No longer requiring that our map be a polynomial, we profit
greatly with improved upper bounds, again proving results first for the
degree and then the coefficients of the map. Finally, in Section 5, we make
some basic notes about lower bounds; we also make some remarks and give
some simple examples related to upper bounds and elliptic curves.

2. HEIGHTS

2.1.  Definition and Conventions. Let Q denote an algebraic closure of the
rationals, Q, and o denote an algebraic number in Q. For any number field
K, we can choose a set of normalized valuations of K in the following way.
Each valuation is either an extension of the ordinary absolute value on Q or
else an extension of a p-adic valuation. To choose a normalization, fix an
absolute value ||-||,, induced by an embedding ¢ of K into C, to be
lo()|: Q] where K, is the completion of K with respect to v and | - | is the
usual absolute value on C, i.e., |2| = 2. Then [K,, : Q,]is either 1 or 2 as K, is
R or C, and we call v real or complex accordingly. We require that the
product formula holds: for all « € K*,

Tty = 1.
:

It then follows that for each non-archimedean v, induced by a prime ideal P
in the ring of integers of K, we have

llol],, = N(P) ),

where N(P) is the norm of P, i.e., the size of the residue class field.
We define the height, H(«), of « to be

1/[K:Q]
H() = (H sup(l,nanv))

with the product running over the set of normalized valuations v of K.
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It is a basic property of heights that H(x) is independent of the choice of
K. (See [8, 12] for more on such heights and valuations.)

Similarly, we define the height of a polynomial, H(f). Let f(x)=
>l a;x' where the a; are algebraic numbers, and choose a number field K
containing the a;. For example, one may take K = Q(ay,...,a,). Then we
define

1/[K:Q]
H(f) = (H sup(l,||ao||v,...,||an||v)> ,

again with the product running over the set of normalized valuations of K.
As above, the definition is independent of the choice of K.

It is common to define a similar height without the 1 in the supremum,
which one might refer to as a projective height, as in that case one would
have H(f) = H(Lf) for any scalar A. However, because we require effective
bounds on f, here we use an “affine” height, which captures any such
scaling (see Remark 2.1).

Finally, consider the case of a rational function, 4. Let K be the smallest
number field such that A(x) € K(x). We shall define the height H (%) of A(x) by

H(h) = H}lgn tmax {H(f), H(g)}},

where the minimum runs over polynomials f and g with f(x),g(x) € K[x],
relatively prime in K[x], such that A(x) = f(x)/g(x).

Remark 2.1. A disadvantage of this definition is that given some
h(x) € K(x), it may not be easy to immediately compute its height, H (k).
However, the main goal is to have a height function which allows for
effective bounds, which this one does. In particular, for heights of algebraic
numbers, there is the useful result known as Northcott’s Theorem (for a
proof see [12]): Given a fixed constant ¢ and a number field K, there are only
finitely many algebraic numbers in K of height less than c¢. Similarly, one can
show that for a fixed constant d, there are only finitely many polynomials in
K[x] and rational functions in K(x) with degree less than d and height less
than ¢. Thus bounding the height and degree of a function over a number
field is effective in the sense that only finitely many functions will satisfy that
bound.

2.2.  Lemmas on Heights. We will use the following “library” of bounds.
Let o and f denote algebraic numbers and f and g denote non-constant
polynomials of degree n and m, respectively, with algebraic coefficients. The
bounds follow from standard properties of valuations and heights, although
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we note that [8, 12] use a projective rather than affine height. Nevertheless,
the arguments are straightforward; detailed proofs are in [7].

PrOPERTY 2.1. H(f(a))<(n+ DH(®)"H(f).
PROPERTY 2.2. H(f")<nH(f), where [’ is the derivative of f.

ProPERTY 2.3. If fy,...,p, are the zeroes of f, then
11 #By<2"H().

PROPERTY 2.4. Let f; be a polynomial of degree n;. Then

k k k
H( f,-> <[[ +D]] HU.
i1 i1 i=1
PROPERTY 2.5. If f is the minimal polynomial of fB, then
H(f)<2"H(P)".

Remark 2.2.  Although for projective heights this sort of relation is proven
in a manner similar to Property 2.3 (see [8]), here it follows immediately as a
special case of Property 2.4. Take f; =x — f; where the f; range over the
Galois conjugates of 8, and note that the heights of Galois conjugates are equal.

PROPERTY 2.6. If f and g are monic of degree n and m, respectively, then
H(f > g)<2(m+ 1)"H(g)"H(f).
The remaining height properties involve polynomials of specific form.

PROPERTY 2.7. Ifay,...,0, 1 are the zeroes of f'(x), then

n—1
H (H (x — f(m))) <2+ 1y HG
i=1

PrROPERTY 2.8. If h(x) = ;’_“a‘l, where oy and oy are algebraic numbers, then
H(h)<2H ()’
with H(o) = max{H (o), H(cp)}; and
H(ho [)<2H(f)H(h).

PROPERTY 2.9. If j(x) = Px, then H(j~ {)<H()H(f).
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PROPERTY 2.10. If k(x) = x*(1 — x)°, then
H(ke f)<2°(n+ )" H()™?
and

H (k)< 2%e®

3. POLYNOMIAL CASE

3.1. Notation and Algorithm. In this section, we fix the notation and
describe the algorithm that we will work with for the polynomial bound.
Within the algorithm, the functions are detailed in a way that is useful later
for computing the bounds.

Let S be a finite, non-empty set of algebraic numbers closed under Galois
action, i.e., given any set of algebraic numbers, construct S by adjoining all
elements which are Galois conjugates of elements in the original set. Let r be
the number of elements of § in Q and let ¢ be the number of distinct
conjugacy classes of elements of S in Q\Q.

Set D = Z§:1 d;, where d; is the size of each such conjugacy class, so we
have

#S =D +r.

Let H(o) denote the height of o and H(f) denote the height of the
polynomial f, both defined above, and set

Hs = max {H(2)}.

Belyi’s algorithm to construct a polynomial P(x) € Q[x] with the property
that P(S) = {0, 1} and that P({zeroes of P'}) = {0,1} is naturally divided
into two stages. (With a minor adaptation of the original algorithm in [2],
we produce polynomials, rather than rational functions. As noted in the
introduction, geometrically this condition corresponds to restricting to maps
which are totally ramified over infinity.) In the first stage, the set of
ramification points are mapped from Q to Q, without necessarily reducing
the cardinality of the set, and in the second stage the set of ramification
points is reduced to {0, 1}.

Stage I. Passing from Q to Q: Let fy(x) be the minimal polynomial for
the set of all irrational elements of S, so fy(x) is of degree D. We pro-
ceed inductively. Let f;(x) be the minimal polynomial of the set
{fi—1(a): f_,(a) = 0}. Observe that fi(x) is of degree strictly less than
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fi—1(x), so we have a set {fi(a): f{_,(a) =0} < Q after k is at most D — 2.
Let

Fs(x)= fio fic1° -+ © fo.

Stage II. Passing from Q to {0,1}. We now work with the set 7 < Q
defined by

T = {Fs(a) : F§(a) = 0} U {F5(S)}.

Let T = {f,05,...,P,}, where n<#S, ordered such that ;< f,;, . Scale T
to the unit interval [0, 1] with the map

x =P
ﬂs‘_ﬁl'

(If n<2, we are done.) Inductively, we will map {0, 1, 8} to some {0, '} and
rescale n — 2 times, as follows.

One can represent any rational in /(7) as a quotient _¢7 with integral a
and b; in particular, choose the rational of maximal height in the set. This
choice is not necessary for Belyi’s algorithm but is useful for computing our
bound. Then let

ho(x) =

g1(x) = x*(1 —x)".

Note that because 7 is scaled to [0, 1], we have that g; is a polynomial. Note
also that the critical values of g;(x) are exactly 0 and g(;%;), and one can
check that this last value is of largest height in g(ho(T)), that is,
91745 = max g1(ho(T)). Hence we rescale our new set to the unit interval
with

X

gl(ﬁrl,).

hi(x) =

Next choose the rational of maximal height in the rescaled set, construct a
corresponding polynomial g, of the same form as g;, and rescale with the
corresponding 4. Repeating this construction, for T of size n, the process
terminates after n — 2 steps. In general, it is always true that 4;(x) will have a
factor of gi(zf;), where - is the rational of maximal height which was
chosen to construct g;.

Let

Fr(x) =hy_2°ogn—20°hy_30 -+ o gy ohy(x).

One can then check that P(x) = FyoFs has the desired ramification
properties.
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3.2.  Bounding the Degree. We first compute a bound on the degree of
P(x). It is clear after Stage I that Fg, which is the composition of f; of
descending degrees, is of degree at most D!. The problem, then, is to bound
the degree of Fr. As the 4; are linear, it is the g; that remain to be bounded.
Recall that the g; are of the form x*(1 — x)’, i.e., of degree a + b, where the
size of a + b depends on a rational that has been scaled between 0 and 1.
The central idea of the proof rests on the following simple observation: the
degree of g; is the height of this rational. (Note that H(E”) = sup {| pl, |q|} for
P.q€ZL)

Thus we need, at each step of Stage II, to bound the heights of the points
besides 0 and 1, starting with a bound on the heights of the elements of 7.
Let

Hr = max {H(B)}.

PropoOSITION 3.1. If S is as above, of height Hg and of size s =D +r,
where D is the number of irrational elements of S, and with T as above of
height Hr, then if D#0, one has

Hy <48(22DHg)*P?" !,
Otherwise if D = 0, then Hy = Hs.

Proof. For the case D=0, one would simply take Fs(x) =x and
continue to Stage II of the algorithm with 7 = S. In general, Hy is the
maximum of H(Fs(S)) and H(Fs(zeroes of FY)). Thus, we must bound first
H(Fs) and then both H(F{) and the heights of the zeroes of Fg, which we do
in the following series of lemmas. In the first two, we bound the composition
factors f; that make up Fs. In Lemmas 3.1 and 3.4, we compute a bound on
Fs and then the image of S, Fs(S). Finally, in Lemma 3.5, we consider the
critical values of Fg, hence bounding Hr and completing the proof of the
proposition. 1

Note that if D#0, we have in fact that D>2, since S is closed under
Galois action. We may set K = Q(S).

Lemwma 3.1.  For f; as above, of degree d,
H(fo)<D'2°HY
and

H(f) <24 a™ H(f;1)™.
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Proof. We first bound H(fy). Let «y,...,a, be a list of conjugacy class
representatives of S. Write

t
fO = H mo(,-s
i=1

where m,, is the minimal polynomial for each conjugacy class. From
Property 2.5, we know

H(my,) <2%H (o).

Then by Property 2.4, we have
t 1
H<]] @+ [ @ H®.
i=1 i1

Since Hg>H(w;), if t > 1 (so D>d; + 1), we obtain
H(fo)<D'2°H?.

If t = 1, then fy = m, and H(fo) <2PHP by Property 2.5, so the inequality
still holds.

Next, we construct f;. Recall that f; is the minimal polynomial of the
image of the zeroes of f/ | under f;_;, that is,

d—1
fi=T1] &= fia B,
k=1

where d is the degree of f;_; and where the f, run over the zeroes of f; ;.
(Note that f; € Q[x] because all conjugates of f;_i(f;) are in the product.)
Thus applying Property 2.7 gives

H(f) <2 (d + D) H (i)
For simplicity in later computations, round this up to:
H(fH<2dH(fi)™. B
LeMma 3.2.

H(_fl)< H(fO)QID!/(Dfi)!ZZ;:] (D—k+l)zz‘lfl'(D—k)!/(D—i)!
> l (D —k + l)zi’kﬂ(Df]H»])!/(Dfi)!

k=1
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and

DD D2 D-2 DI (D—i)! D=2 oy
— D) (D=2) 442! . —i—1)!
<2 [T (%) T

Proof. Bounding H(f;) follows inductively from the previous inequality
on f;, with fy of degree D; combining like terms yields the desired result.

Next, for any monic polynomials f; of degree d;, we can bound the
polynomial F; = fyo fi_1° --- o fo, with repeated applications of Property
2.6. This yields

. k
H(F,) <22 Zi:l (didj1-..odk) H (dioidis - ...~ dydy + 1)dldl+1'...~dk
i=1

k
x H H(fi)d[)dI""'dk/dudl-...-d,-
i=0

Given deg(f;) = D — i, we obtain the desired inequality for Fp_,, which
bounds Fs. (Note that if D = 2, then Fs = f;.) |1

LEmMMA 3.3.

H( Fs) < 2D2D’ sll ( D HS)DZD*ZD! '

Proof. We apply the two inequalities of the previous lemma and simplify
the resulting expression. For example,

H2A(D=D+HD=2)+-+2)
— D2AD=DMI+1/(D=1)++1/[(D=1)D=2)...3)

< 2 2(D-1)!

To bound the product

D— (D—i)!
)

i=1
=D+ DP VDO -1+ )PP DD -1)D=-2)-...-3+ 1),

note that each factor except the first, (D + 1), is less than D'. Then taking
logs to the base D, we get

(D—1)!(10g(D+1)+D_1+(D_1)(D_2)+'”+(D—1)(D—2)...3>'
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For D=3, this is
3
<D - 1)!<2+ (D — 3)> <D!

and hence the product is bounded by D”. If D = 2, then Fs = f;, and the
lemma holds trivially.

However, the main contribution to H(Fys) comes from the product of the
terms of the form H(f;)?~!""". Using Lemma 3.2 to write these in terms of
H(fy) and simplifying, pulling out the dominant term as in the previous
examples but with a bit more algebra, we find that

D-2
H H(ﬁ)(D*i*])! < 2D!D2D72D3-2D73D!H(fb)2D72D!.
i=0

In fact, the roundoff is great enough to easily absorb the two
previous contributions of 22°@~D! and DP'. We substitute for H(fy) using
Lemma 3.1, which says H(fy)<D"2PHP. Since D>2, we have that ¢, the
number of conjugacy classes in S\Q, is at most D/2. Combining all these, we
obtain

H(Fs)<2P*" 'P(DHP? P 11
From here on we omit most of the detail of algebraic computations.
LemMma 3.4.
H(F5(S)<(D! + 1)202”*‘0! PP D! HLSp(zD*Z)D!w!_
Proof. We apply Property 2.1, noting Fs has degree D!, so
H(F5(S)) < (D! + 1)(Hs)” H(Fy).
The previous lemma bounds H(Fs), completing the proof. (In fact the factor

D!+ 1 could be absorbed in earlier roundoff, for example in the exponent
of 2.) 1

Lemma 3.4 gives us a potential bound for Hr, where
T = {critical values of Fs} U {Fs(S)}. Thus for Proposition 3.1, it remains
only to bound the height of the critical values.

LEMMA 3.5. If U is the set of zeroes of F, then

H(Fs(U))<48(4DH5)P*" 7"
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Proof. Let U; denote the zeroes of f;. By a simple application of the
chain rule, one finds that

Fs(U) = fp—2(Up-2) v fp-2° fo-1(Up-1) U --- U fp_sofp_io--- o fo(Up).

Note, however, by construction of the f;, that

filfi-1(Ui-1)) = 0.
Thus, one has

Fs(U) = fp-2(Up—2) v {0} U fp2(0) U fpze fp—1(0) U--- U fp_se
folo RS f2(0)

Because the bound on H(Fy) is greater than or equal to H(fp_2° -+ © fi),
with 0<k<D — 2, following the same bounding techniques we would find
all of these to be of smaller height than Fg(S) except for possibly fp_2(Up_3).
Hence for our purposes it suffices to bound H(fp_»(Up-_»)) and check that
this is greater than or equal to H(Fs(S)), as given in Lemma 3.4.

First, we bound Up_» in terms of fp_». Recall that deg(fp_») = 2, so by
Property 2.2, H(f},_,) <2H(fp-2) and by Property 2.3, H(Up_2) <2H(f},_,).
Combining these with Property 2.1, we have that

H(fD—Z(UD—2)) <3 24 : H(fD—2)3~

Lemma 3.2 gives a bound for H(f;), and using Lemma 3.1 for H(f),
we find

H(fp-2)<2P"P(DHg)™ ™. 1

Note that the bound from Lemma 3.4 is smaller than the one we
get here, so Lemma 3.5 also gives the upper bound on Hy, proving
Proposition 3.1.

Now we are ready to bound the degrees of the maps in Stage II of the
algorithm.

PROPOSITION 3.2. Let G(x) = x* and let G(x) = GoGo --- oG be the
composition of i factors G with Gyo(x) =x. For S, Hs, Hr as above, with
Fr=h,20g,2°0h, 30---0g1°hg, if the cardinality of S is s=3, then with
n<s, we have

s—3

deg(Fr) < [ Gi2s)).
i=0
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Proof. Recall that the h; are linear and the degree of each map g;
depends on the height of the point generating it. Let us observe what g; and
h; do to the height—which is bounded by the maximal denominator—at
each step with i > 1, as this will determine the degree of g;. At this stage, we
assume each element is in [0,1]. Given o= _f; gi(x) =x(1 — x)°, with
a+ b=c + d (by our choice of maximal height each time to generate g;), we
have

cdb
i o) = 1k
g( ) (C + d)a+b
noting, in particular, the denominator
(C+d)a+b<(a + b)a+b.

Thus applying g; takes the maximal height H of the set to at most H7. As
hi(x) =3, one can easily check that applying 4; at most squares the height of
the set. This implies that

deg(gy) <(deg(g;_)*e-1y?

fori>1.
Define

G(x) = (')
and
Gi(x) = GoGo--- oG,

the composition of i factors G. Let Gy(x) = x. Then deg(g;) is bounded by
G,_1(deg g1). We can thus bound each g;, of which there are at most s — 2,

inductively.
So, it remains only to bound deg(g;). Given Hr, we first scale by
x—p
h()(x) = .
ﬁn - :[))l

By Property 2.8, the height of hy is <2H3z. Hence by Property 2.1,
H(ho(T))<2H.
Thus the maximal denominator in the scaled set is of height at most 2H3, i.e.,

deg(gr)<2H;. 1
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Given Propositions 3.1 and 3.2, we can now bound the degree of P in
terms of the set S as the product of deg(Fs) and deg(Fr).

THEOREM 3.1. Let G(x) =x* and let Gi(x)=GoGo ---oG be the
composition of i factors G with Go(x) = x. Given a finite, non-empty set
S < Q, closed under Galois action, of cardinality s, with D irrational elements,
and of height Hs, there exists a non-constant polynomial P(x) € Q[x] with
P(S U {zeroes of P'}) = {0,1} such that:

® jfs<3, then deg(P)<2,
® fs=3and S < Q, then

s—3

deg(P)< [ ] Gi(2H3)
i=0

® and otherwise if s=3 and Sz Q, then
s—3

deg(P)< [ Gu@*DHsy™ " ™.
i=0

Proof. The existence of such a polynomial P follows from Belyi’s
theorem. First, assume s>3. From Proposition 3.2, we have

deg(P) <D!deg(Fr)
s—3
<D! TT G.eH),
i=0

where G(x) = x> and G;(x) = G> Go --- o G the composition of i factors G.
If D<?2, then Hy = Hs. Otherwise, from Proposition 3.1,

Hr <48(22DHg)*P?" ',

It follows that

s—3
deg(P) < H G[(232DZD’]D!(DHS)32D2’)’3D!),
i=0

where the desired inequality follows from observing that D! and the constant
factors can be absorbed into an overestimate for Hr. If D is much less than s,
this expression in terms of D gives a better bound than the theorem of the
Introduction.
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The case s<2 is much shorter: if § = Q, one linear rescaling step suffices
to send S to {0,1}, so deg(P) = 1. Otherwise we have S < Q\Q, and a
quadratic polynomial will map S to Q and then a linear rescaling to {0, 1},
sodeg(P)=2. 1

As we are primarily interested in the dominating terms, rather
than a detailed bound, for the theorem we could bound P even more
crudely: let B(x) = x*, with B;(x) the composition as before, so for § < Q, we
can write

s—3

deg(P)< [ B2 *H5),
i=0

noting D<s. Since the final B; is so far greater than product of all the
previous ones, we can even write

deg(P) <(Bs-3(2*H3))”.
Doing the same for the bound in the case Sz Q, we have
deg(P) < (B,_3(2°"2 - 2H}))™.
Hence, after some algebraic manipulation,
deg(P) < (B,—3(2™ "(DHg) ™ ),

which proves the theorem of the Introduction.

Essentially, one can think of the input to the function B; as the buildup of
the height and degree from Stage I of the algorithm and the main growth
from the B; itself as the result of composing polynomials of the form
x9(1 — x)? in Stage II.

3.3.  Bounding the Coefficients. The arguments for bounding the coeffi-
cients of P are similar to those for the degree, so we present them in less
detail. We have already bounded the height of Fgs (Lemma 3.3), so it is easy
to bound H(hy(Fys)), the height of the polynomial after the first rescaling in
Stage II. Thus, it remains to bound the heights of the rest of the polynomials
used in Stage II. Because these polynomials are all linear or of the special
form x“(1 —x)°, we then apply Properties 2.9 and 2.10 to bound their
compositions.

Before examining the most general case, we note that for S of cardinality
s<3, as in the case of the degree, H(P) is easy to bound. If s = 1, then P is
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linear and H(P)< Hg by Property 2.9. If s = 2 and S = Q, then H(P)<2H?,
by Property 2.8. Finally, if s = 2 and Sz Q, a straightforward computation
composing the minimal polynomial for § with an appropriate linear
rescaling gives a polynomial P with H(P)<22H}.

Thus we consider s>3. Assume in the following lemmas that D is non-
zero, so D>2. (Otherwise take Fy to be the identity, Hs in place of Hr, and
without loss of generality, s in place of D.)

LEMMA 3.6. For hy as in the algorithm, we have
H(hO(FS))<23D2”D!(DHS)3D2D’ID!-

Proof.- By Property 2.8, we have H(hy(Fs))<2H(Fs)H(hy) and
H(hy)<2H?. We have proved that Hr is bounded by 48(22DHs)*P2 P! in
Proposition 3.1, and H(Fs) is bounded by 222" '?(DH)?*" "' in Lemma 3.3,
so combining these and simplifying we have

H(ho(Fs)) < 23P2°P{(D HS)DZDD!. I
LeEmMA 3.7. For h; and g; as in the algorithm, i=1, we have
H(h) < deg(g) "%
and
H(g) < odeg(gn)

Proof. Recall that h;(x) :ﬁ, with a+b>a and deg(g;)) = a+ b.
a+b
Hence this has height bounded by (a + b)*™. The second inequality is

Property 2.10. 1

But now all the machinery is in place to bound H(P) inductively. For
example, by Property 2.10,

H(g1(ho(Fs))) < (2(D! + 1) H (ho(Fs)))*ee¥n.
Then by Property 2.9,

H(hy(g1(ho(F)))) <H(h)2(D! + 1)H (ho(F)))deeon
<deg(g1)*€9 2D + 1)H (ho(F)))4ee¥n,
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In general, for any polynomial f,
H(hi e gio [)<Q2ci(deg(f) + DH(f)),

where ¢; = deg(g;). Continuing in this fashion, alternately applying Proper-
ties 2.9 and 2.10, yields the following formula:

H(hj o giohi—10gk—1° -+~ ohgoFy)

k
<2X e g )y T ] e
1
i=1

k
x H (¢i1Cia - ...~ crep + 1))
ey

with ¢y = deg(Fs) = D\.

Now note that H(P) = H(FT o Fs) = H(hs_g o gs—2°hs—3 0(fgg_30 -0 h() ° FS),
with s the size of S, so for £k = s — 2, the formula gives the bound on the
height of the polynomial. Recall the behavior of the degrees of the g;, given
by ¢; <" for i>1. Thus we have shown the following theorem.

THEOREM 3.2. Let G(x)=x* and let Gi(x)=GoGo--- oG be the
composition of i factors G with Gy(x) = x. Given a finite, non-empty set
S < Q, closed under Galois action, of cardinality s, with D irrational elements,
and of height Hs, there exists a non-constant polynomial P(x) € Q[x] with
P(S U {zeroes of P'}) = {0,1} such that:

if s =1, then H(P)<Hs,

ifs=2,and S = Q, then H(P)<2H?,

if s =2 and Sz Q, then H(P)<2>H},

and otherwise if s =3, then with ¢ = D\, ¢; = ZH%, and c; = G;_i(cy),
and finally M < (23DHg)?*"™, we have

s—2 s=2
H(P) <2Z;‘:1 (c,-c,-+|...cs,z)(M)clcz...cs,zH C?i0i+]~..cv,2
i=1

s—2
X H (cii1cin...crep + 1)ict6=2
i=1

This expression is extremely cumbersome, though. For such a rough
bound, it suffices to note that every term with a contribution of ¢, , far
outweights any other. We omit the details, but one can obtain

2
H(P) <,
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4. RATIONAL FUNCTION CASE

4.1. Notation and Algorithm. As in the polynomial case, we first present
the algorithm for producing rational functions which we will use to compute
the bound. There are a number of algorithms one might construct oneself or
choose from; for example, as mentioned earlier, Belyi’s original algorithm
produced rational functions. However, we are interested in achieving
bounds much lower than those in the polynomial case and thus in
particular, in avoiding the many compositions of Stage II of the previous
algorithm. See a more recent preprint of Belyi’s, [1], for one possible
improved method.

The algorithm stated here uses essentially the same method as [1] but has
a very economical presentation. We thank Frits Beukers for drawing our
attention to this idea of Jean Marc Couveignes’. With the same notation
given earlier, that is, S a finite, non-empty set of algebraic numbers closed
under Galois action with size s and height Hg, the algorithm produces
R(x) € Q(x) where R(S) < {0,1,00} and R(x) is ramified over at most those
three points.

Stage 1. Follow Stage 1 of the previous algorithm to construct
Fs(x) € Q[x]. Then T' = Q is given by

T = {Fs(a): Fg(a) = 0} U {Fs5(S)}.

Stage II. Let T = {0, p,,...,p,}, n<s. (Note that while the f; are not
necessarily ordered, we do distinguish zero in the set.) Let

G0 = [ (1 - g)

i=1
where the r; are non-zero integral solutions to the system of equations

Yo li=0  fork=1...n-1
i=1 ﬁi

Set R(x) = Gy o Fs, finishing the algorithm.

For completeness, we check that with this construction Gr satisfies the
desired ramification properties and make a few comments. The system of
equations for the r; come from the following constraint: let Gy = 1 + ex"+
(higher-order terms). Consider the logarithmic derivative, given by

G_/T_ . _ri/ﬁi
GT_i:Zl l—x/ﬁ,»'
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This must be of the form cx"~'+ (higher-order terms), which yields the
equations for the 7. But then as zero is the root of G%/Gr =0 with
multiplicity n — 1, no new ramification has been introduced by Gr.

Note also that each f3; is sent to 0 or oo as #; is positive or negative, and 0
is sent to 1. Thus it remains only to show that no »; can be zero, but this
follows from the fact that the system of equations generate a Vandermonde
matrix. More specifically, solving explicitly for the r;, say by Cramer’s rule,
involves determinants of Vandermonde matrices, which are given by the
product of differences of the matrix entries and hence are never zero here.
This remark is of computational interest in generating Belyi functions not
only because it shows there is a solution where every 7; is non-zero, which is
necessary to control the ramification, but also because ordinarily using
determinants is a computationally expensive operation to implement yet in
the special case of Vandermonde matrices can be practical.

4.2. Bounding the Degree. To bound the degree of R(x), where
R(x) = Gy o Fy, since we already have that Fg is of degree at most D!, we
must simply bound the degree of Gr. In fact, most of the work for this has
been done by computing a bound for the height Hy of the set T, which is
given in Proposition 3.1, Section 3.2. We also require the following result
regarding solutions to the system of equations that generate the exponents
in GT.

PROPOSITION 4.1. If T = {f,,...,B,} € Q\{0} is of height Hr, then there
exists a non-trivial solution (ry,...,r,) € Z" for the system of equations

Z?:l E =0,
n v
Zi:l E =0,
v
er‘l:l 3{171 =0

with
H(V,‘) < 2(1172)(}171)]_[;3"*4)(”*1).

Proof. The existence of such a non-zero solution follows from linear
algebra, and we can solve directly for the 7;’s, using Cramer’s rule to first
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obtain a solution in Q”. Setting r, = —1, we have
det M;
r= ,
" det4d
where 4 is the (n — 1) x (n — 1) matrix with entries (a;;) = 1 and M; is the

B
matrix 4 with the ith column replaced by entries of (a;;) = 1.
As A4 and M; are Vandermonde matrices (after pulling out constants), the
expression for 7; is readily simplified to

BT (1_1>/ - (1_1>
“—ﬁ,,E B B g B B
#i

Applying properties of heights and valuations, we obtain
H(r) <20-2H"
for I<i<n—1and
H@ry) = 1.
Therefore, we can scale up to obtain integral solutions with
H(r) <@ PHp" )0,
which gives the proposition. 1l

Remark 4.1. Had the system of equations not been of such a special
form, one could still easily bound solutions with Siegel’s Lemma. Given m
equations, n unknowns, and integral coefficients bounded in absolute value
by C, there is a non-trivial solution set bounded in every entry by
1 + (nCY"™=" In fact, one can use a sharper form of Siegel’s Lemma, such
as Bombieri and Vaaler proved in [3]. However, their result benefits from
reducing by common divisors of minors of a certain determinant, which we
cannot necessarily do here. Also, it should be noted that Siegel’s Lemma is
stronger when there is a greater difference between the number of equations
and number of unknowns; here the difference is only one.

THEOREM 4.1.  Given a finite, non-empty set S = Q, closed under Galois
action, of cardinality s, with D irrational elements, and of height Hs, there
exists a non-constant function R(x) € Q(x) with R(S) < {0, 1,00}, ramified
over at most {0,1, 00}, such that

® ifs<3, then deg(R)<2,
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® ifs=3and S = Q, then

deg(R) < (s — 12072 D ==,

® and otherwise if s=3 and Sz Q, then

deg(R) < (4DHS)32D2D72D!(S72)2 .

Proof. The existence of R(x) follows from the algorithm of Section 4.1
where the discussion shows that R has the required ramification properties.
For the case when s < 3, the argument is the same as that for the polynomial
case. Otherwise, to bound the degree of R= GroFs, we use that
deg(Gr)<(s — 1)max; |r;|, since there are at most (s — 1) exponents r;
contributing to the degree; also, we know deg(Fs)<D!.

If S < Q, then D=0 and Hr = Hg, so the previous proposition gives the
bound

deg(R)< (S o 1)2(s72)(sfl)H§3374)(571),

which is rounded up further in the Introduction. Finally, if Sz Q, again we
apply the previous proposition along with the bound for Hr proved in
Section 3.2, Proposition 3.1. This yields

deg(R) < Dl(s — 1267 26-(48(22 DHy) P2 *PH3s-706-2),

If D is much less than s, note that this expression gives a better bound than
that stated in the theorem of the Introduction. Since s > D, we can write this
bound in terms of s. First rounding up for simplicity, we get

deg(R) < (4DHy)¥ 0¥ *Pls=27
< (4S[_IS)3223723‘!S3 . I

4.3.  Bounding the Coefficients. Until now we have not used the height of
a rational function; recall that this is bounded by the height of its numerator
and denominator. Since R(x) = Gr ° Fs, given information about the height of
Gr and Fg, one might use composition properties modified for rational
functions to bound the height. However in this case, because G7 is of such a
specific form, that is, the product of binomials, we will profit more from simply
using Property 2.4, which bounds products. We prove the following result.

THEOREM 4.2.  Given a finite, non-empty set S = Q, closed under Galois
action, of cardinality s, with D irrational elements, and of height Hs, there
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exists a non-constant function R(x) € Q(x) with R(S) < {0,1, 00}, ramified
over at most {0,1, 00}, such that:

® ifs=1, then HR)<Hs,
® fs=2and S < Q, then H(R)<2H§,
® ifs=2and Sz Q, then H(R)<2*HY,
® fs=3and S = Q, then
H(R) < (4Hg)~ 02 7
® and otherwise if s=3 and Sz Q, then

3020 pis?
H(R) < (2DHg)?PH)™ "

Proof. The first cases, for s<2, are as in the polynomial case. For s>3,
following the algorithm given in Section 4.1, we have that

s—1 ¥
- (1-18)

i=1

is a function satisfying the desired ramification properties with Fs, f;, and r;
as given in the algorithm. Let R*(x) and R (x) denote the numerator and
denominator in Q[x] of R(x). To bound H(R), it suffices to put an upper
bound on R*(x) (or equivalently on R~ (x)). From Property 2.4, we get

Fs(x)>
Bi )’

where both products are taken over the sum of the positive r;, with each f;
appearing r; times. Now for a single factor, by Property 2.8 we have

HR ()< [[0! + 1)HH<1 ~

H(1 A Sﬂ(x)) <2H(B)H(Fs),

which is
<2HrH(Fs)

for all i. Let M denote the maximum of the 7;, so the sum of the 7; is at most
nM, where n is the number of non-zero elements of 7, as in the algorithm.
Thus we have

HR"(x))<((D! + 1)2HrH(Fs))™

with n<s — 1, as not all the 7; are of the same sign.
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For the case when S < Q, we have D =0 and Fs(x) = x, so Hy = Hg,
H(Fs)=1,n=s5—1, and M = H(r;) from Proposition 4.1. This gives

5-2) H23.V77)(.v—2)

H(R+(X)) < (4HS)(57 1)26-3)

and thus, we can round up to
2 17362
H(R)<(2Hs)> 5" .

Otherwise, it remains simply to use the prior bound work, where M is
again given by the height H(;) in Proposition 4.1, Hr is bounded in
Proposition 3.1, and H(Fs) is bounded in Lemma 3.3. Also, we have
n =s — 2, since there are at most s — 1 exponents »; of which at least one is
of sign different than the others. After some algebraic manipulation, one can
obtain

D pyi2
H(R) < (2DHg)PHs’™ "

The details are left to the reader. Leaving D in the expression allows one to
profit in the case where D is much less than s; noting s > D gives the theorem
of the Introduction. 1

5. REMARKS

5.1. A Lower Bound on the Polynomial Degree. It is natural to ask for a
lower bound of a Belyi map, which, at least for the degree, is an easy
consequence of the Riemann—Hurwitz formula. For the polynomial case,
consider P mapping from P;(C) to P;(C), totally ramified over co. Then by
Riemann—Hurwitz, one finds that the inverse image of {0, 1}, our only other
ramification points, is of size at most deg(P) + 1. In other words, one has

deg(P)=#S — 1.

In fact this polynomial degree bound is sharp, for example, in the simple
case S = {1,0,—1} and P(x) = x> (or more generally, for {, an nth root of
unity, § = {0,¢,,(2,..., ", 1} and P(x) = x").

5.2.  Regarding Upper Bounds and Curves. The upper bounds given in the
theorems are by no means sharp. From the outset, the height lemmas are
chosen to be easy to work with and compose rather than to give as sharp as
possible a result. However, the bounds do give an indication of the general
growth of the Belyi map relative to the size of S following Belyi’s algorithm.
In practice, one would like to start with a curve, C, rather than a set of
ramification points in P;.
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As an example, consider the case of an elliptic curve, E. Given in Legendre
normal form, we have (for A e C\ {0, 1})

E:y? =x(x — )(x — A).

Every elliptic curve E defined over a number field K is isomorphic (over K)
to such a form. Projection in the x-coordinate gives a degree two map
ramified over {0, 1, A, co}. Therefore, one can apply the theorems of Section
3 or 4 to obtain a bound on the degree of a Belyi map as a function of
s = deg(l) + 2 and Hg = H(A).

Given a specific curve, or restricting to some set of curves, typically ad hoc
methods will give lower Belyi map bounds than the algorithms do. In [6],
Jones and Singerman give the example of the nth Fermat Curve given by
X"+ y" =1 of genus (n— 1)(n —2)/2. The projection map, say in the x-
coordinate, gives a map of degree n ramified over the nth roots of unity,
which we can then compose with the x” map noted in the previous section.
One can check that this gives a map of degree n®> ramified over at most
{0, 1, 00}. For the case of elliptic curves, one might do better starting with a
minimal Weierstrass form.

5.3.  Belyi Maps for Non-zero Characteristic. ~Although Belyi’s theorem is
for curves over number fields, it is of interest to ask what happens over
characteristic p#0. Let F, denote the algebraic closure of the finite field F .
Working in characteristic p, with maps from P, (F p) to itself, it is in fact easy
to kill any ramification while using pth powers so that no new ramification
is introduced (forcing that the derivative has coefficients of p). See [10,
p. 335], for one possible proof.

Saidi notes that for a curve C, if p > 2 then by a result of Fulton’s there is
a map from C to Pl(l_Tp) that is tamely ramified over a finite set S, in
particular, of ramification degree 2 over each point. (We assume the curve is
algebraic over Fp.) Thus one can construct a Belyi-like map, unramified
outside {0, 1,00} from C to Pl(l_Tp).
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