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Stochastic cash flows modelled by homogeneous
and non-homogeneous discrete time backward
semi-Markov reward processes

Fulvio Gismondi', J acques J anssen?, Raimondo Manca3
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Abstract

The main aim of this paper is to give a systematization on the stochastic cash flows evolution.
The tools that are used for this purpose are discrete time semi-Markov reward processes. The
paper is directed not only to semi-Markov researchers but also to a wider public, presenting a
full treatment of these tools both in homogeneous and non-homogeneous environment. The main
result given in the paper is the natural correspondence of the stochastic cash flows with the semi-
Markov reward processes. Indeed, the semi-Markov environment gives the possibility to follow
a multi-state random system in which the randomness is not only in the transition to the next
state but also in the time of transition. Furthermore, rewards permit the introduction of a financial
environment into the model. Considering all these properties, any stochastic cash flow can be
naturally modelled by means of semi-Markov reward processes. The backward case offers the
possibility of considering in a complete way the duration inside a state of the studied system and
this fact can be very useful in the evaluation of insurance contracts.
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1. Introduction

By stochastic cash flow (SCF) we mean a financial operation (Janssen et al., 2009) in
which the flow amount is stochastic. Furthermore, it is possible that the time of payments
can be stochastic.

! “Guglielmo Marconi” University.
2 Solvay Business School, Université Libre de Bruxelles, Belgium. janssenwets.jacques @ gmail.com

3 Sapienza Universita di Roma. Dipartimento di Metodi e Modelli per I’Economia, il Territorio e la Finanza.
raimondo.manca@uniromal.it; ernesto.volpe @ gmail.com
Received: August 2012
Accepted: April 2014



108  Stochastic cash flows modelled by homogeneous and non-homogeneous discrete time...

More precisely, the discrete flow value in both cases can fluctuate within a time
interval that we suppose being a subset of N. Indeed in real life problems, the money
amount is a discrete variable and the time of payments is a discrete variable. Under these
assumptions, a SCF can be seen as an example of a bivariate discrete time stochastic
process where the first variable is the time and the second the money amount.

The study of SCF has been particularly developed in a financial environment and in
various aspects of insurance. Many papers were written on the evaluation of annuities
with stochastic interest rates and/or on stochastic cash flow evaluation. In this environ-
ment, we recall the following papers: Artikis and Malliaris (1990), Artikis and Voudori
(2000), Beekman and Fuelling (1991), Browne (1995), De Schepper and Goovaerts
(1992), De Schepper et al. (1994), Donati-Martin et al. (2000), Duffie et al. (2000),
Dufresne (2001), Halliwell (2003), Harrison (1977), Milevsky (1997), Milevsky and
Posner (1998), Parker (1994), Perry and Stadje (2000, 2001), Pliska (1986), Sato and
Yor (1998), Vanneste et al. (1994, 1997) and the books of Wolthuis (2003) and Yor
(2001). All these papers and books face the problem of using the stochastic calculus
tools under Markovian hypotheses with continuous states and continuous times. These
hypotheses implies that the waiting time distribution functions (WTDF) are exponen-
tial, and furthermore that the duration inside the state cannot be considered in a Markov
environment. In real life these hypotheses in the most cases are not verified.

Another way to evaluate a SCF was given by Wilkie (1986) and subsequently
improved in Wilkie (1995). This model uses traditional time series tools. In this case,
the model pointed to the study of future asset returns of an insurance company. This
model cannot be considered a general model for the study of evolution of SCF and also
in this case the duration inside the states cannot be considered.

As is well known, (see Janssen et al., 2009), financial operation is a set of financial
supply (7, Sx) where Sy represents an amount and 7 the time of the payment of S;. We
can suppose that:

1. S depends on the state of a system and, usually, also on the time of the payment;
2. the change of state happens at a random time.

The introduction of this second random variable, as specified in Estes et al. (1989)
complicates the calculation of the cash flow value at a given date.

If we suppose that, in a discrete time environment, the bivariate stochastic process
future depends only on the present and not on the past history and that the WTDF
between two transitions can be of any type, then we are in a semi-Markov process (SMP)
environment (see Janssen and Manca, 2006 and 2007 and their references).

It is already known that the applications of the SMP to finance and insurance
problems assume great relevance and in the literature these applications were given,
for example, in Janssen (1966), Hoem (1972), CMIR (1991), Carravetta et al. (1981),
Balcer and Sahin (1979, 1986), Swishchuck (1995), De Medici et al. (1995), Janssen and
Manca (1997, 1998), Janssen et al. (2004) and in the book Janssen and Manca (2007).
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In the study of cash flow evolution and the related evaluation, the present value and
the “accumulated value” assume great relevance. The association of an amount of money
to a state of the system and/or to a state transition can be done by attaching a reward
structure to the process. This structure can be thought of as a random variable associated
with the state occupancies and/or the transitions, see Howard (1971) in which is given a
nice presentation of Homogeneous Semi-Markov ReWard Processes (HSMPRWP).

Non-homogeneous semi-Markov reward processes (NHSMRWP) were defined in
De Dominicis and Manca (1986), and we recall more recent papers (Papadopoulou et
al., 2012 and Papadopoulou, 2013) that applied this tool in other fields.

The rewards can be of different kinds but, in a financial environment, it makes sense
to consider only amounts of money as rewards. These amounts can be positive for the
system if they can be seen as a benefit and negative if they can be considered as a cost.

SMRWP is a very important tool for applications, and most relevant when it is
necessary to consider the random evolution of a multi-state system in which amounts
of money are involved in this evolution. Despite these considerations, these kinds of
processes, as far as the authors know, have not yet been fully dealt with in the financial
and actuarial literature.

The main aim of this paper is showing how natural is modelling SCF by means of
SMRWP. For these reasons, the paper is directed not only to semi-Markov experts but,
in general, to financial practitioners and in particular to actuaries. Furthermore in the
paper, new evolution equations are presented that give more application possibilities to
this powerful tool.

A good description of HSMRWP appeared in Howard (1971), although not all the
relevant aspects that could have been dealt with were outlined.

A complete description of the homogeneous and non-homogeneous SMRWP and a
general presentation of SMP in homogeneous and non-homogeneous cases can be found
in Janssen and Manca (2006, 2007).

In the semi-Markov environment, a backward time represents the time spent in a state
before the valuation point of the system. In the first book on semi-Markov (Silvestrov,
1980) the SMP evolution equations were presented only taking into account backward
times. In this case, the transition probabilities are also conditioned by the time of
entrance into a given state. Instead in a semi-Markov process, when backward times
are not considered then we are in the hypothesis that the entrance time was just at the
valuation point. Backwards times give the possibility to take into account in a complete
way the duration inside a state. In a Markov environment, backward time cannot be
considered and also in Wilkie’s models this aspect was not considered.

A detailed description of homogeneous backward semi-Markov processes is reported
in Limnios and Oprisan (2001). The discrete time non-homogeneous semi-Markov
reward processes with backward recurrence time were described in Stenberg et al.
(2007).

In the second section of the paper, the reward notations will be introduced. In Sec-
tions 3 and 4 the Discrete Time Homogeneous and Non-Homogeneous semi-Markov
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processes (DTHSMRP, DTNHSMRP) will be introduced before in the simplest way and
after with the initial backward recurrence time. After, the Discrete Time Homogeneous
and Non-Homogeneous Semi-Markov ReWard Process (DTHSMRWP, DTNHSMRWP)
relations will be given. In addition, the related backward semi-Markov Reward Process
will be presented. Section 5 will give matrix notations for the DTHSMRWP, DTNHSM-
RWP and the second moments of these processes as defined in Stenberg et al. (2006,
2007). Section 6 will present how it is possible to follow and to evaluate, in a natural
way, the evolution of SCFs by means of the presented stochastic processes. Furthermore,
in this section generalizations of the models given in Stenberg et al. (2006, 2007) will
also be presented. Section 7 presents a real data application of these processes that de-
scribes the construction of an insurance disability model. The last section will highlight
the main results presented in the paper and the addresses of future works.

2. Rewards notation

The association of a sum of money to a state of the system and to a state transition
assumes great relevance in the study of financial phenomena. This can be done by
attaching a reward structure to a stochastic process. This structure can be thought as
a random variable associated with state occupancies and transitions (Howard, 1971).

In the homogeneous case, the time evolution of the system is function of the duration
that the system is in a state after a transition.

In the non-homogeneous environment the time evolution of the system is a function
of two times: the arriving time in a state and the time of the subsequent transition. For
these reasons, the rewards can be a function of the duration time in the homogeneous
case, whereas, in the non-homogeneous envirnment they can also be function of both
the starting time and the ending time. In the two different environments, the same
differences can also hold for the financial variables.

There are two kinds of rewards; one that is paid or received because of remaining in
a state (permanence rewards), the other that is paid or received because of a transition
(transition rewards). In the literature, permanence reward and transition reward are also
called respectively rate reward and impulse reward (see Qureshi and Sanders, 1994).

In the non-homogeneous process, it is possible to take into account the fact that the
interest rates can change as a function of the starting time of the financial operation.

For this reason, the variable interest rate could change as a function of the duration of
the financial operation (homogeneous variable interest rate) and/or because of the start
and the end times of the financial operation (non-homogeneous variable interest rate). It
may also be possible to consider a stochastic interest rate (see Janssen Manca, 2002).

In NHSMRWP, non-homogeneity makes it possible to take into account the rewards
that change because of both the times s and ¢.

Yij, Yij(t), ¥ij(s, 1)
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denote the reward that is given for the transition from the i'” state:

e the first the cases in which the payment flow in the state i is constant in time,
changing only in function of the state,

* the second when the payment is a function of the state and of the time,

e the third when the rate rewards change because of starting and arriving times, in
this case we say that there is a non-homogenous payment (the cash flow is function
of the state, the time of entrance into the state and the time of payment).

For each state, usually, there is a different reward and ¥, v (¢), ¢ (s, ) represents
the vector of these rewards respectively in case of constant rewards, rewards that change
because of running time and non-homogeneous rewards. It should be mentioned that it
may also be possible to consider permanence rewards that change because of the next
transition (see Howard, 1971, Janssen and Manca, 2006, Papadopoulou and Tsaklidis,
2007), but in this paper we will not present the related evolution equations because, in a
financial environment, they would not make sense.

Let y4j, vij(t), vij(s, ) denote the reward that is given for the transition from the
i"" state to to the j* one (impulse reward); the difference between the three symbols
is the same as in the previous cases. A is the matrix of the transition rewards. The
different kinds of 1 rewards represent a stochastic money discrete time flow that is paid
or received because of staying in a state. On the other hand, y represents lump sums that
are paid at the instant of transition.

As far as the impulse reward y concerned, in the case of discounting, it is only
necessary to compute the present value of the lump sum paid at the moment of the
related transition.

Reward structure can be considered a very general structure attached to the problem
being studied. This random variable evolves together with the stochastic process to
which it is linked. When the studied system, that evolves dynamically in a random way,
is in a state then a reward of 1 type can be paid; once there is a transition, a reward of y
type could be paid.

This behaviour is particularly efficient in the construction of models which are useful
for following the dynamic evolution of insurance problems. Indeed, permanence in a
state involves the payment of a premium or the receipt of a claim. In addition, the
transition from one state to another can often bring about some cost or benefit.

3. DTSMP with a finite state set

In this section, DTHSMP and DTNHSMP will be described following the SMP notation
given in Janssen and Manca (2006) and (2007).

Given the complete filtered probability space (Q, 3, 3,, P) in which the following
two sequences of random variables (r.v.s) are
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1. J,: Q—1={1,2,...,m}, n € N representing the state at the n'" transition.

2. T, : Q — N representing the time of the n/” transition.

We suppose that (J,,T,) is a homogeneous (non-homogeneous) Markov renewal
process of kernel Q = [Q;(1)] (Q = [Q;(s, 1)]), where:

EP[J"'H :j’T”'H _T” SI‘O'(J,I,TQ),OSLZ<I’I,J” :l}
=Pl =), Th1 — T, <t[J,=1].

< Qz’j(i;)

Furthermore we define

~

=Pl = j, T <tlo (U, T,),0<a<nJ, =i,T, =] >
n+1 :j,Tn+1 Sl’Jn:i,Tn:S].

Xo=T,—T,1.
X, represents the so called inter-arrival time, i.e. the time spent between two subsequent

transitions.
We know also that:

Pij = Plni1 = jlJn = ] = im Qy; (1) i, j € I,t €N
p,‘j(s) = P[Jn+1 = J‘Jn = l,Tn = S] = IIL)IE,QU (S,t) 5 l,] (S I,S,t eEN
where P = [p;;] and P(s) = [p;(s)] are the transition matrices of the embedded homoge-

neous and non-homogeneous Markov chain respectively. It is also necessary to introduce
the probability that the process will leave state i in a time ¢:

Hi(t) =P[Tyy — T, <tlJ, =1,
H,‘(S,l‘) EP[Tn+1 < t|Jn =i,T, :S] .

Obviously, it results that:

H;(t) = iQij(f),

Hi(s7t) = ZQij(sat)a
j=1
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where H;(t) and H;(s, t) are distribution functions (d.f.); then:

limH;(t) =1, Vi,

t—o0

limH;(s,t) =1, Vi.

t—o0

Now the d.f. WTDF for each state i can be defined, given that the state successively
occupied is known:

E](t) = P[TnJrl - Tn < t"]n = i7jn+1 = -]]’

E/(S’t) :P[Tn+1 S I‘Jn = i,Jn+1 = j’Tn = S] .

The difference between Markov and semi-Markov processes is mainly in these d.f.
Indeed, in the discrete time Markov case, these d.f. can only be geometric distribution
whereas in the semi-Markov case they could be of any type.

The related probabilities can be obtained by means of the following relations:

_ [ 0Qi(t)/pi; if pi;#0
Ej(t)_{ jU1(t> ! if pljzo

' (s.1) = Qij(s,t)/pij(s) if pij(s) #0
Fylsor) = { Ui(s,1) it pij(s) =0

where:

0 if 0>t 0 if s>t
w@_{l it 0<s. w“”_{lifsgp

In a discrete time environment, it is necessary to define the following probabilities:
bl./(t) = P[‘]n+1 = j? Tn+1 - Tn - t’-]n = l] 5
bij(sJ) = P[‘]n+1 =), Ti1 = t|Jn =j,I,= S] .

resulting in:

0 if t=0

bij(t):{ Qij(1)—Qi(r—1) if >0
0 if s=t¢
bij(S,t):{ Qij(s,1) = Qyj(s,t—1) if 1>
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Fixed:
N(t)=sup{n|T, <t}, VteN

the DTHSMP and DTNHSMP Z = (Z;,¢ € N) can be defined. where Z(t) = Jy
represents, for each time ¢, the state occupied by the process. In the non-homogeneous
case, supposing that s is a transition time, the transition probabilities are defined in the
following way:

$ij(t) =PZ, = j|Zy =]
$ij(s,t) = PlZ; = j|Z, =]

They are obtained solving the following evolution equations:

Gij(t) = )+ Z szﬁ )$pi(t =), (1
Gii(s.0) =651 —Hi(s.) £ Y. Y bip(s.9)bp (0,0), @)
p=110=s+1

where 6;; represents the Kronecker symbol.

Both (1) and (2) can be obtained by means of a simple probabilistic argument using
the regenerative property of the Markov renewal process (see Janssen and Manca, 2006
and 2007).

With the aim of clarification the meaning of the parts of (2) is given:

6;j(1—Hi(s, 1))

represents the probability of remaining in the state i without any transition from the time
s up to time ¢, and it only makes sense if i = j; this is the reason for the Kronecker delta.

Z biﬁ (Sﬂﬁ)‘Pﬁj(ﬁ?t)

Y=s+1

represents the probabilities of all the possible trajectories that can be followed going
from state i at time s to state j at time 7.
In Figure 1 a typical trajectory of a semi-Markov process is shown.
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Figure 1: Trajectory of a SMP.

Now the backward recurrence process will be introduced. To explain the meaning
of backward time, we present Figure 2 and Figure 3 in which homogeneous and non-
homogeneous cases are shown.
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Figure 2: Trajectory of a HSMP with recurrence backward time.

We follow the system from time s up time ¢, but, this time, we consider in a non-
homogeneous environment that the system entered the state i at time s — u and that the
system does not move from i for a period of time u that is the recurrence backward time.
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Figure 3: Trajectory of a NHSMP with recurrence backward time.

In order to take into account the backward time, it is necessary to condition the
system to remain for a time « inside the state i.
Under the backward assumptions, the relations 1 and 2 become respectively:

1— i u i 1
Ppijlust) = 5[]‘%4‘ ) Zm%;(o;l—ﬁ),

(I—Hi(u,t)) d

b N=5~— 77 T_l, O
Gij(u,s3t) =85 ) +/5:11‘):s+1 (1—H;i(u,s))

where

dii(u,t) =P[Z(t) = j|Z(0) = i, Ty() = —u]
dij(u,s:t) =P[Z(1) = jIZ(s) = i, Ty(s) = u]

In the homogeneous case it is supposed that the system arrived a time u before O in the
state i and it does not move from the arriving time up to 0. In the non-homogeneous
case, it is supposed that the system arrived at time u in the state i and does not move
from this state up to the time s.

4. The semi-Markov reward process with backward time

In this part, the DTHSMRWP and DTNHSMRWP will be introduced.

As in the previous section, before presenting the backward relations the SMRWP
evolution equations will be given. This is to point out that the SMRWP are a class of
stochastic processes, in the sense that, depending on the problem to be faced, a different
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evolution equation will be obtained. A classification of DTSMRWP was given in Janssen
and Manca (2007).

In DT two general cases should be considered the DTSMRWP-immediate and
the DTSMRWP-due. In the following we give two different evolution equations, one
homogeneous and one non-homogeneous, the first for the due and the other for the
immediate. The first case has the time-variable permanence and impulse rewards and
variable rate of interest. The non-homogeneous case has non-homogeneous rate of
interest and rewards.

For each case we present in (3) and (5) the reward process and in (4) and (6) the
related semi-Markov reward evolution equations that are the mean of the process, as it
is proved in Stenberg et al. (2006, 2007) and more recently in a more general case in
D’ Amico et al. (2013).

Ei(t) {TN )11 N (0) (Z¢ T_1)>

m 1t TN
T Z Z 1{JN(O)+1:k7TN(0)+1:'ﬁ"]N(O) < Z Pi(e)v(t - 1)>
k=119=1 (3)
mot
+;ﬁZ Wovorn=k Ty =ttyo=i} ¥ (Ivo111) Yty (T 1)
mo i
+k;02 1{JN )+1=kIn(0)+1=Fn(0) i}gJN(OHl (t - TN(0)+1)
. ! ! L
Vi(t) = (1 -H, Z 6—1) +Zzbzk )Y Yi(0)v(6—1)
moi - mot - - @
+ Y)Y ba(@) (@) ya(®)+ Y Y bu(B) ()it — ),
k=19=1 k=119=1
‘
gi(sjt) = 1{TN(S)+1>1‘JN lTN v} _Z_le )
Tngs)
+Z Z {Ine) 1=K T () 1= () =i T =5 } ( Z Yils, ) )>
=10=s+1 T=s5+1 (5)

+}{ZWZ]1{JN Y17k I ()41 =8 () =1 T s) S}V(S TN )'H)Y’JN )+ (S TN( )‘H)
s+

t
+I<Zl1?zll{JN 1=k T s) 1= (5 =0T s) s}”(s Ins ""l)ng )+1 (TN(S)H’)
=5+



118  Stochastic cash flows modelled by homogeneous and non-homogeneous discrete time...

t m t i
Vils,t) = (1= Hi(s,1)) Y i(s,0)v(s,0)+ Y. Y buls,®) Y i(s,0)v(s,0)
0=s+1 k=10=s+1 O=s+1
+Y Y bl v(s, D) rals, )+ Y, Y, buls, ) v(s,§)Vi(9,1) (6)
k=19=s+1 k=19=5+1
where:
1 if +t=0
V() = M(+r(e)™ if 150 °
=1
1 if t=s
VD=3 (dr(sr) i £
T=s5+1

1 ) 1 ifTN(O)+1(G)) >t w € Q(I,O)
{TN(0)+1>r\JN(0>:i} T 0 otherwise,
Q(i,0) = {w € Q: Iy (w) =i, Ty(;)(w) =0} .

For a deeper understanding, the interested reader can refer to D’ Amico et al. (2013)

* both permanence (or rate) and transition (or impulse) rewards are considered,

e the rewards in (3) and (4) are homogeneous in time and (5) and (6) non-homoge-
neous,

e the interest rates are in (3) fixed, in (4) and (6) variable in time and in (5) non-
homogeneous.

Remark 4.1. The introduction of stochastic interest rate does not present any difficul-
ties (see Janssen et al., 2002).

The interested reader can find other cases in the Janssen and Manca (2006, 2007)
books.

Now we present a homogenous and a non-homogenous case with backward times.
The homogeneous is in an immediate environment, the non-homogeneous in a due. As
before we present before the reward processes and after the related evolution equations.
The first time index gives the backward time. The hypotheses on interest rates and on
rewards are the same of the relations given in (3) and (5).

In the homogeneous case the backward time is negative because it is supposed to
begin following the system, after each transition, at time 0. The non-homogeneous
backward relations, in which the first index time gives the backward, the second the
starting horizon time and the third the ending time are the following:
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=s+1

gl(u’s,t) - 1{TN(.Y)+1>I‘JN(S):iﬂTN(S):uﬂTN(s)+l>Y ( Z /l)b S, T S T 1))

m t TN(v)+l
+Z Z {In(s) 1=K w5 41 =0 N () =0T () =4 Ty (s)+ 155 | Z Yi(s,T)v(s, T —1) (7

=19=s+1 T=s+1
m t

+kZmZ L oo =i 1 =BVt =i =T 15} ¥ (8 TV #1) Vit 0 (85 Ty 1)
s+1

+kz:1?z I{JN )+1=K:In(s) 1= ) =0 I ) =t T (s +1>} (S Tnes -H)gJN )+ (TN( reoIngs )+1’)
1 s+1

(1—Hi(u,1)) &

Vi(u,s51) = o2 Yi(s,0)v(s,0
( (= Hus)) 2, V15 OV:0)
! _ bi(u,¥) 1? L
+Z Z bl Z Yi(s,0)v(s,0)
":W:lsﬂ ﬂ) ) o554 -
lk u
+ —Yik(S,ﬁ)v(s,ﬁ)
k;l'l?;] Hl(l/l,S))
m 13
bi(u,¥)
t —— = Vi(0,81)v (s, D).
kz:“lﬁzzwl —Hi(u,s))
b t
Ei(—ust) = I{TN(OHD,\JN =i,Ty(0)=—Ty(0) 1150 } ; Yi(T
m t (
+I;ﬁ;1{JN(0)+1:k,TN(o>+1:ﬁ\JN(O):i,TN( =—u,Ty(o +1>0} ; 9
m 13
+,;1172 I{JN +|*k Ti(0) +1*17VN l,TN(O):—u,TN(OHbO}V(TN(O)+1) YiJN(.s)+] (TN(0)+1)

~

m
+k;{; {Iv0)11=5:Tv(0) 11=n(0) l,TN(O)zfu,,TN(OHDO}v(TN(0)+1) vy (0:1 = Ty()+1)

(1— t+u ! L b,ka—u u
Vilust) = ———F )+
=G oo EE RO E e

0
+Y k=1" i ’“Hu) )Yik(ﬁ)Jrkii_ )) »(0)Vi(0:1 —9).

Now we explain the meaning of (8), the meaning of the other relations is similar and
can be easily understood. The first part of (8)
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(1 —Hi(u,1)) ¢ (5 0(s
(1—Hi(u,s)) G:Zsjrlwl( ,0)v(s,0) (11

can be seen as a discrete time annuity with non-homogeneous variable instalments
(s, 0) discounted by means of a non-homogeneous interest rate that is calculated from
time s up to time ¢ — 1. (11) is conditioned in function of the arrival time in the state i at
time u.

The second part

5 et £ vioneo

represents the rewards that were paid up to the moment of the first transition, still with
the same conditioning.
The third and fourth parts

,kuﬁ)

i i ))Vk(()ﬁt v(s,9) i i s)) yie(s, 9)v(s, D)

explain what happened at the transition moments. Indeed, yi(s,¥) represents the
transition reward that is paid at the transition instant and V;(0,%;¢) the mean present
value of all the payments made from time ¥ up to time ¢. Both sums are evaluated at
time ¥ so it is necessary to discount them at time s, thus the presence of the discount
factor. In this case, the conditioning to arrive at time u in the state i is also considered.

The algorithm to solve the discrete time homogeneous and non-homogeneous back-
ward case are given in Stenberg et al. (2006, 2007) respectively.

Remark 4.2. The choice between the homogeneous and non-homogeneous cases de-
pends on the available data. Non-homogeneity is closer to real life problems in the case
of time that depends on age or seniority is certainly better to use it (insurance problems)
but, in order to apply it, a great quantity of data is necessary. If the database is not huge
it can be better to remain in a homogeneous environment.

Remark 4.3. The backward times are fundamental in the evaluation of many insurance
contracts (in our opinion any insurance contract is a SCF). For example, if we have to
consider the disability in an insurance contract the dead probability of a disabled person
is different from the dead probability of a healthy person. But this difference decreases
as a function of the time distance from the beginning of the disability time (see D’Amico
et al., 2009b).
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5. The risk estimation

The evolution equation of the reward processes gives the mean present value of the
stochastic financial operation. But in a stochastic environment it remains fundamental
also the evaluation of the risk, i.e. the estimation of the variability. In Stenberg et
al. (2006, 2007) the formulas for the higher moments of the reward processes were
presented. We will report only the second order moment formula, the calculation of
variance and of standard deviation.

The relation (6), in matrix form can be rewritten in the following way:

V(u;t) =D(u; *lm—i—z *1m+2 (u; 0)« V(0,1 — 7)) (),

where:

* represents the row-column matrix product,
- represents the element by element (Hadamard) matrix product,

D(u; 1) is a diagonal matrix whose elements in the main diagonal are

11
A(t) is a diagonal matrix whose elements in the main diagonal are Y 1;(6)v(0)
6=1

)= | (). &

9
(Z ¢5(9)V(9)+V(1?)Yik(ﬂ)> ] (13)
o=1 ik

1 is the sum vector.

Remark 5.1. The relations (12) and (13) denote the general element of the respective
matrices.

(8) can be rewritten in the following matrix form:

V(u,s;t) =D(u,s;t)-A(s, 1) % 1,,+ i ( (u, s;9)- (s 1?)) * 1+
9=1

+1‘}§1 (B(u, 5;9)« V(0,95 1)) v(s, ¢),

where:

D(u, s; 1) is a diagonal matrix whose elements in the main diagonal are
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B o) = (2l |

A(s, t) is a diagonal matrix whose elements in the main diagonal are Z Yi(s,0)v(s,0)

O=s

9
( Y Yi(s, 6) H +r(s, 7)) 4 i, D) H1(1+r(s, T))1>’].

O=s+1 T=s+

Now we will present the matrix form of the evolution equations of the second order
moments of our two examples

1. Homogeneous immediate case:

VO (u;1) =Dz 1) - AP (1) 51, + X[: (B(u; #)-A? (ﬂ)) 1, (14)

t

Zt: A(9))2v(s, @)« V(0;1 — 9 Z( (u; 0) % V (O;t—m’?)) (s, 9%,

2. Non-homogeneous due case:

.. . ! 2 (2)
V(z)(u, s;1) =D(u, s;t)-A(Z)(s,t)*lm—i— Y <B(u,s;1‘/‘)-A (s,"(?))*lm
J=s+1
t
+ Y (Bs®): A(sw‘}))*V(Oﬁt2H (1+r(s, 7)) ! (15)
P=s+1 T=s+1
4

n i (B(u,s;ﬁ)*v(z)(o,ﬁ;t)) [T (1+r(s,7) 2

F=s+1 T=s5+1

where V) (u;1) and V(z)(u, s;t) are the second order moment of stochastic
processes (7) and (9) respectively.

The proof of relations similar to (14) and (15) can be found in Stenberg et al.
(2006, 2007) respectively.

Remark 5.2. The DTHSMRWP and DTNHSMRWP presented In Stenberg et al. (20006,
2007) did not consider the differences between immediate and due models. These
differences are fundamental in the model construction for applications.
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Remark 5.3. As already outlined the reward processes are a class of stochastic pro-
cesses. The consideration of backward times increases the number of the different kinds
of processes.

Once that the first and the second moments are known it is possible to calculate in
a very simple way the variance and the standard deviation (see Stenberg et al., 2006,
2007).

6. SCF and semi-Markov reward processes

A deterministic cash flow is a finite or countable vector
0= ((51,T), (52, T2),...)

whose elements are couples (S;,7;) where S; is a sum and 7; is the time in which S; is
paid (negative value) or cashed (positive value). A cash flow is fair at a given time ¢ if
its value is equal 0.

A SCEF is always a vector of couples but this time the first element of the couples is
always a random variables and the time in some cases but not always is random. The
vector could also have a finite or infinite order.

Remark 6.1. The time of transition rewards is always random. Permanence rewards
can be paid or cashed at each time period or randomly. For this reason the time
can sometimes be considered deterministic. It is also possible that in some state the
permanence rewards should not be computed. In this last case we can consider for
all the period of staying in the state without permanence rewards that are equal to 0.

Our hypotheses are:

1. J,€I,ICR,|I| € Nor |I| = |N| where |A| represents the cardinality of A.

. T, eN
3a P[‘II’H-I = j7 Tn+l - Tn S r— Tn-H < Tn+2 - Tn-H ’(Jrth)v (‘In—17Tn—1)7 ceey (‘107T0)]
= P[Jn-i-l =) L =T <t—Th1 <Tho— Ty ‘Jn} . (16)

in the homogeneous environment and

3b P[Jn—H = ja Tn+1 <r< Tn+2|(Jn7Tn)7 (-In—th—l)?' ) (-]OaTO)]
= P[Jn-i-l = ja Tn-‘rl <t < Tn+2’(-]m Tn)] (17)

in non-homogeneous case.
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4. The horizon time is given by:

[0, T],T € N if the horizon is limited,

[0, +o0) if the horizon is infinite

Remark 6.2. (16) and (17) describe what happens to the SCF at each time of transition.
The state of the system at time t is j. If there are permanence rewards they will be paid
between two subsequent transitions. More precisely we know that T,, — T, = X,, and X,,
rate rewards, one for each period, will be paid or received in case of deterministic
permanence rewards. These rewards will be paid or cashed at the beginning of the
period in the due case and at the end in the immediate case. In case of existence of
transition rewards at the transition time an impulse reward will be paid or cashed.

Supposing that:

at time the system start in the state i,

at transition time the system arrive at state j,

there are both permanence and transition rewards,

the permanence and the transition rewards change because of running time.

sl

This financial operation in the immediate case can be described in the following way:

O =((yi(1),1), (Wi(2),2), ..., (Yi(X1), X1), (Yix,;» T1), (Yx, (1 + 1), Ty + 1),
Yi,(T1+2), i +2), ..., Y, (T +X2), T1 + X2), (Yiyky> T2)s (Wi, (T2 +1), o+ 1),
ooy (Vi (B +X3), B4 X3), (Tiokss T3)s -+ (Tkyyis Tn)s (Wi (T +1), T +1),
(Vi (Ta+X0), Tu+X0), (Vi o Tn1)s---)

da(ty)
3V4 034(1.5)

4 Cy3(t3) L -— )
. by (1) |
Y i)

| |
| |
| |
| |
| [
] |

states
=

Y

1 b t3 14 ty
time

Figure 4: Insurance contract as shown in Haberman and Pitacco (1999) [20].
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Under the 4 hypotheses it is evident that the stochastic evolution of this process can
be naturally followed by means of a SMP.

The main SCF problem is the evaluation of the mean present value. Another impor-
tant issue is the evaluation of the risk that, as is well-known, can be calculated knowing
the second order moment and consequently the variance or the sigma square.

Remark 6.3. Most of the insurance contracts can be modelled taking into account these
four hypotheses. Indeed an insurance contract, as specified for example in Haberman
and Pitacco (1999), is a stochastic cash flow. In some cases (see Janssen and Manca,
1997) it is necessary to introduce other time random variables generalizing the SMP
but, de facto, also these generalized SMRWP model a more complex SCF. Figure 4
represents the trajectory of a general insurance contract as shown in Haberman and
Pitacco (1999), and is the perfect reproduction of a trajectory of a SMRWP. Indeed,
pi1(t) and by(t) represent respectively a premium and a benefit they are paid or received
in function of the state in which the insured is. They represent permanence rewards in the
SMRWP environment. The first is an entrance and the second is a cost for the insurance
company c13(t3) and c34(ts) represent two transition rewards. d3(t) is a reward that is
given in function of the staying of a time ty — t3 in the state 3. Clearly, the time ty —t3 is a
backward time. This fact implies that we have to define also the SMRWP with backward
permanence rewards.

Remark 6.4. In the discrete time SCF evaluation the instant of payments assumes great
relevance. The distinction between immediate and due DTSMRWP is fundamental.

6.1. The relations of SMRWP with backward time rewards

In this subsection the homogeneous and non-homogeneous SMRWP with rewards and
interest rates depending on the backward time will be presented. In this paper the
backward time given on the permanence rewards is pointed out. Indeed, the possibility
of considering the rewards and interest rates that changes as a function of backward
time is an important issue in insurance contracts. It is to outline, for example, that in a
disability insurance framework it is well known that the grade of disability can decrease
in function of the time spent from the disability event (see D’Amico et al., 2009b).
In this case the consideration of rewards that depend on backward time can really be
important in the calculation of the benefits and the premium of the insurance contract.
Furthermore, in the management of a SCF with a term structure of interest rate it can
happen that the interest rates of the SCF can change in function of the elapsed time
between the stipulation of contract and the beginning of the financial operation. The
consideration of interest rates that depends on backward time can take into consideration
this other aspect of financial contracts.
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We consider, in (15) and (16), at the same time both these aspects. It is clear that it
is possible the writing of relations that point out only one of the two problems.

(1—Hi(t+u))

Vilu1) = ¥ 4 0) v(u:0)

b
= Y (s 0) (us 0) (15)

m t bik(ﬁ+u) ud 0;r—0
+k:10§1 (l—Hl.(M))”( ;0)Vi(05 — )
Vilu, 5:1) = U Hilw0) -y (1, s; u,s
Vi(u, s;t) (1= Hyw.s)) Q;M%( ,5:0)v(u,5;0)
t M ) i(u,5;0)v(u,s; 0 16
+I§1ﬁ§1(1_1—]i(u75>)6§1¢1( ,8;0)v(u,s;0) (16)
Yy 2D g6 8,
+k:16§~+1(1 Hi(u,s))vk( y050) v(u, 5,9)
'y D) ) (s
—i—;ﬁ:ngl(l Hi(uvs))}’zk< L8, v(u,s;0).

We would outline that it is the first time that are presented reward processes in which it is
possible taking into consideration the reward and interest rates depending on backward
times.

Remark 6.5. It is clear that it is possible to write the matrix relations as in the previous
case. A studious reader can try to write them.

6.2. A mixed due and immediate SMRWP with backward recurrence times

There are insurance contracts in which the premium are paid at beginning of the period
and the insured benefit at the end of the period. In these cases, it is necessary to define a
SMRWP that can take into account this mixed situation.

(17) and (18) give the homogeneous and non-homogeneous SMRWP evolution
equations in the case of rewards paid or cashed at the beginning or at the end of the
period.
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W) = Lowta0) TI (-+rtam)
= bin(®+u) & - O-+sw(i)—1 oy
LTy Ve It (7
! b,k("f)—i—u) i o
X X Gy L 0+ ) rud®)
+ii b0 u) ﬁ(1+ (7)) V(031 — )
Sim (1= Hi(w) 75
_ t 9+sw([)—1
m t zk( 9 O+sw(i)—1 | ‘ B s
+k:w§ﬂ<1—ﬂ—<2”’ wsi6) I Artesa) o as
S ba(uw®) ’

k(s s )
k:u?:zs" (1 —Hi(u, s))Y’k( ’ﬂ)fgﬂ(l‘F (u,5:7))
Z’: bix(u,®) o

k=10=s+1 (1 _Hi(uas)) T=s+1

Remark 6.6. The trick in the relations (17) and (18) consists in the usage of a vector
of binary variable sw of order m that will assume at the ith element value 1 if the
permanence reward is paid at the end of the period and 0 if it is paid at the beginning of
the period.

Remark 6.7. The two relations (17) and (18) are the most general that can be given
respectively in the homogeneous and non-homogeneous SMRWP for the calculation of
the mean present value of a SCF.

7. A quasi real data example

In this part we present results both for both homogeneous and non-homogeneous
environments. The raw data are the same as were used in Stenberg et al. (2006, 2007)
papers but the models are different. We speak of quasi real data because we truncated
the Waiting Time Distribution Function (WTDF) at 10. Indeed interest rates and benefits
that change because of backward recurrence times were used. Furthermore, in the model
the benefits of the first state are paid at beginning of the period, instead of the benefits
of the other states at the end of the period. It is the first time that a model of a SCF
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considers this possibility. Having data of only disabled people all the considered rewards
are paid by the INAIL (Istituto Nazionale Assistenza Infortuni sul Lavoro), which is a
public assistance institute and pays for the working accidents.

The historical data give the disability history of 840 people that had silicosis
problems and lived in Campania, an Italian region. Each individual with silicosis will
be examined by a doctor. The doctor will determine the degree of disability in the form
of a percentage for each patient, ranging from 0% to 100%. Depending on the degree of
disability the policy maker has determined five possible states, categorized in Table 1.

Table 1: Disability states.

[0 %, 10%)
[10 %, 30%)
[30 %, 50%)
[50 %, 70%)
[70 %, 100%)

n A W N =

This subdivision is the same as the ones used in Yntema (1962), Janssen (1966) that
were the first to apply respectively Markov and semi-Markov environment to disability
problems.

Transition between states occurs after a visit to the doctor that can be seen as the
check to decide in which state the disabled person is in. This leads naturally to an
example where virtual transitions are possible, i.e., the individual has become neither
sufficiently better nor worse to change state. In the table we have introduced 5 different
states, £ =1, 2, 3,4, 5, one for each reward policy.

In Figure 5 the graph of the transitions is reported.

Figure 5: Graph of Markov transition matrix.

From the graph of Figure 5 it results:

e there is one absorbing state,
e the states 2, 3 and 4 are interconnected (they form a class of states),
e the state 5 is an absorbing state that forms the only absorbing class.

Under these conditions both homogeneous and non-homogeneous embedded Markov
chains are mono-unireducible, see D’ Amico et al. (2009a). These matrices were con-
structed by the real data.
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Given the five states defined previously, we attached a reward policy to the disability
degree. The reward that is given to construct the example represents the money amount
that is paid for each time period to the disabled person with respect to the degree of
illness. We did not have these data so we did not use real data values. The same was
done for the evaluation of the interest rates. The data that we used were not sufficient
for the evaluation of waiting time cumulated distribution functions. We construct these
functions by means of random number extraction. Given that the applications have a
horizon time of 10 years we truncate the waiting time distribution function in the way
that the 10" value is included between 0.9 and 1.

Transition rewards are not provided. Resuming, the hypothesis of the models that we
apply are the following:

1. the evolution equations have only permanence rewards,

2. the rewards are all of the same sign (it is a disability insurance that is paid by social
assistance),

3. the first state is paid at the beginning of the period the others at the end (we put
this hypothesis to show the potential of our model).

Our hypothesis implies different evolution equations and we report them in (19) and
(20) in homogeneous and non-homogeneous case respectively.

Vilus 1) = “(1‘ il Qi_lwz G:ﬁz;l<1+r<u;r>>l
nﬁﬂ; %iwi(u;e)ejﬁz: U+r@n)" (19
+;§@I_I (ﬁ"_“ij(u)) :}1 U4 (7)) Wi(ust —9).

Vi(u 1) = % Qi:lwi(u;G)ililz;l (1 +r(w) ™
+1i11‘;1 %iwi(u;e)ejﬁ: (+r@w)™ Qo)

(L +r(u; 7)) "V (usr — ).
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7.1. The results

7.1.1. Homogeneous case

In this real data example we cover an horizon time of 10 years. The inputs of the program
are the embedded Markov chain and the waiting time d.f.s

Embedded Markov Chain

100% -
90% -
80%
70%
60% -

B state 5

50% M state 4

W state 3

A W state 2

30% | m state 1
20% -
10%
§

1 2 B a4 5

States

Figure 6: The Markov chain embedded in the homogeneous process.

In Figure 6 the matrix of the embedded Markov chain is reported. Each starting
state is represented by a rectangle of the histogram. The transition probabilities are
represented by different colors, for example the state 1 can go only in the state 2.

Figure 7 shows the waiting time d.f.’s. We would like to remember that a waiting
time d.f. is given for each possible transition.

In Figure 8 the mean present values of rewards with no backward time, 3 years and
5 years of backward are given. We observe that with different backward and similar
durations are obtained different results.

Finally Figure 9 shows the variance values. We would like to comment on the
calculation of variance gives the possibility to have a measure of the risk. It is to observe
that the variance has, by far, higher values of the reward values and this means a high
risk in the financial operation.

7.1.2. Non-homogeneous case

In this subsection the results of the non-homogeneous case are reported.

In Figure 10 the non-homogeneous embedded Markov chains at time 1, 3 and 5 are
shown. As it is possible to observe that at different times the embedded Markov chains
have different transition probabilities.
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Waiting Time D.F.

x
09
H Time 0
08
H Time 1
L M Time 2
08 H Time 3
05 H Time 4
% m Time 5
H Time 6
03
; mTime 7
02 /~ Time 10 IS
¥ A Tiia g W Time 8
e Time 6 M Time 9
8 = Time 10

Transitions

Figure 7: The waiting time d.f.

Rewards No Backward Time

Rewards3 Years Backward Time

mstate 1
mState 2
mState 3

T 10000 W state 1
u State 2
= State 3
uState 4
u State 5

mState 4
mState 5

Rewards5 Years Backward Time

Figure 8: Reward mean present value (backward time 0, 3, 5).
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Variance No Backward Time Variance 3 Years Backward Time

2000000
1500000
W State 1
1000000™ State 2 mState 1
" State 3 Ry
500000  State 3
W State 4 m State 4
0 W State 5 m State 5
Variance 5 Years Backward Time
W State 1
W State 2
= State 3
W State 4
State 1 ™ State 5
57 -
s 5 T\ ! \. o ;me . State 3
55 | states
Figure 9: Variance values (backward time 0, 3, 5).
NH EMBEDDED MC AT TIME 1 NH EMBEDDED MC AT TIME 3
100%
90%
80%
70%
]
mstate 5 60% state.S
mstate d 50% W state 4
- 40% W state 3
mstate 2
mstate 1 30% M state 2
20% . i
10% state
0%
SR States

NH EMBEDDED MC AT TIME 5

mstate 5
mstated
wstate 3
mstate 2
mstate 1

States

Figure 10: Non-homogeneous embedded Markov chain at time 1, 3, 5.
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NH Rewards u=0, s=0 NH Rewards u=0, s=3

30000
25000
20000 g gtate 1 ® wstate1
13000 mstate 2
10000 Wstate2 nstate 3
5000 W state 3 mstate 4
0 mstate 5
M state 4
W state 5
NH Rewards u=3, s=5
NH Rewards u=3, s=3 J— - Repariasns; s
25000
12000
20000 [ o0
15000m state 1 | o0
10000 m state 2 A s
5000 g state3 | -
9 W state 4 T 2000
W state 5 -
T state 1
< state 2
8RS 2 state 3
o stated
times | states

Figure 11: Non-homogenous reward mean present values (back time 0 start time 0,3, 3; back time 3 start time 3,5).

NH Variance u=0, s=0 NH Variance u=0, s=3

mstate 1
mstate 2
mstate 3
mstate 4
mstate 5

NH Variance u=3, s=3
NH Variance u=3, s=5

mstate 1
Sy mstate 1
nstate 2
state 3 o
ustate
mstate s ird
i nstate’s

Figure 12: Non-homogenous variance values (back time 0 start time 0,3, 3; back time 3 start time 3,5)
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ustate 5
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In Figure 11 the non-homogeneous reward present values are given. The first two
images report the values obtained without backward recurrence time with starting time
equal to 0 and 3. The other two images report the results with backward recurrence time
3 and with starting time 3 and 5. It is interesting to observe that both non-homogeneity
and backward time influence the result in substantial way.

Finally Figure 12 presents the variance values corresponding to the reward results
that were given previously. We should point out that they are bigger by far than the
mean values of our process. This means an over-dispersion of starting data and that our
financial operation has a high risk.

8. Conclusions

The paper presented how to apply DTSMRWP in both the homogeneous and non-
homogeneous case with backward recurrence time for calculation of the evolution and of
the evaluation of SCFs. The model gives the possibility to take into account permanence
rewards that are immediate, due and also a mixture of the two cases. Another important
result presented is given by the calculation of the second order moment and gives the
possibility to calculate the variance and consequently the sigma square, obtaining in this
way an evaluation of the risk of the studied SCF.

It is the first time that the evaluation of a SCF by means of a DTSMRWP is presented
and we retain that this new approach at this problem gives an important step in the study
in general of SCF and more specifically of the most part of insurance contracts.

In the paper, for the first time the possibility is presented to construct a model in
which some rewards are paid at the beginning of the period and others at the end of the
period. This simple new approach gives the possibility to evaluate in the right way many
insurance contracts, because frequently the premium of insurance contracts are paid at
the beginning of the periods and the benefits at the end. Furthermore, for the first time
SMRWP evolution equations with rewards and interest rates that depend on backward
times have been presented.

The authors believe that recurrence times processes attached to a semi-Markov
environment can be of great relevance in the study of finance and insurance problems.
It is well known that SCF are a fundamental tool for the evaluation of financial and
insurance contract and this paper proposes a model that solves the problem.

The presented relations are in discrete time and discrete state but in a future work we
will give also the continuous version of these models and the inter-correlations between
the discrete and the continuous cases.

The main aim of the paper was to show that a discrete time SCF can be studied
naturally by means of a semi-Markov reward process. Furthermore, by means of the
semi-Markov approach, it is possible to overcome all the difficulties regarding the study
of SCFs that are highlighted in the literature.
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