Pub. Mat. UAB
N® 22 Nov. 1980
Actes VII JMHL

SUMS OF INDEPENDENT RANDCOM VARIABLES AND SUMS OF THEIR SQUAREE
Evarist Giné

Seccid de Matematiques

Universitat Autdnoma de Barcelona

Let {an:j= 1,...,kn, n e N} be a triangular array -of ;ow-wise inde-
pendent random variabies, Sn= ijnj the row sums and Tn =ijnj the row sums
of squares. Raikov (1938) proved that S converges weakly to a Gaussian law
if and only if Tn converges in probability to a constant. Hall (1978} shows
that if Sn converges to a Poisson Jaw with parameter 1, then so does Tn.

In this note we give the exact relation between tightness and convergence
of {L(Sn)},{L{Tn)] and {min(l,xz}zjdb{xnj)} for infinitesimal arrays; the-
se results contain those of Raikov and Hall as particular cases. The tight-
ness relations proved to be useful in some work with M.R.Marcus on the cen-
tral 1imit theorem in C(S). I acknowledge Prof. M.Marcus for the correspon-
dence that led to this note (as a byproduct).

The notation will be as follows: {an: J =l,...,kn, ne N will be
a triangular array of row-wise independent random variables ({an} for

= = 2 = =
short}), Sn-Eanj, Tn- Eanj, anT xnd{IanIf_r}’ Sn’T ijnjr’ (v>0),

and {an} will denote independent symmetrizations of {an}.{an} is infini-
tesimal if 1im_ max; P{Ixnj| >el =0 for alle>0.

ke refer to Gnedenko and Kolmogorov (1968, Theorem 25.1) or to Araujo
and Giné (1980, Thecrem 2.2.7) for the general central limit thearem on
the Tine (CLT}. '

The following is our main observation. Tt elaborates on exercise
2.5.3 of Araujo and Giné {1980) and its proof is inspired on their proof
of the converse CLT.
Theorem 1. Let X33 be a triangular array of row-wise independent rv's.

Then {L[zjxij}} is tight if and only if the family measures

: dun(x)= min(l,xz)zjdL(an)(x)

~is uniformly bounded and tight.
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Proof. Assume {L(EJX .J} tight. Then by positivity, so are {L(EJXﬁJT)}co 1
and {L(X )} ] . The converse ¥Xolmogorov and Lévy inegualities give
2 2 2 2\,

E(Ej(xan-EanT}} g_cT‘d/[l-ZP{|Ej(anT) [>d}]

where c. .d is a finite constant for each r, d>0. The tiqhtness of
2 ~ 2 k-1 1 -

{Z{z J(an ™11 therefore implies sup E{E (XnJT nJT} , hence the tiaht

2 2 2
ness of {L{Z jxan—Zj an)} by Chebyshev. {L(Z X )] being tight, we con-
clude
(n sup 2.EX2. <=

n“3-"njt

for all v>0, As is well known, Lévy's inegiality gives that if {"1} are
independent symmetric, then

i Pin,] > 8) < -log(1-2P{|E;n;| > 83)

for all &> 0(as observed by Feller {1971}, page 149). Hence, using Fubini

we can conclude that thers exist >0 and xnj e R such that

2
suanjP{|an-xnj|>B} < 172,

Since {L[KI )] 3 is tight, there exists M>0 such that sup_ jP{xi

j>M}<1I2,
which 1mp11e5 that |xnj| < M+g. So, there exists 1>0 such that

Sup,, Z P{X >r} < 1/2.

If we apply this to r independent copies of Sn' r e N, we conclude that
there exists ¢ >0 such that '

supanjP{Xﬁj >} < 1/2.

This proves that {ZJL{an%|[x||> 172y 4 uniformly bounded and tight, hen-
ce by {1), so is {min(1,x /r)EjL{an)}. It is trivial to see that if for
some 1> 0 these measures are uniformly bounded and tight, the same is true
for each t>0, in particular for t=1.

Conversely, assume now that {vn} is uniformly bounded and tight. Then
for all «, t»0,

2 .
PUT > th e PLEX L >t Xl 2 ms 321,00k )

2
+sz{|an| >t} < rjExan/t+sz{|xnj >t} .
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Given ¢ >0 choose t>0 such that the last sum is not greater than
e/2 and then t such that E EX /t <e/2. Hence, (z{T 11 is tight.(
Since

)2 2

(2) E(X --EX I{Ianl il}-Exnjl=

nj "njl

= (1+P{]X | > 11 (EX . 1)°

nji nil’t °’
the previcus theorem toqether with theorem 2.45 in Araujo and Gin&{190)give:

Corollary 2. Let {an} be an infinitesimal array such that
(3) SUPE (E n31)

. . . . Z .
Then, {L(SH-ESH,T)} is tight if and only if {L(ijnj)} is.

Remark. Condition (3) is satisfied if:

{a) {X } is sywmetric, but in this case it i5 not necessary to assume in-
f1n1tes1ma11ty {use Araujo and Ging& {1980). Cor. 2.5.7), and

{b) for {Zn.= Xpi-EX .}, any 1>0, if either {L(Sn-ESn,T)} or

njt 1,17
{L(zj(xnj-Exan) Y} are tight for some t>0. Let us see it for t=1:

rEsz _1f|x | <1z dP| + (1+ |EX, lf)P{|xnj|> I—fEanll}

=|Exnj1fP{[an[ >1}+ (14 |EX )P{fxnj|> 1-|EX

njll njll}’

and since maxj1EX | +0 as n>= by infinitesimality, we obtain that

njl
supnzj(EanIJ2 <¢ supnsz{fxnj]> 1/2} and this quantity is finite if either
one of the two families of sums are tight, by the previous theorems. So we
have: - '
Corollary 3. Let {X } be infinitesimal. Then {L(S ES }} is tight if and
only if {L{zJ(an nJG) 2y} is tight for some (a11] a> o )

Mext we examine convergence relations. We will let T(x}=x". Mote
that if v and v are o-finite Borel measures the equation vwoT =y, v unknown,
has a unique symmetric solution and a unique solution supported by
R (R_) . This solution will be denoted v=noT and it will be symmetric or
supported by R, depending on the context.

Theorem 4. Let {an} be an infinitesimal array.
{a) Assume {an} satisfies condition (3) and

(4) L(Sn-ESn,GJ+NN{0,02)*csPoisu
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for some a23_0, Lévy measure p and 6> 0 such that p{-5,8}=0
Then,

2 2 . -1
(5) L(zjxnj-szan6}+wc62 Pois{uoT ™)

In particular, if condition {3) is replaced by the stronger condition

CoL 2 .
(6} 'I1mnEjEXnJ.6—a< .
then
(7 L{z X }+ 8,%C,2 Pois{noT~ 1

{b) Conversely if the xnj are non-neqative {symmetric) and
- _ 2 -
{8) 11m5+011mn2j{EanG) =0,

then, the fact that

2

ES * 1
{9) L{ZJan) wSa °52 Poisu

for some Lévy measure v and & such that u{-62,62}= 0, implies

(10) L E(S,ES, o N0, ec Pois{poT),

where 02= a-f%z xdu(x}. (woT is symmetric if the X nj are symmetric and with
support in R+' if the Xn. are non-negative). Also, . EXEJG L

{b'Y If in (9) w=0, then {b) is true without the var1ab195 X . being non-
negative or symmetric. )
Proof. {a) By the CLT , = L(X

1/2

J[{|XI>6}>\~'U|{|XI>5] if U{'ﬁ,é}:o

s1/2y 2 2 -
Then if u{-8 }=0, 1, L(XHJ)ffIXI » 51707 !{le , 51+ On the other
hand,
e e B 2 2
11m6+0]]mn2jg[xnjl{xzj_55}'(Exnd{X2.‘ia}) ]
oy T 2 2_
111m6¢011mn£ (5-E( RJ)G) (X J)d =0
because by condition (3) and the CLT , suanjExﬁjla = (see (2)). Hence

(5} follews from the CLT.

(b} Assume now that (8) and (9) hold. Then {3) holds "and therefore Corollary
3 gives that {L(Sn-ESn 5)} is tight. But obviously all the subsequential
limits have the same L&vy measure poT, hence sz(an)l{le >6}+W”°T|{ix|>6}
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. _ . . 2
if uoT{-6,6} =0. Now, the CLT and {9) give hmnEjEan6

condition (8) implies

=&, and therefore,

Tim _ Tim 2
him 4o {11m} L;{EX ’T ) =lim g {11m]nEJEXnJ
SF 2. Vim pEXS. =1i 2 lamrS xdl )
S0, uf e =0 M i g T a0, u(e%y =0 (9T XOREX

=a—f8 xduf{x}.

So, (10) follows by the CLT . (b') also follows from the CLT, Gaussian
canvergence, and from {fi} with n=0.

Remarks{1} Condition (8) is satisfied in the symmetric case and also for
2 .=¥% .-EX

nj nj 5™nJ il
if {L(ij Y or {L(z 7 )} are shift tight, then 11m z, E|Z

in genera] {from remark (b} after Corollary 3 we obtain that
2
n35|
— 2 —_ _
< 11mn£j P{lxnj| > §}} __T Jaxy PLIX ] >8} E j P{Ian| >4} =0).

[2) Let us finally remark that if both {L(S 1} and {L(E X2

then the p-th moment of IS | converges if and only if the (p/2 -th moment

of EJXZ does:both cond1t10ns are eguivalent to

i1 converge,

Hmt--mwanjE]anl I{IX f> t}=0

(de Acosta and Ging (1978)). With this remark, Theorem 5 contains the result
in Hall (1978} as a particular case (the cases v=0 and p =151}.

{3) It is also clear from the foregoing that the power 2 ig basic only if
TimnEjEXEjaf 0 and the Lévy measure u {or uoT-l) gives positive mass to
intervals arbitrarily near to zero. Otherwise the previous results hold
for Ej]anI ; for any p >0 {as observed by Hall {1978) in the particular

case u =A61).
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