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Abstract

The problem of the response of a viscous fluid in a channel to the dual effects of wall slid-
ing and constant streamwise pressure gradient has received considerable attention from re-
searchers over the years, due to its relevance to applications such as micro-electro-mechanical
systems, aerodynamics heating, electrostatic precipitation and also of course the fact that the
basic undisturbed profile, plane Poiseuille-Couette flow (PPCF), is an exact Navier—Stokes
solution. The purpose of the thesis is to investigate the linear and nonlinear stability of this
flow at asymptotically large Reynolds numbers and numerically at finite Reynolds numbers.
The advantage of using an asymptotic approach is that it provides useful physical insight,
theoretical understanding of underlying physical mechanisms, gives an easier access to the
non-linear regime and forms the basis for carrying out numerical work at finite Reynolds
numbers for the flow.

The linear and nonlinear stability of PPCF to three-dimensional disturbances is investi-
gated asymptotically at large values of the Reynolds numbers R based on channel half-width
and the maximum velocity of the Poiseuille component. One of the main achievements of the
thesis is demonstrating that three-dimensional nonlinear neutral modes exist in PPCF for
disturbances with the magnitude of O(R~*/?) when R > 1. The asymptotic theory, aimed
at a detailed understanding of the physical mechanisms governing the amplitude-dependent
stability properties of the flow, shows that the phase shifts induced across the critical layer
and a near-wall shear layer are comparable when the disturbance size A = O(R™*?). In
addition, it emerges that at this crucial size both streamwise and spanwise wavelengths of
the travelling wave disturbance are comparable with the channel width, with an associated
phase speed of O(1). Neutral solutions are found to exist in the range 0 < V' < 2 with ¢g =V
to leading order, where ¢y and V' are non-dimensional quantities representing the dominant
phasespeed of the nonlinear travelling waves and the wall sliding speed respectively. More-
over, these instability modes exist at sliding speeds well in excess of the linear instability
cut-off V'~ 0.34. The amplitude equation governing these modes is derived analytically and
we further find that this asymptotic structure breaks down in the limit V' — 2 when the
disturbance streamwise wavelength decreases to O(R™/?) and the maximum of the basic
flow becomes located at the upper wall. The numerical results from this interaction are
found to compare well with full solutions of the Navier-Stokes equations.

The second achievement of the thesis is that we demonstrate that three-dimensional non-
linear neutral modes exist in PPCF for disturbances with the magnitude of O(R~'/3) when
R > 1. By analysing the nature of the instability for increasing disturbance size A, the
scaling A = O(R™'/3) is identified for which a strongly nonlinear neutral wave structure
emerges, involving the interaction of two inviscid critical layers. The striking feature of this
structure is that the travelling wave disturbances have both streamwise and spanwise wave-
lengths comparable to the channel width, with an associated phase speed of O(1). A method
involving the classical balancing of the phase shifts enables the amplitude-dependence of the



neutral modes to be determined in terms of the wavenumbers and the properties of the basic
flow. Numerical computation of the Rayleigh equation which governs the flow outside of the
critical layers shows that neutral solutions exist for non-dimensional wall sliding speeds in
the range 0 < V' < 2. It transpires that the critical layers merge and the asymptotic struc-
ture referred to above breaks down both in the large-amplitude limit and the limit V' — 2
when the maximum of the basic flow becomes located at the upper wall. The validity of
these asymptotic structures is confirmed by comparison with numerical solutions obtained
at finite Reynolds numbers.
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Chapter 1

Introduction

The field of hydrodynamic stability examines the stability and the onset of instability of var-
ious fluid flows such as plane Poiseuille-Couette flow (PPCF), Hagen—Poiseuille flow (HPF)
through a tube of circular cross-section and Blasius boundary layer flow. The objective of
studying hydrodynamic stability is to obtain knowledge of how to determine whether a given
flow is stable or unstable. This field also provides essential insights into the contribution of
each type of instability to the process of transition to turbulence. The foundations of this field
go back to the late 19th century when some eminent mathematicians including Helmholtz,
Kelvin, Rayleigh and Reynolds made remarkable contributions both theoretically and ex-
perimentally. Because of their astounding work, there are many useful tools with which to
study hydrodynamic stability. These involve the concept of the Reynolds number R whose
explicit form depends on the flow geometry. Since the 1980s, more powerful computational
methods have been developed to obtain numerical solutions of the challenging flow stability
problems. In this thesis, we use a mixture of analytical and numerical techniques, exploiting
the largeness of the Reynolds number to develop asymptotic theories.

One of the earliest investigations of hydrodynamic stability and the laminar-turbulent transi-
tion process was Reynolds’ (1883) experiment relating to the stability of the Hagen—Poiseuille
flow in a circular pipe. As a result of his observations, he identified the important non-
dimensional parameter now called the Reynolds number, which is denoted by R and defined
as the ratio of inertial to viscous forces within a fluid. At low Reynolds numbers, the laminar
flow is observed, and it is characterized by smooth, steady fluid motion. In contrast, turbu-
lent flow occurs at high Reynolds number and is dominated by inertial forces, which results
in the development of chaotic eddies and vortices. Following the Reynolds’ (1883) discovery
various other flows were studied extensively. Schubauer & Skramstad (1947) not only proved
the experimental confirmation of a laminar-instability theory, but they also introduced the
vibrating-ribbon technique, which was then used in the experiment in boundary-layer in-
stability. Detailed examination of the transition in the boundary-layer flow on a flat plate
was carried out by Dryden (1947) and Klebanoff & Tidstrom (1959). They observed that
the flow exhibits the laminar behavior near the leading edge, and may be described by the
classical Blasius solution. However, at a certain distance from the leading edge disturbance
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in the form of the Tollmien-Schlichting waves were found to occur.

The nonlinear stability theories that have been formulated to gain insight into laminar-
turbulent transition processes in boundary and free shear layers (see Wu (2019)). He adopted
a high-Reynolds number approach, which gives rise to low-dimensional evolution systems and
provides a better description of the observations in spatially developing shear flows. In his
work, theories have also been developed for nonlinear intermodal interactions, which forms
the basis for many intriguing behaviours in the three-dimensional stages of transition. There
has been a lot of interest in tracing the development of an initially linear mode to its nonlin-
ear stage. Maslowe (1986) focussed upon the parallel shear flow as the prototypal example
and discussed the issue of the interplay of time-dependence, nonlinearity, and dissipative
effects in several examples from geophysical fluid dynamics. He emphasized on nonlinear
aspects of critical layer theory. He addressed a point about the question of whether it is es-
sential to compute a steady, nonlinear mode that is unconnected to some linear solution from
which it has developed gradually. In his review, it is stressed that there are essential nonlin-
ear phenomena that will be overlooked if one insists on always starting from a linear problem.

Hydrodynamic stability theory is concerned with the response of laminar flow to a dis-
turbance (perturbations). If all disturbances decay and the flow returns to its original state,
the flow is defined as stable, whereas if a disturbance grows in amplitude in such a way that
the flow leaves the initial state and never returns to it, the flow is defined as unstable. The
method of linear stability analysis is often employed to ascertain whether a flow is stable
or unstable. In this type of analysis, an infinitesimal disturbance is superimposed upon the
basic flow. The governing equations for the disturbance are obtained by substituting the
perturbed flow into the dimensionless Navier—Stokes equations, leading to a set of linear
equations. As the disturbance amplitude grows, nonlinear effects eventually come into play,
and these linearised disturbance equations no longer accurately forecast the growth of the
disturbance. This signifies a limited domain of validity for this part of the analysis. However,
these equations are useful as a first step in analysing the sensitivity of the neutral modes to
finite disturbances.

The quasi-linear partial differential equations governing fluid flows are known as the Navier—
Stokes equations (NSE), named after Claude Louis Navier and George Gabriel Stokes. They
describe the conservation of mass and momentum. These equations are deduced from apply-
ing Newton’s second law to a fluid element, together with the assumption that the deviatoric
stresses are proportional to the strain rate. NSE are the fundamental building blocks of fluid
mechanics as these play a key role in understanding the physics of many phenomena of
scientific and engineering interest such as blood flow, weather, water flow in a pipe, air
flow around a wing, boundary-layer separation from a rigid body surface, formation of eddy
wake, hydrodynamic instability, transition to turbulence and hysteresis of fluid flows. NSE
are useful in the designing of aircraft, cars and power stations, the analysis of air and water
pollution, modelling the weather, and many other things. Coupled with Maxwell’s equations,
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they can be used to study the magnetic properties and behaviour of electrically conducting
fluids, for example, plasmas, liquid metals, salt water, and electrolytes. Although it is pos-
sible to obtain a direct analytical solution of the NSE in a few rather simple situations, the
asymptotic analysis and numerical simulations are used mainly to examine a wide range of
complicated physical phenomena.

Using an asterisk to denote a dimensional quantity, the Cartesian coordinate system (z*, y*, z*)
= (b*z, b*y, b*z) is used throughout this thesis where z, y and z represent the non-dimensional

coordinates in the streamwise, wall-normal and spanwise directions, respectively, with b*

the channel half-width. The (z,y,z) velocity components are written as (u*,v*, w*) =

(U ) (u,v,w), where U}, is the maximum speed of the Poiseuille component of the dimen-

sional basic streamwise flow Uj(y*). The density of the incompressible fluid is p* and its

kinematic viscosity is v*, where p* and v* are constants. The pressure is expressed as

p* = (p*U’?)p and the time is written in the form ¢* = (b*/U* )t. These scalings allow us to

write the continuity equation and the governing three-dimensional unsteady Navier—Stokes

equations in the non-dimensional form:

et =0 (1.10)
e B (2T
%—i—ug—z—l—v%—l—w%:—g—g—l—]% <g2 +g; +%> (1.1c)

where the parameter R is the Reynolds number specifically defined as
=vU; Jv*

These four equations involve four unknown functions: the velocity components u, v, w and
the pressure p. The terms on the left-hand side of the momentum equations are called the
convection terms, while the terms on the right-hand side that are multiplied by the inverse
Reynolds number are called the diffusion terms. Taking the limit R — oo these equations
become the Euler equations. It is clear that we are dealing here with a singular perturbation
problem since the highest order terms multiplied by R~ tends to zero in the aforementioned
limit. In consequence, all the boundary conditions cannot be satisfied. It was suggested
by Prandtl (1904) that at large values of the Reynolds number, although the majority of
the flow field can be treated as inviscid, a thin layer known as the boundary layer, where
the viscous forces are important, always exists near a solid surface. The characteristic size
of this layer is a function of the Reynolds number. Based on the structure, the boundary
layer flows are classified into two types: laminar and turbulent. In the next section, we will
provide a brief overview of the linear stability for parallel base flows.
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1.1 Linear instability

1.1.1 Inviscid Linear Stability Equations

We shall start by considering the stability equations for the infinitesimal disturbances when
the viscous effects are negligible. Suppose that the flow is parallel and let us denote the base
pressure by P = P(z) and the base flow by U = U(y), i.e., a steady flow in the streamwise
direction that varies with y. Substituting a perturbed state (U + u,v,w, P + p) into (1.1)
and neglecting the nonlinear and viscous terms, we find that

%‘FU%‘FUU’Z—%, (1.2a)
%+U%=—g—§, (1.2b)
u, yow__in e

%Jrg—ZJrg—fzo. (1.2d)

A prime (/) represents a y—derivative. If we take the divergence of the linearized momen-
tum equations, and use the continuity equation, the resulting equation for the perturbation
pressure can be written as

v
p=—2U"—. 1.3
Vp o (1.3)
If we eliminate p by combining (1.3) with equation (1.2b), we obtain an equation for the
normal velocity, v:
0 0 0
—+U— |V =U"—|v=0. 1.4
[(87& * a:U)V ax]“ (1.4)

This equation is subject to the following boundary and initial conditions:

v=0 at asolid wall, (1.5)

U(.le,y, Z,O) = UO(xaya Z)'

We are interested in analyzing the stability of the mean flow travelling-wave disturbance,
namely

v(z,y, 2,t) = D(y)el T, (1.7)

with ¢ as the complex phase speed and «, 3 as the real streamwise and spanwise wavenum-
bers. By substituting (1.7) into (1.4), we obtain the Rayleigh equation

(U—c)(D* = k*o—U"p =0, (1.8)
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with k2 = o? + 32 and the boundary conditions
v=0 for y==I1, (1.9)

where we restrict our choice to a bounded domain, y € [—1,1]. The symbol D represents
differentiation with respect to y. The Rayleigh equation with the homogeneous boundary
conditions (1.9) poses an eigenvalue problem with ¢ as the complex eigenvalue. It is worth
noting that if ¢ is an eigenvalue of the Rayleigh equation, so is the complex conjugate c*.

1.1.2 Critical layers and Tollmien’s inviscid solutions

We observe that the Rayleigh equation (1.8) has a regular singular point where the phase
velocity equals the mean velocity, U(y) = ¢. We define the critical layer to be the corre-
sponding real part of this location y, where U(y,) = ¢,. It is interesting to see that the
solutions to the Rayleigh equation possess logarithmic singularity around this point, and
the solution about this point can be determined by applying the Frobenius method to be
discussed in 1.2.5.

Denoting the location of the regular singular point by y. and expanding U(y) in the Rayleigh
equation (1.8) about this critical point in a Taylor series, we find that

0" = KU (ye) (Y = ye) + -1+ U"(ye) + U (ye) (y — ye) + -+

PO -+ Ty gy =0, L)

If we drop O((y — y.)?) terms and higher, we obtain the equation

UM L (U e (U)? )
@_%”'”{ww>+(wwﬁ+k_Zﬁaﬁaw_%ﬂ‘u (L11)

which can be expressed in the form

(¥ = ye)?" + q(y — y.)0 = 0, (1.12)

with ¢(y — y.) as the coefficient in the square brackets in equation (1.12).

A Frobenius series around the regular singular point y = . can be written in the form

0= Z&n(y—yc)"+“. (1.13)
n=0
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Substituting (1.13) into (1.11), expanding ¢(y — y.) in a power series ¢ = >~ ¢n(y — ye)"™,
and collecting terms of equal power in (y — y.)* ! we get the indicial equation,

aop(p—1) = 0, (1.14)

which yields p =0, p = 1. It is easy to show that the two linearly independent solutions to
the Rayleigh equation (1.8) attain the following form

01 (y) = (y — ye) Pi(y), (1.15)

UH(?/C)
U'(ye)

where P;(y) and Py(y) are analytic functions. Equations (1.15) and (1.16) are known as
Tollmien’s inviscid solutions (see Tollmien, 1929).

0y(y) = Pa(y) + ( )ﬁl(y) In(y — ve), (1.16)

It follows that (1.16) is multivalued owing to the appearance of a logarithmic term. It
is easy to inspect that the critical layer is on the real axis and y < y. when the imaginary
part of ¢ is zero. The logarithmic term gives

In(y —y.) =lnly —y.| £ir for Im(y.) > 0. (1.17)

The reader is referred to Schmid & Henningson (2001) for the main details of how to choose
the sign of the imaginary part. In sections 4.1.3 and 4.2.3 of chapter 4, we will address the
important question of how to take the logarithmic singularity into account when numeri-
cally tackling the Rayleigh equation. Next, we present two key results which can be deduced
from the Rayleigh equation without indicating a particular mean velocity profile: Rayleigh’s
inflection point criterion and Fjortoft’s criterion.

1.1.3 Rayleigh’s inflection point criterion

Rayleigh’s inflection point criterion states that if there exist perturbations with ¢; > 0, then
U"(y) = 0 for some y € [—1, 1]. The theorem can be proved easily if we multiply the Rayleigh
equation by the complex conjugate of the normal velocity v*, and integrate in y from —1 to
1. After integrating by parts we obtain

1 1 U//
/1 ]D@]2+k2|17\2dy+/1 U_C|@\2dy:o. (1.18)

It remains to note that the first integral is real and positive definite, and the second integral
is complex-valued. Taking the imaginary part of (1.18) gives the result

1 U 1 U”C"QN}P
I o2dy = — 2 dy = 0. 1.19
m{[&U_¢4y} [y (1.19)
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We observe that both [0* and |U — ¢|* are nonnegative, and since ¢; has been assumed
positive, it follows that U” in (1.19) has to change sign in order to render the integral zero.
We draw the conclusion that Rayleigh’s inflection point criterion only gives a necessary
condition for instability.

1.1.4 Fjortoft’s criterion

Fjortoft’s criterion states that a necessary condition for instability is that U"(U — U..) < 0
for y € [—1,1], with U, = U(y,). This criterion can be deduced by considering the real part
of equation (1.18). We obtain

1 rrm ~12 1
U"U — ¢, - .
/ ( = Z|U| dy = —/ |D3|* + K*[5)dy. (1.20)
~1 U — ¢ -1
If we add the following expression
1 "2
u”lo|
U [ =gy, 1.21
0=V [ gy (1.21)
to the left side of the equation (1.20), and note that (1.21) is identically zero due to (1.19).
We then obtain
1 rrm ~12 1
U"(U —U. . .
/ ( 2)|U| dy = —/ |D3|? + k2|5 dy. (1.22)
-1 U — ¢ -1

It remains to observe that the integral on the left side is negative if and only if U"(U —U.,) is
negative somewhere in the flow field. This completes the proof of Fjortoft’s theorem. In the
next section, we shall consider the linear stability equations when the viscous effects become
important.

1.2 Viscous linear stability equations

We begin this section by considering the stability equations for infinitesimal disturbances
in parallel flows. As in the preceding section, the base flow is steady in the streamwise
direction that varies with y. Substituting a perturbed state (U + u, v, w, P 4+ p) into (1.1)
and neglecting the nonlinear terms, we obtain the following equations:

%‘FU%‘F’UU’Z—g—z—'—R_l(g:;—ngz—Fg?;), (1.23a)
%+U%——Z—§+Rl(%+%+%>, (1.23b)
ot (P

%—Fg—z-i-g—f = 0. (1.23d)
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As before, we take the divergence of the linearized momentum equations, and use the conti-
nuity equation to obtain the perturbation pressure equation:

v
’p=—2U"—. 1.24
Vp e (1.24)
Eliminating the pressure p yields an equation for the normal velocity v:
0 0 0 1
—+U— |VP-U"— - =V*v=0. 1.25
Kaﬁ &L’)V A (1.25)

Following the derivation of the Rayleigh equation, we seek the travelling wave solutions of
the form

v(x,y, 2,t) = D(y)el e, (1.26)

where a and [ represent the streamwise and spanwise wavenumbers, respectively, and w
denotes the frequency.

Substituting (1.26) into (1.25) yields the following equation for o:
1
(—iw + iaU)(D? — k*) —ialU" — E(DQ —k*)?*|9 =0, (1.27)

with the boundary conditions o = Do = 0 at solid walls. The homogeneous equation (1.27)
for the normal velocity © is known as the classical Orr—Sommerfeld equation. Although there
is no restriction to real or complex frequencies or wavenumbers, we will adopt a temporal
approach to the stability problem, where the wavenumbers a and  are assumed real. The
frequency w = ac is the complex eigenvalue in the Orr—Sommerfeld equation with the associ-
ated eigenfunctions v. It is clear that the Orr-Sommerfeld equation is the viscous extension
of the Rayleigh equation (1.8).

1.2.1 Squire’s transformation and Squire’s theorem

It is convenient to use the complex phase speed c as the eigenvalue instead of the complex
frequency w, where

w = ac, (1.28)

which yields the following slightly different version of (1.27), namely

1
(U —c)(D* - k*)o —U"0 — —=(D* — k*)*0 = 0. (1.29)
e
The underlying idea behind the Squire’s transformation is to compare (1.29) with the two-
dimensional Orr—Sommerfeld equation (set 5 = 0), which takes the form

1

U—c)(D*—a5p)0 — U0 — ————
(U = )(D* ~ a3)p) P o

(D? — a3p)*0 = 0. (1.30)
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Comparison of these two equations reveals that they have identical solutions if and only if
the following relations hold

Qop = k= (Oé2 + 52), (131)
OéQDRQD = CYR, (132)

from which we conclude that
Rop = R% <R (1.33)

The implication of (1.33) is that to each three-dimensional Orr-Sommerfeld mode corre-
sponds a two-dimensional Orr—Sommerfeld mode at a lower Reynolds number. Next, we
state the Squire’s theorem. For a given «,  and the Reynolds number R. below which no
instabilities exist for any wavenumbers, we have R as the critical Reynolds number for the
onset of linear instability which satisfies

R, = min, gRr(a, f) = min, Ry (e, 0). (1.34)

This result has an interesting implication that parallel shear flows first exhibit instability
to two-dimensional wavelike disturbances at a value of the Reynolds number that is smaller
than any value for which unstable three-dimensional disturbances exist. It is straightforward
to see that the proof of this theorem follows directly from Squire’s transformation. In the
next section, we will discuss the asymptotic methods in fluid mechanics.

1.3 Asymptotic methods in fluid mechanics

During the last century, remarkable progress in fluid dynamics was achieved due to the devel-
opment of the classical boundary-layer theory and perturbation methods, which facilitated
much of research of high-Reynolds-number flows, such as transonic flows or boundary layers.
The parameters used in the asymptotic theory of fluid flows may be subdivided into two
classes: dynamics parameters and geometric parameters. Examples of dynamic parameters
are Reynolds number and Mach number, while an example of a geometric parameter is the
aspect ratio of an aircraft wing, which can be small or large, thus allowing us to apply asymp-
totic analysis to gain insight into the physical mechanisms of a fluid-dynamic phenomenon
considered. We begin by discussing the Laplace method and will provide a brief overview of
the asymptotic methods applied throughout this thesis.

1.3.1 Laplace’s method and Watson’s lemma

Laplace’s method, named after Pierre-Simon Laplace, is a technique used to approximate
integrals of the form

F(z) = /bf(t)ew“) dt, (1.35)
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where f(t) and ¢(t) are real continuous functions defined on the interval (a, b) of real variable
t with z being the positive parameter in the argument of the exponential function e**®. The
aim is to obtain the leading asymptotic behavior of F(z) as x — oo. Assume that the real
continuous function ¢(¢) attains its maximum on the interval (a,b) at ¢t = ¢y3. The Taylor
expansion of ¢(t) about ¢ = ¢, yields

(t —to)? N

P(t) = d(to) + ¢'(to)(t — to) + ¢ (to) 5

(1.36)

Noting that at the maximum ¢'(¢y) = 0, and assuming ¢"(¢o) # 0, we can express (1.36) as
¢(t) = ¢(to) — C(t —to)* + -+, (1.37)
where ( = —3¢"(tp) > 0. With the aid of (1.37), the exponential e may be expressed as

o9t _ p@d(to) p—aC(t—t0)? (1.38)

The idea is to split the interval of integration (a,b) in (1.35) into three parts, namely,

to—e to+e€ b
F(x) = / F(t)e™®® dt 4 / F(t)e™® dt + f(t)e**® at, (1.39)
a t

0—€ to+e

with € chosen to be an arbitrary positive number. Suppose that e satisfies the following
constraints (see Bender & Orszag (1999)):

1>e> 1/ (1.40)

The first inequality 1 > € ensures that the Taylor expansion (1.37) can be used in the second
integral in (1.39), while the second inequality € > 1/y/x guarantees that the entire region of
dominant contribution is covered in the middle subinterval (¢, — €, to +¢€). It remains to note
that the fact that dominant contribution to F(z) comes from the second integral follows
from inspection of the graph of e=*¢(=%0)* the function which appears in (1.38). Discarding
contributions from the first and third integrals in (1.39) and using (1.37) for the second
integral, we find that

to+e
F(z) = e®t) / F#)e =0 g o

to—e

Since f(t) is continuous, it may be approximated to f(¢y) in the vicinity of g, to leading
order, so that

F(z) ~ f(to)ew(t‘))/ e~ #l(t—to)? dt, x — o0,

ﬁf(t())ex(b(t()) > 6—72 d
= ———— 7"
/—$¢"(to) oo
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where we have substituted 7 = /z("/?(t—t;). It remains to recall that [~ e dr = I'(3) =
/7, which results in
A 27Tf(t0)€w¢(t0)
—x¢”(t0)

This result is valid if and only if ¢, is interior to the interval (a,b). It is easy to see that the
integral in (1.35) approximates to

F(x)

T — 00. (1.41)

Fi(z) = / e ar,

if the maximum of ¢(t) is at ¢t = a, and
b
Fy(x)= [ f(t)e™V dt,
b—e

if the maximum of ¢(t) is at ¢t = b. It is straightforward to show that a similar computation,
as presented above, gives the following results:

Fi(x) ~ —%, r — 00, with ¢'(a) <0, (1.42)
zp(b
Fy(x) ~ %, xr — o0, with ¢'(b)>0. (1.43)

Watson’s lemma is concerned with asymptotic behaviour of integrals of the form
b
F(z) = / P ft)e ™" dt, 0<a< oo,
0

where we require that 5 > —1 for the integral to converge at ¢ = 0. Suppose that function
f(t) has N + 1 derivatives bounded on an interval ¢t € [0, m], where 0 < m < b, and satisfies

b
/ 7l f(t)]e™" dt < N,
0

for some value xg, with N being a positive constant. Then

N
. 1
F(z)=Y %r(ﬂ) B/ L ag g oo, (1.44)

(0%
n=0

where ¢, = & f (M(0), and I stands for the gamma function. Using the formulas in (1.41) to
(1.43) we have

r—1

r—1
) as T — 00,
e

[(z) = /OOO e Tdr ~ /271 (x — 1)(

where I' is the Euler’s gamma function and K, is the modified Bessel function of order v.
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1.3.2 Method of steepest descents

The method of steepest descents is a technique for finding the asymptotic behaviour of
integrals of the form

M(z) = /C (B t, (1.45)

as x — 0o, where C' is an integration contour in the complex plane ¢ and g(¢) and p(t) are
analytic functions of ¢ in some neighbourhood of C'. The idea is to deform the contour C' to
a new contour C’ in such a way that p(¢) has a constant imaginary part on C’ to eliminate
rapid oscillations of the integrand in the limit of large x and C” passes through one or more
zeros (saddle points) of p(t), in roughly the direction of steepest descent. Once this has been
achieved, we write p(t) = ¢(t) + itp(t), where ¥ (t) and ¢(t) are real functions. Thus, M (z)
in (1.45) assumes the form

M(z) = e** /, g(t)e™*Vat. (1.46)

Although t is complex, M(z) in (1.46) can be evaluated asymptotically as x — oo using
Laplace’s method since ¢(t) is real. In the following example we show how the method of
steepest descent can be used to examine the asymptotic behavior of the integral fol et g
as T — 00.

First we note that here p(t) = it* and ¥(t) = 2, so the saddle point lies at ¢ = 0. Our
objective is to deform the contour C' defined for 0 < ¢t < 1 into new contours along which
Im(p(t)) is constant. We start by seeking such a new contour which passes through ¢ = 0.
We write t = xy + izy with z; and zy real so that Im(p(t)) = 2% — z3. Since Im(p(t)) = 0
at t = 0, we infer that constant-phase contours passing through ¢ = 0 satisfy the relations
Ty = Xy OF T = —xy. On the contour x; = —xs, Re(p(t)) = 222, so [e*)| = €23 increases
as t — oo, while on the contour z; = x5, Re(p(t)) = —222, so |¢*?)| = e~2%3 decreases in
the same limit. Therefore, z1 = x5 is a steepest-descent contour denoted by L; parametrised
ast = (14 1)zs (0 < @9 < 00). It is easy to show that the steepest-descent contour passing
through ¢ = 1 takes the form Lz : t = \/23 + 1 + i15,0 < 29 < 0co. We observe that along
Ly, Im(p(t)) = 0, while along L3, Im(p(t)) = 1, it is clear that a third contour L, is required
to connect the points (144)Xs on Ly and /X2 + 1+iX, on L3 with the portions of L; and
Lj satisfying 0 < x9 < X5 as shown in figure 1.1. It emerges that the contribution from the
contour L, approaches zero in the limit X, — co. Therefore,

1
/em2dt:/ eixt2dt—/ e dt. (1.47)
0 Ly Ls

The integrals along L; and L3 can be calculated easily. Setting ¢t = (1 + i)xo, we get

| & 1 7,
/ €Z$t2dt — (1 + Z) / 6_2$x§dl'2 — —\/Ee’”r/ll, (148)
L 0 2V x
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Im(t)

C Re(t)

Figure 1.1: Diagram illustrating continuously deformation of the original contour C into new
contours Ly + Loy + Ls.

Setting ¢t = \/x3 + 1 4 izy and p = 2x9+/23 + 1, we obtain

. 1 . /00 e =P 1 .=, . In+3)
ixt? i 1T n 2
e dt = —ie ——dp = —ie E (—i)" =, (1.49)
/Ls 2 o VI+ip 2 = I(5)znt!

upon using Watson’s lemma. Combining (1.48) and (1.49) yields the asymptotic expansion
of the integral as

1 oo 1
. 1 : 1., I'(n+ 3
e dt ~o =y [ Zeimh _ el (—i)”g as x — oo.
. 2\ & e A S

1.3.3 Method of matched asymptotic expansions

In this subsection, we consider the method of matched asymptotic expansions useful to deter-
mining an approximation to the solution of a differential equation, or a system of differential
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equations. We will restrict our attention to the discussion of perturbative methods required
for solving a differential equation whose highest derivative is multiplied by the parameter ¢.
The approximations in the form of an asymptotic series called the inner and outer solutions,
respectively, are obtained in a small neighbourhood of the boundary of the domain (inner
region) and the main part of the domain (outer region), respectively, and combined through
a process called matching, leading to an appropriate solution for the whole domain. This
technique is extremely useful because it enables us to determine an approximate solution
to a differential equation, even when an exact answer is not achievable. The asymptotic
match takes place on the overlap region which is defined by the intermediate limit x — 0,
X = z/e" — 00, € = 0, where v > 0. To demonstrate how the method works, we shall
consider the following problem whose solution exhibits boundary-layer structure.

We wish to obtain an approximate solution to the boundary-value problem

d*y dy
—Z 4+ L4y = = 1)=1 1.

where € is a small positive parameter, such that 0 < ¢ < 1. Note that this is a singu-
lar perturbation problem since (1.50) has a small parameter multiplying the highest-order
derivative.

Outer region. In this region, asymptotic analysis is based on the limit z = O(1), ¢ — 0,
and we seek the solution in the form of a perturbation series in powers of &:

y = yo(z) +eyi(x) +--- . (1.51)

Substituting (1.51) into (1.50) and collecting powers of € gives a sequence of differential
equations:

O): yo+yo=0, (0)=0, wo(l)=1, (1.52)
O(e): yi+wyi=—vy, wm(0)=0, wy(1)=0. (1.53)

The general solution to the equation (1.52) has the form
yo(x) = De™™, (1.54)

where constant D is to be determined from the boundary conditions in (1.50). It is evident
that yo(x) cannot satisfy the boundary condition yo = 0 since we obtain a trivial solution
with D = 0; therefore, a boundary layer at x = 0 is necessary. A boundary layer is a narrow
region where the solution of a differential equation changes rapidly. Thus, we obtain the
leading-order solution as

yo(w) = e' 7. (1.55)

This completes the determination of the outer solution to zeroth order in powers of . We
infer that the outer region occupies the majority of the interval x € [0, 1], next we consider
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the inner region positioned in the vicinity of z = 0.

Inner region. Suppose that the thickness of the inner region is d(g) so that the appro-
priate scaled independent variable X is given by

X =z/é(e), (1.56)
with X = O(1) and 6(g) — 0 as € — 0. In terms of the variable X, (1.50) becomes

e—— + 5(5)5—)3/( +8%(e)y =0, y(0)=0. (1.57)

The inner asymptotic expansion of y(z,¢) is sought in the form
y(x,€) = Yo(X) + Y1 (X) +--- (1.58)
Substituting (1.58) into (1.57) and working with the leading-order terms, we find

e d*Y, . dYp
d(e) dX?  dX

—0, Yy(0)=0. (1.59)

Next, we explain the procedure for calculating the thickness d of the boundary layer. With
(1.59) we have the following three possibilities:

(4). % <1, (1.60)
.. €

(17). O] =0(1), (1.61)

(). % > 1. (1.62)

It emerges that the first option cannot represent a distinguished limit since then the equation
in (1.59) degenerates into

dYy
0 1.
X 0, (1.63)

whose solution cannot satisfy simultaneously the boundary condition in (1.59) and the con-
dition of matching with the outer solution (1.55). With the third option (1.62), equation in
(1.59) degenerates into

d*Y;
=0 1.64
with the general solution being
Yo =C1 + OoX. (1.65)
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Imposing the boundary condition Y;(0) = 0, we find that C; = 0. However, the matching
with the outer solution fails, thus eliminating the choice of the third option. If we choose
the second option (1.61) with §(¢) = ¢, the problem (1.59) reduces to

£ | Yy _
dx2  dX

0, Yu(0)=0. (1.66)
The general solution of this equation is written as
Yy = Ay + Aze %, (1.67)

where A; and Aj are arbitrary constants. Applying the boundary condition Y(0) = 0 yields
the relation A; + As = 0, while asymptotically matching the outer and inner solutions gives
A; = e. It is worth remarking that the idea of matching is that the inner and outer solutions
should agree for values of = in an intermediate region, i.e. where §(¢) < = < 1. In other
words, we require the outer limit of the inner solution to match the inner limit of the outer
solution, namely )}i_r)nooYO = 91613(1) yo. It remains to note that the determination of d(¢) needs

the dominant-balance argument as illustrated in this example; the thickness d need not be of
order ¢; there are cases where 6 = O(¢'/?), § = O(¢%*?), and so on. Thus, the leading-order
inner solution (1.67) assumes the form

Yo =e(l—e). (1.68)

We restrict the analysis of the problem (1.50) to the leading-order approximation in this
subsection for the sake of simplicity; however, it is straightforward to perform the calcula-
tions to first order in powers of €.

Uniformly valid composite solution. A formula representing y(z, ) on the entire in-
terval € [0, 1], the so-called uniformly valid composite solution, may be established as
follows

y(x,e) = {outer solution} + {inner solution} — {common part}. (1.69)

Here the ‘common part’ is the expansion of either the inner or outer approximations in the
matching region. In the example considered above, we have

Ycommon part = €- (170)

Substituting (1.55), (1.56), (1.68) and (1.70) into (1.69), we obtain

y(z,e) = e — el7v/e,

The problem studied above is a simple example since it consists of a single equation depen-
dent on only one variable x, and there is one boundary layer in the solution. The complicated
problems arising in fluid dynamics may contain several co-dependent variables in a system of
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several equations, and/or with several boundary layers in the solution. It is often advanta-
geous to calculate more terms in the asymptotic expansions of both the outer and the inner
solutions. Based on the intricate nature of the problem, the appropriate form of the asymp-
totic expansions in the inner and outer regions is not always explicit: while a power-series
expansion in € may work, sometimes the appropriate form involves fractional powers of ¢,
functions like €In(¢), etc.

1.4 Numerical methods

Throughout this thesis, a variety of numerical methods will be implemented to solve problems
involving linear and nonlinear ordinary differential equations in one variable. In addition,
these will be applied to solve nonlinear eigenvalue problems, in cases coupled to linear and
nonlinear partial differential equations. A comprehensive discussion of the numerical meth-
ods will be provided whenever they are encountered in this thesis. However, in this section,
we will give a brief overview of the numerical techniques used throughout.

1.4.1 Finite difference methods

Finite-difference methods are widely used in numerical analysis, particularly for solving dif-
ferential equations by discretizing them over the domain with difference equations wherein
finite differences approximate the derivatives. This method involves the reduction of a
linear /non-linear ordinary or partial differential equations to a system of algebraic equa-
tions, which can then be solved easily by matrix algebra techniques. To apply this method
to approximate the solution of a differential equation, we first discretize the domain of the
problem, which is usually accomplished by dividing the domain into a uniform grid of certain
step size. There are several ways to approximate the derivatives by considering differences
between the points on the discretized grid as we shall see shortly.

Suppose that f is an analytic function. The derivatives of f(x) are based on forward and
backward Taylor series expansions of f(x) around the point x, such as

Fla+h) = F(2) + h'(a) + )+ ) (1.71)
Fla =) = F(2) = b)) = ) (172
f(x +2h) = f(x)+ 2hf'(z) + %f”(x) + (QBL!Pf’”(x) + (1.73)
Fla—2) = f(@) — 2hp @) + O pray - B gy
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valid for sufficiently small h. Rearranging these formulas yields multiple expressions for f’(x)

and f"(z):
flx+h)— flx—h)

Flz) = = o), (1.75)
) = f(“h}z_ @) L om), (1.76)
Flay = L@ = z(x —M L om), (1.77)
o) = —f(x+2h)+4éf}fx+h)—3f(x) Lom?), (1.78)
Py = LE=IAE R W) | w7
Py = L8N = QJ;L(f) I L op), (1.80)
piay = L =2 W+ 1E) o s
Py = Le =2 = 2}{2@ sl LIRS (1.82)
() = 4f(x+2h) —5f(x+ Zz) +2f(z) — f(z + 3h) Lo, (1.83)
() — Mle = 20) 5 - Zz) F2f(a) =30 o L0

where the terms O(h) and O(h?) indicate that the truncation error behaves as h and h?.
Equations (1.75) and (1.80) are referred to as the first central difference approximation for
f'(x) and f"(z) since the function f(x) is computed at values that lie to the left and right
of x. This method gives a truncation error O(h?) which provides more accuracy in the
approximation of derivatives. The forms (1.76) and (1.81) are the first forward difference
approximation, while the schemes (1.78) and (1.83) are termed as the second forward differ-
ence approximation for the first and second derivatives. This method involves evaluations
of the function only on one side of x, namely at z + h and x, and has the truncation error
O(h) and O(h?). Its implementation is straightforward but can suffer from strict stability
requirements such as Courant—Friedrichs-Lewy condition in the heat equation and hyper-
bolic equations. Equations (1.77), (1.82) are the first backward difference approximation,
while the forms (1.79) and (1.84) are the second backward difference approximation for f’(x)
and f”(x). In contrast to the previous method discussed, this uses the function values at
x and = — h, however, the truncation error has also order of O(h) and O(h?). It is worth
noting that the local truncation error is a function of the step size h, so care should be taken
otherwise choosing h large may create instabilities and affect the accuracy of the solution.

31



1.4.2 Spectral methods

Spectral methods are a class of techniques widely used in applied mathematics and scientific
computing to numerically solve ordinary and partial differential equations. In contrast to
the finite difference method, derivatives of a function are discretized using an interpolating
polynomial. The idea is to seek a solution of the differential equation in the form of a series
involving “basis functions” (for example, as a Chebyshev series which is a sum of Chebyshev
polynomials or as a Fourier series which is a sum of sinusoids). The method that has been
used in this thesis is Chebyshev collocation spectral method since it is advantageous to use
Chebyshev polynomials in a bounded domain. The Chebyshev polynomials of first kind,
T.(y), in terms of trigonometric functions is given by the explicit formula

T,.(y) = cos(ncos *(y)), (1.85)

which are solutions of the singular Sturm-Liouville problem

d d n?
— 1—y2—T, +—=",(y) = 0. 1.86
i (VImP )+ t) (1560

It is easily seen that To(y) = 1 and Ti(y) = y, while the remaining polynomials may be
obtained from recurrence relation, i.e.

Tori(y) = 2yTn(y) — Tha(y), n=>1, (1.87)

or by using a direct formula

1
Tw(y) = 5[(y+x/y2— D"+ (y—vy=1)"]. (1.88)
In addition, Chebyshev polynomials satisfy an orthogonal condition

1

—1 1—y?

where 6,,, is the Kronecker delta. In order to apply the spectral collocation method, the
dependent variables are approximated by a Chebyshev expansion

F) = anTu(y), (1.90)

n=0

where the Chebyshev polynomials are calculated at the extrema of T,,(y) so called Gauss—
Lobatto points y; given by

yj:COS<J—7T), j=0,1,...,N. (1.91)
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Discretization of the governing equations requires us to express the derivatives in terms of
Chebyshev polynomials as well, which is achieved by using the following recurrence relations:

)= (1.92)
) T““ (). (1.93)
y) =41 (y), (1.94)
) = 2T\ ”(@+$T£’i’2(y), n=34,. . (1.95)

where the superscript £ > 1 represents the order of differentiation. It follows that the Ath
derivative of f(y) in (1.90) can be approximated as

0 (y
B
3
(

Y

n

FE @) =D a.TP(y). (1.96)

n=0

Equations for coefficients a,, are determined by substituting (1.90) together with (1.96)
into the governing equations and corresponding boundary conditions, using the recurrence
relations (1.87), (1.92)-(1.95), re-expanding in terms of Chebyshev polynomials and equating
the coefficients of the various T, (y) for n = 0,1,2,..., N to zero. We then require these
equations to be evaluated at the collocation points. We obtain a system of N + 1 algebraic
equations, which in matrix notation assumes the form

Aa = cBa, (1.97)

where a = (ag,ay,...,an)’, A and B are (N + 1) x (N + 1) matrices. The generalized
eigenvalue problem (1.97) can be solved easily using standard software to yield eigenvalues ¢
and associated eigenfunctions. It is worth remarking that errors in the Chebyshev collocation
method decrease more rapidly than any power of 1/N in the limit N — oo.

1.4.3 Solving linear and nonlinear algebraic equations

Throughout this thesis, we will apply the Newton-Raphson method several times to solve
a set of linear and nonlinear algebraic equations arising from the application of discretiza-
tion methods, namely finite difference and Chebyshev collocation methods to ordinary or
partial differential equations. The Newton-Raphson method, named after mathematicians
Isaac Newton and Joseph Raphson, is the famous root-finding algorithm which yields better
approximations to the zeroes of a real-valued analytic function f(z). The only drawback
of the method is that it involves usage of an analytical expression for the derivative f’(x)
which may not be easily obtainable in some situations. In these cases, it may be suitable to
approximate the derivative using the secant method whose convergence is relatively slower.
The Newton—Raphson formula in one dimension can be derived by considering the Taylor
series expansion of a function around the solution, x,, 1 = x,, + dx,, where dx,, is small. We
find that

f@ns1) = (@) + ' (@0)(@ni1 — 20) + O(0a7). (1.98)
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If 11 is a root of f(z) =0, equation (1.98) becomes
0= f(2n) + f'(2n)(@ns1 — 2,) + O(622). (1.99)

Since we have assumed that 0z, is small, the last term in (1.99) can be ignored and solving
for z,1, we obtain

n

(1.100)

Letting x denote the desired solution to f(z) = 0, the error in z,, is E,, = x — x,,. Hence, it
follows from equation (1.100) that

f”(mn> EZ,
2f"(z)

implying that the Newton—Raphson method converges quadratically, i.e. for sufficiently
small 0z, we have dz,.; = O(6x2) on the assumption that f/'(z) # 0. The idea of the

method is to repeatedly apply equation (1.100), starting with an initial guess xq, until the
following criterion

En+1 = -

(1.101)

|Tni1 — zn| <, (1.102)

is attained, € being the error tolerance. We store only the latest value of x in the computer.

Until now, we restricted our attention to finding a root to the single equation f(z) = 0.
The solution of n simultaneous, nonlinear equations is a mammoth task and requires the
n-dimensional version of the Newton-Raphson method. The scheme follows analogously in
higher dimensions, and to derive the formula we begin with the Taylor expansion of f;(x),

i=1,2,...,n, around the point x, where x = (21, z9,...,2,)":

filx +0x) = +Zafl5 -+ O(|0x?), (1.103)

where dx is assumed to be small. We find by dropping terms of order |§x|* that
f(x + 0x) = f(x) + J(x)0x, (1.104)
where J(x) is the Jacobian matrix (of size n x n) consisting of the partial derivatives

af;

J 8:1:j

(1.105)

Suppose that x + dx satisfies the equation f(x) = 0 and hence we obtain the following
expression for the correction dx:

ox = —JH(x)f(x). (1.106)
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The convergence is quadratic provided that the Jacobian matrix is non-degenerate, and this
property of convergence makes the Newton—Raphson approach effective and reliable. It can
be difficult or impractical, and time-consuming, to derive the expression for each Jf;/0x;
analytically. To overcome this complication, it is fruitful to compute the partial derivatives
from the finite difference approximation

fi _ filx+ejh) — fi(x)
al’j = h ’

(1.107)

where h is a small increment applied to z; and e; indicates a unit vector in the direction of
xj. This form will come in useful at various points in the thesis.

1.4.4 Runge-Kutta methods

The Runge-Kutta methods, named after the German mathematicians Carl Runge and Wil-
helm Kutta, is an explicit iterative method based on truncated Taylor series used to approx-
imate solutions of ordinary differential equations. In this thesis, we confine our attention
to the Runge-Kutta 4th order method whose derivation is skipped owing to cumbersome
calculations involved. This numerical technique is used to solve first or higher-order ordinary
differential equations or coupled differential equations. In this thesis, we apply this method
to solve the initial value problem of the form

d
= =F(y). yla)=b, (1.108)
where
oy | [y
yz ) by (!
by Y2
F(z,y) = : = : , b= ov=1L
" S b. :
n yn
flzy)]  [f(@y)]

y1 =y and a is a constant. The method requires the following sequence of operations:

L, :hF(ZE,y),
h L
L, :hF(x+§,y+71),
h L
L; :hF(x+§,y+72),

L4 = hF(ZL’ + h7y + L3)a

1
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where h = h(y) is the discretization step, which is guessed or determined by error and
trial. In order to demonstrate how the method works, we shall consider, as an example, the
following initial-value problem:

d2y dy ’ 2 /
=l |~y w0 =1 y(0)=0 (1.109)

The task is to evaluate y(0.2) by integrating (1.109) from z = 0 to 0.2 in increments of
h = 0.2. Letting y; = y and y, = ¥/, the equivalent first-order equations are

F(%Y)Z[ o ] (1.110)

Ty — i

subject to the initial conditions y;(0) = 1 and y»(0) = 0. Letting L; = (lz(l),llp))T7 i =
1,2,3,4, we see that

V=0, 1¥=—02,
1V =—0.02, ¥ =—-0.1998,
Y = —0.01998, 1Y =—0.1958,
Y = —0.03916, 1Y = —0.19055.

Substituting these values into the formula for y(z + h) allows to calculate y(0.2) as

1
(0.2) = 11 (0) + 6(l§” + 21 + 208 + 1Y) = 0.9801.

As a final remark, there are cases where the numerical solution might suffer from numerical
instability due to the sensitivity of the solution to initial conditions, so we need to be sensible
with the results of numerical integration.

1.4.5 Frobenius method

The method advanced by German mathematician Ferdinand Georg Frobenius is a powerful
technique used to obtain series expansions for a second-order ordinary differential equation
represented by the form

d*y p(x) \dy q(z)

— — —— |ly=0 1.111

i (:U —x0 ) dx * (x — x0)? =5 ( )
in the neighbourhood of the regular singular point = xy. Here p(z) and ¢(x) are analytic
at x = xg, so a Taylor series representation of these functions about x = xg may be expressed

in the form: p(z) = >"° jpn(z — z0)", q(z) = D0 qn(x — 20)". A solution of the linear
homogeneous differential equation (1.111) is sought in the form of a Frobenius series, namely

y(@) =Y En(w —zo)™*, (1.112)
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where ( indicates an indicial exponent. Here FE,, denotes the nth coefficient of the series,
and it is conventional to assume that the leading coefficient Ej is non-zero. We substitute
the Frobenius series (1.112) together with Taylor expansions of p(z) and ¢(x) into (1.111)
and differentiate term by term which leads to the result

i(n+<)(n+g—1)En(x_x nc—2 (ZPM_% )( .

(St ) (S sy )0

Equating the coefficients of (x—z)"*t*~2 for n = 0,1, 2, ..., we obtain a set of simple algebraic
equations:

(x —20) % [¢* + (po — 1)¢ + qo] Eo = 0,

(z— )" [(C+1)*+ (po— 1)(C+ 1) + qo] E1 + [Cp1 + 1] Eo = 0,
(=) [(C+2)+ (po—1)(¢+2) + q] Bz + Z[(C + k)pa—i + qo—i| Ex = 0,

(&= 20)" 72 [(C+n)*+ (po— D¢ +n) + qol B+ D _[(C+E)pnk+ guilEr =0, n=34,.,
k=0

(n+ Q) Bule — a:0>"+<-2)

(1.113)

which can be solved in closed form. Since we have assumed that Ey # 0, it follows that the
indicial polynomial for (1.111) is

P(¢) = ¢* + (po — 1)¢ + g, (1.114)

whose roots are denoted by (; and (; and ordered so that Re((;)>Re((2), where Re denotes
the real part. In this thesis, we consider the case when the two roots of the indicial equation
differ by an integer say M ; therefore, we omit the discussion of the cases: the difference of the
two roots is not an integer, or the two roots of the indicial equation are equal. Thus, there
are two linearly independent solutions of (1.111) in Frobenius form. Note that P(¢; +n) # 0
for n = 1,2, ..., and so the last recurrence relation in (1.113) can be solved for FE, in terms
of Ey for all n. This explains that the first solution of (1.111) is the Frobenius series (1.112)
evaluated at ( = (3. The method employed to find a second linearly independent solution
in which logarithms appear is worked out in detail below. The main underlying idea is to
observe that the second solution can be determined by differentiating (1.112) with respect to
the indicial exponent (. To prepare for the process of differentiation with respect to (, the
first recurrence relation in (1.113) is disregarded for the moment which leaves ( arbitrary
and then the remaining recursion relations are solved for F, as a function of Ey and (.
Henceforth, we express (1.112) by y(z, ():

ZE (z — x0)"F. (1.115)
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At this stage, it is convenient to adopt the shorthand notation
>  ( pl) \d q(z)
L=—+—"—|—+——. 1.116
dx2+(x—x0 dx * (x — x0)? ( )

Instead of Ly(x, () = 0, we have that y(z, () now satisfies

Ly(x,¢) = Eo(¢)(x — 20) > P(C), (1.117)

since the first equation in (1.113) is ignored. If we differentiate both sides of (1.117) with
respect to ¢ and then let ( = (7, we conclude that

Y

=G

ApTeRs

§ } — Bl P(O)(w — 20)< + P(Q)(@ — 70)°2 In(w — o)

= EoP'(C1)(z — 20)9 2,
= EgP'(G) (@ — o) M2, (1.118)

where we have used the fact that Ej is a constant and Ey((1) = Eo(() ‘
(=G

The right side of this equation does not vanish because P’({;) is nonzero and therefore

B%y(a:,g) calculated at ¢ = (; is not the second solution of (1.111). We now proceed to

construct a solution to the homogeneous part of (1.118). It is obvious that the first partic-

ular solution of (1.118) is (0/9¢)y(z, ()|¢=¢, and for the present we examine (1.118) which

suggests that its second particular solution has a Frobenius expansion

0 y(z, C)‘ = ) Fulz— o)™, (1.119)
aC (=1 n=0

where F), denotes the nth coefficient of this series with F{y # 0. Substituting this series into
(1.118) and equating the coefficients of (z — x4)*2*" 2 leads to

(z — 20)27 2 P(()Fy =0, (1.120)
n—1
(x — xo)2t" 2 P(n+G)Fu+ Y (G4 k)pnr + gni]Fe =0, n#0,M, (1.121)
k=0
M-1
(:E — IO)C2+M72 : P(M + CZ)FM + Z [(Cz + k)prk + qM,k]Fk = EOPI<C1). (1.122)
k=0

The first equation (1.120) is automatically satisfied for n = 0, while the last equation (1.122)
for n = M does not determine Fj; because P((y + M) = 0 and it follows that the value of
Ey is related to the coefficients Fy, Fi, ..., Fy_1 via

M—
Z (Go+ k)par—k + Qi) P (1.123)
k=0

1
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Differentiating both sides of (1.115) with respect to ¢ and then setting ¢ = (;, we get

Se0(:0) \CZQ — y(,) In(a — o) +§Hn<gl><g;_xo)<l+n,
= ( 2 En(G)(x — xo)"“l)ln(w — Zo) + f; Hy(G)(x = w0)9 ™™, (1.124)
where )
H,(¢1) = a—CEn(C) L

Subtraction of (1.124) from (1.119) finally establishes the solution to equation (1.111),
namely

= Fulw—a0)*"" = In(z — 20) > En(G) (@ — 20) " = > Ho(G) (@ — 20) "
" = " (1.125)

The constants Fy, Fy; are arbitrary, and we can calculate the other coefficients in terms
of these unknowns. Differentiating the last relation in (1.113) with respect to ¢ yields the
expression for H,((1) as

1

Hn(Q) = [(Cl + n) ( Po — 1)(61 + n) + QO]

n—1 n—1
( Prn—kEr(C1) +Z (¢ + k)pn—i + @i H
k=0 k=0

#2004 )+ (o= DIEG)) forn 2 1
(1.126)

The expressions for E,,(¢1) and F), can be determined from the relations (1.113) and (1.121)
as

3

1

-1
>
(G + )2+ (o — DG+ n) + qo) (1 + k)P + Gn—i| By for n > 1,

k=0

En(Cl) =

(1.127)

n—1
1
Fl=—— b E)pur + G| Fi for n # 0, M. 1.128

Plnt 6 0[(C2 )Pn—k + Qi) Fi # ( )

The results (1.126)—(1.128) will play a pivotal role in determining the coefficients of the series
expansion (1.125) explicitly. We close our discussion of the Frobenius method by writing the

series solution of y(x) for x < zy which is obtained if we replace In(z — zo) with In(zy — z)
n (1.125),

= Fulw—a0)*"" = In(zo — 2) > En(G) (@ — 20) " = > Ho(G) (@ — 20) "
n=0 n=0 n=0

b
I
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1.5 Summary of this thesis

Chapter 2 will focus on the linear stability of plane Poiseuille-Couette flow asymptotically at
large values of the Reynolds numbers and numerically at finite Reynolds numbers. The linear
stability of this flow (the exact Navier—Stokes solution arising from the constant pressure-
gradient driven flow through a plane channel with sliding walls) is a flow of practical interest
with applications in micro-electro-mechanical systems, magnetohydrodynamic power gener-
ation, aerodynamics heating, electrostatic precipitation. The linear stability of this flow,
through use of the celebrated Orr—Sommerfeld equation, has been extensively studied pre-
viously by Potter (1966), Hains (1967), Reynolds and Potter (1967) among others. These
authors found a unique neutral curve, demonstrating that for a given sliding speed V', there
exist a band of unstable wavelengths above a critical Reynolds number. Potter showed that
no linear neutral curve could be found for this flow above a certain cut-off value of sliding
speed V. with the region of linear stability retreating to infinity as V' — V7. In terms of
the scalings adopted in this paper the value of V. ~ 0.34 and it was anticipated in Cowley &
Smith (1985) based on an asymptotic approach that multiple neutral curves should coexist
at large Reynolds numbers R for non-zero V below V.. We will show that these findings are
consistent with numerical computations of the Orr—Sommerfeld equation at finite Reynolds
numbers in section 2.2 where we find multiple neutral curves over a range of O(1) sliding
speeds. All the studies mentioned here, including our own, reinforce the conclusion that
PPCF is stable to all linear disturbances provided V' > V.. The linear high Reynolds num-
bers asymptotic theory appropriate to the upper and lower branches of the main neutral
curve and the additional new curve is developed in this chapter and the results obtained are
compared with finite R results.

In chapter 3, we will examine the nonlinear stability of plane Poiseuille-Couette flow. We
will investigate how the critical layer dynamics alter as the disturbance size is increased,
starting from the classical linear form which is relevant for small sliding speeds to an in-
termediate weakly nonlinear stage and ultimately onto the shorter-scaled strongly nonlinear
regime, which holds for O(1) values of the wall sliding velocity. The details of the strongly
nonlinear critical layer(s) on the upper branch and hybrid scaling is presented in sections 3.1
and 3.2, respectively, providing motivation for the scalings and asymptotic structure of the
strongly nonlinear upper and hybrid modes which follow in the subsequent chapter.

In chapter 4, we present a novel method involving the classical balancing of phase shifts
for determining the amplitude-dependence of these modes. In addition, we describe the cor-
responding numerical techniques for calculating the phase speed and streamwise wavenumber
of the disturbance as functions of amplitude, with the methods taking into account the asym-
metric nature of the basic flow. Furthermore, we provide a comprehensive description of the
numerical results for a range of values of disturbance amplitudes, spanwise wavenumbers
and sliding velocities. It transpires that the asymptotic structure of the strongly nonlinear
hybrid modes breaks down in the limit V' — 2 when the disturbance streamwise wavelength
decreases to O(R™'/?) and the maximum of the basic flow becomes located at the upper
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wall, while the strongly nonlinear upper-branch mode structure breaks down in the limit of
large disturbance amplitude (where the two critical layers merge) and the limit in which the
maximum of the basic flow becomes located at the upper wall. Finally, we draw the main
inferences and suggest avenues for further study.

It is well known that for plane Poiseuille flow, finite-amplitude two-dimensional travelling
waves exist and map out a neutral surface in the parameter space formed by Reynolds num-
bers, wavenumbers and amplitude (see Herbert (1977)). Weakly nonlinear stability analysis
carried out by Reynolds & Potter (1967), Cowley & Smith (1985) suggested that PPCF may
become unstable to finite-amplitude disturbances for V' > V. and this was confirmed to be
the case in the nonlinear numerical studies of Ehrenstein, Nagata & Rincon (2008), Balaku-
mar (1997). The numerical study of Ehrenstein, Nagata & Rincon (2008) used Poiseuille—
Couette homotopy to continue a path through the equilibrium states for plane Poiseuille
flow to Couette flow although it remains unclear whether these solutions are fully resolved.
In Balakumar (1997), two-dimensional nonlinear equilibrium surfaces were mapped out by
gradually increasing the value of V. These solutions were computed by starting from the
main neutral curve for PPCF and it was concluded that such solutions do not exist beyond
V 2 0.96 in our non-dimensionalization. However there are no such numerical studies inves-
tigating how nonlinearity affects the additional neutral curves that we compute in section
2.2 of this paper. To this end, in chapter 5, we solve the fully nonlinear unsteady two-
dimensional Navier-Stokes equations in order to confirm that the nonlinear hybrid neutral
modes exist at finite Reynolds numbers. We compare the results of our asymptotic theory
with the corresponding Navier—Stokes solutions.
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Chapter 2

Linear stability of plane
Poiseuille-Couette flow

2.1 Introduction

In this chapter we will discuss the linear stability of plane Poiseuille-Couette flow asymp-
totically at large values of the Reynolds number and numerically at finite Reynolds number.
PPCF has been investigated extensively at asymptotically large Reynolds number by Cowley
& Smith (1985) and numerically at finite Reynolds number by Hains (1967), Potter (1966)
and Reynolds & Potter (1967), and the general conclusion of these studies is that this linear
combination of the classical Poiseuille and Couette flows is stable to all infinitesimal distur-
bances above a cut-off value of wall sliding speed V. ~ 0.34 in our non-dimensionalization.
Based on their asymptotic analysis, Cowley & Smith (1985) suggested that multiple neutral
curves should coexist at large values of the Reynolds number for non-zero wall speeds below
V.: this was confirmed recently by the numerical work of Kumar & Walton (2019) (figure
2.3). Our aim in this chapter is to find an asymptotic description for these linear solutions
which describes how the modes self-sustain due to critical layer/wall layer interactions.

The governing Orr—-Sommerfeld equation for linear perturbations in two-dimensions was de-
rived in Lin (1945), Potter (1966), Hains (1967), Reynolds and Potter (1967) among others.
We will formulate the three-dimensional version of the Orr—Sommerfeld equation to include
three-dimensional effects and account for our different scalings for the basic flow. We be-
gin by solving this equation numerically at finite Reynolds number in the next section and
then the linear stability equations are analysed asymptotically in the limit of large Reynolds
number in section 2.3. It is stressed that the asymptotic analysis of these equations in detail
is necessary for an extension to the non-linear regime as we shall see in chapters 3 and 4.
In the remainder of this section, we introduce the basic flow under study bearing in mind
that the governing non-dimensional Navier—Stokes equations (1.1) are presented in chapter 1.

The steady basic flow is taken to be in the streamwise direction and subject to a uniform
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ox* 2b*

Figure 2.1: Diagram illustrating positive coordinate axes and the basic PPCF in dimensional
form. The pressure gradient (Op*/0x*) acts in the negative z* direction and Uj(y*) is the
basic dimensional flow.

streamwise pressure gradient. In addition, the upper wall represented by the scaled location
y = 1 and the lower wall denoted by y = —1 move with the same constant non-dimensional
speed V (corresponding to the dimensional speed V* = U* V) but in opposite directions.
The no-slip condition of viscous flow then implies that the appropriate boundary conditions
are

u==xV,v=0and w=0o0ny==+l. (2.1)
Substituting the unidirectional velocity field into (1.1) and using (2.1), we find that the basic

plane Poiseuille-Couette flow is given by

(u,v,w,p) = (Un(y), 0,0, p(x)) = (1 —y* + Vy,0,0, (po — 22)/R), (2:2)

where py is a constant. This basic flow is illustrated in figure 2.1. Having obtained the basic
flow, we are now concerned with the stability of the basic parallel flow solution (2.2) to a
disturbance (perturbations). In the next section, we will perform linear stability analysis to
plane Poiseuille-Couette flow for various values of the sliding speed V. This will lead to the
formulation of the linear disturbance equations corresponding to this flow which act as the
fundamental building blocks of the ensuing analysis.

2.2 Linear stability of plane Poiseuille-Couette flow at
finite Reynolds numbers

In order to investigate the stability of plane Poiseuille-Couette flow, a small three-dimensional
disturbance harmonic in z, z and ¢ and of amplitude A is superimposed upon the basic flow,
and the perturbed flow is written as

(u,v,w,p) = (Up(y),0,0,p(z)) + AE(q, 0, w, p). (2.3)

Here the hatted variables u, v, w and p are assumed to only depend on the wall-normal
coordinate y, the amplitude of the perturbation A < 1, and F symbolizes the travelling

43



wave component
E = exp(ia(z — ct) +if2), (2.4)

with the streamwise wavenumber o and the spanwise wavenumber [ prescribed to be real,
while the wavespeed c is complex as we are considering the temporal stability problem. We
write the complex wavespeed ¢ in the form ¢ = ¢, + ic; where ¢, and ¢; represent the real
part and the imaginary part of ¢, respectively. The real part of the complex wavespeed, ¢,,
indicates the phase speed with which the perturbations propagate obliquely to the stream-
wise direction. The quantity ac; represents the temporal growth rate. The temporal growth
rate contains important information regarding the stability of modes. Its value determines
whether a mode is stable or unstable, thereby enabling us to gain insight into the behaviour
of the disturbance. There are three possibilities which we consider in turn. The disturbance
with ac; > 0 are unstable modes, whereas the disturbance with the negative temporal growth
rate corresponds to stable modes. The disturbance with the imaginary part of the complex
wavespeed ¢; = 0 are referred to as neutral modes which neither grow, nor decay.

The governing equations for the disturbance are obtained by substituting the perturbed
flow (2.3) into the non-dimensional Navier-Stokes equations (1.1), neglecting terms which
are quadratic in the perturbations and equating coefficients of A, leading to the following
linearised Navier-Stokes equations:

iat + Dv +ipw = 0, (2.5a)
ia(Uy — )i + 0DUy = —iap + R71(D? — o® — 824, (2.5b)
ia(Uy — ¢)o = —Dp + RY(D?* — o — 5%)0, (2.5¢)
ia(Uy — e) = —iBp + R™H(D* — o* — BH)w, (2.5d)
subject to the no-slip boundary conditions
t=0=w=0ony ==l (2.6)

The symbol D stands for differentiation with respect to the wall-normal coordinate y. Equa-
tions (2.5) constitute a set of linear equations satisfied by the perturbation (u, v, W, p). As
the disturbance velocities grow above a certain limit, nonlinear effects come into play and the
linearised disturbance equations no longer accurately forecast the growth of the disturbance.
This signifies that these linear equations have a limited domain of validity. However, these
equations are useful as a first step in analyzing the sensitivity of the neutral modes to finite
disturbances.

The set of linear equations (2.5) can be simplified further by eliminating the streamwise
perturbation u, the spanwise perturbation w and the pressure perturbation p to leave a
single governing equation for the wall-normal perturbation . This is achieved by perform-
ing some manipulations on (2.5) which involve multiplying (2.5b) and (2.5d) by i« and i,
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respectively, adding these equations together and using the continuity balance (2.5a), we
obtain the following equation for © in terms of p, namely

ia((Up — c)D — Up)d = —(a® + BA)p + RY(D? — o — 3%)(D0). (2.7)

Further, differentiating (2.7) with respect to y, multiplying (a?+ %) to (2.5¢) and finally the
subtraction of these two resulting equations formulates a single equation for v, specifically

[(Uy — c)(D* — a® — B*) — U} — (iaR)"H(D* — o* — B*?o = 0. (2.8)

This equation is subject to the homogeneous boundary conditions which are easily established
by using the no slip boundary condition (2.6) and the continuity equation (2.5a) as

0=Dv=0ony==l. (2.9)

Equation (2.8) is the famous Orr—Sommerfeld equation, which will be useful to examine the
linear stability of this flow at finite Reynolds numbers. This is an eigenvalue equation which
describes the linear three-dimensional modes of disturbance to this flow. There are many
useful methods that can be used to determine numerical solutions to this eigenvalue equation
subject to the full set of the boundary conditions (2.9). However, we will use a ‘Chebyshev-
collocation method’, which is discussed in section 1.2.2 of chapter 1. This method enables us
to calculate the neutral stability curve defined as the curve along which the growth rate of the
disturbance is zero. The modes with zero temporal growth rate lie on the neutral stability
curve which is of particular interest since the disturbance (perturbation) corresponding to
these modes represents a wave of constant amplitude propagating with speed ¢, obliquely to
the streamwise direction. Let us denote the region bounded by the upper and lower branches
of a neutral curve by U. The modes with positive temporal growth rate lie inside the neutral
curve (this, therefore, indicates that U is the region where the flow is unstable), while those
with negative temporal growth rate lie everywhere outside this curve (region of stability). In
addition, there exists a minimum value of the Reynolds number (also known as the critical
Reynolds number denoted by R.) on the neutral curve. It is worthwhile to mention that
when R < R. the flow is stable for any streamwise wavenumber « since the perturbations
decay in this case. On the contrary, if R > R., then the perturbations are unstable for the
set of wavenumbers confined within the region U and consequently the flow is said to be
linearly unstable. Figure 2.2 shows the neutral curve for plane Poiseuille flow in (o, R) plane.
It consists of a lower branch and an upper branch which can be described asymptotically for
large Reynolds number and both branches tend to zero in the limit R — oo (see Lin 1945).
For plane Poiseuille flow, it is known from Orszag (1971), who applied a Chebyshev spectral
method to solve the famous Orr-Sommerfeld equation that the value of R, is approximately
5772.2. Application of Squire’s theorem shows that the value of the critical Reynolds num-
ber R, effectively changes from this value when non-zero values of the spanwise wavenumber
are considered. In addition, it follows easily from Squire’s transformation that the effect of
changing [ is only to scale the problem. It should, however, be noted that there is only one
neutral curve in plane Poiseuille flow, while two extra neutral curves are found to exist as
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wall sliding speed V' is increased (Cowley and Smith (1985)). On the other hand, it is well
known that plane Couette flow is linearly stable for all Reynolds numbers. In fact, Romanov
(1973) has pointed out a proof of the linear stability of this flow at all R.

Equations (2.8), (2.9) constitute an eigenvalue problem for ¢ in terms of «, 5, R and V.
As far as numerical computations are concerned, we will only consider the case § = 0 as an
application of Squire’s transformation allows us to gain insight into the effect of increasing
£ on the numerical results obtained for zero spanwise wavenumber. As mentioned in the
introduction, various authors have tackled this linear stability problem before. Potter (1966)
found one neutral stability curve for various V' by solving (2.8) using a mixture of asymptotic
and numerical methods. His results for V' = 0 agreed very well with those obtained by Lin
(1945) for plane Poiseuille flow. For non-zero V', he concluded that the flow was stable at
all R provided V > V. where V. ~ 0.34 in our notation. The results given in Potter (1966)
were confirmed when the Orr—-Sommerfeld equation was solved numerically by Reynolds &
Potter (1967) and Hains (1967). Cowley & Smith (1985) predicted exclusively on the basis
of a high-Reynolds-number asymptotic approach that multiple neutral curves should exist
at large Reynolds number for non-zero sliding speeds which are below V.. They conjectured
that at a certain small value of V' two extra neutral curves emerge, and at a slightly larger
value of V' one of these new neutral curves then disappears, whereas the two remaining ones
disappear at O(1) values of V. Being guided by the key asymptotic findings of Cowley &
Smith (1985) and the preliminary investigation of Dempsey (2016), a numerical exploration
of the parameter space (a, R, V') was undertaken using a Chebyshev collocation approach to
solve (2.8) and we have found additional neutral curves (represented by the upper curves in
figure 2.3). We investigate the behaviour as V' increases and the following features emerge
from our finite-Reynolds-numbers computations. The neutral curve for the case when the
walls are at rest is presented in figure 2.2. In this situation, there is a single region of linear
instability extending from the critical Reynolds number R, ~ 5772.2 (as calculated in Orszag
1971) to infinity. Increasing V' slightly from zero, we notice that a pocket of stability in the
range 2 X 10° < R < oo, develops within the main neutral curve - see figure 2.3(a). From the
sequence of figures 2.3(b)-2.3(c) we observe that as V' increases to around 0.0185 — 0.0190, a
stable intrusion forms within the main neutral curve and advances from right to left, eventu-
ally slicing this curve into two. We now see that there are two disjoint regions of instability
spreading from some finite value of R to infinity: for example, in figure 2.3(c), the upper
curve has the critical Reynolds number R, ~ 6 x 10°. As V is increased further, the upper
curve splits into two, with one part closing up at R ~ 2 x 10° while the other part extends
from R & 5.8 x 10° to infinity as captured in figure 2.3(d) for V' & 0.025. It is found that be-
yond this value of V' these two distinct fragments of the upper curve disappear completely,
leaving the lower curve (the main neutral curve) to govern the stability properties of the
flow. This curve then retreats to R = oo as V' — V., in accordance with Potter’s results,
demonstrating that PPCF exhibits linear stability at all Reynolds numbers for all V' beyond
this critical value.
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Figure 2.2: Neutral curve for plane Poiseuille flow consisting of a lower and an upper branch
as indicated schematically in the plot. The shaded area represents the region of parameter
space («, R) where unstable solutions exist. The modes with negative temporal growth rate
lie everywhere outside the shaded area.

2.3 The solution of the linear stability equations at
large Reynolds numbers

The disturbance equations (2.5) are also amenable to a high-Reynolds-number asymptotic
analysis which complements the finite-R numerical approach seen in the previous section.
The advantage of using an asymptotic approach is that it provides useful physical insight,
theoretical understanding of underlying physical mechanisms, and gives an easier access to
the non-linear regime which is our ultimate interest. We will study the stability proper-
ties near the upper and lower branch of the main curve as well as the upper neutral curve
(depicted in figures 2.3(c) and (d)). The following analysis has been performed already in
Cowley & Smith (1985), but this work lacks the details necessary for an extension to the
non-linear regime. In this regard, the work we present here necessitates an extension and
modification of the original analysis with the eventual aim of establishing the connections
between the linear main/upper curve modes and their non-linear counterparts as A is in-
creased. We start by applying Rayleigh’s inflection point criterion to study the inviscid
instability of this flow before considering the viscous instability at high Reynolds number.

2.3.1 Inviscid instability

When the Reynolds number is assumed large, viscous effects are negligible in the flow, leading
to the inviscid version of (2.8), namely

(Up — ) (D* — a* — B*)0 — Ut = 0, (2.10)
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Figure 2.3: (a) Birth of the main neutral curve (V' & 0.017), (b) Pinching off from the
main neutral curve (V =~ 0.0185), (c) Splitting of the main neutral curve (V' = 0.019), (d)
Break off, closing and receding of the surviving branch (V' ~ 0.025). The shaded regions are
unstable.
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where a prime (') denotes a y-derivative. This is the Rayleigh equation named after Lord
Rayleigh, who introduced it in 1880. The Rayleigh equation (2.10), together with the ap-
propriate boundary conditions (2.9), poses an eigenvalue problem with ¢ as the complex
eigenvalue. The coefficients of the second-order linear ordinary differential equation (2.10)
are real which implies if ¢ is an eigenvalue of the Rayleigh equation, so is its complex con-
jugate ¢* (where x denotes complex conjugate). This means that any complex eigenvalue ¢
will appear in complex conjugate pairs.

Rayleigh’s inflection point criterion relates the existence of a mode with the positive temporal
growth rate, that is, an unstable mode, to the occurrence of an inflection point in the basic
flow Up(y) in a bounded plane Poiseuille-Couette flow domain with y € [—1,1]. It states
that given there exist perturbations with the imaginary part of the complex wavespeed c;
positive, a necessary condition for an inviscid instability in this flow is that UJ(y) = 0 for
some —1 < y < 1. Thus, inviscid instability is only possible if Uj(y) changes its sign for
some y € [—1,1]. But the quantity U//(y) = —2 for plane Poiseuille-Couette flow is, in fact,
constant and therefore this flow is inviscidly stable. This completes the proof.

Having now established that any linear instability of the basic streamwise velocity, Uy(y),
is viscous in nature, we turn our attention to the viscous instability problem of this flow at
high Reynolds number, which is our main interest.

2.3.2 Viscous instability

As already mentioned when the Reynolds number is assumed asymptotically large, viscous
effects are negligible in the flow across the majority of the channel and also we have already
shown that this flow is inviscidly stable. Therefore, to address the linear instability of the
basic flow, which is viscous in nature, it would be sensible to anticipate that viscous effects
are confined to the proximity of the plane walls. That is why it is worthwhile to consider
the near-wall behaviour of the basic flow, Uy(y), for small values of the sliding speed of the
walls V. Letting V = 22V}, we have

Uo(y) = Uno(y) + €U (y), Uno(y) =1 — 9> Uoi(y) = Voy. (2.11)

Here ¢ is a small positive parameter. The application of the Taylor series determines the
behaviour of the basic flow in the vicinity of the plane walls situated at y = £1. Through
making use of the Taylor expansions we obtain the following important results:

Asy — 1"
Up ~ N1 —y) + AP0~y Un = Voy, (2.12)
with

A =2 AP =1
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Asy — —17:
Ugo ~ )\(,0)(1 +y)+ )\(71)(1 + )2, Uo1 = Wy, (2.13)
with
D D N

These asymptotic forms will play a pivotal role at various points in the analysis while applying
the method of matched asymptotic expansions.

y =1 (upper wall)
Viscous shear layer I1+ R
Inviscid core | o(1)
Viscous shear layer II- R/

y = -1 (lower wall)

Figure 2.4: The high-Reynolds-numbers asymptotic structure of the lower-branch modes.

2.3.3 Lower-branch analysis

The ensuing analysis and the scalings follow from Smith (1979), although the present problem
is difficult owing to the inclusion of three-dimensionality here. We have adopted a similar
notation to Walton (2004) wherever possible, who studied the linear stability of circular
Poiseuille-Couette flow. The aim is to set out the asymptotic structure corresponding to
the lower branch of such a curve at high Reynolds number and to derive the eigenrelation
analogous to the lower branch neutral mode. Typically, the high Reynolds number asymp-
totic structure of the lower-branch modes consists of a three-zone structure: a core region
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and two viscous wall layers (see Cowley & Smith (1985)). The distinguishing feature of the
lower branch mode behaviour is that the two critical layers are embedded within the viscous
wall layers because the typical value of the disturbance wavespeed is small. In addition, the
inviscid core region is surrounded above and below by a viscous wall layer. In this scenario,
the disturbance survives due to an interaction between the viscous shear layers as we shall see
later. Having now established the asymptotic structure corresponding to the lower branch
neutral mode, we will describe the dominant physical processes in each region, solve the
equations governing dynamics in each and finally avail the method of matched asymptotic
expansions in order to match these solutions. Figure 2.4 illustrates the three-zone asymp-
totic structure of the lower-branch mode. We seek the asymptotic solution to (2.5) at high
Reynolds number and
V=, e<x1,

which implies that the sliding speed of walls is assumed small. The parameter ¢ is to be
determined in terms of the Reynolds number.

(i) Core region I. The fundamental characteristic of the core region is that the wavespeed
of the perturbation is much smaller than the basic flow. This is equivalent to saying that in
view of equations (2.5), one may interpret Uy —c =~ Uy. As discussed previously, the viscosity
is insignificant across the majority of the channel in the limit of large Reynolds numbers. The
consequence of all of this is that there is simplification to the governing disturbance equations
(2.5) because the terms multiplied by R~! in these equations can be omitted while carrying
out the asymptotic analysis at leading order. The appropriate disturbance expansion, to
leading order, is

uw=1F,, 0=cGy, w=¢c’Hy, a=coy, B ==ebo, (2.14)

c=¢%cy, p=eh,. (2.15)

Substituting these expressions into the disturbance equations, with Uy given by (2.11), we
arrive at the following set of inviscid balances

igFo + Gy =0,
iaoUoo Fo + UlyGlo = 0,
iagUneGo = — P, (2.16¢
aoUsoHo = — o P, (2.16d

We start the analysis of the set of equations (2.16) by differentiating (2.16b) with respect
to y, followed by elimination of Gy and Gf, in the resulting equation from use of (2.16a) and
(2.16b), and thus the first order linear differential equation satisfied by [} is found to be:

ULy FL = Ul F. (2.17)
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It follows easily from the method of separation of variables or the method of solving a linear
differential equation of the first-order that the solution of (2.17) is

FO — AoU(l)o, (218)

where the constant Ay is an undetermined amplitude factor. In order to determine G, Py
and H, explicitly, we perform some manipulations on (2.16) which is composed of a few steps.
Substitution of the expression for Fy in (2.16b) yields G and further we can use (2.16¢) to
determine Fy up to an arbitrary constant P, Finally, the form for H, immediately follows
from (2.16d). Therefore, the solution to the core wave system (2.16) is

. P
G() = —iOévoUgo, P() = P() + a%AOI(y), H() = — BO 0 s (219)
aoUno
with Fy given by (2.18). The integral I(y) is defined by
1
Iy) = [ U a. (2.20)
y

The expression for I(y) can be calculated analytically, in fact, it is evident that specifically
for plane Poiseuille-Couette flow

Ly — 1P(357 + 9y + 9). (2.21)

1(9)2—1—5

The pressure constant Py in (2.19) can be chosen without loss of generality and the pro-
ceeding analysis will point out that the eigenrelation for the lower branch neutral mode is
unaffected by its value. Using the asymptotic forms (2.12), (2.13) for Uy we arrive at the
following useful results:

Asy — 17
Fo~ —AP4,, Gy~ —iagAA V(1 —y), (2.22)
. P,
Py~ Py, Hy~— ((f)o—o) (2.23)
apAy’ (1 —y)

while as y — —17:

FO ~ A@)AO, G() ~ —10z0A0)\(,0)(1 + y), (224)
. Py+ a2Agl(—1
Py~ Py +adAgl(—1), Hy~ _(50( 0 +(0‘;‘0 ol ( ))). (2.25)
A2 (1 +y)
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These forms will come in useful while applying the method of matched asymptotic expan-
sions. Next we aim to identify € in terms of the Reynolds number and consider the dynamics
of the viscous shear layers in detail.

(ii) Viscous shear layers. Suppose that the thickness of the inner viscous shear layers
is h which is to be determined in terms of the Reynolds number. To illustrate the main ideas
and concepts of the singular perturbation methods let us denote the scaled inner variable for
the upper/lower viscous shear layers by ¢ /y_ and thus the relationship between the scaled
inner variables and the outer variable y (non-dimensional wall-normal coordinate) is

17y
Y+ = n

since these boundary layers have the same thickness h. The physical balance within the
inner viscous shear layers arises from the comparable sizes of the inertial term ia(Uy — ¢),
the pressure term iap and the viscous term R™'4”. Note that g, ¢y, Fy and Py in (2.14)
and (2.15) are O(1) terms and application of the chain rule yields

d_2 — h—2d_2

dy? dyi’
which implies that the order of magnitude of the viscous term is R~*h~2 since 74 is O(1), and
the pressure term is €3 since « is O(e) and p is O(g?). In order to determine the size of the
basic streamwise velocity Uy within the boundary layers, we express the Taylor expansions
(2.12) and (2.13) in terms of the introduced inner variables and therefore find that, to leading
order, (Uy—c) is O(h) and hence, this reveals that the order of the magnitude of the inertial
term is eh. Thus an inertial-pressure-viscous balance is achieved provided

e=RYT,

which then fixes the thickness of the inner viscous shear layers in terms of the Reynolds
number, that is, h = R~%7. It immediately follows in view of (2.14) and (2.15) that

a=R Yy, B=RY"B, c=Rc, V=R, (2.26)

These scalings date back to Lin’s analysis of plane Poiseuille flow and are in agreement
with Cowley and Smith (1985) for PPCF and identical to those found for circular Poiseuille—
Couette flow by Walton (2004). A consequence of the scaling of R~2/7 in V' is that the effects
of the plane walls motion succeed in affecting the viscous shear layers at y = £1. Having
established the magnitude of the various parameters we aim to investigate the dynamics of
these viscous shear layers in turn below.

(a) Viscous shear layer II+4

The expansions within the upper viscous shear layer, where y = 1 — £27/,, to leading order,
take the following form

U=, ©=—0y, & =1y, p=cps, Up=2AVgs + Vo). (2.27)
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Substituting these expansions into the linearised Navier-Stokes equations (2.5), we find the
governing equations for the upper viscous wall layer are

dv
oy + ot + i@, = 0, (2.282)
dij
0) d U+
iao(AL Y+ + Vo — co)uy + /\ 5y = —iaopy + —— rr (2.28b)
d5
Pr (2.28¢)
dy+
(A7, + Vi — i, 2.28d
lao( +y++ O_CO) __1/80p++ d2 ) ( . )
with these equations subject to the classical no-slip condition of viscous flow
ﬂ+ = 'D+ = E}+ =0 on g+ = O, (2286)
and the far field matching conditions
Uy —> —)\(f)Ao, wy — 0 as g, — oo, (2.28f)

in view of the core behaviour (2.22) and (2.23). From (2.28¢c) we infer that the wave pressure
is independent of the inner variable across the viscous shear layer and so p, = constant.
Matching the pressure within the shear layer (2.27) as g, — oo with the core flow pressure
(2.15) as y — 17, we obtain

Py =Py, (2.29)

where use has been made of the asymptotic form (2.23), which determines the core behaviour
of the pressure in the vicinity of the upper wall situated at y = 1.

(b) Viscous shear layer II-

The appropriate forms for the velocity and pressure within the lower viscous shear layer,
where y = —1 + £%¢_, to leading order, are

G=u_, d=2_, w=w_, p=ce*p_, Uy=\"_ - V). (2.30)

Substitution of these expansions into the disturbance equations (2.5) leads to the viscous
balances

dv_
iogu_ + d_ +ifyw_ =0, (2.31a)
(0 N O S
iag( A2y — Vo — co)u— + A0 = —lagp_ + R (2.31b)
dp_
() (2.31¢)
di
d?*w_
iag(AZ'y- — Vo — co)w- = —ifop_ + e (2.31d)



with the usual no-slip condition of viscous flow
U =7v_=w_=0ony_ =0, (2.31e)
and the far field matching condition
i =224, w_—0asj. — oo, (2.31f)

in view of the core behaviour (2.24) and (2.25). Equation (2.31c) reveals that the pressure
is constant to leading order throughout the lower viscous shear layer. Matching the pressure
within the shear layer (2.30) as 7 — oo with the core flow pressure (2.15) as y — —17, we
find that

P = Py + a2AI(-1), (2.32)
upon using the asymptotic form of the core pressure (2.25).

The aim is to derive a solvability condition for the systems (2.28) and (2.31) which depends
only on the wave pressures p.. Smith (1979) outlines the well-known procedure of obtaining
the solvability conditions corresponding to these linear wall problems. This leads to impor-
tant relations which are fundamental to the derivation of a lower branch eigenrelation for
plane Poiseuille-Couette flow, namely

@3-+ )P = aan?y i E (2.330)
(a2 + B)p- = —(iaox@w%%, (2.33b)

where Ai is the Airy function, £(€) = [ Ai(¢) dé, and &, €_ are given by
(64,6 ) = —iY3(s.,s) with s, = QN0 _aolo Vo) g )

(ao)\(f))Q/S (CXO)\(E))>2/3 ’

Observe that s, can be positive or negative depending on whether cg > V; or ¢ < Vp,
respectively, while s_ is always positive. Subtraction of (2.33a) and (2.33b) establishes a
relationship between the pressure in the upper and lower wall layers, specifically

02+ B2 5s — ) = (i@ 5/3% i\ 5/3Ai’(§,)
(g + B5) (P — p-) = (iwAL") (L) Ao + (igAZ") ) Ay. (2.35)

Considering the difference between (2.29) and (2.32) leads to the determination of a pressure-
displacement relation and we find that

By — b = —alAol(~1). (2.36)

95



Then, from substitution of (2.36) into (2.35), after some manipulation, we finally obtain the
eigenrelation corresponding to the lower branch neutral mode, that is

ag (a2 + B2 Jo + NP My = 0, (2.37)
where
s A(Ey) | AT'(E)
My = 5/3( * ) 2.38
0= ey T e (2.38)
and
1 16
Jo=1I(~1) = / Uiy = 13, (2.39)

upon using (2.21) and denoting A9 = ASE) = Xp. Numerical solution of the lower-branch
eigenrelation for given Vj and spanwise wavenumber [, enables us to identify the possible
neutral solutions for ay, which is of our particular interest. Before we carry out this numerical
study, it is convenient to introduce functions g(s;) and g(s_) defined as

g(sy) = 15/3w and g(s_) = i5/3%. (2.40)

K(&4) K(€-)

Therefore the lower-branch eigenrelation, (2.37), may be expressed in the form
og/*(af + 5) Jo + A M (a(54) + 9(s-)) = 0. (241)

Subtraction of s_ and s, leads to determination of an explicit expression for «g, namely

13 _ [ S—— 5+
O{O _< 21/3% )7 (242)

where we have used A = /\SE) =X\ = 2.

Using (2.42) to eliminate the explicit op-dependence in (2.41), we find that
(5 = 50) "o+ 22V BRIn(s_ — 51) + 2V (gls4) + g(5.)) = 0. (2.43)
Taking the real and imaginary parts of (2.43) leads to the important results

(s = s5) "o + 22VP B3 Jo(s— — s4) + 2'V (Re(g(s+)) + Re(g(s-))) = 0, (2.44a)
Im(g(s+)) + Im(g(s-)) = 0. (2.44D)

We now investigate the solutions to the system of equations (2.44a) and (2.44b) for given
values of the parameters Vj and fy. In order to determine the number of solutions of these
equations, it is instructive to plot (as functions of s_ and s, ) contours corresponding to
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(2.44a) and (2.44b). We consider a set of values for s; and s_, bearing in mind that the for-
mer can be positive or negative, while the latter is always positive since ¢y and V| are taken
to be positive, and plot these contours by making use of the numerical values of ¢(s) already
computed for a range of values of s in Appendix A. In order to identify the neutral values
of s_ and s, we look at the intersection of these contours, which determines the number
of solutions to the system of equations (2.44) and equivalently, establishes the number of
solutions to (2.43). This therefore allows us to determine the corresponding neutral values
of o from (2.42).

Figure 2.5 illustrates results for the scaled spanwise wavenumber §; = 0 and explores the
contours as Vj increases. From figure 2.5(a) it can be seen that for Vj = 0 which represents
plane Poiseuille flow, there is just one intersection of the contours and hence one solution to
the lower-branch eigenrelation (2.41). Figure 2.5(b) shows that when Vj ~ 2.061, two new
solutions emerge and interestingly enough, it is observed as Vj is further increased, one of
these intersection points advances so that s_ tends to infinity as Vy — oo, with s, remaining
finite and positive, indicating that the scaled streamwise wavenumber o approaches oo from
(2.42) and therefore it becomes apparent that the wavelength of this mode is shortening with
increasing V. As evident from figure 2.5(d) around V; ~ 6.45, two further solutions arise
and hence there are four intersections of the contours corresponding to this case. However,
from figure 2.5(f) it can be concluded that only three solutions persist as V5 — oco. Our
main interest here is to investigate the effect of increasing £, on the number of solutions
to the dispersion relation (2.41). Figures 2.6, 2.7 and 2.8 show the corresponding situation
for fy = 1,3 and 5 respectively. The main conclusions are as follows. For Vj = 0, there
is a unique solution for all three values of . As Vj is increased, two new solutions arise
(figures 2.6(b), 2.7(b) and 2.8(b)). In addition, it can be deduced from figures 2.6(c), 2.7(c)
and 2.8(c) that the wavelength of one of these modes decreases as Vy — 0o. As V) is further
increased, we have four solutions as demonstrated in figures 2.6(d), 2.7(d) and 2.8(d). It
should be noted that in the limit of large V; only three solutions continue to exist as dis-
played in figures 2.6(f), 2.7(f) and 2.8(f), analogous to the case when 5y = 0. It is useful to
examine the eigenrelation (2.43) in the limit V5 — oo as this allows us to gain insight into
the ultimate fate of these modes as V' is increased. It is assumed that s, and s_ remain
O(1) in this limit, therefore simplifying the lower-branch eigenrelation to

J,
A7) (s = 5 alsn) + 9(s0) =0, (2.45)
where the new variable A is defined by
54
A= —.
Vo

In figure 2.9 we plot contours along which the real and imaginary parts of the left-hand
side of (2.45) are zero. Comparison of figures 2.5(f), 2.6(f), 2.7(f) and 2.8(f) with figure 2.9
strongly confirm that we have three solutions in the limit Vj; — oo. Cubing both sides of
(2.42) establishes the asymptotic form for the scaled streamwise wavenumber aq in the limit
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Figure 2.5: Solutions of the lower-branch eigenrelation (2.37) with 8y = 0 for various values
of the wall sliding speed Vy. (a) Vo = 0; (b) Vi = 2.061; (¢) Vo = 4.2; (d) Vo = 6.45; (e) Vp =
10; (f) Vo = 20. Along the dashed curves the imaginary part of the left-hand side of (2.43)
is zero, while along the bold curves the real part is zero.
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Figure 2.6: Solutions of the lower-branch eigenrelation (2.37) with 3y = 1 for various values
of the wall sliding speed Vp. (a) Vo = 0; (b) Vo = 2.061; (¢) Vo = 4.2; (d) Vo = 6.60; (e) Vy =
10; (f) Vo = 20. Along the dashed curves the imaginary part of the left-hand side of (2.43)
is zero, while along the bold curves the real part is zero.
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Figure 2.7: Solutions of the lower-branch eigenrelation (2.37) with 8y = 3 for various values
of the wall sliding speed Vg. (a) Vo = 0; (b) Vo = 2.4; (¢c) Vo = 4.6; (d) Vo = 10.4; (e) Vo =
20; (f) Vo = 30. Along the dashed curves the imaginary part of the left-hand side of (2.43)
is zero, while along the bold curves the real part is zero.
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Figure 2.8: Solutions of the lower-branch eigenrelation (2.37) with 3y = 5 for various values
of the wall sliding speed Vg. (a) Vo = 0; (b) Vo = 4.5; (¢) Vo = 6; (d) Vo = 28; (e) Vo = 55;
(f) Vo = 70. Along the dashed curves the imaginary part of the left-hand side of (2.43) is
zero, while along the bold curves the real part is zero.
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of large sliding speed V{, namely

(5= —s54)°V5°

as Vp — 00. (2.46)
Ao

Qg ~~

From (2.46) we infer that «q is decreasing with asymptotically increasing Vj, implying that
these modes all have an increasing wavelength.

It is important to reiterate that in addition to these solutions, a solution is also found for
which s_ — oo with s, remaining of order one in the limit of large V;. It is straightforward
to show that in this limit the function g(s_) defined in (2.40) takes the following asymptotic
form

g(s )~ —s_+ M5 ag s = o0 (2.47)

This indicates that, to leading order, g(s_) is real but g(sy) is imaginary since s is O(1)
as Vo — 0o0. Therefore in order to balance terms in (2.43) the imaginary part of ¢g(s;) must
be zero and from the plot of the imaginary part of the function g(s) in Appendix A, we
conclude that there is a unique value of s, sq say, at which g(sy) is purely real, namely

Sy = s8¢ =~ 2.2972. (2.48)
Setting the value of s, = s¢ in (2.42) provides the corresponding expression for s_:
S_ =50+ /\(1]/30z(1]/3%. (2.49)

Since g(s4+) = g(so) and, to leading order, g(s_) = —s_ from (2.47), the appropriate limiting
form of the eigenrelation (2.41) is found to be

—a* (a2 + B2) Ty ~ —Ao((M0) 7250 + 20/ Vo) + (M) g(s0), (2.50)
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Figure 2.9: Solution of the lower-branch eigenrelation (2.45) with for asymptotically large
Vo, for the following values of A: (a) 0; (b) 1/20; (c) 9/30; (d) 25/70. Along the dashed
curves the imaginary part of the left-hand side of (2.45) is zero, while along the bold curves
the real part is zero.

where we have used (2.49) to substitute for s_. In order to gain insight into how this mode
shortens its wavelength as Vj is increased, we rearrange (2.50) and obtain the result

of + 53)

Vo ~ ( ) Jo + O(a(;l/‘g) as Vo — o0. (2.51)
0

It follows from (2.34) (after putting s, = s¢) that the expression for the wavespeed is
co = Vo + (X *)ag s, (2.52)

Combining (2.51) and (2.52) establishes the asymptotic behaviour of the wavespeed ¢y in
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the limit of asymptotically large Vj, specifically

2\ ~1/6
co~ Vo + (70 — A) (Ao)3soVy M6 as Vg — 0. (2.53)
0

As mentioned earlier, for this mode the quantity s, remains O(1) and positive and hence
from (2.53) it can be deduced that the wavespeed also increases with increasing Vh. Two
important remarks may be made at this stage:

(i) It is worthwhile to mention that for this mode the wavespeed increases with increas-
ing sliding speed V, implying that the lower critical layer is moving away from the lower
wall since it can be inferred from (2.53) that the quantity co + Vo — oo as Vy — oco. How-
ever, the upper critical layer remains embedded within its viscous layer because the quantity
co— Vo = 0 as Vy — oo. Putting a different way, we recall from the systems (2.28) and
(2.31) that the lower and upper critical layers are located at

Y o+ Vo Y o — Vo
- 0 + = 0)
Al Al

(2.54)

Equation (2.54) demonstrates explicitly the variation of the locations of these critical lay-
ers with V) and it is clearly seen that y_ — oo and y, — 0 as Vj — oo, thus reinforcing
the conclusions drawn above. This therefore suggests that the lower part of the the high-
Reynolds-number asymptotic structure corresponding to the lower branch of the neutral
curve is turning into an upper-branch-type mode while the upper part still remains essen-
tially intact and follows the lower-branch structure. This leads to the formation of a hybrid
mode which will be examined further in detail later.

(ii) From numerical and asymptotic studies carried out above, we come to the conclusion
that there are two types of mode in the limit V; — oo. The first type behaves according to
(2.46), that is, it has an increasing wavelength and the number of solutions found is three
corresponding to different values of 5y. Obviously, in this situation the critical layers remain
sited within their respective viscous wall layers since it has been assumed that s, and s_
remain O(1) as Vo — oco. It is interesting to notice that the asymptotic structure remains
unaltered until the order of magnitude of V becomes one, in other words, when V; ~ O(R% )
as evident from the appropriate scalings (2.26). The second type of mode has a wavelength
that decreases as Vj increases and equation (2.51) predicts the behaviour of this mode. The
asymptotic scaling of the upper branch of the main neutral curve will be the focus of the
next subsection.
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Figure 2.10: The high-Reynolds-numbers asymptotic structure of the upper-branch modes.

2.3.4 Upper-branch analysis

In this subsection, we will focus on the high-Reynolds-number asymptotic analysis of the
upper branch of the main neutral stability curve. Before we carry out the asymptotic anal-
ysis, it is necessary to describe the asymptotic structure of the upper-branch mode at small
values of V. The important contrasting feature of the upper-branch behaviour is that the
typical value of the disturbance wavespeed is large, and consequently, the two critical layers
are readily distinguishable from the viscous wall layers. This leads to a nine-zone structure
in accordance with etiquette: an invisicid core region (I), two invisicid shear layers (regions
14, II-), two viscous wall layers (III+, III-). In this scenario, the disturbance survives

65



due to an interaction between the linear critical layers (positioned where the basic velocity
Uo(y) coincides with the phase speed ¢ of the disturbance) and the viscous Stokes layers
adjacent to each wall. It must be pointed out that the viscous critical layers are embedded
within their respective shear layers to smooth out the singular behaviour of the solutions in
I14, II-. Figure 2.10 shows the nine zone asymptotic structure of the upper-branch-mode.
Having now provided a brief introduction of the asymptotic structure corresponding to the
upper branch neutral mode, we will explore the dynamics of underlying dominant physical
processes in each region as we did for the lower-branch modes. Once again, we seek the
asymptotic solution to (2.5) at high Reynolds number with V' = %V}, € < 1, and we need
to determine the small parameter € in terms of the Reynolds number.

(i) Inviscid Core region I. The principal feature of the core region is that the basic flow
velocity is much larger than the wavespeed of the perturbation. This indicates Uy — ¢ = U,
in view of equations (2.5). The dynamics are predominantly inviscid in the core region of
the main flow, similar to what we have observed for the lower branch case. At this stage,
it is necessary, however, to calculate higher-order terms in the expansions for the normal
velocity and pressure. The purpose of consideration of higher-order terms in each of these
expansions is of central importance to our investigation of the upper branch mode behaviour
and this will become apparent with the proceeding analysis. Unsurprisingly, the disturbance
expansions are in the familiar form, namely

U=Fy+e?Fi+-, 0=eGy+ G+, w=e’Hy+e&*'H +---,
p=Py+e'Pi4+--, a=cagtlay+--o, U= Uy+e Uy, (2.55)
c=c’co+etei 4+, B=eBo+eBr+-.

The solutions for Fy, Gy, Hy and Py are as given in (2.18) and (2.19), with Ay and B, taken
to be real without loss of generality. We are particularly interested in deducing the form for
the higher-order terms G and P; (also known as the correction terms). At the next order
the governing equations are found to be

aGg
iaoFy + ion Fy + d—yl +iByHy = 0, (2.56a)
Uoo(iagFl + iO[lF()> + (U(]l — C())iOéoFO
dU, dU, .
+ Gy d; +Gy d;‘] = —iap P, (2.56D)
. . i dPy

Uoo(lOéoGl + 10&1G0) + (Ugl — Co)lCYoGo = —d—y, (256C)
Uoo(iOéoHl + iOélH()) + (U01 - Co)iOé()HO = —iﬁopl - iﬂlpo. (256d)

Substitution of the expression for i F; + iay Fyy from the continuity equation (2.56a) into
(2.56b) allows us to formulate the first order differential equation satisfied by G as
dG1 Uéo Uél iOé()P 0

g Fo .
— -G G —— —18yH,. 2.57
dy ono Uno * OUoo * Uno iBoHo ( )

= (U01 - Co)
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The solution can be found by multiplying both sides of (2.57) by the integrating factor 1/Uy,
inserting the leading order solutions (2.18), (2.19) and it follows after integration by parts
that the correction term G5 takes the form

2 Yy P
G = —iagA Uy —iagAg(Uor — o) + ianUoo <1 + 5—(;)/ —dea (2.58)

og/ Jo Ug
where —icgA; is the constant of integration, with the complex constant A; unknown. It
should be noted that the lower limit of the integral on the right-hand side is arbitrarily

set to zero. Consequently upon substituting the expression for G, Gy from (2.19) into the
normal momentum equation (2.56¢) and then integrating we obtain the correction term P;:

1 1
P1 = Pil) + Oéo(OélAO + Oé()Al) / UOQOdy -+ 20[(2)140/ (U01 - C())Ugody
Y Y
2 2 Y 2 Y PO
vt [[op| [ Grala e

where PJ(FI) is the complex unknown constant. This suggests that the higher order terms G,
and P; may be expressed in the form

Gy = —iagA1Uyy + purely imaginary terms, (2.60a)
P = PJ(rl) + ag A1 I(y) + purely real terms. (2.60Db)

Considering the near-wall behaviour of these solutions, it is found that (2.22-2.25) continue
to hold, and taking the imaginary parts of (2.60b) we obtain

Im(P) — Im(PJ(rl)) as y — 1, (2.61a)
Im(P,) — Im(P") + a2Im(A)I(—1) as y — —1. (2.61D)

From this latter result, we see that there is a jump in the imaginary part of P, across the
core, with

"
{Im(Pl)] =lim Im(P,) — lim Im(P,) = —adIm(A4,)I(—1). (2.62)
_y—1 y——1

(ii) The inviscid shear region IT4. In contrast to the core region, the invisicid shear re-
gion is characterised by the basic near-wall shear flow being of the same size as the wavespeed
of the perturbation. Put a different way, a balance is achieved between the first term in the
basic flow expansion (2.11) and the disturbance wavespeed ¢, that is, Uy ~ ¢. In addition,
it is evident that this takes place at a distance of O(¢?) from the upper wall y = 1. Now we
consider the dynamics of the upper inviscid shear region.

The expansions within the upper inviscid region take the form

Up=e*(2Yy + Vo) + &' (Y2 = WYy), y=1-¢Y,,

a=u? +u .. o=—0 Sl ... (2.63)
UA):U}SB)‘I—Z‘:QUJ(U—I—...’ ﬁ:52p$)—|—g4p$)+
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Here the velocity and pressure components depend purely on the scaled wall normal coor-
dinate Y. Substituting these expansions into the disturbance equations (2.5), to leading
order, yields the following set of inviscid balances

¥Q
1a0u$) + dY + 1ﬁow+) =0, (2.64a)
+
iao()\f)}@ + Vo — co)uy © 4 )\ "U+ = —10z0p5r), (2.64Db)
dp+
— =0 2.64
iozo(/\( Y+ W — co)w+ = —if p(o). (2.64d)

We start the analysis of the linear problem (2.64) with consideration of the the disturbance
normal momentum equation (2.64c). Equation (2.64c) implies that p(f) is constant in region
IT+. Matching the pressure pf) within the upper inviscid region (2.63) as Y, — oo with the

core pressure (2.55) as y — 17, we conclude that
p =B, (2.65)

in view of the core behaviour (2.23).

Our task is to formulate the governing differential equation for the disturbance normal ve-
locity vi) For convenience let us introduce a new variable 7, defined by

7 =AY, + V) — cp. (2.66)

To eliminate the disturbance velocity components uf) and wgf) from the continuity equation

2.64a), it remains to substitute for u 0), P ) from (2.64a) and (2.65 , along with (2.64d) for
+ 5 P+
w? and we find that
+
WO A e+ B, -
dY+ T4+ QpT4 ) ’

It is obvious that (2.67) can be solved by the usual method of solving a linear differential
equation of the first-order. The integrating factor of (2.67) is given by
RO

) 1
eI 2 2 (2.68)

T+

in view of (2.66). Multiplying both sides of equation (2.67) by the integrating factor and
then on integrating the resulting equation with respect to Y., we get

o _ _ilag + )R

'U+ = N )\EE) —+ ClT+, (269)
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where (' is to be determined using the matching procedure. Matching the normal velocity
within the invisicid core region (2.55) as y — 17 with the expansion for the normal velocity
in the upper inviscid region (2.63) as Y, — oo leads to the evaluation of the constant C; as

C = iap Ao,

where use has been made of the asymptotic form (2.22), which signifies the core behaviour
of the normal velocity in the vicinity of the upper wall. Thus it follows that the solution of
(2.67) is

(a2 + B2) By

040/\5?)

) _

vy =liogAgTy — (2.70)

The form for wf) immediately follows from equation (2.64d) upon substituting the expression

for pf) from (2.65). Further, substitution of U_(B) from (2.70) and pgf)) from (2.65) into

the disturbed streamwise momentum equation (2.64b) determines uf) explicitly. Thus the

solution to the upper inviscid shear wave system (2.64) can be summarized in the form:

- X
0) 0 = BoFo 0) BoFo
uy” = —Ao)\+ + O[%T_’_’ wy = _0407'_,_’ (271)

with USP), pf) given by (2.70) and (2.65) respectively. There are two important observations

to be made here:

(i) Two components of wave velocity u(f) and wf) exhibit discontinuity at 7, = 0. Therefore
it becomes clear that in order to smooth out this singularity, an upper viscous critical layer
must be introduced in the vicinity of 7, = 0 and hence in view of (2.66) this implies that
this thin critical layer is located at

co — Vo

Y. =
+ )\SE))

This indicates that the position of the critical layer depends on the value V of the wall sliding
speed.

(ii) It is interesting to point out that although these two components are singular at the

critical level, the linear combination uf) + (Bo/ ozg)w(f) remains finite.

It is easily seen from (2.63) that when y = 1, the scaled normal coordinate Y, is zero.

Applying the wall-normal condition that U_(S) = 0 on the upper wall y = 1, we obtain

5\ b
Ao(CO - ‘/0) + (1 + a—% )\T_S) — 0, (272)

providing a first pressure-displacement relation.
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Having understood the key role of the upper viscous critical layer, we aim to formulate
the next-order problem. At the next order we obtain the following equations which are
forced by the leading order solutions

d (1)
iagu +iaul® + d% + i + B0 =0, (2.73a)
+
: . d.
Ty (1a0u(+1) + 1a1u$)) + )\(f)vsrl)—k (i) vf)
vy,
+ iaptiul? +iagpl) +iap! =0, (2.73b)
dpgrl)
— =0 2.73
74 (iagw! + i) + iapw + 18} + i = 0, (2.73d)

where the new variable £, = )\SLI)YJE — WYy — ¢1. From (2.73c) we conclude that the wave
pressure at next order is independent of the scaled variable Y, across the upper inviscid
region and so p$) = constant. Matching the pressure within the upper inviscid layer (2.63)

as Y, — oo with the inviscid core flow pressure (2.55) as y — 1~ yields
P =P, (2.74)

in view of (2.60b) since I(1) = 0 and the contributions from purely real terms are identically
zZero.

Examining the spanwise momentum equation (2.73d) gives us the next-order term w(j) in
the asymptotic expansion of the spanwise velocity (2.63) as

M, 5.0
wV) = _(ﬂ + 5—*)109—(—50])+ Ty ) (2.75)

(&%) T+ QT4

Turning to the streamwise momentum equation (2.73b) now, substitution of the expression
for iaousrl) + ialu(f) from the continuity equation (2.73a) into (2.73b) yields a balance of the

form

i(ag + BS)PS:) n (oo + 5051)]30

dU_(‘_l) )\SE))U_(:) _ i<05160 — 04051) (0)

dY+ B Ty (7)) w+ + QpT4 QT4
d (0) -)\(0) A
§+ Vit 1A 0§+
dY+ T+ T+ ’

upon substituting for wﬁrl) from (2.75) and simply quoting the result from (2.71) that
aouf) + ﬁowf) = —avo)\f). Substituting the expression for vf), wf) from (2.70) and

(2.71) respectively, multiplying both sides of the resulting equation by the integrating factor
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1/74, and then integrating with respect to Y, we obtain the solution for UELI)

expressed in the form

which may be

i(a2 + 52)p!)
Oéo)\g?)

vsrl) = iaoAS:)TJr + imaginary terms —

210&0)\&_1),?0 6(%

with
2 2 2
+72 -, - .
imaginary terms = —iAgag (%7—(;0)20) —liagAgci+ (Wo_((?;o@) 159 Py
AL gy
Cilaoon + BoB) By ilag + BY)coly

[67)) )\S(_)) )\EE)QOéO

The details of the calculations involving the derivation of the expression for Usrl) are omitted

here for the sake of brevity. Here Asrl) is an unknown complex constant and the final logarith-
mic term indicates that the result (2.76) holds for 7. > 0. It is important to reiterate that
the thin critical layer located at 7. = 0 smooths out the singularity arising from the final
logarithmic term in the expression for US). In order to match the normal velocity between
the upper inviscid region and the upper viscous wall layer we need to deduce the form for the
disturbance normal velocity vf) on the other side of the viscous critical layer, that is, when
7+ < 0. The dynamics of such a layer have been thoroughly investigated already (Lin 1955;
Stuart 1963; Reid 1965) and the implication of this is that the solution for vsrl) is reproduced
when 7, < 0, just below the critical layer, with In 7, replaced by In|7, | — ir. Consequently,
we arrive at the following useful result

(1)

T 2y,,(1)
; . . i(ag +
vy = 1040145:)7' 1 + imaginary terms — M

Odo)\g?)
%\ Py [ 32 ,
—% (a_% + 1) 7 (In|7y | —im) for 7 < 0. (2.77)
+

Matching the real part of the first term in (2.77) as 7, — oo with the real part of the first
term in the expression (2.60a) for Gy as y — 1, we obtain

Im(AY) = Im(4,). (2.78)

Matching the behaviour in the inviscid shear region below the critical layer (i.e. for 7, < 0)
to the flow in the viscous wall layer 1114 at y = 1 leads to the determination of the size of the
small amplitude parameter € in terms of the Reynolds number. In the viscous wall layer 1114
we have Uy — ¢ ~ V — ¢ from (2.2). In this region there is a dominant balance between the
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inertial term ia(Uy — ¢)d and the viscous term R™'4”. Let g denote the thickness of this layer
and then from following similar reasoning as outlined earlier in the lower-branch analysis we
can see that a(V — ¢) ~ O(&?) and R7'4” ~ O(R™'¢™?) and therefore the inertial-viscous
balance implies that ¢ ~ O(R™Y/2¢73/2). Also it is easily seen that the scaled streamwise
perturbation @ within this layer must be of O(1) to match with that of the inviscid region
[T+ and by use of the continuity equation we infer that the order of magnitude of the normal
velocity in region II1+ is €q. Finally matching this to the second term of the normal velocity
¥ in (2.63) yields eq ~ €°, which establishes the scaling for the upper branch, namely

=R,

Having identified the scaling for £, we now turn to explore the dynamics of the wall layer ITI+.

(ii) Viscous wall layer III+. The viscous wall layer in the upper region ensures that
the disturbance satisfies the no-slip condition on the upper wall y = 1. In the upper wall
layer the appropriate flow expansions, to leading order, are

(2.79)

U=V, =1y, 0=—"0y,
UA) - U_)-H ﬁ =€

Substitution of these expansions into the disturbance equations (2.5) leads to the viscous
balances

v,

iOéQ'L_LJr +— + iﬁou_]+ = O, (280&)
dy+
d*u
iao(Vo — co)ity = —iagpo + g, (2.80D)
dyy
di
o o, (2.80c)
dy+
. d*w
iag(Vo — co)wy = —iBopo + d‘2+’ (2.80d)
Y+
subject to the usual no-slip wall conditions
'EL+ = 'D+ = w+ =0 on g+ =0. (280@)

From matching of the streamwise and spanwise velocity within the upper viscous wall layer
(2.79) as g, — oo with the upper shear layer velocity components (2.63) as Y, — 0 we find
that

as Yy — 00, (2.80f)

in view of the first pressure-displacement relation (2.72). Equation (2.80c) reveals that the
viscous pressure is constant to leading order in region III4+. Matching the pressure within
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the upper viscous wall layer (2.79) as g, — oo with the upper shear flow pressure (2.63) as
Y, — 0, we obtain R
ﬁ[) = P(], (281)

implied by (2.65). Substituting the expression for py into (2.80b) yields the second-order
inhomogeneous ordinary differential equation satisfied by u, :
d*u,
dy?

— o (Vp — ¢o)iiy. = iogPy. (2.82)

The general solution is the sum of a particular solution of (2.82) and two complementary
solutions of the homogeneous part of (2.82). Being guided by this discussion, the disturbance
streawise velocity #, can be represented as

~

Py
Co—Vo7

Uy = a1e"Y 4 age™¥ +

(2.83)

with 1o 1/2
1 :(%ao(co - VO)) (1—1), rg=— (%QO(CO - VO)) (1—1).

Here a; and ay are arbitrary constants to be determined. An assumption has been made
that the wavespeed of the perturbation ¢ is larger than the sliding speed of the upper wall
Vo while finding the roots of the characteristic equation corresponding to the homogeneous
part of (2.82). Note that the real part of 7y is positive, whereas the real part of ry is
negative. Applying the no-slip condition that u, = 0 on the upper wall g, = 0 establishes
a relationship between unknown constants, we find that

A

50
CO_VO'

ay + ap = — (284)
Since the real part of r; is positive and as a result @, becomes exponentially large as g, — oo.
Thus, we set a; = 0 and this evaluates the constant as. Substituting the values of a; and as
into (2.83) we deduce that the disturbance velocity @ takes the form:

A :
= 1 —e™¥). 2.85
iy = (- ) (2.85)

A similar procedure establishes that the general solution of the disturbance spanwise mo-
mentum (2.80d) satisfying the no-slip on g, = 0 and boundedness condition as g, — oo
is

_ 50p0 7
Wy = —————(1 — "¥%), 2.86
+ 040(00 _ ‘/0)( ) ( )

Examining equations (2.85) and (2.86) in the limit §, — oo shows that the matching condi-
tions (2.80f) are satisfied automatically. Since our task is to determine the normal velocity

73



let us now return to the continuity equation (2.80a) which formulates the first-order problem
for v, :

do, M) nain
dy, (ao(c()—Vo) (=), 5

upon substituting for u, wy from (2.85) and (2.86) respectively. Integrating this equation
and imposing the classical no-slip condition (2.80e) it follows that the disturbance velocity
in the normal direction is

By = — (W) <g+ G l), (2.88)

040(00 - Vo) T2 T2

We can conclude that the first purely imaginary part in ¥, matches automatically to the
corresponding term in the solution for vf) in the upper inviscid shear region, in view of the
first pressure—displacement relation (2.72). Matching the real part of v, as y; — oo with

the real part of U(j) in (2.76) as 7y — (Vo — ¢p), we arrive at the result

_( By )z (co — Vo)Im(A4,) <1 4 ﬁ_é) _1+M

(200(co — Vo)?)1/? g AY
21 P
(#j)w(co — V), (2.89)
Ay

where use has been made of (2.78) to eliminate A(j).

(iv) The inviscid shear region II-. The main feature of the lower invisicid shear re-
gion is that there is a balance between the first term in the basic flow expansion (2.11) and
the disturbance wavespeed ¢, that is, Uyg ~ ¢ and it is obvious that this takes place at a
distance of O(g?) from the lower wall y = —1. The appropriate flow expansions within the
lower inviscid region are

Up=e*2Y_ = Vo) + ' (=Y2+ VoY), y=—-1+€Y,

i =u? 4 ¢ (_1)—1—'--, ®:£3v(0)+55v(_1)+~~, (2.90)

(0) 1) (0) (1)

W=w" +fw - p=elpl 4 etp 4o

Here the velocity components and pressure components depend on the scaled wall normal
coordinate Y_. Substituting these expansions into the linearised Navier-Stokes equations
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(2.5), to leading order, provide a set of inviscid balances

0 d’U(O) 0
ioou'® + -+ iBow'” =0, (2.91a)
1oAY — Vo — co)u® + X019 = —iqgp?, (2.91b)
dp(_o)
@ _ 2.91
1oAYV — 1 — co)w'® = —iBep™”. (2.91d)

We are now ready to proceed with the solution of equations (2.91). We start with the
disturbance normal momentum equation (2.91c), which shows that the pressure is constant
to leading order throughout region II-. Matching the pressure p(_o) within the lower inviscid

region (2.90) as Y_ — oo with the core pressure (2.55) as y — —171, we obtain
P =P+ ag Ao Jo, (2.92)

in view of the core behaviour (2.25). At this stage it is convenient to introduce a new variable

7_ defined by
=% v, — c. (2.93)
Eliminating 0 and w'” from the continuity equation (2.91a) formulates the governing

equation for the disturbance normal velocity 0!

v B A0, _ i(a2 + 82)pY (2.94)
dYy_ T_ T ’ ’

where use has been made of (2.91b), (2.91d) to substitute for u” and w', respectively.

Multiplying both sides of this equation by the integrating factor 1/7_ and then integrating
the resulting equation with respect to Y_, we find that
o _ (o + B3)(Po + ag Ao o)

v = + Cor_, (2.95)
Oéo)\(_o)

where (5 is to be evaluated. The requirement that the normal velocity within the invisicid
core region (2.55) as y — —17 should match with the expansion for the normal velocity in
the lower inviscid region (2.90) as Y_ — oo enables us to calculate Cy as

Cy = —iap Ao,

where we have used the asymptotic form (2.24), which indicates the core behaviour of the
normal velocity near the lower wall. It remains to substitute Cy into (2.95), which leads to

the conclusion that the expression for 0 s

i(a2 + B2)(Py + a2 Ao Jo)
a )\(0) ’
0N

U(_O) = —iOévoT_ —

(2.96)
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The form for w'® immediately follows from equation (2.91d) upon substituting the expression

for p(_o) from (2.92) and after that substitution of v and p(_o) into (2.91b) determines W
Thus the leading order solution to the inviscid system (2.91) can be written in the form:

60 (PO —|— OégAOJO) (0) Bo(ﬁo + Oé(Q)AQJO)

= A\ , wl = — : (2.97)
with v, p© given by (2.96) and (2.92) respectively.
It is obvious from (2.90) that when y = —1, the scaled normal coordinate Y_ is zero.
Applying the wall-normal condition that v = 0 on the lower wall y = —1 yields a second

pressure—displacement relation

= 0. (2.98)

Ag(co + Vo) — ( BO) (P + 0t Ao-Jo)

Qg )\(_O)

It should be noted that similar remarks apply here as for the upper region II+. Having
determined the leading order solution to the inviscid system we will now investigate the
behaviour of the higher order terms in expansions (2.90) which is of particular importance.
Our ultimate aim is to find the next order term v in the asymptotic expansion (2.90) of
the normal velocity ©. At next order we get the following equations which are forced by

these leading order solutions

dv(l)

10z0u( ) 4 iy ul? 4 de + iﬂow(,l) + iﬁlw@) =0, (2.99a)
1
M Oy L 7,0 (B o
7 (ipul’ +icqul’) + —i—(dy )
+ gt u'” + iagp™ + iarp'® =0, (2.99b)
dp(,l)
—F =0 2.99
T_ (1a0w( ) Liagw" )) + i w® + iBo p )+ 151]) =0, (2.99d)

where the new variable £ = AWy2 4 VoY_ — ¢1. It is easily seen that (2.99d) may be

rearranged to yield the next order term wl:

M, g0
o) :_(ﬂ+f_)w@)_(w)_ (2.100)
(&%) T_— QT_—

From (2.99¢) we deduce that the wave pressure at next order is constant. Matching the
pressure within the lower inviscid layer (2.90) as Y- — oo with the core flow pressure (2.55)
as y — —17, we obtain

pM = P( )+ ag Ay Jy + real constant, (2.101)
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in view of (2.60b) since I(—1) = Jy. It should be noted that real constant incorporates the
contributions arising from the remaining terms on the right-hand side of (2.59) as y — —1%.
It is interesting to notice that its value does not affect the upper-branch eigenrelation to be
derived later.

To simplify the task of formulating the differential equation for v(,l), we shall insert the

expression for 1a0u( ' +ioqu!” from the continuity equation (2.99a) into the streamwise
momentum equation (2.99b). This leads to

dU(_l) )\(_O)U(_l) . a1y — apfh (0) i(ag + 53)19(—1) i(apay + 5051)17(_0)
_ —p( LT TOFL 0 n
dY_ T_ (7)) aogT— aoT—
s v . iINOq 406
dY_ ) 7_ T_ ’

upon substituting for w ) from (2.100) and using the fact that aou ) 4 ng = aoAO)\(_O)

Substituting for 09 w9 from (2.96) and (2.97) respectively, multiplying both sides of the
resulting equation by the integrating factor 1/7_, and then integrating with respect to Y7,
after extensive algebra we find that

i(a + s2)pt

U(_l) = —lay A(_l)T_ + imaginary terms — )
O(o)\,
2106 )\( )pt ﬁo
A(P)?’ ( N 1) e (2.102)

with

2 2 _ 2
imaginary terms = iAgayg (%) +HagAogcr+ (Oélﬂ#@o@) iBop 7)
«

_1(040041 + ﬁoﬁl)pg (040 + ﬂg)cop,)
agh? AP0

given here for 7 > 0 and A" is an unknown complex constant analogous to A(j). The

details of the calculations concerning the derivation of the higher order term v are omitted
here. Applying the classical phase shift of —7 (Lin 1955; Stuart 1963; Reid 1965) it follows
that the term In 7_ in (2.102) is replaced by In|7_| —im when 7 < 0. As a consequence we
deduce that

i(ag + B2)p

o = —iay AWr 4 imaginary terms — o)
Oéo)\_
2icg\ B2
)\T( 9 4+ 1>T(ln\7] — i) for 7_ < 0. (2.103)
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Matching the real part of the first term in (2.103) as 7. — oo with the real part of the
first term in the expression (2.60a) for G as y — —1, we find that AW is connected to Ay
via

Im(A™) = Im(A,). (2.104)

It is obvious that the relationship between the wave amplitude parameter € and the Reynolds
number R remain unaltered, namely ¢ = R~/ due to symmetry in the high-Reynolds-
number asymptotic structure of the upper-branch modes across the inviscid core region I.
We now aim to examine the dynamics of the lower viscous wall layer I11-.

(v) Viscous wall layer ITI-. The viscous wall layer in the lower region ensures that
the disturbance satisfies the no-slip condition on the lower wall y = —1. The disturbance
expansion, to leading order, is

(2.105)

Up=—*V,, a=u_, »=¢c0_,
w:w—a ﬁ:62ﬁ07 Yy = _1+€4g—‘

Substituting these expansions into the disturbance equations (2.5) we obtain the governing
equations for the lower viscous wall layer

di_
iaoi_ + é +ifow. =0, (2.1062)
. _ . dPu
—1@0(% + Co)U, = —1QpPo + W’ (2106b)
dpo
= = 2.1
di 0, (2.106¢)
dw_
—iag(Vo + co)w- = —ifopo + F (2.106d)

with the no-slip condition on the lower wall:
- =0v_=w_=0ony_ =0. (2.106¢)

Matching of the streamwise and spanwise velocity within the lower viscous wall layer (2.105)
as y_ — oo with the lower shear layer velocity components (2.90) as Y_ — 0 leads to the
conclusion that

R ) B 3 2 _
- (Po 4+ agAoI( 1))’ N Bo(Fo + agAol( 1)), as §_ — 0o, (2.106f)
(co + Vo) ao(co + Vo)

in view of the second pressure-displacement relation (2.98).
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Our aim is to find the general solution of the linear set of equations (2.106) subject to
the boundary conditions (2.106e,f). We start by noting that according to (2.106¢) the vis-
cous pressure is constant across the lower wall layer. Matching the pressure within the lower
viscous wall layer (2.105) as y_ — oo with the lower shear flow pressure (2.90) as Y_ — 0
yields the expression for py

]30 = po + OégA()J(), (2107)

from (2.92). Substituting for py into (2.106b) we deduce that @_ satisfies the equation

9
627%_ + 1040(‘/0 + CQ)I_L_ = iag(po + OKSA()J()). (2108)

This is a second-order linear inhomogeneous ordinary differential equation. Its general solu-

tion is composed of a particular solution of (2.108) and two complementary solutions of the

homogeneous part of (2.108). Thus the general solution of leading-order equation (2.108)

has the form X

P, 0 + Oé%AoJ())

U = ase™¥~ 4+ ase”¥+
co + Vo

(2.109)

with
1 1/2 1 1/2
rs = <§()60(CO + %)) (1 — 1), Ty = — (5040(00 + %)) (1 — 1)

On the contrary to the analysis carried out for the upper viscous wall layer, no assumption
has been made while finding the roots of the characteristic equation corresponding to the
homogeneous part of (2.108) since the quantity (co + Vp) is positive. It is worth noting
that the real part of r3 is positive, whereas the real part of r, is negative. Now we need to
calculate the constants of integration a3 and a4. Using the boundary condition (2.106e) and
setting az = 0 to ensure that «_ remains finite as y_ — 0o, we obtain

_ p()‘i‘@%AoJo .
= (1 —€""). 2.110
(Brsseh )1 e 2110

It serves to find w_ from the disturbance spanwise momentum equation (2.106d). We find
that

~ Bo(Po + ag Ao o)

ao(co + Vo)
Let us now investigate the solutions (2.110) and (2.111) in the limit - — co. As y_ — oo,
the second term in (2.110) and (2.111) tend to zero, reducing these to (2.106f), which proves
that the matching conditions are satisfied automatically. Now we can turn to the continuity
equation (2.106a) to determine v_ explicitly. Substitution of (2.110) and (2.111) into (2.106a)
formulates the governing differential equation for v_:

(1 — o), (2.111)

di- _ i(a8+58)(ﬁo+a§A0J0)) o
dy_ ( @o(co + Vo) (1 —e™). (2.112)
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Integrating this equation and applying the no-slip condition (2.110e) we arrive at the follow-
ing the form for v_:

5 — _(1(04(2) +83) (P + a(Z)AOJO)> (y_ e + i) (2.113)

ao(co + Vo) T4 Ty

It can be easily seen that the first purely imaginary part in v_ matches automatically to
the corresponding term in the solution for 09 in region II-, in view of the second pres-

sure—displacement relation (2.98). Matching the real part of v_ as §— — oo with the real
part of v in (2.103) as 7~ — —(Vj + o) we obtain

_( ]50 + CY%AQJO

602 o Im(p)
(2a0(co + V0)?) J "

®p

77 )= e Vatm(an) (1+

IAND (P + a2 A,
+( ( DA(O)S‘O 0 0))7r(00—|—V0), (2.114)

where we have used (2.104) to eliminate AW Elimination of the undetermined amplitude
factor Ay between the first pressure-displacement relation (2.72) and the second pressure-
displacement relation (2.98) leads to establishment of a first relation between ¢y and oy,
namely

co= (%) (ag + 32), (2.115)

where we have used \? = )\SE) = 2. We are now finally in a position to determine the
upper-branch eigenrelation explicitly. Observe that Ay can be eliminated from (2.114) by
utilising the relation obtained from manipulation of (2.72), namely

(ag + 53)150

Ay = .
)\9043(00 - V)

(2.116)

After having eliminated Ay from (2.114), multiplying the resulting equation by A9 and

multiplying (2.89) by )\SB), followed by the subtraction of these two equations yields an
important result, namely

AY B AL - 20, ( o + B3 )
(2a0(co +V0)*)' 2 (2a0(co — Vo)*)'/2 (2a0(co + V0)*)' 2 \ AP (¢ — Vp)
2\ 22 22N Jom (02 + 82)(co + Vo)
= (()J)rg 71-(CO - ‘/0) ( )2 (CO + %) (20)2 (00) 0 . 0 )
Al Al A\ (¢ — Vp)

where use has been made of the relation (2.115) to eliminate the unknown imaginary part
of Ay and (2.62) to substitute for the net jump in pressure across the core region I.
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Finally recalling that A9 = )\S?) =2 and AV = /\ELI) = —1, after some manipulation we
obtain the upper-branch eigenrelation

1 1 s

(co + Vo) /2 + (co — Vo) 112 4

This is to be solved in conjunction with (2.115) and gives aq and ¢y as functions of V; and

Bo. This is most easily accomplished by eliminating ¢y between the eigenrelations (2.115)
and (2.117) to obtain

(8co) 2 (2 + V). (2.117)

—-1/2 —-1/2
<RH + vo) + (RH — v0> = Z(gao)m (RH2 + VOZ), (2.118)

where RH = (Jy/4)(ad + 82). Confidence in the validity of (2.118) is provided by the fact
that it reduces correctly to equation (A 13b) of Cowley & Smith (1985) after taking account
for our different scalings for the basic flow and setting Sy = 0. For a given value of Vj and S,
the unique value of o can be found from (2.118) by applying the Newton-Raphson method,
with ¢ then following from (2.115). Figures 2.11-2.13 shows ag and ¢, plotted versus Vj for
various values of 3y. It can be seen easily that as 1} is increased from zero, the value of «q
falls slightly and then increases monotonically with g — oo as Vy — oo for selected values
of By between 0 and 2. This indicates that the wavelength of the neutral mode is shortening
with increasing V' and hence the upper-branch asymptotic structure is breaking down. This
can be demonstrated explicitly by examining the eigenrelations (2.115), (2.117) in the limit
Vo — 00. The results of the asymptotic analysis in this limit are presented below. The
appropriate expansions are sought in the form

ag~ AV P+ AV By~ QVY 2 e ~ Vi 4 BV M as V — oo, (2.119)

where A;, A; and B, are arbitrary constants to be determined in terms of a new variable
). Substituting the scaled streamwise wavenumber and wavespeed expansions (2.119) into
(2.115) and equating terms at O(Vp) and O(V{g/ 2), we obtain a sequence of simpler equa-
tions, namely

At O(Vo),
1= %(A% +9Q), (2.120)
At O(V; ™),
Jo
By =( % |Aids. (2.121)

Substituting the asymptotic expansions (2.120), (2.121) into the upper branch eigenrelation
(2.117) and working with 0(1/09/4) terms we find that
1 T
— = —(84,)Y2 (2.122)
By? 2
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The constant A; is easily found from (2.120) to be

A 1/2
A :(- - Q) . (2.123)
Jo

It remains to substitute the expression for A; in (2.123) into (2.122) and we conclude that

the constant B, is
1 4 ~1/2

Consequently, the corresponding value of A, is determined by substituting (2.123) and
(2.124) into (2.121) and we have

1 /4 -
Ay = — -0 . 2.125
2 7T2J0(J0 ) ( )

After inserting the constants A;, Ay and B, into (2.119), the asymptotic expansions for aq
and ¢y can be stated explicitly as

4 1/2 s 1 /4 o
Qg N(J—O — Q> Vo'© + e (70 - Q) Vo 7 as Vo — oo, (2.126a)
1[4 o
cow%—l—ﬁ TO_Q Vo 7 as Vo — oo. (2.126b)

The numerical solution of the eigenrelation confirms the validity of these results in figures
2.11, 2.12 and 2.13 below. It is obvious from (2.126b) that ¢y — V5 — 0 as Vy — oo which
provides compelling evidence that for this upper branch mode the upper critical layer posi-
tioned at Y, = (co — Vp)/ )\Sro) will move inside the viscous wall layer 11+, turning the upper
part of the high-Reynolds-number asymptotic structure into a lower-branch-type structure.
However, the lower critical layer located at Y_ = (c¢o + Vp)/ A9 remains embedded within
the inviscid shear region II- since ¢y + Vy — oo in the limit Vy — co. This therefore suggests
that the lower part of the structure still retains the upper-branch structure. Essentially, the
new structure is composed of half of the lower branch asymptotic structure and half of the
upper branch asymptotic structure set out in figures 2.4 and 2.10, respectively. For this
reason, this type of neutral curve (the upper curve in figure 2.3) is sometimes referred to as
a ‘hybrid’ curve (Walton 2004). The study of the hybrid modes will be the focus of the next
subsection.
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— Numerical results
3.2F |-- Asymptotic expansion
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Figure 2.11: Comparison between numerical solutions of the upper-branch eigenrelations
(2.118) and plots of the asymptotic behaviour of aq for asymptotically large V4 in (2.126a).
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— Numerical results
- - Asymptotic expansion
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— Numerical results
- = Asymptotic expansion

Figure 2.12: Comparison between numerical solutions of the upper-branch eigenrelations
(2.118) and plots of the asymptotic behaviour of oy and ¢y for asymptotically large V4 in
(2.126).
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Figure 2.13: Comparison between numerical solutions of the upper-branch eigenrelations
(2.118) and plots of the asymptotic behaviour of ¢q for asymptotically large V; in (2.126b).
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2.3.5 The hybrid scaling

It is convenient to take as our starting point the behaviour on the upper branch of the main
neutral curve. The normal scalings for regions II+ and II- in figure 2.10 are y = 1 — R~/11Y,
and y = —1+ R™2/1Y_ respectively. Since ¢y — Vp+ as Vy — oo from (2.126b), it is evident
that when Vj is sufficiently large the upper critical layer positioned at Y, = (¢ — Vp)/2
moves inside the upper viscous wall layer I1I+ and the resulting layer then merges with the
inviscid shear layer 114 to form a new boundary layer with normal variable Y = (1 —y)/ks,
whose thickness k3 is to be determined. By contrast, the lower critical layer located at
Y_ = (¢o + Vo)/2 remains sited within the lower inviscid shear layer II- since ¢y + Vi — o0
in the limit Vj — 0o. Considering the behaviour of the term (Uy — ¢) as y — 1~ and using
(2.126) we arrive at the following balance

1[4 A
UO —C 2(1 - y) - RiZ/ll(CO — %) ~ 2k'3 — Riz/ll (ﬁ (70 — Q) % 9/2>, (2127)

which holds provided ks ~ R=% 11‘/0—9/ 2, Further, the crucial balance within the boundary
layer near the upper wall is between the term a(Uy — c¢) and the viscous operator R~19? /0y?.
We thereby conclude from (2.55), (2.126) and (2.127) that the current upper branch formu-
lation breaks down when

Vi ~ R4/143, arp ~ R2/143, co ~ RA/143. (2.128)

A new structure therefore arises in which the thickness of the boundary layer (viscous shear
layer 1I4) is k3 ~ R~%/'3 as shown in figure 2.14. It consists of six zones: an inviscid core
region (I), the viscous critical layer (a thin layer centred at the location where Uy(y) = ¢
with ¢; = 0) sited within an inviscid shear layer (II-), a viscous shear layer (II+) and a
viscous wall layer (ITI-). An asymptotic solution to the linear stability equations (2.5) is
sought when R > 1 with a, 8, ¢ and V expanded in terms of e = R~Y/13 ag

(2.129)

a=cap+ela +---, f=eBy+e B+,
0282504-8451—}—...7 V:g2vo7 502707

with these scalings being implied by (2.55), (2.126) and (2.128). We write the basic flow
as Up(y) = Ugo(y) + €2Un1 (y), where Uyg = 1 — 4%, Uy = Voy. Next we investigate briefly
the dynamics of each asymptotic region in turn and determine the appropriate eigenrelation
governing the hybrid modes at large R.

(i) Inviscid Core region I. The main characteristics of the core region are that Uy—c =~ Uy
and the dynamics are predominantly inviscid. The appropriate disturbance expansions are

G=Fog+e®Fi4+---, 2=eGy+%G +---,
’ ' ’ ' } (2.130)

W=cHy+H, -, p=ePyt+e'DP+---,
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so that at leading order (2.5) yields a set of inviscid balances with solutions
1
Fo = AUy, Go = —iagAgUno, Po = Py + a3 Acl(y), with I(y) = / Uyp dy,  (2.131)
y

where the constants A and P, are taken to be real without loss of generality. To complete
the analysis it is necessary to proceed to next order where, after some algebra, it can be
shown that G; and P, may be expressed in the form

G = —iapA,Uyy + purely imaginary terms, (2.132a)
P, = P( + @z Ay I(y) + purely real terms, (2.132b)

where A; and PJ(rl) are unknown complex constants. Hence we find that there is a jump in
the imaginary part of Py across the core, with

[m(P))] = lim Im(P,) — lim Im(P,) = —a2lm(A;)I(—1). (2.133)

y—1 y——1

(ii) The inviscid shear region II-. Here Uy ~ ¢, and in view of (2.130)—(2.132), the
relevant flow expansions are

- 3,,0) (0) (1) 2,.(0) 4, (1)

Up =2y + e (—YV2+ VoY), a=u® + e 4.0 y=—1+46%, (2.134)
o= SN 1 =@ e e p=epO e .

Substituting these expansions into (2.5), at leading order, we obtain the governing equations
whose solution subject to the condition of matching with (2.130) is given by:

7 0
u” =24, + 27— ”Bop_ ;o w? = ——@p_ ;
O(O — 0407__

o =2y (0)
(@3 + By)p-
#, (_)—Po—irozoAOI( 1),

(2.135)

U(_O) - —iavoT_ —

where for brevity we put 7. = 70 —¢ and 7y = 2Y_ — V. Applying the wall-normal condition
that v'” = 0 on the lower wall y = —1 provides a pressure—displacement relation

2400 + Vo) = (1+ By/@3) (P + @3 AoI(~1)) = 0. (2.136)

Substituting for the leading order solution from (2.135) we deduce, after extensive algebra,
that the second term in the normal velocity expansion is of the form

i(@3 + By

20

NG
+ (mof )( ﬁz)n In 7, (2.137)
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(1)

where the higher-order pressure term p*’ = PS) +a2AI(—1) up to an additive real constant
whose value does not affect the eigenrelation to be derived later. Here A" is an unknown
complex constant, and the final logarithmic term indicates that the result (2.137) only holds
for 7~ > 0. To smooth out the singularity in (2.137), a viscous critical layer must be
introduced in the vicinity of 7 = 0, implying that the position of the critical layer is a
function of the scaled sliding speed V. Also of importance here is to establish a connection
between A" and Aj: this is achieved by matching the real part of (2.137) as 7_ — oo with

the real part of the first term in the expression (2.132a) for G as y — —1, yielding
Im(A™) = Im(A,). (2.138)

In order to match the normal velocity v between layers II- and III- we need to consider
the form for v on the other side of the viscous critical layer, that is, when 7 < 0. The
dynamics of such a classical linear critical layer have been thoroughly investigated already
for related flows (e.g. Lin (1955); Stuart (1963); Reid (1965)) and those studies have shown
that the solution for v is reproduced when 7_ < 0, just below the critical layer, with In7_
replaced by In|7_| — im, so that the critical layer induces a phase shift of magnitude 7. We
will see later that the phase shift also plays a crucial role in the nonlinear dynamics where
its value becomes dependent on the perturbation amplitude. Next we examine the dynamics
of the lower viscous wall layer ITI-.

(iii) Viscous wall layer III-. Here we have y = —1 + €’y_. The scalings (2.134) in II-,
together with the solution (2.135) as Y_ — 0, suggest a flow expansion of the form

Uy=—eVy, d=1u., v=c%_, w=w_, p=c’p_. (2.139)

Substituting into the linear disturbance equations (2.5) leads to a set of viscous balances

iagt_ + iB,w dv- icig (Vo + Co)t iaop +d27‘
tu_ + 180 = ——, —i& Co)Uu_ = —l0gp—_ + —
0 0 dgj_’ olVo 0 op d;g% )
dp_ o= - d*w_
@ =0, —1040<V0 + Co)w— = —iBop- + dyj’
with
u_.=v_=w_=0 on gy_ =0,

G- — 2401+ Bo/a2) ™, wo — 240(By/a0)(1 + Bajad)™t  as g — oo,

for no slip and to match with II- as Y_ — 0. From matching the pressure between (2.134)
and (2.139), we find p_ = Py + a2ApI(—1) and hence we obtain the solutions

emg_

Ao\
- =24, <1+_—3> (1—€™-), v_ = —2iA, (@——

1 _
@ +g)@m w_ = (By/d)u_, (2.140)

m
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y =1 (upper wall)

Viscous shear layer I1+ R-4/13

Inviscid corel 0(1)

Inviscid shear layer 11—
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Viscous critical layer

-

Viscous wall layer 11— R™5/13

y = -1 (lower wall)

Figure 2.14: The asymptotic structure of the hybrid modes.

upon using (2.136), where m = —{@y(¢y + Vo) }/2e7™/*. We match the real part of v_ as
. — oo with the real part of v in (2.137) as 7_ — —(Vy + &). Taking into account the
phase shift of magnitude 7, and using (2.138) to eliminate AW , we finally obtain

I 3, ) Im(p™) Bo\ [ Py +a2AcI(~1)
—(C + Vo) Im(A1)+(1 + 5%) — :(1 + a—%) ( 04(50 iVOO)—l >7r. (2.141)

(iv) Viscous shear layer II+. Here y = 1 — 'Y, and from (2.130)—(2.132) we have

ﬁ:ug?)_i_? 'f):_g‘r’v_(f)_'_’ UA):'U]_(S)—F, ﬁ:€2p$)+g4p$)+’ (2142)
with Uy = &2V + 2e*Y, + - for the basic flow. Substitution of (2.142) into (2.5) reveals
that psg) = 0, and therefore on matching the shear layer pressure (2.142) as Y, — oo with
the core pressure (2.130) as y — 1, we deduce from (2.131) that By = 0. Hence from the

pressure-displacement relation (2.136) a connection between the leading-order scaled stream-
wise wavenumber o and the scaled sliding speed V is established through the equation

a2+ B = (157 /4). (2.143)
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Determination of a second relation linking wavenumber, sliding speed and phase speed re-
quires investigation of the leading-order balances within the layer which are found to be

(0) U(O) 0) w2V — (0) (0) (1) d2ug-)
iovuy +dY —|—150wJr =0, ia2Y; —¢)uy’ + 2v)’ = —iagpy, +W’
* X ) (2.144)
— =0, im —c)wy’ = —ifyp :
dY+ + + 0+ dYE
with

uf) = vf) = wf) =0 on Y, =0, and uf) — —2A,, w(f) —0 as Y, — o0, (2.145)

upon matching to the core region I. A solvability condition for the system (2.144)—(2.145)

which depends only on the wave pressure p$> can be obtained from the well-known procedure

outlined in Smith (1979) and this leads us to the relation

— A
(@ + Bo)p = (2150)5/3( 1(5>)A0, (2.146)
K(€)
where Ai is the Airy function, (& = [ z Ai(¢) d¢, and € = 35, with
— QoC1
= 5= 93 2.147
5T (22 ( )

Taking the imaginary part of (2.146), noting that Im(p(j)) — Im(p!") = —aiIm(A;)I(—-1)
from (2.133) upon matching (2.130) with (2.142), and using (2.141), (2.143), we derive the
desired second eigenrelation:

Vo= (2@0)—1/3—““% G) " ehere g(5) =1 (%) (2.148)

In order to help solve (2.143), (2.148) numerically, we use a differential equation representa-
tion for g(3) derived in appendix A and calculate the imaginary part of ¢ as shown in figure
2.15. For given V and f3,, the value of @, can be calculated from (2.143); consequently the
task is to determine the corresponding value(s) of ¢; from (2.148) by solving the equation
Im(g(5)) = T where T is a positive constant. Figure 2.16 shows plots of the wavespeed cor-

rection ¢; versus the scaled sliding speed V, for zero and unit scaled spanwise wavenumber,
By =0 and B, = 1.

The important results may be summarized as follows.

(i) For T = 0, the unique (finite) root of the equation is 5 ~ 2.2972. It turns out that for
0 < T < 0.232 there are two solutions to this equation, while for 0.232 < T < 0.302 two
more solutions arise and hence we see four solutions in this interval.

(i) For values of T in the range 0.302 < T < 1.241, there are only two solutions and finally,
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Figure 2.15: The imaginary part of the function ¢(3) and solution of the hybrid eigenrelations.

for T > 1.241 it is found that no solutions exist. At the value T = 1.241, the neutral curve
turns around sharply for the first time, thus creating the first turning point, above which
these modes are no longer neutral, in the graph of ¢, plotted versus V| in figure 2.16. In ad-
dition, the number of solutions increases from two to four as a consequence of the remaining
two turning points.

In order to demonstrate how the emergence of the two typical modes on this scaling is
linked to the upper-branch and lower-branch forms, it is revealing to examine analytically
the hybrid-branch eigenrelation in the limit Vo — (BiJo) /4. This limit is obtained by letting
@ — 0 in (2.143) and using the fact that Jy = 16/15 from (2.39). It follows from (2.148)
that in this limit, Im(g(5)) — 0, resulting in two possibilities which we consider in turn
below: (i) 5 — sg =~ 2.2972 (see (2.48)).

It remains to substitute for s in (2.147) and after some manipulation we obtain the asymp-
totic form for the wavespeed correction ¢; in the limit Vj, namely
Bo
c1 ~ ()\SE)))2/3 6071/350 as VQ — 04 0. (2149)

Elimination of the explicit @y-dependence in (2.149) is achieved by making use of (2.143)
and we find that

4 -1/6 o o 22
C1 N(j - A) ()‘S?))Q/?’SOVO 0 as Vo — @, (2.150)
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Figure 2.16: Solutions of the hybrid-branch eigenrelation (2.148). The arrows in (a) point
out how the two branches of each neutral curve match back to the lower branch (LB) and
upper branch (UB) scalings.
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where the new variable A = Bé /Vy. From comparison with the asymptotic expression (2.53),
it is apparent that this mode is the continuation of the lower-branch mode on the new scaling.

(i) 5 — oc.
It can be shown that in this limit the asymptotic form of ¢(3) is

9(3) ~ =5+ ™43 71?2 as 5 = 0. (2.151)
Taking the imaginary part of (2.151) leads to an important result

™

Im(g(3)) ~ sin (Z) (5)7Y2 as 5 — oo, (2.152)

and upon substituting for s from (2.147), this expression simplifies to

Im(g(3)) N(%) (50)_1/6(51)_1/2(/\52))1/3 as § — 0o.

Finally, using this result in (2.148) and taking into account the limit V¢ — (B?)JO)/ 4, we can
deduce the asymptotic behaviour of the eigenrelation, namely

—2 200) Y3 1N e O B
Vi~ B () @) o) ) P as Vo R (s
Upon rearrangement, we obtain the result
——4 —2
— 1 Vo 7 60*]0
C1 ~ 2_7-‘-2(6_0) as VQ — 1 . (2154)

Equation (2.153) describes how the wavelength of this mode decreases as V increases. It is
shown below that this mode is the continuation of the upper-branch mode on the new scaling.

Squaring both sides of (2.122) determines explicitly a relationship between the constants
B, and Ay as

1

By = ———.
2 271'2141

(2.155)

Observing that, to leading order, A; ~ (340‘/0_1/2 as Vo — oo from (2.119) and as a result
equation (2.155) turns into

1/2

0
By ~ onZan as Vp — oo. (2.156)
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At this stage, it is necessary to recall the asymptotic expansion for the wavespeed c¢q stated
in (2.119), that is

coon—i-BQV{Q/Q as Vy — oo.

Combining this expression with (2.156) yields a very important result

1 [Vt

co~Vo+—|— ) as Vj — . (2.157)
272 (&%)

Thus comparison of (2.154) with (2.157) confirms that the mode which behaves according to

(2.154) is in fact the continuation of the upper-branch mode whose behaviour is predicted by

(2.157) as claimed earlier. These two modes form the upper and lower branches of a single

neutral curve on the hybrid scaling, as can been seen in figure 2.16.

2.3.6 Comparison of asymptotic and numerical results

We are now in a position to consider a quantitative comparison of finite Reynolds number
computations and the corresponding solutions to the asymptotic eigenrelation for various
small values of V', and we will only consider the case § = 0. After substitution for ag from
(2.143) it is readily seen that (2.147) and (2.148) become

& = 25(15V) "M%, Tm(g(3)) = m(15V, )V/C. (2.165a,b)

We note that for given R with V prescribed, the corresponding value for V is R>'3V. We
can then return to (2.165a) and (2.165b) to determine 5 and ¢, as functions of V. Hence
the wavespeed c is fixed for a given R from the expansion (2.129). In figures 2.17(a,b) the
corresponding plots are labelled by ‘Asymptotes’ and compared with the upper curves found
in the (R, ¢) plane from the numerical solution of the eigenvalue problem (2.8). Evidently, the
asymptotic theory at large Reynolds number yields values of ¢ that are in excellent agreement
with the lower branch of the upper curve. By contrast, on the upper branch the asymptotic
and finite R wavespeeds differ approximately by 0.02; nevertheless this is still a favourable
agreement and would presumably become even better where R is further increased. In the
next chapter we will elaborate on how the asymptotic structures of the upper curve and
the upper-branch modes shown schematically in figures 2.14 and 2.10 respectively provide a
firm foundation on which we can develop a mathematical framework addressing vital aspects
associated with the onset of weakly nonlinear effects along the two branches of the upper
curve and the upper-branch of the main curve as the disturbance size A is increased. The
aim is to establish a link between the linear and weakly nonlinear theories by investigating
the effect of increasing A on the dynamics of the viscous critical layer(s) in the inviscid shear
region(s) I1I-/11+, since the neutral stability state in the linear regime is controlled by the
phase shift(s) across it, and determine the appropriate scaling for A when weakly nonlinear
effects in the flow come into play. It is thus instructive to discuss the properties of the critical
layer(s) in detail.
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Figure 2.17: Comparison of finite Reynolds numbers computations and the corresponding
solutions to the hybrid branch eigenrelations (2.143) and (2.148) for (a) V ~ 0.019; (b)
V =~ 0.025.

2.3.7 Summary of the numerical and asymptotic results

To examine the linear stability of plane Poiseuille-Couette flow at finite Reynolds number,
the Orr—-Sommerfeld equation has been solved numerically using a standard ‘Chebyshev—
collocation method’. The number of linear neutral curves for plane Poiseuille-Couette flow
is a function of the sliding speed V. Although there is a unique neutral curve when V' = 0,
it is found that for small non-zero values of the sliding speed, multiple neutral curves exist
in the two-dimensional problem (8 = 0) at large Reynolds number consistent with the pre-
dictions of Cowley & Smith (1985) exclusively based on a high-Reynolds-number asymptotic
approach to the flow. Finite-Reynolds-number numerical results were summarized. The
asymptotic study in the limit of large Reynolds number identifies that these curves retreat
to infinity provided the non-dimensional wall speed V' (corresponding to the dimensional
speed V* = U,,V) is approximately 0.34 in line with Reynolds & Potter’s (1967) conclu-
sions. The analysis aimed at studying the asymptotic behaviours of the upper and lower
branches of the main neutral curve and both branches of the upper curve was considered.
The governing equations corresponding to each asymptotic region were solved analytically,
thus establishing the upper, lower and hybrid-branch eigenrelations. Comparison of finite
Reynolds number computations of the two-dimensional problem and the corresponding solu-
tions to the hybrid-branch eigenrelation was presented and discussed for various small values
of sliding velocity.

95



Chapter 3

Viscous and strongly nonlinear
critical layer theory for
long-wavelength modes

In subsection 2.3.4, we established the form of the upper-branch eigenrelation by balancing
the phase shifts across the wall and critical layers. There we made use of the result that the
phase shifts of 7 are induced upon crossing the critical layers (e.g. Lin (1955); Stuart (1963);
Reid (1965)). It has been shown that the phase shifts are modified and become a function
of the disturbance size A in the presence of a larger disturbance (Benney & Bergeron 1969;
Haberman 1972). In this chapter we will demonstrate specifically how the reduced phase
shift plays an essential role in the subsequent nonlinear evolution of our particular basic flow.
We begin by discussing the linear critical layers and then show how the dynamics are altered
as the disturbance size is increased.

3.1 The dynamics of the strongly nonlinear critical lay-
ers on the upper branch scaling

3.1.1 The strongly nonlinear critical layers

The purpose of this study is to investigate how the dynamics of the lower linear viscous
critical layer (see figure 2.10) of the upper-branch mode (where e = R~1/™) are modified as
the disturbance size A in (2.3) is increased. The dominant balance in this layer is between
the viscous term R™'0?/9y? and the inertial term (Uy — ¢)0/dz, with 9/0x ~ O(g). As
remarked earlier this thin layer is located at Y_ = (V + ¢o)/ A9 which indicates that its
position is a function of sliding speed of walls V. Suppose that the thickness of the critical
layer is ¢ which is to be determined in terms of the parameter €. In order to apply the
method of matched asymptotic expansions we introduce the appropriate inner variable g

96



defined by

Recall that the normal scaling in the inviscid shear layer IT-is y = —1 + ¢2Y_. Hence in
view of (3.1) this implies that the outer variable y is related to the inner variable § via

co+ Ve N
y=-1+ 52( OA(o) 0)+ £%qy. (3.2)

Expanding the term (U — ¢) in terms of the variable Y_ we find that
Up—c =AY =V — co) + e (VoY_ — Y2 — ¢y), (3.3)

implying that the order of magnitude of (Uy — ¢) is e2q from consideration of (3.1) since g
is the O(1) variable. Tt follows from (3.2) that 9%/0y* ~ O(e~*q?) and thus the inertial-
viscous balance is achieved provided e3¢ ~ R™!(g%¢)~2, which establishes the critical-layer
thickness ¢ ~ €*/3. It remains to substitute for Y_ from (3.1) into the basic flow Uy and after
regrouping the terms according to their orders of magnitude we can conclude that the basic
flow within the critical layer takes the form

V? 2
Uy = 5200 +€10/3)\(_0)g + 54( 0 (0)200)+ 816/3)\(_1)6(]1} + 820/3A(_1)g]2. (3.4)

The velocities and pressure in the linear critical layer expand as follows:

u=Uy+ At = Uy + Ae*3uy (§) cos(€) + A?uy(&,5) + -+ -, (3.5a)

v=Ab = A(SagAg(co + Vo) sin(€)) + - - — Aoy (€, 9) + - - -, (3.5b)

w = A = Ae*3w, () cos(€) + Acwy (€,9) + -+, (3.5¢)
2\ —1

p=Ap=A (&?2 (1 + %) AN (o + Vo))cos(é) + A Bp (&, 9) 4 -, (3.5d)
0

where £ = a(z — ct) + Bz with a = ey, 8 = €y and ¢ = €2¢y, to leading order (these are
the upper-branch scalings for «, § and ¢). Here, the first terms in the expansions for u and
w satisfy forced Airy equations and from the continuity equation they are related via

QU1 + 60101 = 0. (36)

The terms with subscript ¢l are contributions arising from the logarithmic behaviour evident
in the final terms of the velocity expansions in (2.90) (see (2.102), for instance) in the inviscid
layer IT-.
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If we examine the perturbation expansion (3.5a) for w, we observe that weakly nonlin-
ear effects come into play when the basic flow curvature term proportional to £2°/3 be-
comes comparable with the term with subscript cl: this identifies a critical disturbance size,
A ~ e¥B3A, with A of O(1). We therefore conclude that linear stability theory (and hence
the Orr-Sommerfeld approach) is rendered invalid at the stage A = O(R™'#/%%), and weakly
nonlinear effects become important and have to be taken into account at leading order. If
we consider the continuity and Navier-Stokes equations (1.1) with A = O(R™'4/33) in (2.3)
and the flow expansions (2.63), (2.79), (2.90) and (2.105) it transpires that the dynamics in
regions II4-, IT1I+4, II- and III- remain essentially unchanged by this increase in disturbance
size, and so we can concentrate in the remainder of this subsection on the behaviour within
the critical layer.

Substitution of these expansions into (1.1) together with A = £'4/3A results in the following
balances within the nonlinear critical layer

aucl aUcl aQ'UCl o
(o7 85 — ag + 50 ag = O, (37&)
_ _ Ou, _ B ) _
(A7) ggl — (Do Yoy sin(€) — A Y,
-~ . (1) ~ —aucl (1) —82ucl
+ A()COA()(CQ + ‘/0) Sln(g) 220 Yy + Aa—g =2\ + A agz s (37b)
85’; =0, (3.7¢)
(Zaox\(_o)ﬂ)aau;d — (A \Yeof)wy sin(€)
—2 . owy  —0%wy
A" agA =A ) )
+ (&%) O(CO + %) Sln(g) ag 8@2 (3 7d)

It should be pointed out that the nonlinear effects in the critical layer are marked by the
presence of various terms proportional to A% in these system of equations. Equation (3.6)
suggests that the streamwise and spanwise momentum balances (3.7b) and (3.7d) can be
suitably combined if we multiply the former equation by g, the latter form of the equation
by £y and add the results together. This leads to a simpler equation, namely

— N ou,. ow,. — . ou,, ow,.
(Aag)\(_(])y) (ao 8€l +ﬁ0 a€l>+ A2QOAO(CO -+ Vb) Sln(f) <aoa—gl _|_BO agl)
Ay (D2 ~ . A (0) - (1) ~ 32%1 a2ucl
+ 2AX agAo(co + Vo)g sin(§) — AapA vy = 20 ap + A &0—8’52 + Bo o7 ) (3.8)

Inspection of the continuity balance (3.7a) motivates defining a streamfunction ¥ such that

_ ~ — o o
ao(Aug — §%) + BoAwy = a—g, Avy = 8_§ (3.9)
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Using this formulation, equation (3.8) can be expressed in the form

0*v 82\11 ov v
A0 AapA V. ao\V = 3.10
(040 — y) 8§3~ + Aag 0(60 + 0) Sln(€> 8 D) — ag 8y ( )
Differentiating (3.10) with respect to § we obtain the governing equation in the streamfunc-

tion form

O3 oA\ 84\11
(aOA@)y)aga — + Ao Ao(co + Vo) sin(é) == 5 = I (3.11)
The appropriate matching conditions to the surrounding shear region II- are
ov I b o~ - -
5 ~ —aoy” + A )\ — AagAg(co + Vo)(In g)(cos(€)) as g — +oo, (3.12a)
ov 9 1/27% -
i ~ =gt + AN — AagAg(co + Vo) (In || cos(€) — J(€)) as§— —oo.  (3.12b)

Here the non-monochromatic velocity jump J(§) is calculated as part of the solution, while

the second term proportional to Zl/ ? is included in anticipation of a jump At — A
the vorticity 9?W/dy? across the critical layer. From substituting (2.90) into (2.3) and
matching its real part as Y_ — ((co + Vp)/2)* with (3.5) as § — Foo we obtain the first
term proportional to §? in (3.12) and also the asymptotic behaviours Awuy ~ Zug)cos(f ) and
Awgy ~ Zw(,l)cos(f ). Then, analysis of the continuity equation (2.99a) in the limit § — oo,
along with use of (2.97), (2.98) and (2.102), yields the balance aou + Bow? ~ —¥ In|g],
explaining the logarithmic contributions present in (3.12). Despite the fact that the velocity
jump becomes non-monochromatic once weakly nonlinear effects are included, the concept
of a phase shift ¢~ can be retained provided J(§) is represented by a Fourier series and ¢~
is defined to be the coefficient of sin(€) in that series, i.e.

o =1 /O " J(€) sin(€) de.

™

Integrating (3.11) twice with respect to g, once with respect to & from 0 to 27 and then
taking finite parts as § — 00, leads to the establishment of a relation between the velocity
and vorticity jumps, namely

Ao Ao(co + Vi) /0 K H%’mesm(g) d¢ = /0 " ng—;nids, (3.13)

where [[ ] represents the finite part of the jump. It is important to note that the integrated
contributions from the first term on the left hand side of (3.11) is identically zero owing to
the periodicity requirement of W in &, that is, (£ = 0,79) = VU (§ = 27, 7).
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From the asymptotic constraint in (3.12) we can deduce the representations of the inte-
grands in (3.13) which are easily found to be

H%H:: —AagAo(co + Vo) J(€), H?—;H:: A - 30). (3.14)

Inserting (3.14) into (3.13) and using the definition of ¢~ we obtain the desired expression
for the phase shift in terms of the scaled disturbance amplitude A and the vorticity jump
(At — A7) as

. 2 N
) :_<a%A3(CO+V0)2)(>\+_)\ JAZ. (3.15)

The following questions arise naturally: what is the disturbance amplitude A at which
strong nonlinear effects are provoked within the critical layer? How is the stability structure
associated with the nonlinear neutral mode modified as the disturbance size is increased
from O(R™4/33)? We will explore the answers to these questions shortly. Of particular
interest next is to examine the critical layer equation (3.11) in the limit A — oo and obtain
a relationship between ¢~ and A. This will serve as an all-important guide to forming the
scalings for the strongly nonlinear regime to be considered in chapter 4.

3.1.2 The solution of the critical layer problem at large distur-
bance amplitude

Our approach to analysing (3.11), (3.12) as A — oo is based on the work of Haberman
(1972), Smith & Bodonyi (1982b) for a two-dimensional accelerating boundary layer flow,
but with some modifications to account for our different basic flow. In this limit the main
change to the stability properties we encounter is that the inertia terms play a dominant
role over the viscous effects in (3.11) and correspondingly the critical-layer variable g is

transformed as y = Zl/Qy*, with the scaled variable y* ~ O(1). Thus, the streamfunction
equation can be rewritten in the form

+ ¥ sin(€) =A"? (3.16)
Y

where ¢ = apAg(co+ Vo). We seek the solution in the form of a perturbation series in powers

of A:

2
o°v NG
ay*Q

Substituting (3.17) into (3.16) and equating coefficients of powers of A"? we obtain a linear
partial differential equation for yo:

©,+9X0 | g in ey X0 _
agA\l’y o€ + ¥ sin(§) o 0. (3.18)
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It is easily verified through the application of the method of characteristics (Benney &
Bergeron 1969) that (3.18) has the solution

Xo = M(7), 7= aoy™+9 cos(§). (3.19)

The physical interpretation of (3.19) is that the unknown vorticity M (7)) is conserved along
the streamlines 7) = constant. The streamlines, which are closed for 7 < ¥, strongly resemble
the structure of the Kelvin cat’s eye. According to the Prandtl-Batchelor theorem, the
vorticity is constant in such a region and thus we can infer that within the cat’s eye

Xo = M(ﬁ) = MO fOI' 77 < 19, (320)

where M, is a constant to be determined. To fix the vorticity variation outside the eye, we
need to proceed to the next order where we obtain the equation satisfied by the correction
X1, hamely

ox1 _ 672)(0

O
0¢

aoA Yy = 49 sin(€) (3.21)

The ensuing analysis can be simplified by performing the transformation from (¢, y*) to (é ,1)
coordinates, with £ = &, which results in the governing equation for y; as

dx ©0)y1/2 9 ( . : X )
2 = +(200A N2 (= 0 cos(E)YVPM' () ), 3.22
% (2a0A™") o (7 () () (3.22)
where use has been made of the following useful results:
o 0 N ) B ﬁ—ﬁcos(f))l/z
—=——Vsin(l)—, — =2ay"'—, Y =+——"" . 3.23
- S L R (3.23)

Here the 4+ notation refers to the upper and lower parts of the critical layer, where y* >
(9/a0) (1 —cos(€))? and  y* < —(d/ap)"*(1—cos(€))"/?, respectively. Integrating equa-
tion (3.22) with respect to £ from 0 to 27 and imposing periodicity of x; we obtain

5; (M’(ﬁ) / " -9 cos() dq) —0, (3.24)

which can be integrated with respect to 7) to yield

Mi . 2w
M) = 2 H) = [ costa))? da, (3:29
1(1) 0
where M* are unknown constants. In order to calculate their value it is instructive to express
the asymptotic form (3.12) in terms of the new variable y* and then differentiate the result
with respect to y* which renders the asymptotic constraint for y, as

. 1
Yo ~ =200y + A + O(—*) as y* — too. (3.26)
)
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The asymptotic condition for M’(#) can be obtained by changing (3.26) to characteristic
coordinates (£,7) and differentiating the resulting form with respect to 7. This leaves

1/2
(N ~ O‘o i R
i jF((ﬁ —9 cos(é))lﬂ) i O(ﬁs) as 1 = oe. (327)

Multiplying this asymptotic condition by (7 — ¢ cos(f ))!/2 and integrating with respect to
¢ from 0 to 27 enables us to fix the constants M* = :F27Toz(1)/

M'(n) is given by
oot/
M'(i)) = :F< ~o ) (3.28)
1(7)

Examining equations (3.20) and (3.28), we see that M'(7}) exhibits a discontinuity at the
edges of the cat’s eye, ; = U*, and therefore to make further progress an additional boundary
condition on M (7)) is required. Fortunately, this dilemma has been resolved already in
Brown & Stewartson (1978), where a study of the evolution of the critical layer of a Rossby
wave suggested that the vorticity is continuous at the edges of the cat’s eye. Hence, from
integration of (3.28), we find that the leading order contribution y, takes the form

% 50 that the vorticity gradient

7 d
Xo = M(%) :M0:F27Tozé/2/ 2 for n> 4. (3.29)
o 1(s)

The determination of the vorticity jump now necessitates an examination of the matching
condition (3.26) for a second time, which in turn reveals that

s S| AT+ A
A=A = ) = —amad” f S5 My :(;)
o I(s) 2
where the bar denotes the finite part of the integral, the value of which is evaluated to be
[e] 1/2
][ ds _ (V) : cW, cW~ 5516,
o I(s) 8

as calculated in Smith and Bodonyi (1982b) and Haberman (1972), among others. Thus,
it follows immediately that the effective vorticity jump across the nonlinear critical layer is
given by

1/2 1/2
[ _(0%19) o0 _%(M) . (3.30)

in view of the fact that ¥ = agAo(co + Vo). Substituting (3.30) into (3.15) we find the
following expression for the phase shift as a function of disturbance amplitude A:

4 (1) _ -3 _
¢ )A > as A — oo, (3.31)

¢ (ao<2Ao<co TV
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We will not consider the dynamics of the upper nonlinear critical layer as the details are
very similar to those presented above, the only difference being that V4 in (3.31) is replaced
by —Vp, and hence we have the analogous result

+ 4t A? as A 3.32
~ as — 00, .

o~ (amata—w) 332
where ¢T is the phase shift induced across it. The striking feature of the results (3.31) and
(3.32) is that the - anticipated phase shifts ¢ across the critical layers decrease as the scaled
disturbance size A increases, with ¢ — 0 as A — oco. As we shall see in section 4.2.1 of
the next chapter, this result is of prime importance for it enables us to identify the scalings
in the strongly nonlinear regime and in particular determine the thicknesses of the critical
layers in terms of R. In the next section, we examine the effect of increasing the disturbance
size A on the critical layer in the hybrid region in 2.3.5.

3.2 The dynamics of the strongly nonlinear critical layer
on the hybrid scaling

The dominant balance in the linear viscous critical layer (see figure 2.14) is between the
viscous term R™'0%/0y? and the inertial operator (Uy — ¢)d/0x, with 0/0x ~ O(e). As
remarked earlier this thin layer is located at Y_ = V| in terms of the scalings for the
inviscid shear region in 2.3.5(ii), and we suppose that the thickness of the critical layer is ¢
which is to be determined in terms of €. Hence we introduce the appropriate O(1) variable
7 =q ' (Y_ —Vy). Recalling that the normal scaling in the region II-is y = —1 + £2Y_ we
have

y=—14¢Vo+ 7. (3.33)
In view of (2.129) and (3.33), the term (U — ¢) assumes the form
Uy —c=2%qy —e'ey — eWoqy — 4?92 — - - -, (3.34)

implying that the order of magnitude of (Uy — ¢) is €2¢. It follows from (3.33) that 9%/0y? ~
O(e7*¢?%) and thus an inertial-viscous balance is achieved provided e3¢ ~ R™1(g2q)72, es-

tablishing the critical-layer thickness ¢ ~ 2. The disturbance velocities and pressure are

u = Uy + At = Uy + ATy () cos(&) + Ae®uq(&,7) + -+ -, (3.35a)
v=A0= A(Egavo(Eo + Vo)) sm(f) — A&“?UC[(é’ g) + ey (335b)
w = A = Ac®wy () cos(€) + A*wy (€,7) + -+, (3.35¢)
-2 _1
p=Ap=A (52 (1 + %) AN (@ + VO))cos(g) + A pa(E, )+ (3.35d)
0
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where ¢ = a(z — ct) + Bz with a = cay, § = 3, and ¢ = £2¢, to leading order (these are
the hybrid-branch scalings for a, 5 and ¢). Here, the leading-order disturbances @(y) and

w(y) satisfy forced Airy equations and from the continuity equation they are related via
Qoily + By, = 0. (3.36)

The terms with subscript ¢l are known as the logarithmic contributions which arises as an
immediate consequence of the principle of continuation and regularization of the logarithmic
behaviour noticed in the lower inviscid layer II-.

It is interesting to observe that weakly nonlinear effects come into play when the term
proportional to €® in the expansion (3.34) becomes comparable with the O(Ag?) term in
the perturbation expansion (3.35a), leading to A ~ €A, with A of O(1). If we consider
the continuity and Navier-Stokes equations (1.1) with A = O(R~%3) in (2.3) and the flow
expansions (2.134), (2.139), it transpires that the dynamics in regions II- and III- remain
essentially unchanged by this increase in disturbance size, and so we can focus in the re-
mainder of this section on the behaviour within the critical layer. Then, from substitution
of (3.35) into the Navier-Stokes equations (1.1) together with A = %A the critical-layer
problem can be posed in the streamfunction form

Lo FPv o
(2@03”@ + AO&(]A()(C() + VO) Sln(&)a—g?) = 8_:&4 (337)
The appropriate matching conditions to the shear region II- can be shown to be
ov . E T — N .
5 ~ =y + AN — AagAg(To + Vo)(In g)(cos(§)) as g — +oo, (3.38a)
ov oo 127 = _ ~
5 ~ =gy + ANy — AagAo(co + Vo)(In |y| cos(§) — J(§)) as g — —oo, (3.38b)
with the phase shift ¢ given by
1 2
¢o=— [ J(§ sin(§) d¢.
T Jo

Here, the quantity A — A represents the unknown jump in vorticity across the critical
layer. Our interest here lies in the analysis of (3.37), (3.38) in the limit A — oo which can
be performed in a similar manner to that outlined in subsection 3.1.2. Specifically, it can
be shown that the phase shift ¢ induced across the critical layer decreases with increasing
disturbance amplitude such that

c — —3/2 —

for disturbances of amplitude A = R-%/1¥A. As we shall see shortly, how this result allows
us to identify the scalings in the strongly nonlinear regime, thus providing the motivation
for the nonlinear study to be considered in the next chapter.
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Chapter 4

Nonlinear stability of plane
Poiseuille-Couette flow

Before we begin our discussion on the nonlinear stability of PPCF, it is worth stating that
the accounts in this chapter are the expanded versions of those appearing in two papers,
namely Kumar & Walton (2018), Kumar & Walton (2019). In recent years a dynamical sys-
tems approach to transition has become fashionable, in which equilibrium solutions of the
Navier—Stokes equations play a key role in transitional and turbulent dynamics (see for exam-
ple the review of Kawahara G, Uhlmann M & van Veen L (2012)). The relevant equilibrium
solutions are those in which there is a mutual interaction between a roll flow in the cross-
stream plane, a streamwise streak and a wave propagating in the streamwise direction. This
interaction is fundamentally three-dimensional in nature and has no obvious two-dimensional
analogue. If we wish to consider Tollmien-Schlichting (T'S) instabilities, which are inherently
two-dimensional, then the roll/streak /wave theories are not directly applicable, even at high
Reynolds number, unless a very specific spanwise variation is imposed. In this chapter we
investigate a form of self-sustaining process (SSP) that can operate in three dimensions and
involves critical layer/wall layer interaction. We develop the theory under the assumption
of an asymptotically large Reynolds number, which allows us to identify the crucial scalings
and regions where different physical balances dominate and to demonstrate the way in which
those regions interact to ensure that the instability is maintained. We develop the theory
here for the specific case of plane Poiseuille-Couette flow (PPCF), which is well-known to
support a TS form of instability provided that the sliding speed is not too large, although
the theory readily generalizes to other base flows. We will see in chapter 5, by compar-
ing Navier—Stokes solutions with asymptotic theory, the nonlinear interaction formulated in
section 4.1 accurately describes solutions that bifurcate from one of the additional neutral
curves in figure 2.3(d).

We will consider two possible self-sustaining interactions in PPCF. The first assumes that the
phasespeed is sufficiently close in value to the sliding speed of the upper wall that the upper
critical layer and Stokes layer merge to form a viscous shear layer. In the second scenario,
both the wall sliding speed V' and the disturbance phasespeed ¢ are O(1) quantities, but
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are sufficiently distinct from one another that there exist two critical layers that reside an
O(1) distance from both walls, with viscous Stokes layers adjoining the boundaries. In the
next section we consider the interaction of the first type, while the latter case is discussed
in section 4.2.

4.1 Analysis of the nonlinear hybrid modes

In this section, the nonlinear stability of PPCF to three-dimensional disturbances is investi-
gated asymptotically at large values of the Reynolds number R based on channel half-width
and the maximum velocity of the Poiseuille component. The asymptotic theory, aimed at
a detailed understanding of the physical mechanisms governing the amplitude-dependent
stability properties of the flow, shows that the phase shifts induced across the critical layer
and a near-wall shear layer are comparable when the disturbance size A = O(R™* 9. In
addition, it emerges that at this crucial size both streamwise and spanwise wavelengths of
the travelling wave disturbance are comparable with the channel width, with an associated
phasespeed of O(1). Neutral solutions are found to exist in the range 0 < V' < 2 with ¢g =V
to leading order, where ¢y and V' are non-dimensional quantities representing the dominant
phasespeed of the nonlinear travelling waves and the wall sliding speed respectively. More-
over, these instability modes exist at sliding speeds well in excess of the linear instability
cut-off. The amplitude equation governing these modes is derived analytically and we further
find that this asymptotic structure breaks down in the limit V' — 2 when the disturbance
streamwise wavelength decreases to O(R~'/3) and the maximum of the basic flow becomes
located at the upper wall.

It is well known that for plane Poiseuille flow, finite amplitude two-dimensional travelling
waves exist and map out a neutral surface in the parameter space formed by Reynolds
number, wavenumber and amplitude (Herbert 1977). Weakly nonlinear stability analysis
(Reynolds & Potter (1967); Cowley & Smith (1985)) suggested that PPCF may become un-
stable to finite-amplitude disturbances for V' > V.. and this was confirmed to be the case in
the nonlinear numerical studies of Ehrenstein, Nagata & Rincon (2008), Balakumar (1997).
The numerical study of Ehrenstein, Nagata & Rincon (2008) used Poiseuille-Couette homo-
topy to continue a path through the equilibrium states for plane Poiseuille flow to Couette
flow although it remains unclear whether these solutions are fully resolved. In Balakumar
(1997), two-dimensional nonlinear equilibrium surfaces were mapped out by gradually in-
creasing the value of V. These solutions were computed by starting from the main neutral
curve for PPCF and it was concluded that such solutions do not exist beyond V' ~ 0.96 in our
non-dimensionalization. However there are no such numerical studies investigating how non-
linearity affects the additional neutral curves (the upper curves) that we computed in section
2.2 of this thesis. To investigate this problem we will adopt a high Reynolds number asymp-
totic approach, which enables us to start from the known linear stability properties along the
upper neutral curve. We then seek a structure that incorporates three-dimensionality and
nonlinearity and find that the stability properties are determined by the interaction of the

106



predominantly inviscid critical layer and a viscous shear layer located near the upper wall.
It is discovered that this new nonlinear travelling wave structure is supported at O(1) sliding
speeds in excess of the linear cutoff V. and is strongly three-dimensional in the sense that
the streamwise and spanwise wavenumbers are comparable with the channel width. A novel
feature of the structure is that the amplitude of the waves can be determined almost entirely
analytically in terms of the sliding speed and the aforementioned wavenumbers. The critical
layer is sited an O(1) distance away from the channel walls and, as such, the asymptotic
structure considered here is very different to the lower branch structure assumed in Zhuk &
Protsenko (2006), where the sliding speed must necessarily remain asymptotically small.

In subsection 4.1.1 we derive the scalings for the strongly nonlinear hybrid modes, while
in 4.1.2 we formulate the equations governing the strongly nonlinear regime. The bulk of
the flow is governed by a Rayleigh equation incorporating a nonlinear jump condition across
the critical layer which is now sited an O(1) distance from the channel walls. This critical
layer possesses a structure very similar to that proposed by Benney and Bergeron (1969) but
its behaviour is affected by viscous effects from the near-wall regions which are transmitted
through the Rayleigh zone. The critical layer structure is considered in detail and the phase
shift across it is determined explicitly. Finally in this subsection the amplitude equation for
the nonlinear modes is established as a result of an exact counterbalance between the two
small phase shifts produced by the critical layer and the viscous shear layer astride the upper
wall. In subsection 4.1.3, a numerical procedure is outlined to solve the Rayleigh equation:
this allows us to compute the neutral streamwise wavenumber for a given sliding velocity
and spanwise wavenumber. In addition, we discuss numerical solutions to the amplitude
equation and conclude that the asymptotic structure associated with these nonlinear modes
breaks down as V' — 2, at which value the maximum of the basic PPCF flow is located at
the upper wall. Finally, we summarize our findings and suggest avenues for further research,
including some discussion of the new structure which emerges in the V' — 2 limit mentioned
above.

4.1.1 Scalings in the strongly nonlinear regime

Before we look for a description of the behaviour of the scaled wavenumber and wavespeed
when the scaled disturbance amplitude A — oo, it is useful to write down the corresponding
expression for @, (3, in terms of V at finite A. Returning briefly to the linear analysis
of subsection 2.3.5 and combining (2.129), (2.143) and (2.148), we obtain the following
asymptotic neutral stability criteria for the hybrid curve in the linear regime:

As the amplitude of the perturbation A is increased to O(R~%/13), the linear stability struc-
ture of the hybrid modes breaks down and the transition from the linear to weakly nonlinear
regime takes place. Interestingly, at the O(R_G/ 13) stage, despite the appearance of the
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higher harmonics in the critical layer expansions (3.35), the criteria (4.1) continue to hold
provided the ‘7’ in the denominator is replaced by ¢ (Haberman (1976)), and so the weakly
nonlinear neutral criteria are simply

gAY 5, (1 LUV, oy, s

We also note that in the weakly nonlinear regime the following estimates for @, 3, and ¢,
from (2.143) and (2.129) continue to hold:

—1/2 — —1/2

o~ Vo, a~O0V,"), By~OWV,"). (4.3)

In view of (3.39), the limiting behaviour of the phase shift ¢ can be explicitly stated as

— —3/2

¢ ~ 0(651753/2 A7) as A= oo, (4.4)

for disturbances of amplitude A = 5A. Taking this into account, from (4.2) we arrive at
the following asymptotic forms for &y and 3:

|wo

N[

X

Ow

—3/4 — —9/4,  — {1570 1

ap~ OV, A ), By~ : Z(Im(g(?)))’g’ }2 as A —oo. (4.5)

We then consider (4.3) and (4.5), which lead to the amplitude—velocity balance

A~ O(V). (4.6)

Analysis of the perturbation expansions (3.35) accompanied by the streamfunction equation
(3.37) with the boundary conditions (3.38) reveals that the asymptotic structure of the
weakly nonlinear upper curve modes remains intact until Vo ~ O(£72), that is to say, until
V' becomes O(1). We therefore conclude from (4.6) that

A~ O(e79), (4.7)

in the new regime. Simultaneously we observe that in the new regime according to the
asymptotic relation (4.3) the scaled wavenumbers @, and f3, increase to O(¢~!), while the
scaled wavespeed ¢y rises to O(¢72). Thus for 5 to remain O(1) in (2.147) the wavespeed
correction ¢; must decrease to O(/?). Tt is apparent from (4.7) that when the transition from
the weakly nonlinear to the strongly nonlinear regime occurs the appropriate disturbance
amplitude is therefore

A=A ~ O(%72%) ~ O(R™Y9), (4.8)

since ¢ = R~/ We infer that when A is of this order a new stability structure comes
into play involving faster propagating, shorter wavelength disturbances, since the unscaled
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wavenumber and wavespeed become O(1) then.

We now have sufficient information to set out the asymptotic structure of the strongly
nonlinear hybrid modes and this is shown schematically in figure 4.1. We find that the shear
layer II- and inviscid core I indicated in figure 2.14 have merged to form a new inviscid zone
(labelled I in figure 4.1) in view of the normal scaling for II-, since Vi ~ O(e72) in the
nonlinear setting considered here and therefore for Uy in (2.134) to stay O(1) the variable
Y_ must rise to O(¢72). Additionally the thicknesses of the viscous shear layer 1T+ and
viscous wall layer II11- reduce respectively to O(R~/3) and O(R~'/?), as we shall see later in
subsection 4.1.2. The viscous critical layer now exhibits prominent nonlinear effects and we
infer from (4.4) that the phase shift ¢ produced across it is asymptotically small, specifically
of O(R™'/3). Tt is demonstrated below that the critical layer is no longer sited near the lower
wall and approaches the midst of the inviscid region I.

We now show how to determine the thickness of the nonlinear critical layer II. It is ad-
visable first to summarize the main points concerning the weakly nonlinear version and then
we will examine the alteration to its properties, position and thickness caused by the in-
creased disturbance size.

In the weakly nonlinear regime the disturbance size A = R™%/A with A ~ O(1), and

the critical layer is situated at Y_ = V; and has thickness O(g?). As A — oo, the inertial

effects control its dynamics to a large extent and the transformation y = Z1/2y* is intro-

duced, where y* ~ O(1) as seen just above (3.16). This implies the variable 7 increases as
A increases and hence the relation (3.33) becomes

y~—1+4+eVy+ 52qZ1/2y* as A — oo. (4.9)

Turning our attention to the strongly nonlinear regime, the result (4.7) reflects the fact that
with the increase of the scaled disturbance size A to O(¢=2/%), intense nonlinear effects are
induced within the critical layer. Since we now have ag ~ O(e™'), ¢y ~ O(¢72) in this regime
we notice from (3.23) that

5, 8 0 1\"?

— = — —19sin - Yy =4= h— 9 cos(€))?,
- i v k(5] 0 eoe)”
N~~~ 0(E?) — 0(e~3/2)

o) o) O(e'/?)

indicating that 7 must increase to O(e™3) and hence the size of the variable y* is O(¢7!) in
contrast to its O(1) status in the weakly nonlinear regime. Taking this into consideration,

the estimation of the quantity €2qzl/2y* is O(R™?/), and if we define y* = £7'Y; with
Y1 ~ O(1), we find the relation (4.9) then becomes

y=V —1+ Ry, (4.10)
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suggesting that the strongly nonlinear critical layer is positioned at V' — 1 and has thick-
ness O(R2/%). It is worth stating that it is assumed that V' < 2. It remains to note that
the streamfunction forms in the present case are precisely as given in (3.9) (with @y, Bo
replacing ag, fy). Keeping this in mind, it is not hard to show from (3.9) and (4.7) that
vy ~ O(¥?), ug ~ O(¢7/3) in this regime since now ¢ is O(1) and § is O(e7'9/?). It is no-
table that the orders of magnitude of the final terms in (3.35) are then: e*Auy ~ O(R™7/?),
8Awy ~ O(R™?), e Avy ~ O(R™Y) from (4.7) which should be compared with the last
terms in (4.23) below, thus establishing in an elegant manner that the phase shift in the
strongly nonlinear critical layer should arise from the m = 4 stage. The validity of this
argument will be confirmed through a strict mathematical analysis in subsection 4.1.2.

To summarise, in the strongly nonlinear regime, we should seek solutions with «, V' and
c of O(1), to leading order, and an O(R~*?) disturbance amplitude, leading to an induced
O(R~Y?) phase shift across the critical layer as demonstrated above. This provides the
incentive for the study of the nonlinear neutral hybrid modes whose asymptotic composi-
tion, illustrated in figure 4.1, is described by a five-zone structure consisting of a strongly
non-linear critical layer in the midst of the Rayleigh inviscid zone (I), and surrounded above
and below by a viscous shear layer (IV) and a viscous wall layer (III) respectively. We will
consider this novel structure in detail in the next subsection.

4.1.2 The nonlinear instability structure
(a) The Rayleigh inviscid region I

We begin by considering the Rayleigh region I where the dynamics are predominantly inviscid
and the normal variable y is O(1). An unsteady three-dimensional fundamental disturbance
of size A = O(¢€?) is superimposed upon the basic flow (2.2), with € to be identified in terms
of R shortly. Asymptotic studies of fully-developed and developing pipe flow (Smith and
Bodonyi (1982a), Walton (2002)) have established that this induces a larger O(¢) steady flow
distortion. Although the present study focuses on PPCF, the same principles apply equally
well here. This suggests that the appropriate flow expansions in the inviscid region are

w=Up(y) + eurns (y) + €ua(&,y) + Eugpr(y) + - - -+ ERVuy(&,y) + - - -, (4.11a)
v =€y, y) + -+ ER Vo6 y) + -, (4.11D)
w = ewy(y) + €ws(€,y) + Ewanr(y) + -+ ERTPun(§y) + -+ (4.11c)
p=EpEy)+ -+ ERpaEy) + o, (4.11d)

with Up(y) given by (2.2) and the fundamental disturbances (ua, va, w2, p2) take the form of
travelling waves

Ao[F2(y) cos(§), G2(y) sin(§), Ha(y) cos(§), Pa(y) cos(§)], {=alr—ct)+ P8z (4.12)

Here the unknown amplitude functions Fs, Go, Hs, P, and the mean flow corrections wuqyy,
Usapr, Wipr, Wweopy only depend on y, while the presence of the higher order terms uy, vy, wy, Py
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anticipates the occurrence of the induced O(R~'/?) phase shift across the nonlinear critical
layer II predicted by the large amplitude analysis of the strongly nonlinear critical layer in
subsection 4.1.1 and this will be emphasized in detail later. It has also been inferred that
¢ ~ O(RY3), Vy ~ O(72) in the strongly nonlinear regime so we write the wavespeed as

c=V + R Y3, (4.13)

in view of (2.129). The central problem is to determine the O(1) real amplitude A, of the
nonlinear hybrid modes as a function of «, 5, V and ¢;. It has been shown in the previous
subsection that the disturbance size A is of order R=%? implying that

=R (4.14)

Substitution of (4.11) into the continuity and Navier-Stokes equations (1.1) leads to the
inviscid balances

dGo

OzFQ - d_y + ﬂHz = O, (415&)

CY(UO — V)FQ — U(/)Gg = _OKPQ, (415b)
d P

CM(U() - V)G2 = —d—;, (415C)

Oé(UO — V)H2 = —5P2, (415d)

with a prime denoting the appropriate ordinary derivative. Elimination of F,, G5 and H,
reduces the set of equations (4.15) to the disturbance pressure equation:

(Uo = V(P — (o + 5°) Py) = 2Uy Py, (4.16)
subject to the inviscid conditions of tangential flow as the walls are approached, namely
Py(—1) =0, Py(1)=0. (4.17)

Equation (4.16) is the Rayleigh pressure equation which has regular singular points at y; = 1,

y. = V — 1 with these values denoting the possible locations of the critical layers. We note

that y; = 1 indicates that there is a critical layer in the vicinity of the upper wall but

embedded within the viscous shear layer IV. We now consider the critical layer situated at
= 1. which is located within the Rayleigh inviscid region as shown in figure 4.1.

It is straightforward to derive a series solution of (4.16), valid about the location y = y..
This takes the form as y — y:

Po(y) = > p™(&)" +n(e) Y P (&), (4.18)
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y =1 (upper wall)

Viscous shear layer IV R-1/3

Rayleigh Inviscid region 1

Nonlinear critical layer 11 R/ - y=Vv-1

Rayleigh Inviscid region I

Viscous wall layer I11 R™1/2

y =-1 (lower wall)

Figure 4.1: The nonlinear neutral mode structure on the hybrid scalings.

where € = y — y.. The constants p(®) and p® are unknowns to be found numerically by
solving (4.16) with (4.17), while the remaining constants in (4.18) can be determined once
those two unknowns are fixed. From (4.15) it follows that in the same limit

Fy(y) ~ i{1(52p(0))+ 2P@1n(é) —(3’)—(3))+<M>P®} + O(€ Iné),

a? €\l -y 1— . 3(a2 + 32)
1(3 3p(3) P2 2p?2)
Ga(y) ~ a{ép(l) +2PPe In(e) —(1 Zi m + )€ +(yc — 1)62 ln(é)} + 0,

Hy(y) ~ W{ - %(3132(1))+ p<2>} + O(e).

(4.19)
In the series solution, the coefficients P, P are given explicitly by
2 p© p©
P — 2,2 EAY P@ — _(g? Hl —— ). 4.20

In order to derive the corresponding behaviour as y — ., it is necessary to study the
dynamics of the critical layer. We will see shortly that a phase shift ¢, of relative order
O(R™Y3), is produced across this layer and so we set ¢ = R™Y/?® where ® is an O(1)
quantity. This behaviour implies that as y — y_, the asymptotic behaviour (4.18)—(4.19) is
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reproduced with
Re(In(é) exp(i€)) replaced by Re((In(—¢) —iR™Y3®) exp(if)). (4.21)

In other words, In(y — y.) cos(€) is effectively replaced by In(y. — y) cos(¢) + R™Y/3® sin(€)
as the critical layer is crossed. In view of (4.21), it is noticeable that the O(¢2R~/?) con-
tributions [uy, v4, wy, ps] in (4.11) are the highest order terms to undergo a non-zero phase
shift. The connection formula (4.21) is similar to that used in previous works, e.g. Smith
& Bodonyi (1982b), Smith & Bodonyi (1982a), Deguchi & Walton (2013), but the phase
shift here is larger, resulting in significant changes to the neutral mode structure compared
to those references. The Rayleigh equation (4.16) subject to the boundary conditions (4.17)
and the jump condition (4.21) for Py(y), with ® set to zero, constitutes a novel eigenvalue
problem (Benney & Bergeron (1969)) for a = «(V, ) which is tackled numerically in sub-
section 4.1.3. As far as the series expansion (4.18) is concerned, its continuation to € < 0 is
simply given by

Py(y) ~> p™(&)" + Infe \ZP<” 2, (4.22)
n=0

Of particular interest though is the determination of the scaled phase shift ® as a function
of the amplitude Ay which requires a thorough investigation of the nonlinear critical layer
dynamics.

(b) The nonlinear critical layer IT

The normal scaling for the critical layer is given in (4.10), and the appropriate flow expansions
are posed in the form

u=co+eUy +elne Usjg + Uy + -+ + Uz + -+ PU 4 - - (4.23a
v=Vi+Ellne Vajo + Vo + o+ PVt PV (4.23b
w =Wy + (€ne)Wyjg + EWo + -+ - + 2 Wy + -+ + ¢ PWy (Y1, €) + -+ -, (4.23¢
p=eQi+ e Qapn+EQu+ -+ €2Qs+ - +2Qu+ -, (4.23d

as implied mainly by (4.11), (4.18) and (4.19). Here the velocity components and pressure
are dependent on the scaled normal coordinate Y; and the travelling wave coordinate €.
From substitution of these expansions into the continuity and Navier—Stokes equations (1.1)
we find the leading-order nonlinear inviscid balances, cf. Benney & Bergeron (1969):

)
)
)
)

ou,  OVi 0w, oy UL O
+ 5+ =0, (alUy+ W) +V;
“oe v, T o b= P B + Vigy = e (4.24)
0Q1 oW, awl 0@ |

Thus from (4.24) the main pressure )y is constant throughout the critical layer. Matching
with (4.11d) and using (4.18), its specific form is

Q1 = AopVcos(€). (4.25)
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Comparing the expansions (4.23) within the critical layer to the inviscid regions (4.11) on
either side, we obtain the far field matching conditions

Aqap(0) 32 )
o) cos(§),

Uy~ (—2y. + V)Y, o)+ —F
1 ( y_l— )1+U1M(y )+a2(1_y6)}/1

A.pQD)
vw§(&f )gmg, as Vi +oo  (4.26)

2 o
3 APW
Wi~ win(yet) — _{Wﬁiﬂ} cos(§),

2
which follow from the asymptotic behaviour in (4.19). The critical layer problem (4.24-4.26)
is fully nonlinear but can be solved analytically which permits the analysis of the higher-
order contributions, in (4.23), to be dealt with below. The leading-order solution is readily
found to be

Vs

. _ ~ af b
Vim i), m=abibah W6 =( 25 )a-w(vie ) + G
APM)
U, = (ﬂl — ﬂWl)/Ck, with b=V — 2Ye, n= g( Oa ) (427)

At this point in the analysis G(7) is an unknown function of

b b\’
n = p cos(§) + % (Y1 + b—) : (4.28)
1

and is determined fully at higher order but must be subject to the asymptotic condition

G(n) ~ j:( b, o 1 2 } + win(yet) +O(1) as n— oo, (4.29)

in order to match to the core asymptotes in (4.26). Here, as in the preceding chapter, the
plus and minus signs refer to the upper and lower parts of the critical layer II where

b —2u(1 + cos(E)) —2u(1 + cos(€))
)/1+_>{ O[bl } abl } ’

by

and Yl—i-bﬁ<—{

1

respectively. The quantity b = u m(yet) + (B/a)win(ye.L) is a constant and we define the
skewed velocity component

Uy = Uy, + W,,, m=1,3/2,2,.... (4.30)

Having completed the analysis connected with the m = 1 stage, we now examine subsequent
terms in the critical-layer expansion with the aim of fixing conclusively the phase shift ¢.
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We substitute (4.23) into the continuity and Navier—Stokes equations (1.1) and apply the
definition (4.30) to arrive at the equations

oy, OV,

8_5 + A =0, (4.31a)
%?/T — ), (4.31¢)
W 8;[2 + mag? - Waamélm + Vi aW + 58@_; =20, (4.31d)

for m > 1. The quantities AR (n = 2,3,4) are referred to as forcing functions generated from
(1.1b), (1.1c¢) and (1.1d), respectively, due to nonlinear interactions between various terms
in (4.23) exclusive of the contributions 82U, /Y2, 82W, /oY2 in L2, 2% and 92U, /0Y2,
0*W,/9Y? in .,%(2)7 .,2”4(4) which mark the first appearance of viscous effects in the critical
layer. It should be noted that the relative simplicity of (1.1a) inhibits the occurrence of
forcing terms in (4.31a) and therefore its right-hand-side is identically zero for all values of
m. Next, if we differentiate (4.31b) with respect to Y7 and use the momentum balances
(4.31a), (4.31c) followed by substitution of (4.27) we can derive an equation governing the
shear ,,y,. This takes the form

0.2
¢

Iy, 0 ) ) 2, a2

_ aﬂmY1
Uy

(4.32)

The ensuing analysis can be simplified by means of the transformation from (£, Y1) to (f ,1)
coordinates similar to that used in (3.23), with £ = ¢ given by

0 0 . 0 o _ 0

%~ a—é — s1n(§)a—777 v, U1a—n' (4.33)

In view of (4.27) and (4.33), the terms proportional to (0u,,y, /0n) cancel out and as a result
the shear equation (4.32) simplifies to

0.2
¢

(2aby (5 — p cos(€))) 2 L _

PTG A Gt

(4.34)

Following some manipulation of (4.31d) we deduce an equation for W,, which satisfies

0Qm
E3

The aim now is to find the value of m at which a phase shift is first induced across the
critical layer. Below the notation ‘E’ and ‘O’ is used to represent terms that are even and

0W

0 22— s 0+ Vo (2 ) =) = Gl - 5% (439
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odd about ¢ = w. The following analysis is based on the principles put forward in Smith &
Bodonyi (1982a). The basic idea is that the determination of the phase shift requires us to
identify the first solution (W, Vi, Wi, Q) possessing the following property: (W, Wi, Qm)
contain an ‘O’ part with V,, having an ‘E’ part. As far as the m = 1 stage is concerned it is
easy to see from (4.25) and (4.27) that @y, Wi, @ are ‘E’, while V] is ‘O’ and so no phase
shift occurs at this value of m. This also turns out to be the case at the next level m = 3/2:
since the solution here plays no further role we omit it for the sake of brevity. The governing
equations for the next stage are (4.31) with m = 2 and .,?2(2) = .,2”2(3) = .,2”2(4) = 0, coupled
with the boundary conditions as Y; — 4o0:

A 3p® 5a° 4 23
U2N—}/'12+3/1u’1M(yci)+a—g{ZP@)ln]Yﬂ—( p ) ( o +25

)P<2> }cos@) Fusar (),

Y1 — Y2 3(a? + (?)
(4.36a)
A 3,3  p@
Va ~ —O{QP(2)1n|Y1| — ( P )}Ylsin(f), (4.36D)
« Yr—Y 3
Wy ~ Yiw]y, (yet) + é _b_ P L cos(€) + wans (yet) (4.36¢)
1 o2 _'_62 )
in view of (4.19). Integrating equation (4.34) with respect to & we obtain
gy, = K(n), (4.37)

with K (n) being a hitherto unknown shear function, which is determined fully at higher
order. From the boundary conditions (4.36a), (4.36c) we find that a requirement of the
shear term oy, is

Toy, ~ —2aY1 + AT as Y — Foo, (4.38)

with the constants A\* = au (yet) + BwlM(yC:I:) corresponding to the upper and lower
regions of the critical layer. The quantity A=) is analogous to the vorticity jump A=A~
across the strongly nonlinear critical layer in section 3.2. From (4.38) and (4.33) we can then
deduce the asymptotic behaviour for K (n) as

12
K(n) ~ F 2%/2 (?) + A as n— oo (4.39)
1

It is apparent that Wy, is ‘E’ and further integration with respect to Y; also gives an arbitrary
function of £, while application of the matching conditions (4.36a), (4.36¢) shows that s
is also ‘E’. Consequently, we see that Ju,/0¢ is ‘O’ and hence V,, given by the integral of
(4.31a) with respect to Yi, is also ‘O’ on account of the odd boundary condition (4.36b). If
we consider the equation (4.31b) with m = 2, we observe that the fourth term 9Qy/9¢ is ‘O’
and hence, on integration with respect to § we find that ()2 is ‘E’. Inspection of (4.35) shows
that 0W, /85 is ‘O’ and, thus integrating with respect to 5 and applying the asymptotic
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condition (4.36¢) point to the fact that the solution for W5 is ‘E’. The implication is that
the m = 2 solution does not give a phase shift. It is subsequently found that the m = 5/2
solution possesses the same symmetry and so we proceed to the next stage, m = 3, for which
the forcing terms are

e
- 57

92
oVE

.,%(2) 33(3) =0, %(4) _ (4.40)

Examination of (4.40) elucidates that a combination of the velocity perturbations, namely

oz.,%@) + 5.,%3(4) = U1y,v,, is identically zero from (4.27). Substituting (4.40) into (4.34) we
find that

ﬂgyl = Gg(?’]), (441)

with G3(n) an arbitrary function. Hence, on integration of (4.41), us is ‘E’ since 7 is even
about ¢ = m. Using the line of reasoning identical to those for the m = 2 stage it can be
shown from (4.31a), (4.31b) that V3 is ‘O’ and P is ‘E’. Therefore the [even, odd, even]
symmetry of [as, V3, P3] about £ = 7 is retained, however, the equation for W3 obtained
from (4.35) with m = 3 then becomes

oW O*W
. 1/2 3\ 1 TeY
+(2aby(n — p cos(§))) ( o ) o2 + 0. (4.42)
From (4.42) and (4.27) we have
D) 3
W =20 L) [0 pcost) e} + G+ B
0

since the leading term on the right-hand side is ‘O’. The function G'(n) readily follows by
imposing that W3 has periodicity of 27 in £ and thus we obtain

6 =+(q5) Dam w(i—“)/{%} o) - | " — e cos(a))” da,

where the constant D, is determined from the matching condition (4.29). We note in passing
that although it is clear from (4.43) that W3 possesses an odd part about & = m, this
contribution tends to zero as Y; — 400 taking note of G’(n) being proportional to n~!/2 in
this limit. Therefore there is no overall phase shift at level m = 3, nor is there at m = 7/2.
The final crucial stage we consider in the critical layer analysis is m = 4 where a non-zero
phase shift is encountered. The forcing terms are expressed in the form

(2) 82U2 _ 8U3 8U2 8U3 3U2
le - -

vz g "W Vegy, Vg
2 =0,
PW,  OWs oW, . OWs . OW.
(4 2 3 2 3 2
LU= e e T av T an
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Leaving aside the contributions Usy,y, and Way,y,, it is easy to use the symmetry of the
m = 1,2, 3 solutions to show that the rest of .,%4(2) and .,2’@1(4) are ‘O’, which implies that the
forcing terms at this stage can be written down in the condensed form

0%,

2 Tat 3 4
Dzﬂ“——aleJrO, ZP =0, 2

oW,
- 57

+:0. (4.44)

Substitution of (4.44) into (4.34), with m = 4, followed by use of (4.30) leads to the following
equation governing the shear yy;:

aﬂ4y1

L abi(n— p cos<§>>>1/2( e

>= ﬂgylylyl + O, (445)

Applying the chain rule and then integrating both sides with respect to f we obtain

0 [dK(n)

é
Ugy, = i(2ab1)1/2—{—/ (n—p COS(Q))l/QdQ} + Ga(n) + ‘E, (4.46)
onl dn Jo

with G4(n) an arbitrary function, where we have used equation (4.37) for usy,. Taking note
that the integral in (4.46) is ‘O’, the leading term on the right-hand side is ‘O’ and therefore
Uy is ‘E’ 4+ ‘O’, which in turn makes it explicit from (4.31a) that V, contains a non-trivial ‘E’
part and it then follows that ()4, W4 both have non-zero ‘O’ parts, hence confirming that the
terms (4, Vi, Wy, Q4) indeed undergo a non-zero phase shift. We now continue the analysis
with the aim of calculating the shear function K (n). This readily follows by imposing that
Uy, has periodicity of 27 in f and thus we obtain

o

Jion =gz, with 1= [Tt poosta) g (aan)

By letting 7 — oo in (4.47), using I ~ 271'/? as  — oo and substituting the expression for
K'(n) obtained from differentiation of the asymptotic condition (4.39) we find that the values
of the constants E are fixed as Ey = F(8a/b;)"/>r. Hence our expression for K (n) follows
from integration of (4.47) and then applying the condition of uniform vorticity K = Ky when
n = —u, we have

K(n) = Ko F 21 (i—‘f‘) v / Z %. (4.48)

Examining (4.48) in the limit n — oo provides a second asymptotic formula describing the
behavior of K (n) at the edges of the critical layer:

9 1/2
K(n) ~ Ko T2 (b—‘j‘) (2 +J) as n— o0, (4.49)
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where

J:_GWWQ+/“Ci___i_>m:££ﬂfﬁg7 (4.50)

T L \L(n)  2mnt/? 8

and CM) ~ —5.516, as in subsection 3.1.2. The effective vorticity jump, AT — A~, can then
be determined by taking the finite part of the jump in K(n) across the critical layer as
Y] — +o00, and hence

M = K™ ﬂh<?)/J:—<z?>mCﬂ% (4.51)

1

upon use of (4.39), (4.49) and (4.50). In the remainder of this subsection our objective is
to evaluate the phase shift ¢. We observe that we have an expression for wy in (4.46) from
which we can determine its behaviour as Y; — do00. The calculation proceeds in a similar
way to that explained in an appendix to Smith & Bodonyi (1982a), so we will present only
brief details here. The fundamental idea underlying the calculation concerns representing
the finite part of the total velocity jump 7,4 across the nonlinear critical layer as a Fourier
series, namely

i F,, sin(mé) + F,, cos(mé)). (4.52)
m=0

It should be noted that the phase shift integral has to converge, so we need to exclude the
singular part in the total velocity jump, and this part matches to the inviscid region. It is
clear that the coefficient of relevance to the phase shift is

- Tl sin(e) de = - f m( / T iy sine) ds) v, (453)

T T J_ oo

Switching to characteristic coordinates, integrating by parts and using (4.45) we find that

= | (s bibl)amﬂl— ]I b, (150

since the integrated contributions from the ‘O’ terms in (4.45) are identically zero. Keeping
in mind the asymptotic condition (4.38), we deduce that the first term on the right-hand
side of (4.54) is identically zero and [[@ay, ]|, = At — A~. Substituting for the vorticity
jump (4.51) relates Fy to the disturbance amplitude Ay via

200
}q:<~ ot ), (4.55)

Aé/z(oﬂ +ﬁ2)1/2(—p(0))1/2

where we have made use of (4.27) and substituted for P®) from (4.20) to simplify this
expression. The formula for the scaled phase shift ® can be established by comparing the

119



Fourier coefficient F; in (4.53) with the logarithmic asymptote for w, deduced from the
asymptotic forms for Uy, Wy in (4.36a), (4.36c) and definition (4.30). In a surprisingly
simple way the comparison yields the required relation between F; and :

B 24, [ (a? + 82)p©
R== { 1y }@. (4.56)

We then find, upon equating the two values of Fy in (4.55) and (4.56), that the scaled phase
shift ® is related to the amplitude Ag by

o CH(y, —1)?
v {flg/z(QZ + BR)3/2(—p()3/2 } (4.57)

The amplitude dependence of the neutral modes follows from balancing the phase shift just
determined with that induced across the wall layers. With this in mind, we move on to
discuss the dynamics of the near-wall regions.

(c) The viscous wall layer III

This layer is located in the proximity of the lower wall at y = —1 and we assume that
it has the thickness m which is to be determined in terms of the Reynolds number. In
this connection we introduce the O(1) normal coordinate Z; = (y + 1)/m. The physical
balance within the wall layer is between the viscous operator R719%/0y* and the inertia
term a(Uy — ¢) which implies R~'m™2 ~ O(1), and determines the normal scaling of region
Il as y = —1 + R~'/2Z, as in a classical boundary layer. The corresponding expansions for
the velocities, pressure and wavespeed, to leading order, are

[w,v,w,p,c] = [V + EU(E, Z1), ERV(E 2y), EW(E Zh), EPE, Z1), co],  (4.58)

where ¢ = V. Substitution of these expansions into the continuity and Navier—Stokes
equations (1.1) yields the following unsteady-viscous-pressure force balances

a?g g; 5—2-: , (4.59)
—2av% _ —a%—? + gQ—ng, (4.59b)
SZ 0, (4.59¢)

_2@‘/88_2[/ _ —5%—? 8222 , (4.59d)

with these equations subject to the no-slip conditions

A~ ~

U=V=W=0 at Z =0. (4.60)
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Matching the pressure within the viscous wall layer (4 58) as Z; — oo with the pressure
in the inviscid region (4.11d) as y — —1, we obtain P = AyPy(—1) cos(€). Inserting the
expression for P into (4.59b), (4.59d), solving for (U, V, W) with the boundary condition
(4.60) and no exponential growth as Z; — oo, we find

U =014 Rel(1 — exp(=m 1)) exp(ie)], W = w/a)ff,} (461)
V = —oa7 (0 + YAy Re[ i(Z1 + my exp(—mi Zy) — mi b (exp(i€))],

where o1 = Py(—1)/(2V), m; = (2aV)/? exp(—in/4) and Re denotes the real part. The
solutions are very similar to those in the linear regime considered in subsection 2.3.5, but
the phasespeed and sliding velocities are now O(1) quantities. Taking the limit of the form
for V in (4.61) as Z; — oo provides the asymptotic behaviour

v~ 2R V2107 (0 + B2) Ao 2y sin(€) — 2R (21/20‘32 22%21; 52)"1’40) (sin(€) + cos(€)),

(4.62)

in view of (4.58). As y — —1 the expansion for the normal velocity (4.11b) in the inviscid
region may be represented as

v~ 2RV2AZGH(—1) sin(€) + - + 2R Yy + - (4.63)

since Go(—1) = 0 for zero normal flow at the wall. The first term in (4.62) matches with the
behaviour of G5 in the inviscid region (4.63), but the second term in (4.62) is asymptotically
smaller than the term involving v, in (4.63). We therefore conclude that

Ghy(—1) = (> + 5%, v4—0 as y— —1, (4.64)

affirming that the normal velocity disturbance v in (4.11b) suffers zero phase shift due to
the viscous wall layer adjacent to the lower wall in contrast to previous studies of this type.
We now turn our attention to the behaviour in the vicinity of the upper wall.

(d) The viscous shear layer IV

It is worth emphasizing that the dynamics here are quite different to those in previous works
on equilibrium critical layers where the wall layers are typically of the Stokes form considered
in the previous subsection. If we suppose that the thickness of this layer is k1, then we can
introduce the O(1) normal variable Z, = (1 — y)/k;. The balance within the shear layer
is between the viscous operator R~'9%/9y* and the inertia term a(U — ¢) as in region IIL.
However, the crucial difference here is that the inertia term is now vanishingly small in the
vicinity of the upper wall in view of the fact that ¢ = V' to leading order. Therefore, it proves
necessary to include the higher-order term in the expansion for the wavespeed by writing
¢ = V +kyey with ¢; being the wavespeed correction and ky = R~Y/2 from (4.13). Considering
the near-wall behaviour of the inertia term it is found that o(Uy—c) ~ —a(k Uj(1) Za+ kacy)
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and for the two terms to be in balance we therefore require k; ~ ko. Thus an inertial-viscous
balance is achieved provided R~'k;? ~ ki, resulting in the shear layer thickness k; ~ R™/3.
In terms of € and R, the appropriate expansions here are

u=V —UNV)RPZy+ U, Zs) + -+, v=—ERVV(E L)+, w=EW(E Zy) +

p=€P(&,Z:) + ERVEPy(E,Zy) + -+, c=V +R V¢ - | (4.65)
with y = 1 — R™Y/37,. If we substitute (4.65) into (1.1) and examine the O(e?) contribu-
tion from the streamwise momentum equation (1.1b), we find P; = P;(Z). Applying the

boundary condition of matching with the pressure expansion (4.11d) in the inviscid region
leads to the expression

= AyPy(1) cos(€). (4.66)

Since P; is independent of the variable &, the validity of (4.66) can be ensured if and only
if P(1) = 0. Thus P; = 0 and the other leading-order wave balances arising from the
substitution of (4.65) into (1.1) are succinctly expressed as

ou oV oU — oPy, 0*U
_— = — 4 1 Z —_— — ! 1 - —
a(%“ o7 /6(95 0, a(Uy(1) 2+Cl)85 Ug(1)V a6£ +6Z§’ Lo
0P, , oW 0P, W '
8_22 = 0, —Oé(UO( )ZQ + Cl) 8§ 85 + = 22 y

with the boundary conditions of no slip at the wall and matching with (4.11a), so that
U=V=W=0 at Z,=0, U— AgFy(1)cos(€), W =0 as Z, —oco. (4.68)

We can express F5(1) in terms of the pressure by differentiating (4.15¢) twice with respect
to y, using (4.15a,b) to eliminate G%(y) and Ga(y), and then letting y — 17 in the resulting
equation and taking note of Hy(1) = 0, eventually obtaining Fy(1) = —Py"(1)/(2a2U{(1)). Tt
is worth noting that, as far as the mean-flow distortion is concerned, ugp(1) = wap(y) =0
from the no-slip condition on the wall and as a consequence this term does not arise in the
matching condition (4.68). The coefficients in equations (4.67) do not depend on ¢ which
suggests that solutions can be sought in the normal form representation

(U, V, W, F2) = Re((U(ZQ), ‘7(22), W<ZQ)7 PQ(ZQ)) exp(if)).

Thus the problem (4.67), (4.68) reduces to

iall + V' + iﬁW =0, —ia(Uy(1)Z: + Cl)U - Up(1 )‘7 = —ialy + U” (4.69)
Py=0, —ia(Ui(1)Zy+ )W = —iBPy+ W, '
subject to
U:V:W:O at ZQZO, U%AOFQ(l)a W%O as ZQ—>OO' (47())
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The system (4.69), (4.70) constitutes a standard ‘lower-deck’” problem whose analytical solu-
tion can be easily found with some adjustments to the original analysis performed in Smith
(1979). The explicit expression for P, is found to be

(@ + )P, = (it (A0 (R, (4.71)

where Ai is the Airy function, x(©) = [ Ai(£)d¢ and © is given in terms of the streamwise
wavenumber, wavespeed correction and basic flow as

[618]

__:1/3 : _
O =—-i'’s, withs= Call (1)

(4.72)

It remains to substitute (4.71) into the normal-mode form for the higher-order pressure term
P5, to establish that

()

){Re<g<s>> cos(6) — Tm(g(s) sin(©)},  (4.73)

where g(s) = i*3Ai'(0©)/k(0). The requirement that the pressure within the viscous shear
layer (4.65) as Zy — oo should match with the expansion for the pressure in the inviscid
core (4.11d) as y — 1 then leads to the boundary condition

(S ()

>{Re(g(s)) cos(§) —Im(g(s)) sin(§)} asy — 1. (4.74)

Thus we see that the term proportional to sin(¢) in (4.74) represents the phase shift in the
pressure disturbance p (see expansion (4.11d)) induced by the viscous shear layer astride
the upper wall. This needs to be in tune with the phase shift, specifically R~/?®, induced
in the O(¢2R~Y/3) contribution p, of (4.11d) across the critical layer. It therefore turns out
that the amplitude equation for the nonlinear modes arises as the outcome of the interplay
between these two phase shifts and this will form the focus of the next subsection.

(e) Derivation of the amplitude equation for the nonlinear modes

The critical layer analysis has demonstrated that the O(¢%/?) contribution @4 in (4.23d)
contains a non-zero ‘O’ part, which indicates that the small phase shift induced at the stage
m = 4 induces a sin(§) component in the Fourier series for py in the pressure expansion
(4.11d). This means that only the sin(¢) Fourier coefficient, denoted by Py(y), of this series
plays a part in fixing the amplitude-dependence of the nonlinear hybrid modes. Hence the
key definition is

Pl =1 [ itz tsin@ de = [ plensm ds @)
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Here the Fourier component Pj(y) governs the same Rayleigh equation as the amplitude
function P(y) in subsection 4.1.2(a), namely

(U= V)(P} = (o + B2 Py) = 2U4 P, (4.76)

The determination of the boundary conditions to be imposed on P,(y) requires inspection

of (4.75) along with the asymptotic behaviours (4.64), (4.74) derived earlier. Substitution

of the expansions (4.11) into the Navier-Stokes equations (1.1) we obtain at O(e2R™1/3):
dvs __ Opa

Uy—V)—=—F". 4.77
o(th~V) 5 = - (2.77)
Differentiating (4.75) with respect to y, using (4.77), integrating by parts, taking the limit as
y — —1 and using the asymptotic constraint (4.64) we conclude that P; — 0 as we approach

the lower wall. Next, if we let y — 1 in (4.75) and employ (4.74), we find

(—alj(1)* ((AgF(1)
Py(1) = — 2 2 /
@’ 4+ f Us(1)
We now wish to examine what happens to the quantity P,(y) as we cross the critical layer

from y = yF to y = y.. To achieve this we consider the finite part of the jump in (4.75)
which yields

) Im(g(s)). (4.78)

2m

[[P]]f = lim P, — lim P, = ! / ([pa]]* sin(€) dé = —A,PW (y — y.)® @, (4.79)
Y=y Y=y ™ Jo

from the series solution for P, in (4.18), the nonlinear jump condition (4.21) and (4.12).

We now have sufficient information to derive the amplitude equation and this is achieved

through the following steps. Multiplying equation (4.76) by P(y)/(Uy — V'), while making

use of the Rayleigh equation for P(y) in (4.16), leads us to an equation for the Wronskian

of (P, P;) which may be written as

. 2U! .
K — O VK =0 4.80
(%_V) , (4.80)

where K(y) = PP} — P,P}. If we multiply both sides of (4.80) by 1/(Uy — V)2, then
straightforward integration leads to

K(y) =7 (Uo = V), (4.81)

where 7* are constants in the upper and lower regions of the critical layer II. Applying the
wall conditions Pj(—1) = Pj(—1) = 0 we find that v~ = 0. We already know that the second
critical layer embedded within the viscous shear layer IV lies in the proximity of the upper
wall which provides a rationale for evaluating the value of v from (4.81) as

+

K
7T = lim )

Jim (4.82)
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A series solution of P, about y = 1, (given in (4.86) below), confirms that P, Py and Py
all vanish at the upper wall, resulting in K (1) = K’(1) = 0. The limit in (4.82) may be
casily evaluated using L'Hospital’s Rule, resulting in 4+ = K”(1)/[2(U}(1))?]. This therefore
shows that the function K (y)/(Uy — V)? defined over —1 < y < 1 takes the form

K@y [APORPOYROW)?. >
(Uo = V)2 0, Y < Ye

The constant v may also be calculated directly by analysing the jump in the relation (4.81)
across the critical layer as follows:

s Hw—f_@wﬂ} o) H(ﬁ?)”z ‘(3?;%5())@ (459)

with the last step following from the asymptotic expansion in (4.18) for P, and differentiation
of the jump condition (4.79) on P, with respect to y. Equating the two values of v enables
us to derive an explicit expression for the scaled phase shift ® as

_ 1 (1) P (1)Py(1)
v= Ay { (a2 + B2)(p(©)2 } ( AU} (1))2 )’ (4.84)

in view of the form for P in (4.20). Equating the two values of ® in (4.57) and (4.84),
and after some manipulation, we deduce the amplitude equation for the nonlinear neutral
modes:

1210 _ (4(_p(0))1/3(_0(1)>2/3a14/9(2 _ V)8/9<a2 4 62)1/3)’ (4‘85)

(P3"(1))*/3(Im(g(s)))**
where use has been made of (4.78) to substitute for P;(1). The value of Py’(1) in (4.85)
can be normalized to unity and for given sliding velocity V' and spanwise wavenumber [,
the values of a and p® are first computed from a numerical solution of the Rayleigh-like
problem set out in (4.16), (4.17). The numerical algorithm employed and the results obtained
will be discussed in the next section. Once these quantities are determined, the wavespeed
correction ¢y in (4.85) can be determined for a given value of the pressure amplitude Ay.

4.1.3 Results for the strongly nonlinear regime

(a) Numerical Method

First we describe the numerical method devised to solve the Rayleigh pressure equation
(4.16) for the pressure eigenfunctions P, with the boundary conditions (4.17) and the scaled
phase shift ® = 0 in the jump condition (4.21). With the wall sliding speed and spanwise
wavenumber prescribed, we guess a value of the streamwise wavenumber . We then express
P; in a series expansion about y = 1 of the form

Py(y) =) "Wy — 1", (4.86)
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and impose the phase normalization condition P’(1) = 1, which gives p® = 1/6 in (4.86)
and fully determines all coefficients in this expansion, enabling us to compute P, and its
derivative at y = 1 —  where ¢ is taken small, typically 0.001. These values are then used
to initiate a Runge-Kutta (RK) solution of (4.16) in the region from y = 1—0 to y = y. + 9.
Next we write down the first few terms of the power series (4.18) and its derivative in terms
of the unknown constants p(*) and p®. In order to ensure the continuity of P, at the junction
Yy = Y. + 6, the values of P, and Py calculated from the series solution (4.18) and the RK
method are equated which fixes p(® and p®). Once this is achieved we can use these values to
evaluate the quantities P,(y.—0) and P;(y.—0J) using the first few terms of the series solution
(4.22). Finally, we apply the RK method to solve (4.16) in the domain from y = y. — § to
y = —1 and calculate a value for Pj(—1). The technique of Newton iteration on « is applied

until this quantity is zero to some suitable tolerance. We repeat the procedure for a range
of values of V' and /.

(b) Numerical results

The neutral stability results for § = 0 giving « as a function of V' are shown in figure 4.2(a),
which indicates that the streamwise wavenumber increases monotonically as the sliding speed
increases. Figure 4.2(b) presents the location of the critical layer y. versus a from which it
can be seen that as V' increases, the critical layer is moving away from the lower wall and
eventually heading towards the upper wall. Therefore as V' increases, the neutral disturbance
is characterized by an ever decreasing wavelength, with most of the disturbance activity
concentrated near the upper wall. In figure 4.2(c) we show the results for the pressure
distribution P5(y) across the channel at representative values of «. Inspection of these plots
suggests that as the sliding speed approaches a value of 2, pressure variations are confined
to a thin region near the upper wall. This phenomenon is investigated further by performing
an asymptotic analysis in the limit V' — 2 in the next subsection. The dependence of the
wavespeed correction ¢; on the amplitude A, for various values of V is given in figure 4.3.
We observe that for a given V and for Ay above a threshold amplitude (flc, say), there are
firstly two solutions. With further increase in Ay, two more solutions exist over a small range
of Ay, but only two solutions (those labelled ‘upper branch’ and ‘lower branch’) persist as
Ay — oo. For values of V in the range 0.1 < V < 1.5, an increase in the threshold amplitude
is accompanied by a corresponding increase in the sliding speed of the walls. For the same
range of V', for a given Ay the wavespeed correction c¢; along the upper and lower branch
decreases monotonically as can be seen in figure 4.3. It is already evident that the behaviour
of the nonlinear modes and their dependence upon the values of V and Ay is a complicated
issue. The main drawback of the numerical method described in subsection 4.1.3(a) is that
it is ill-suited for the purpose of obtaining the neutral values of a once V' is in excess of 1.7,
as the proximity of the critical layer to the upper wall renders the matching between the RK
and series solutions problematical. In order to achieve accurate solutions at larger values of
a we turn to an asymptotic approach to the Rayleigh problem in the next subsection.
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Figure 4.2: Numerical results for the strongly nonlinear regime for the case of zero spanwise
wavenumber. (a) streamwise wavenumber « versus sliding speed V'; (b) critical layer location
y. versus «; (c) pressure distribution Py(y) for various V; (d) pressure coefficient p® versus
V. On figures (a), (b) and (d), the dashed curves are the asymptotic solution as V' — 2,
from the analysis of subsection 4.1.3(c).
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Figure 4.3: Solution of the nonlinear amplitude equation (4.85) for 8 = 0, giving the
wavespeed correction ¢; as a function of Ay for various values of sliding velocity.
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(c) Analysis of the nonlinear neutral modes in the limit V — 2

The results just presented suggest that this limit, in which the maximum of the basic flow is
attained on the upper wall, is worthy of further analysis. Examination of figure 4.2 suggests
that in this limit we have o — 00, y. — 1~ and p®) — 0~. For |2— V| < 1 we seek solutions
of (4.16), (4.17) with the aforementioned properties allowing for the fact that s in (4.72)
remains O(1) in this limit as can be verified from our numerical calculations. Then the main
variation of P, takes place when (y — 1) is small, y = 1 — (2 — V) with 0 < g < o0, and
hence the dominant scalings are

a=02-V)"a, P=—2-VPP(H), a=02-V)&, pO=—-2-V)p? (487

where the O(1) constants &, ¢ and p*) are to be determined. Under the scaling (4.87), the
Rayleigh equation (4.16) becomes to leading order:

d*P ~ [2(1—-27)) dP
A22 —a? 2 :{ ( -9 yA) } A2> (4'88)
dg (=9 +9) ) dg
while the appropriate boundary conditions (4.17), (4.21) respectively become
Pi(0o) =0, Py(0)=0, zero velocity jump at § = 1. (4.89)

It is straightforward to deduce series solutions of (4.88) about the points § = 0,1 and
they can be used as part of a numerical method very similar to that outlined in subsection
4.1.3(a). The numerical solution yields the neutral values & ~ 2.5037, ¢ = 3, p) ~ 0.0273.
Careful numerical checks show that taking a boundary at § = 10° as a computational cut-off
proves sufficiently large enough to satisfy the condition at infinity. With (4.87) holding, the
amplitude equation (4.85) is modified to

e (4(13(0))1/3(_61(1))2/3@20/9(2 _ V)—l/S
’ (P4"(0))3(Im(g(s)))*/?

which establishes that A, o (2 —V)"/3 as V — 2. The threshold amplitude is increasing
according to A, ~ (25.0485)(2—V)~'/3 and we draw the conclusion that A, — oo as V — 2.
In this limit, with A, finite, we observe that there are two finite values of ¢ corresponding
to the upper and lower branch solutions respectively. The scaled wavespeed correction ¢,
approaches infinity along the upper branch solutions but takes a finite value along the lower
branch solutions as 1510 — 0.

), with s = a3, (4.90)

The overall conclusion is that the asymptotic structure associated with the nonlinear hy-
brid modes breaks down in the limit V' — 2 as the critical layer II moves into the viscous
shear layer IV. In this limit, as the sliding speed is increased, the critical layer, situated
at y = V — 1, moves ever closer to the O(R™'/3) shear layer adjacent to the upper wall.
A new distinguished scaling therefore emerges when V — 1 ~ 14+ O(R™'/3), i.e. when
V —2 ~ O(R™'3). Simultaneously the streamwise wavenumber is increasing proportional
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Figure 4.4: Sliding speed V versus a for non-zero values of the spanwise wavenumber £.

to (2 — V)=t from (4.87) and therefore rises to O(R'?), so that this new short-scale struc-
ture possesses comparable-sized derivatives in the streamwise and wall-normal directions. In
addition, the amplitude of the travelling waves can be shown to rise to O(R~'/3) while the
phasespeed remains O(1). The governing balances in this new nonlinear near-wall region
are the full 2D Navier—Stokes equations but with unit Reynolds number and are subject to
matching conditions to the O(1) Rayleigh region and a link to the Stokes region (now of
thickness O(R™2/3)) near the lower wall. Even in the case of 3D disturbances, the leading-
order equations apparently remain 2D due to the fact that the streamwise and wall-normal
scales are shorter than that imposed in the spanwise direction. These equations are reminis-
cent of those governing the ‘production layer’ in Deguchi & Hall (2014). This structure will
be considered further in future work.

The heart of the matter is that the numerical solutions to the three-dimensional Rayleigh
equation exist for a range of the spanwise wavenumbers, for example, § = 0.1, 1 as illustrated
by figure 4.4. It is interesting to observe that for § = 1 no nonlinear neutral solutions are
found until a lower cut-off value V' & 0.2, while for 5 = 0.1 these solutions appear to exist in
the range 0 < V < 2. For values of § > 1, it emerges that an increase in lower cut-off value
is accompanied by a corresponding increase in the spanwise wavenumber. The main point is
that strong three-dimensionality with spanwise wavenumbers comparable with the channel
width can be incorporated into our nonlinear neutral mode structure in a rational way.

4.1.4 Conclusions

Figure 4.5 summarizes the different types of stability theories corresponding to the size of
disturbance A superimposed on the basic state (2.2) of PPCF that have been considered in
this paper. Our main conclusions are as follows.
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Figure 4.5: Sketch illustrating a relation among the fundamental stability theories as a
function of the disturbance amplitude A.

(i) For A < 1, the existence of multiple neutral curves for small sliding speed V' below the
linear cut-off value of approximately 0.34, is confirmed by the numerical results presented
in figure 2.3. Investigation of the dynamics of the linear viscous critical layer in section
3.2 reveals that the linear asymptotic structure of the new upper neutral curve, which is
a mixture of a traditional upper branch and lower branch mode, illustrated in figure 2.14,
continues to hold until A increases to O(R5/13).

(ii) At the stage A = O(R9/13) the main variations are found to take place only within
the balances controlling the properties of the viscous critical layer due to the development
of weakly nonlinear effects. We find that no significant changes occur in the inviscid shear
layer IT- and the viscous wall layer I1I- astride the lower wall. It can therefore be inferred
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that in the weakly nonlinear regime the flow stability properties outside the critical layer
remain substantially unaltered. In section 3.2 the strongly nonlinear critical-layer problem
is posed, and its behaviour at larger amplitude gives the result (3.39), demonstrating that
the phase shift decreases as nonlinearity begins to take effect.

(iii) As the disturbance size is increased further from O(R~'%) to O(R™*/), a connection
between weakly nonlinear theory and strongly nonlinear theory is established, thus leading
to the scalings and recognition of the asymptotic structure for the strongly nonlinear regime
as discussed in subsections 4.1.1 and 4.1.2. It emerges that at this stage a dominant flow
feature resembling a Kelvin cat’s eye containing uniform vorticity develops within the critical
layer. Such cat’s eye structures have recently been observed in full Navier-Stokes simula-
tions of related flows (see Deguchi & Walton (2013)). Although this asymptotic structure,
possessing a strongly nonlinear critical layer in the central region of the channel, bears some
similarities to the structures considered by Smith & Bodonyi (1982b), Smith & Bodonyi
(1982a), Walton (2002), Walton (2003) among others, there are some novel features here
including a viscous shear layer near the upper wall which affects the matching condition on
the core region.

(iv) The numerical results for the strongly nonlinear regime presented in subsection 4.1.3
show that nonlinear neutral solutions exist over a wide range of O(1) spanwise and stream-
wise wavenumbers and for sliding velocities in the range 0 < V' < 2. In particular solutions
exist above the linear threshold of V' ~ 0.34 discussed in section 2.2. For fixed V', threshold
amplitudes are determined at which neutral solutions first emerge. As V' — 2 the maximum
of the basic flow moves ever closer to the upper wall and in this limit the disturbances become
more localized in the streamwise direction and it becomes harder to obtain converged solu-
tions using our numerical method. Numerical computation in subsection 4.1.3 demonstrates
that the inclusion of three-dimensionality restricts nonlinear neutral solutions to the range
Vi, <V < 2, where V}, is a lower cut-off value and is a function of the spanwise wavenumber.

(v) Further examination of the strongly nonlinear structure in the limit V' — 2 is carried
out and shows that as the sliding speed is increased, the critical layer, situated at y =V —1,
moves ever closer to the O(R™1/3) shear layer adjacent to the upper wall. A new distinguished
scaling therefore emerges when V —1 ~ 14+ O(R™/3), i.e. when V —2 ~ O(R™/3). Simulta-
neously the streamwise wavenumber is increasing proportional to (2 —V)~! from (4.87) and
therefore rises to O(Rl/ 3), so that this new short-scale structure possesses comparable-sized
derivatives in the streamwise and wall-normal directions. In addition the amplitude of the
travelling waves can be shown to rise to O(R~'/3) while the phasespeed remains O(1). The
governing balances in this new nonlinear near-wall region are the full 2D Navier—Stokes equa-
tions but with unit Reynolds number and are subject to matching conditions to the O(1)
Rayleigh region and a link to the Stokes region (now of thickness O(R~%/3)) near the lower
wall. Even in the case of 3D disturbances, the leading-order equations apparently remain 2D
due to the fact that the streamwise and wall-normal scales are shorter than that imposed in
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the spanwise direction. These equations are reminiscent of those governing the ‘production
layer” in Deguchi & Hall (2014).

(vi) As remarked in (iv), nonlinear neutral modes exist in PPCF for disturbances of
O(R~*9) when R >> 1. The next most important step is to solve the fully nonlinear unsteady
two-dimensional Navier—Stokes equations in order to confirm that such neutral surfaces exist
at finite Reynolds number. Given that the flow is linearly stable for V' > 0.34, above this
critical sliding speed these surfaces must become disconnected from the zero amplitude plane.

Next, we consider the second scenario where both the wall sliding speed V' and the dis-
turbance phasespeed ¢ are O(1) quantities, but are sufficiently distinct from one another
that there exist two critical layers that reside an O(1) distance from both walls, with viscous
Stokes layers adjoining the boundaries. The aim here is to set out the structure of the non-
linear upper branch modes and determine its disturbance amplitude analytically in terms of
the streamwise and spanwise wavenumbers and the properties of the basic flow.

4.2 Analysis of the nonlinear upper branch modes

In this section, the nonlinear stability of PPCF subjected to three-dimensional disturbances
is studied asymptotically at large Reynolds number R. By analysing the nature of the in-
stability for increasing disturbance size A, the scaling A = O(R~'/3) is identified at which a
strongly nonlinear neutral wave structure emerges, involving the interaction of two inviscid
critical layers. The striking feature of this structure is that the travelling wave disturbances
have streamwise and spanwise wavelengths both comparable to the channel width, with an
associated phase speed of O(1). A novel method of the classical balancing of phase shifts
enables the amplitude-dependence of the neutral modes to be determined in terms of the
wavenumbers and the properties of the basic flow. Numerical computation of the Rayleigh
equation which governs the flow outside of the critical layers shows that neutral solutions
exist for non-dimensional wall sliding speeds in the range 0 < V < 2. It transpires that the
critical layers merge and the asymptotic structure referred to above breaks down both in the
large-amplitude limit and the limit V' — 2 when the maximum of the basic flow becomes
located at the upper wall.

As far as the nonlinear stability properties of this flow are concerned, Balakumar (1997)
has demonstrated numerically that two-dimensional nonlinear equilibrium surfaces exist in
the parameter space formed by Reynolds number, wavenumber and amplitude, with these
surfaces forming due to the bifurcation of the solution from the linear state as the distur-
bance amplitude is increased. Our aim in this paper is to find an asymptotic description for
such nonlinear solutions which describes how the modes self-sustain due to critical layer/wall
layer interactions. Our formulation also allows us to include three-dimensional effects over
a lengthscale comparable with the channel width. Our starting point is the classical linear
asymptotic structure on the upper branch of the main neutral curve of figure 2.3(c). This
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structure was first set out in Cowley & Smith (1985) and is sketched in figure 2.10. As
mentioned in subsection 2.3.4, in this scenario the disturbance survives due to an interac-
tion between the linear critical layers (positioned where the basic velocity coincides with the
phase speed of the disturbance) and the viscous Stokes layers adjacent to each wall. We
study how this interactive structure alters as the disturbance size A increases. In particular
we will show that when A = O(R~'/3) nonlinear modes are supported over an O(1) range
of wall sliding speeds and possess streamwise, spanwise wavenumbers and a phase speed all
comparable in magnitude with the channel width. A novel feature of this structure is the
presence of two strongly three-dimensional nonlinear critical layers in which the dominant
physical balances are very similar to those proposed in the pioneering work of Benney &
Bergeron (1969). It is discovered that the amplitude of the waves can be determined ana-
lytically by balancing the total phase shift across the two critical layers with that induced
across the near-wall Stokes layers.

Subsection 4.2.1 concerns briefly the details of the strongly nonlinear critical layers, pro-
viding motivation for the scalings and asymptotic structure of the strongly nonlinear up-
per branch modes which follow in 4.2.2, where we present a method for determining the
amplitude-dependence of the neutral modes. In subsection 4.2.3, we present a numerical
technique for calculating the phase speed and wavenumber of the disturbance as functions
of amplitude, with the method taking into account the asymmetric nature of the basic flow.
In addition, we provide a comprehensive description of the numerical results for a range of
values of disturbance amplitudes, spanwise wavenumbers and sliding velocities. The rest of
this subsection is devoted to a discussion of the new structures encountered in the limit of
large disturbance amplitude (where the two critical layers merge) and the limit in which the
maximum of the basic flow becomes located at the upper wall. In addition, we draw the
main inferences and suggest avenues for further study.

4.2.1 Scalings in the strongly nonlinear regime

In an Appendix to Cowley & Smith (1985), the eigenrelations on the upper-branch of the
linear neutral curve for PPCF are formulated. Extended to three dimensions and in terms
of our notation (see (2.115), (2.117)) they take the form

co = (4/15)(af + ), (co+ Vo)™ + (co = Vo) ™/? = (6% /V2)ag*(§ + V). (4.91)

Here (g, o) = RY™(a, B) are the O(1) scaled streamwise and spanwise wavenumbers of
the linear disturbance with ¢y = R?/''¢ the corresponding O(1) scaled phase speed. This
long-wave structure holds for a range of small sliding speeds V = R=2/"V{ with V; of O(1).
The quantities ¢* represent the phase shifts induced across the upper and lower critical
layers and are both equal to 7 in the linear setting considered in Cowley & Smith (1985) but
can take on smaller values once the effects of nonlinearity are incorporated as first shown by
Haberman (1972). A schematic of the full nine-zone asymptotic structure, which includes
two critical layers (of thickness O(R™1%/33)) and two wall layers of Stokes form is given in
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figure 2.10.

The effect of weak nonlinearity on this upper branch structure was analyzed in section 3.1.
It transpires that once the disturbance size is increased to O(R~%/33), nonlinearity affects
the properties of the critical layers significantly, while leaving the dynamics of the other
asymptotic regions essentially unchanged. Specifically, it is shown (see equations (3.31) and
(3.32)) that the phase shifts ¢* induced across the critical layers decrease with increasing
disturbance amplitude such that

¢t ~ Oy (co — V())’?’/QZ_S/Q) and ¢~ ~ O(ag ' (co + %)’3/23_3/2) as A — 0o, (4.92)

for disturbances of amplitude A = R~/33A.

If we now wish to investigate stability at O(1) sliding speeds we require V; to increase
to O(R¥!Y). From balancing terms in the eigenrelations (4.91) it follows that

co ~ O(R*M), ag ~ O(R'™), By ~ O(RVM), ¢* ~ O(R™'/?).

Then, from the limiting behaviours (4.92), the scaled disturbance size A rises to O(RY!!)
which implies that the new structure holds for an enhanced disturbance amplitude

A = RTYW3BA = O(R™'/?). (4.93)

We are now in a position to set out formally the asymptotic structure of the strongly nonlinear
upper-branch modes. In view of the enhanced sliding speed, the inviscid shear layers 11—, 114
depicted in figure 2.10 thicken and merge with the inviscid core region to form a Rayleigh
inviscid zone of O(1) which is subject to the full velocity profile (2.2). In addition, the
viscous wall layers (III—, III+) decrease to an O(R~'/?) thickness comparable with the
phase shift. It can also be shown using an identical approach to that described in 4.1.1 that
the critical layers approach the midst of the Rayleigh region with their thicknesses increasing
to O(R™/9), i.e., A2, The scaling arguments presented above indicate that in this strongly
nonlinear regime we should seek solutions with «, 3, V and ¢ of O(1) and an O(R™/3)
wave amplitude, leading to an induced O(R~%/2) phase shift across the critical layers. This
provides the motivation for the study of the nonlinear neutral modes whose asymptotic
structure, illustrated in figure 4.6(a), consists of five main regions: the strongly nonlinear
critical layers (II+, II—) in the midst of the Rayleigh inviscid region I surrounded above and
below by the viscous wall layers (I1I4, III—). We begin by considering the region I where the
dynamics are predominantly inviscid before embarking upon the more complicated analysis
of the critical layers.

4.2.2 The nonlinear instability structure
(a) The Rayleigh inviscid region I

The analysis for smaller disturbances presented in the preceding subsection has identified a
critical wave amplitude of O(R~'/?) at which strongly nonlinear effects are activated. In the
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bulk of the flow we therefore seek a structure in terms of the small parameter
e=RYS

in which the appropriate velocity and pressure expansions are

u=Up(y) + eurn(y) + Eus(é,y) + Euan(y) + -+ ERVPus(Ey) +---, (4.94a)
v =&, y) + -+ ERVus(Ey) 4+ - - -, (4.94Db)
w = ewip(y) + Ewa(€,y) + Ewarr(y) + - - + ERV s (€, y) + -+, (4.94¢)
p=Ep(&y) + -+ ERVPps(Ey) + - (4.94d)

The fundamental disturbances (usg, vg, W, po) take the form of travelling waves

Ao[Fa(y) cos(§), Ga(y) sin(€), Ha(y) cos(§), Pa(y) cos(§)], &= a(z —ct) + Bz (4.95)

Here I3, G, Hy, Py are the unknown amplitude functions and wqas, wias, Usps, wops are the
mean-flow distortions, while the terms with subscript 5 anticipate the occurrence of induced
O(R~'/?) phase shifts across the nonlinear critical layers, as alluded to in subsection 4.2.1.
It is worth remarking that the fundamental disturbance in the core is still of size O(€?) as
in (4.11), but now the Reynolds number dependence has changed so that € = R~/6 in this
new regime. A feature of this structure is that the induced streamwise and spanwise mean-
flow distortions are larger than the fundamental disturbance: this follows from a rigorous
examination of the dynamics of each linear viscous critical layer subjected to weakly nonlinear
effects in the large amplitude limit referred to in subsection 4.2.1. For prescribed spanwise
wavenumber [ and sliding velocity V', the real O(1) constant Ay needs to be determined in
terms of the streamwise wavenumber a and phase speed ¢, with ¢ = ¢y to leading order.
The scalings (4.94) are identical to those found in asymptotic studies of fully-developed and
developing pipe flow Smith & Bodonyi (1982a), Walton (2002). Substitution of (4.94) into
the governing equations (1.1) yields the following inviscid balances:

aFy — Gy + BHy =0, (4.962)

a(Uy — o) Fy — U[Gy = —aPy, (4.96b)
a(Up — )Gy = — P, (4.96¢)

a(Uy — co)Hy = — [P, (4.96d)

with a prime denoting the appropriate ordinary derivative. Elimination of Fy, Hs, P in
(4.96) leaves the normal velocity perturbations Gy governed by Rayleigh’s equations:

(Uo — CQ)(Gg — (CJ(2 + 62)G2) = U(;/Gz, (497)
subject to the inviscid condition of tangential flow at the walls

Ga(—1) =0, Ga(1)=0. (4.98)
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It is evident from (4.96) that the velocity components are singular at y = y;, y» where

VA V2441 - )
— 5 :

V=V — )

5 , (4.99)

U1 Yo

at which points Uy = c¢y: critical layers are required to regularize the singularities at these
locations. It is worth remarking that as before the bulk of the flow is governed by a Rayleigh
equation (for the normal velocity in this case instead of pressure), but now that we have
co # V to leading order, thus replacing (4.16). We note that the maximum allowable value of
co is 1+ V2 /4 which ensures that the argument of the square root in (4.99) is non-negative.
We observe from the plot of the basic velocity profile in figure 4.5(b) that the existence of
the two critical layers is possible if and only if ¢y > V: this inequality certainly holds on
the upper branch in the linear regime (as is clear from (4.91)) and we would expect it to
continue to hold as the disturbance amplitude is gradually increased.

In order to match with the critical layer it is necessary to calculate the asymptotic be-
haviour of the disturbance velocity components and pressure about y = y;, where i € {1,2},
by applying the Frobenius method. The series solution for the normal velocity takes the
form

Gay) = g E)" +In(E) Y4V (E)"  with & =y —y; > 0. (4.100)
n=0 n=1

Here, for given 4, the coefficients of the series can be expressed in terms of two unknowns,
gi(o) and gfl), with these coefficients determined numerically by solving (4.97) with (4.98)
using the numerical method outlined in subsection 4.2.3(a). Alternatively, the coefficients
may be expressed analytically in recurrence relation form, and these formulae are given for
completeness in Appendix B. For future purposes the coefficients %(1), %(2) may be calculated

explicitly to be

(0) (0)
) 20; 2q;
Y1 — U (y1 — v2)

Turning now to the other velocity components and pressure, it is straightforward to show
from (4.96), (4.100) that as y — y;":

(0) (1) 1)
Fy(y) ~ <%)+(%—)m(a)+(ﬂ>%m +I 4 0 m(z),

& a? + (32 o 2a(a? + B?)
(4.102a)
1 ©
Haly) ~ g (afi 52>+ (2(a2€— 52)>%(1) 06, (4:1020)

Py(y) ~ (—1)i{ (ﬁ) (1 — y2)9.” + O(é?)}. (4.102¢)
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The continuation of (4.100), (4.102) on the other side y = y; of the critical layers occurs
in such a way as to smooth out the irregular behaviour of the logarithmic terms in these
series solutions. The principal feature of the nonlinear critical layers is that the velocity and
pressure jump induced across them are asymptotically small (as first proposed by Benney
& Bergeron (1969)) and the implication of this is that as y — y;, (4.100) and (4.102) are
reproduced with

In(¢;) replaced by In(—¢;). (4.103)

The Rayleigh equation (4.97) for G1(y) subject to the boundary conditions (4.98) and the
jump condition (4.103) constitutes an eigenvalue problem for a = a(cy, V, 8) which is treated
in 4.2.3. The amplitude-dependence of these modes is not determined explicitly in the core
but rather via an interaction with the critical layers and wall layers. The study of the critical
layers will be the focus of the next subsection.

(b) The nonlinear critical layers

The critical layers located at y = y; for ¢ € {1,2} have thickness O(¢) and so for each critical
layer we introduce the O(1) normal wall variable Y; = (y — y;)/e. The relevant expansions

are
u=co+eU 4+ 4+ U+ 4 U 4 4 AU 4+ SUY +- (4.104a)
v = 621/'1(i) S 63{/'2(i) R 64%(i) S 65{/21(i) et 66{/:5(i) SR (4.104b)
w=eWD 4+ o x@W W W W ) (4.1040)
p=PY 4 P P 4 P 4 P (4.104d)

as implied mainly by (4.94), (4.100) and (4.102). Here the velocity components and pressure
depend on Y; and £. The intermediate --- in each expansion denotes the occurrence of
logarithmic terms which play no role in the determination of the vorticity jump which is
our main concern here. Substitution of these expansions into (1.1) results in the following
leading-order nonlinear inviscid balances, cf. Benney & Bergeron (1969):

aUy + Vi + g = o, (4.105a)

(U + pwiNuly + vPIUY, = —aP, (4.105D)
Py =0, (4.105¢)

U(i) W(i) W(i) V(i)W(i) _ P(i) 4.105d
(aUy” + 1)15+1 13/1.—5157 (4. )

from which we infer that the main pressure disturbance Pl(i) is constant throughout the
critical layers and its specific form is

P = (=1)"Ag (ﬁ ) (31— 2)g!” cos (). (4.106)
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Figure 4.6: (a) The strongly nonlinear neutral mode structure. (b) Plot of the basic velocity

profile illustrating that the two critical layers exist only when V < ¢y < 1+ v

T
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from (4.95), (4.102¢). The far field conditions on the velocity components (Ul(i), Vl(i), Wl(l))
are obtained from matching of (4.104) with the inviscid region expansions (4.94a)—(4.94c)
on either side of the critical layers. These are given by

A Z(0)52
Oé(Oé(Q)g—F ﬁQ)}/z COS(&)?

Agg”
L

as Y, = +oo
(i) A 0)_: (4) )

Vi~ Agg; sin(§), W7 ~wiy(yit)
(4.107)

in view of (4.100), (4.102a) and (4.102b). Equations (4.105)—(4.107) constitute the leading-
order fully nonlinear problem whose solution can be shown to be

9 ~
@ _[_abi bi B () _ bi\ o _ L0 (i)
Ul —(m) (Y;—f—b—Z)—(a Mz(nz)y Ul —OébZ Y;—’—b—z s 1 —B Ul —aUl s

V= Nisin(€),  with A = Aeg”, b= (—1)'(y1 — w). (4.108)

The solution depends on the variable 7;, a function of Y; and £ given by

2 b\
n; = A cos(§) + O; (y; + _) : (4.109)

At this order the function M;(n;) is arbitrary (it will be determined later in (4.123)), but to
match to the inviscid region we require the asymptotic behaviour

20m;\ "' B(yr — y2)
bi 012 + 52

M;(n;) ~ £(=1)"* < +0(1)  asm — (—1)"o0, (4.110)
implied by (4.107). Here and below, the notation + denotes the upper and lower parts
of each critical layer, wherein Y; + b;/b; > (2\;((—1)"* — cos(€))/ab;)¥/? and Y; + b;/b; <
—(2Xi((—1)™ — cos(€))/ab;)'/?, respectively. The quantity

is a constant (in recognition of the continuity of the mean flow distortion across the critical
layers) and we define the skewed velocity component

7% = oUW 4 W, (4.112)
for m = 1,2,.... It is worth noting that the quantity \; is negative since gz@) < 0 from the

solution of the Rayleigh equation (4.97) in subsection 4.2.3, while by, by are of opposite signs
with by = —by. The fact that the leading-order solution (4.108) is of relatively simple form
facilitates an examination of the behaviour of higher-order contributions in the critical-layer

140



expansion (4.104) required for the determination of the vorticity jump. From substitution
of (4.104) into (1.1) the governing equations for m > 1 are found to be

7 + v =0, (4.113a)

#U8 + 7D + vOU, 4 Vn(mi)UIK: +aP¥) = ,z((;}m), (4.113Db)
pg; — g(gj}m), (4.113c)

W +adwd + vOWS, - vows) + sl =20 . (4.113d)

The quantities .jféim) (n = 2,3,4) are forcing functions arising due to the nonlinear inertial
responses and viscous effects which can be written down for any particular m and n. After
taking an appropriate linear combination of the equations (4.113b), (4.113d), we differentiate
the resulting equation with respect to Y; followed by use of (4.108), (4.109), (4.112), (4.113a)

and (4.113c) to obtain an equation for the shear US@)Y in the form

a_(i) | ag(i)
i@MMm—Aw%@Dfﬂ%%ﬁ—' o+ BLE0) = (0 4 )= (4114)
where the change of variables (£,Y;) — (é ,Mi), with £ = ¢ has been performed so that
0 0 . 0 0 @ O
9 _9 , _ g0 2 4.115
A similar equation for W, can be obtained from (4.113d) and takes the form
(4)
_OWm' G i afb; (i) (i) (i)
) = i sin(6) M@l — v,f){ (a2 e +Mw o+ — BB (4.116)

This equation enables W to be determined once the shear term ESL)Y is found from (4.114).
Below, the notation ‘E’ or ‘O’ is used to represent contributions that are even or odd
about £ = m. In order to find the value of m at which a phase sh1ft is induced across
the critical layers we need to identify the first solution (u?) Vm s W ,P,si)) possessing the
following property: (u(?, WT(,?, PT%)) contain an odd part about £ = 7, with v, having an
even part. Clearly, for each critical layer, the leading-order solution (a?, Vl(i), I/Vl(i)7 Pl(i)) is
(‘E’,‘O’,‘E’, ‘E’), with this pattern staying intact at higher order until viscous effects come
into play. The symmetry here is simply inherited from the form of the fundamental mode
(4.95) in the core region. For the next stage the governing equations are (4.113) with m = 2
and .L’ég = 954;)2 = i’éf?2> = 0, subject to the following matching conditions with the
inviscid region as Y; — 4o0:

: A 202 + (32
Us” ~ _Y;Q“‘Y;U,lM(yij:)“‘Eo{(m)g +g + 4 1lﬂlYl} cos(&) + uan (yit),
V) ~ Ao(g" + 4P m|Y;))Y; sin(€),
W~ Vit (it) + 2 (2 )90 cos(€) + wonr (i) (4.117)
2 t1IM AT ) @2+52 % ? ’

141



from (4.94), (4.95), (4.100) and (4.102). Integration of (4.114) with m = 2 and use of (4.117)

leads us to expressions for the shear u()

take the form

and its associated asymptotic behaviour. These

agy. = K;(n,), W, ~—2aY; + AF+O0(1) as Y; = £oo, (4.118)
with the constants A = au),,(yi£) + Sw!,,(y;+) corresponding to the upper and lower
regions of the critical layers. The difference ;\j—S\; is the vorticity jump whose determination
is the main aim of this analysis. Analogous to the function M; in the leading order solution
(4.108), the function K;(n;) is at present unknown (it is fully determined at the level m = 5);
however we can deduce the asymptotic behaviour

N ‘
Km0~¢w{%g FAELO(1) as = (—1)'os, (4.119)
from (4.109), (4.118). In view of the fact that no viscous effects have entered the analysis at
this stage, the (‘E’,‘O’,‘E’, ‘E’) symmetry established for the m = 1 solution carries over to
the m = 2 stage. Next we turn to m = 3 where the forcing terms may be expressed in the
form

‘g((zl)s) = —GS)U -7 U2y, ‘Z((zl)) = ﬂgl)v - V1(‘l/a Z Z,)g) = _ES)W ) — vy W y

Taking into account the sgfmmetry of the m = 1,2 solutions, examination of these terms
elucidates that Cf (2.3); (33 and 02”(43 are respectively ‘O’, ‘E’) ‘O’ since these forcing
terms stem solely from the nonlinear interactions of various terms in the expansions for the
nonlinear critical layer. An important implication of this pattern of the forcing terms is the
evenness of the m = 3 solution and therefore no phase shift is induced in the terms u(z) Vg(i),
W3 and Pé . It emerges that for PPCF a phase shift is not encountered until m = 5 stage
analogous to previous studies by Smith and Bodonyi (1982) and Walton (2001) for other
parallel flows. It turns out that the solutions at m = 3 stage give no further information
about the unknown functions in the m = 1, 2 solutions and so we proceed to the stage m = 4.

Unsurprisingly, at this stage the forcing terms take convoluted form
L L e e
%§7)4) _ ﬂgi)vv?(g) )Vlg) Vl V VZ(Z')VI(i)
92&)4) = Wl(;zY - ﬂz)W:?fé - H;)W V2 W V3 W2Y

Leaving aside the contributions Ul@y , WI(Q y, which mark the first appearance of any viscous
effects in the critical layers, we turn our attention to examine the nonlinear terms. A brief
explanation concerning the evenness or oddness of these terms is presented below. From the

conclusions drawn above for the solution connected with m = 1,2 and 3 we see that
5 OUSY o oud) ) aUsY ) ouUy)
ﬂ( ) 3 —(i) YYo2 VU3 V Ybs

ey

N PR\

‘B \v/ Bok \v/ ‘O’ T ‘O’ T
LO’ (O) 3 b 13 9

— 4077
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; av(i) ; av(i) ; av(i) ; av(i)
ﬂg) 2 + ﬂg) 1 _I_V'l() 2 + ‘/2() 1 _ ‘E’,
‘B W—/ ‘B W—/ 407 H—/
LE7 LE7 LO? e 0
@ WS o) oW )
Uy ——+ Uy —(— + Vo o+ V' —— =0,
B N B N—— () N=—— () N——
507 40’ 4E7 LE7
where we have taken into consideration
0 0 0 0
. LO? — ¢ ) . (E? — [4 ) (O’ — CO? (E? — tE?

and used the result that the product of two purely odd contributions or two purely even
contributions yields an even contribution. Based on the preceding observation the forcing
functions at the m = 4 stage may be abbreviated to

"%%}4) — I(QZYZ + ‘O’, j(l? — ‘E7, 9%5117)4) — Wl(;%yz + 407. (4120)
Substituting (4.120) into (4.114) we find that the shear HE& is governed by

ousy,

+(2abi(n; — N cos(f)))l/2 %

— 0, (4.121)

since ﬂle)zYzYz = 0 from (4.108). Hence, on integration of (4.121), @(f) is ‘E’, and it follows from
(4.113a), (4.113¢), (4.120) that V" is ‘O’ and P is ‘E’. Although the solution at this level

does not explicitly determine the phase shift, it does allow us to fix the unknown functions
M; in the leading order solutions (4.108) as follows. Integrating (4.116) with respect to &,

and inserting the form (4.108) for Wl@m we obtain

0 _ 0 ‘

Wy = ian {M;(m)/ (2ab;(n; — A; cos(q)))1/2dq} + Ci(m) + ‘E, (4.122)
i 0

with C;(n;) an arbitrary function. Imposing the condition of periodicity on Wf), we conclude

that

27
M](n)I(m;) = DY%,  with  I(n;) = / (Im: — i cos(q)])/?dg, (4.123)
0
where 12
; ; 2 B(y1 — y2)
D E=. 1+1
DOF — 4 (—1)"*x (|b—|> o (4.124)

from the asymptotic condition (4.110) on M; established earlier. This fully determines the
leading-order solution (4.108) in the critical layers. The expression (4.122) signifies that
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both Wf), U f) possess non-zero ‘O’ parts, while the combination Eff) remains ‘E’. This vital
aspect gives no contribution to the phase shift, nevertheless, since it can be inferred from
(4.122), (4.123) that M] is proportional to |n;|~'/? as Y; — 400, implying that the ‘O’ parts
of Wf), U f) tend to zero in this limit. The final stage we deal with is m = 5 where we
are able to determine the function K; introduced in (4.118) and hence determine the phase

shifts across the two critical layers. The forcing terms may be written in the form

e S L T e e
Ly == a0V — @V )V - vV - v - vV,
g(i) _ W(i _ —(i)W(i) _ —(i)W(i) —(Z)W i V(Z W i) V(l W i) —V @) W i)
(4,5) 2v;y; — Ua Woe — Uy  Wye 3 Way;-
Since the solutions (T ) Wi, ) are ‘B for m < 4, while V;{ is ‘O’ for m < 5 and so we
note that

o OUSY ) U

i (i)
0 0" o OUs | o e _
Lo Tl Tl Tl T
‘B \,—/ ‘B W—/ ‘O’ \‘};_/ TeX \‘E/,_/
(4) (4) (i)
—(4) av?) —(1) oV, 8vl (4) an aVQ (i) A% o
AL 2 v v v L g
PR TN T: +\“3/ o Ty Tl oy T8 oy !
E 4 E e e 0
LA L)1 aw“’) o oW

Uy 3
‘B W—/ ‘B R/_/ ‘O’ T ‘O’ T
‘O? 407 13 ) 3 b

By virtue of exploration of the behaviour of these few terms, it is completely clear that the
forcing terms may be written compactly in the form
L), = U~V VU 40 2 = Wiy~ WY~ VW 0

and 2

(35) —
(4.114) for m = 5 with respect to £, we obtain

= ‘E’. By substituting for ES}),L from (4.118) and integrating the shear equation

0 [y [¢ -
oy, = £(2albil) 5 {Kom / (I = A cos<q>|>1/2dq}+ Tim) + B, (4.125)
v 0

where the function T;(n;) is undetermined at this level. By applying the periodicity condition

[“éx)/]o = 0, we deduce an equation controlling the behaviour of the shear term K;:

Ki(n)1(m) = FO*, FO* = £2(2a/|b;])"*, (4.126)

where the constants F(V* have been evaluated using (4.119). This equatlon can itself be in-
tegrated and after applying the condition of uniform vorticity K; = K when n; = (—1)"1),
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we obtain

. 20\ V2 rmi d
K=K+ 27r<—0‘> / =1 (4.127)
|bi] (—1i+1x; 1(q)
Letting 1; — (—1)‘co in (4.127), the asymptotic form for K; is determined to be
20\ . .
Ki(mi) ~ K ¥ 27 (‘b |) (0t ml 2+ a0, (4.128)
where
; |12 (Do /g 1 21\])1/2CM)
‘]1) — ( >z+1| | +/ ( _ _ 1/2>d77i = L) (4129)
T —(=1yia, N\ (m3) 27 |nq &

and CV) ~ —5516 is the same constant that occurs in a number of earlier critical layer
studies (e.g. Smith & Bodonyi (1982a)). Examining the finite part of the jump in K;(n;)
across the critical layers in the relations (4.119) and (4.128) allows us to determine the
vorticity jump as

1/2
(K ()] %% = A= A = —(’Z‘) PRGN (4.130)
Our objective is to derive the expression for the phase shift across the critical layers, which
we denote by ¢ for i € {1,2}, by using a sophisticated approach to that explained in
an appendix to Smith and Bodonyi (1982a). The proceeding analysis aims to establish a
relationship between ¢ and Ay, which will enable us to gain insight into the variation of
the phase shift with amplitude. The fundamental idea underlying calculation of the phase
shift concerns representing the finite part of the total velocity jump ﬂg) as the sum of infinite
trigonometric series, namely

[@])72 = (F9sin(me) + FY cos(mé)). (4.131)

We now pose the problem of determining the coefficients F,Sf), F,Sf) from applying the or-
thogonal property attributed to the system of trigonometric functions. As the first step, an
important observation is made that the coefficient of relevance to the phase shift is the first
Fourier sine component, F! 1(1), in (4.131). In this regard, we will merely concentrate on finding
Fl(i), thus leaving the rest of the coefficients undetermined. The coefficient Fl(i) is obtained
from the Fourier series expansion (4.131) by multiplying by sin(¢), integrating term by term
and noting that the trigonometric functions are pairwise orthogonal. As a consequence, all
the integrals in the sum vanish except one involving Fl(z), which puts the definition of the
phase shift as

21 00 21
Agp® = F1 = 1 /0 ()] 7 sin(€)d¢ = ! ][_ ’ ( /O sy sm(g)dg) (4.132)
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where the notation ][ denotes the finite part of the integral. From substitution of (4.125)

into (4.132), and since (—1)"(2a|b;|)!/2dY; = j:dm/(]m — \; cos(€))M/2 for fixed € and aéj} is
periodic in 5 integration by parts with respect to 5 therefore gives

(—1)imNab;o® ][ Rf n)dédn;, (4.133)

where R(€, ;) is the right-hand side of (4.125). It remains to note that dr; = ab;(Y; + b—)dY;
for fixed ¢ from (4.109), and hence (4.133) becomes

(—1)imig? ][ - /5 O(Y+ ,)X&m)dédm. (4.134)

Using the definition of R(f ,m;) and keeping in mind that the integrated contributions from
the ‘O’ terms are identically zero, we find that

(—1)im A = /;Z{ H(Y + Z)—g@n”:_ [[ﬂé%]]‘f’oo}df. (4.135)

Further we note that
B Uy, h 7740 1100 9 Y 3=
H(Y 5 ) ggﬂ@” =0, [[@y )= = [[Km))]= = A = A7,

from consideration of the form (4.118). Substituting for the vorticity jump (4.130) into
(4.135) we finally obtain the phase shift ¢() as a function of disturbance amplitude A,
namely

, 20 (M) ©)
¢<z>:(3/2—) with M, =9 (4.136)
e AARS ab;

In order to determine the amplitude-dependence of the neutral modes we need to calculate
the corresponding net phase shift across the viscous Stokes layers which form the focus of
our attention in the next subsections.

(c) The upper viscous wall layer

The dominant balance in the wall layer is between the inertia term (U — ¢) and the viscous
operator R719?/0y?. Suppose that the thickness of the layer is m which is to be determined
in terms of the Reynolds number. The wall layer is located in the proximity of the lower
wall at ¥y = 1 which suggests the definition of the appropriate inner variable Z; as

y—1

1 =—— 4.137
1 m 9 ( )
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where Z; is the O(1) normal coordinate within the wall layer. Then the inertial-viscous
balance implies that R~'m~2 ~ O(1), leading to the wall layer thickness m ~ R~'/2 since c,
V and « are O(1), and 9%/9y* ~ O(m™2) from consideration of (4.137). Thus we introduce
the normal scaling of the region III+ as

y=1+R?7,. (4.138)
In terms of € and R, the velocities and pressure expand, to leading order, as follows:
u=V+eUE2Z), v=ERTVEZ), w=EWEZ), p=¢EPE2), (4139)

and the wavespeed takes the form ¢ = ¢y. Substitution of these expansions into the Navier-
Stokes equations (1.1) yields the following unsteady-viscous-pressure force balances

ou oV 5@

3¢ * 3zt P =0 (4.140a)
a(V — co)% - —a% + 22—2(;, (4.140b)

3_51 —0, (4.140c)

a(V — co)% — —5% + %, (4.140d)

with these equations subject to the no-slip conditions
U=V=W=0 onZ =0. (4.140¢)

It follows from (4.140c) that the pressure depends purely on . Matching the pressure within
the viscous wall layer (4.139) as Z; — —oo with the pressure in the inviscid region (4.94d)
as y — 1, we find that

P = AyPs(1) cos(&). (4.141)

Inserting the expression for P into (4.140b) and (4.140d) leads to a set of linear equations,
namely

~ 9

a(V - Cg)%—(éj_ = OéA(]PQ(l) sm(f) + g—ZU%, (4142&)
~ P

a(V — CO)%—VSV — BAoPy(1) sin(€) + %. (4.142D)

It can be easily seen that W = (3/a)U and hence we aim to solve only equation (4.142a). It
is possible to tackle (4.142a) analytically by separating the variables, and seeking solutions
in the normal-mode-form

U = Re(f1(Z1) expli€)), (4.143)
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where Re denotes the real part. Substitution of (4.143) into (4.142a) yields the following
ordinary equation for function f;:

2 f,

a2 Tiale = V)fi =iadoPy(l). (4.144)

The general solution of (4.144) satisfying the no-slip on Z; = 0 and boundedness conditions
as /1, — —oo is written as

F(22) :(fiz%%)) (1 — exp(mi2y)), (4.145)

where m; = (a(cy — V)2 exp(—im/4). Hence, we arrive at a conclusion that the leading-
order disturbance streamwise and spanwise velocity components assume the form

U= Re{ (2’%2(‘9) (1 —exp(m Zy)) exp(ig)}, (4.146a)

< APy (1
W= Re{ (fz(cz—j(‘/))> (1 —exp(m1Zy)) exp(ig)}. (4.146b)
The disturbance normal velocity can be determined from the continuity balance (4.140a)
since the other two velocity components U and W are known. The governing differential
equation satisfied by V is found to be

(e

)1 = explmizi) expli)

The appropriate solution of this equation satisfying the no-slip condition is

V= —Re{ (iA°P2(1)<O‘2 il 52)) (21 _oplmZy) | i>exp(ig)}.

alcg—V) my my

Taking the limit of the latter expression as Z; — —oo, we obtain

v~ 2R/ (Aop ;((2(?21;3 g 2)) {Zl sin(§)+( @ (002:1/;))1 /2) (sin(€) + Cos(g))l . (4.147)

As y — 1, the normal velocity from the inviscid region (4.94b) takes the form
v~ e R7Y2A Z,GH(1)sin(€) + - + 2RV 205 4 - - - (4.148)

since Go(1) = 0 from (4.98). Matching the asymptotic form for the normal velocity within
the upper wall layer (4.147) with the behaviour of the normal velocity in the inviscid region
(4.148) leads to the following results

GL(1) = PQ(l()C(OO‘_;)ﬁ ), (4.1492)
(Y 240 Py(1)(0” + 57) (sin(&) + cos(€)) asy — 1. (4.149b)

2alco — V)2
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(d) The lower viscous wall layer

This section focuses on the study of the dynamics of the lower wall layer, which is of O(R~1/2)
thickness and located in the vicinity of the lower wall at y = —1. The appropriate normal
scaling in this region is therefore

y=—1+R1?2Z,, (4.150)

where Z, is the O(1) variable within the wall layer. In the lower layer (III-) we have to
leading order

u= -V +EU(E, Zy), v=eERYV(E L), w=eEW(E Z), p=eP(E Z,), (4.151)

with the wavespeed ¢ = ¢y. We substitute the expansions (4.151) into the governing three-
dimensional unsteady Navier-Stokes equations (1.1) and obtain

ou oV

— = 4.152
“oc "0z, 585 0 (4.1522)
aU or  9*U
—0—— + — 4.152b
oP
oW 8P O*W
=—f— 4.
—a(V +co) o B ot oz (4.152d)
subject to the usual no-slip conditions
U=V=W=0 onZ,=0. (4.152¢)

In view of (4.152¢), the pressure throughout the wall layer is independent of Z,. Matching
the pressure within the viscous wall layer (4.151) as Zy — oo with the pressure in the inviscid
region (4.94d) as y — —1 we conclude that

P = AgPy(—1)cos(€). (4.153)

Substituting the expression for P into (4.152b) and (4.152d) results in a system of linear
equations, namely

- e
—a(V + co)aag aAoPa(—1)sin(&) + g_%’ (4.154a)
2 .-
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We note that W = (8/a)U which is an immediate consequence of (4.154a) and (4.154b),
and hence it suffices to consider only (4.154a). The solution of (4.154a) is sought in the
normal-mode-form

U = Re(f2(Zs) exp(i€)). (4.155)

Inserting (4.155) into (4.154a) leads to the inhomogeneous second order differential equation
satisfied by the function fs:

d2
_de; +ia(V + ) fa = ladoPy(=1). (4.156)
2

Taking account of the no-slip on Z; = 0 and boundedness conditions as Zy — oo the solution
of (4.156) can be expressed in the form:

A()PQ(—]_)

f2(2) :< V + ¢

>(1 — exp(—maZy)), (4.157)

where my = (a(V + ¢o))/? exp(—in/4). It then follows that the leading-order disturbance
streamwise and spanwise velocity components take the form

U= Re{ (AQ/P?T(;)) (1 — exp(—msZs)) exp(ig)}, (4.158a)

W= Re{ (%) (1 — exp(—msZs)) exp(ig)}. (4.158D)

Substituting for U and W from (4.158a), (4.158Db) into the continuity equation (4.152a), we
obtain the differential equation governed by V', namely

ov 1AgPy(—1)(a? + 3?)
0Zy _Re{( a(V +c)

)(1 — exp(—maZs)) exp(if)}.
Imposing the no-slip condition (4.152e) we find that the solution of this equation is

oo (B ) () owma) 1Y)

a(V + c) ma mo

Analyzing the expression for V in the limit Z, — oo leaves

AgPy(—1)(a? + B°)
alco+V)

e ) Zasinie) — (2ateo + V)i + cos(©)]. (4159

From letting y — —1 we see that the normal velocity within the inviscid region (4.94b) has
the form

v~ e?RTY2 A0 Z,Gh(—1)sin(€) + - -+ 2R Y205 + - - -, (4.160)
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since G(—1) = 0. Here the term proportional to Zs in (4.159) provides match with (4.160)
which yields the expression for G5(—1), while the term independent of Z, gives the asymp-
totic form for vs as

By(=1)(a® + 5?)

Gy(—1) = Vi) (4.161a)
2A0P(=1)(a® + 8%) .
vs ~ — 2a(V + )72 (sin(€) + cos(€)) asy — —1. (4.161b)

(e) Derivation of the amplitude equation

The critical layer analysis in section 4.2.2(b) has revealed that the components (us, vs, ws, ps)
contain terms of the form

Ao[F5(y) sin(€), —Gs(y) cos(€), Hs(y) sin(€), Ps(y) sin(€)]. (4.162)

After substitution into the Navier-Stokes equations (1.1) and some manipulation we infer
that G5 satisfies the same Rayleigh equation as G5, namely

(Up — 0)(GY — (o* + B°)G5) = UG5, (4.163)
subject to the boundary conditions

24Py (1)(a® + B?)

240 P (—1)(a? + 3?)
Gs(1) = (2a(co — V)32 7 B

Gs(—1) = Gole + V)2 (4.164)

deduced from the behaviour of vs in (4.149b) and (4.161b). The method used to derive the
jump conditions on the derivative of GGy across the critical layers is described in Appendix C
and it gives the result that

20 20'(2)
et = 27 (4.165)

+
G5 = :
vs A2 012

Y1 14(1)/2171]\411/27

Multiplying the equation for G5(y) by Ga(y)/(Uy — ¢o), integrating with respect to y over
the flow domain and using the equation (4.97) for G5 results in the Wronskian of Gy and G5

[G2Gl — G5 Gy)" + [[GaGs — GGl + [[GaG — G5 Gyl = 0. (4.166)

After some simple manipulations and demanding the inviscid conditions of tangential flow
on G namely (4.98) we can write (4.166) in an appropriate form as

(GaGE)1% + [[GaGIE + [[GaGLE + [[GGAILE = Gh(1)G3(1) — Ga(~1)Gh(-1).
T/ T
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where the underbraced quantities are equal to zero because we have

[GG4I)*E = (finite part of G4} [[G5]]%2 =0, [[G5GA]I% = {finite part of G} [[Gs]]"2 =0,
1 ~- 1 2 ~- 2

in view of the fact that the finite part of the net jump in G5 across the critical layers is
trivial. From the series solution (4.100) for G5 we draw the inference that

(GGl = oG (IGaGalE = oo [GHILE-

Substitution of the boundary and jump conditions on G5 from (4.164) and (4.165), together
with use of (4.149a) and (4.161a), leads to the expression

1/2
+

9’
by

i

Ay = 2(—aCM)?/3 2
ba

2/3
(G4(1))? (GY(—1))? —2/3
((cO — V)12 + e+ V)1/2) , (4.167)

determining explicitly the amplitude dependence of the nonlinear upper branch modes.
The value of G5(1) is normalized to unity and for given sliding speed V' and the span-

wise wavenumber 3, the normal velocity amplitude Ag in (4.167) is fixed, once g%o), géo),

G4(—1), a and ¢g are calculated by solving numerically the Rayleigh problem posed in sec-
tion 4.2.2(a).

4.2.3 Results for the strongly nonlinear regime

(a) Numerical Method

RK RK

A
A

n —>®

Series solution Series solution

Figure 4.7: Sketch illustrating the procedure used to solve (4.97).

First we describe the numerical method formulated to solve the Rayleigh equation (4.97)
for the normal velocity eigenfunctions G5(y) with the boundary conditions (4.98) and the
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jump condition (4.103). Our procedure is as follows. With the wall sliding speed V', spanwise
wavenumber 3 and phase speed ¢y prescribed, we guess a value of the streamwise wavenumber
a. Then using the conditions G5(1) = 0, G4(1) = 1, a Runge-Kutta (RK) solution of (4.97)
is initiated in the region from y = 1 to y = y; + 0 where ¢ is taken small, typically 0.001.
The continuity of G5 at the junction y = y; + § is assured by equating the values of Ga, G
computed from the series solution (4.100) with those from the RK approach: this determines
950) and ¢\". Applying the jump condition (4.103), we consider the series solution (4.100)
for y < y; and evaluate Go(y; — ), G5(y1 — ). These quantities are then used to perform an
RK march in the region from y = y; — 9 to yo + 9. At y = yo + 9, the values of Go, G, due
to the power series (4.100) with ¢ = 2 and those arising from the RK method are equated,
thus fixing géo) and gél). These values are then used to calculate Go(ys — §) and G5 (y, — 0)
from the series solution (4.100) for y < ys. Finally, we march (4.97) inwards from y = yo — ¢
to y = —1, where we calculate G5(—1). Newton iteration on « is then applied until this
quantity is zero to some suitable tolerance. Once the solution for « is obtained, the value of
G4(—1) is known and the amplitude Ay of the neutral modes can then be determined from
(4.167). We repeat the procedure for a range of values of V', 5 and ¢yp. A schematic of the
numerical procedure is given in figure 4.7.

(b) Numerical results

Figure 4.8(a,b) displays the amplitude-dependent neutral stability results giving «, ¢y as
functions of the amplitude Ay for various values of V' for the case of zero spanwise wavenum-
ber. We observe that for a given V the streamwise wavenumber and dominant phase speed
increase monotonically as the amplitude is increased, indicating that the wavelength of the
neutral modes is shortening. In addition, we see that on these plots there are lower cut-off
values (a. and ¢, say), being functions of the sliding speed, and the range of amplitudes
over which the instability exists is reduced, particularly at larger values of V. Figure 4.8(c)
shows that an increase in the sliding speed results in the movement of the critical layer s
away from the lower wall, while the critical layer y; heads towards the upper wall. In figure
4.8(d) we show the nonlinear dispersion relation cq(c) which of course resembles figure 4.8(b)
given the monotonic behaviour for a(Ay) mentioned above. The numerical solutions to the
three-dimensional Rayleigh equation (4.97) exist for a range of non-zero spanwise wavenum-
bers, for example, 5 = 1,3, as shown in figures 4.9 and 4.10. The general trends described
above for f = 0 remain unchanged, but it is interesting to notice that c. is also a function
of the spanwise wavenumber, and its value increases with increasing 5. In figure 4.11(a-c)
we plot the difference in critical layer location versus amplitude for various sliding velocities
and spanwise wavenumbers. It is observed that at large amplitude the critical layers appear
ever closer together. In order to gain more insight into this potential merging process, it is
instructive to examine the Rayleigh problem in the large-amplitude limit Ay > 1, and this
is carried out in the next subsection. We also found that solutions were confined to sliding
velocities in the range 0 < V' < 2. As V approaches 2, the maximum of the basic flow (2.2)
becomes located on the upper wall, and the numerical results suggest that the asymptotic
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1.8

Critical layers: Y Yy

Figure 4.8: Neutral mode results for 5 = 0 and various wall sliding speeds V. (a) Streamwise
wavenumber « versus amplitude Ag. (b) Phase speed ¢q versus Ag. (c) Critical layers location
Y1, Yo versus . (d) Phase speed ¢y versus streamwise wavenumber «. Here and in figures 4.9
and 4.10, the dashed curves are the large-amplitude asymptotes computed from the theory

of section 4.2.3(c).
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Critical layers: Y1:Ys

Figure 4.9: Neutral mode results for § = 1,3 and various wall sliding speeds V. (a,e)
Streamwise wavenumber « versus amplitude Ay. (b,f) Phase speed ¢y versus Ay. (c,g)
Critical layers location yi, yo versus a. (d,h) Phase speed ¢y versus streamwise wavenumber

Q.
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Figure 4.10: For caption see facing page.
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structure considered in subsection 4.2.2 breaks down. Indeed, as V' increases to around 1.8,
the critical layers become sited in the vicinity of the upper wall which adds complications
to the numerical matching of the RK and series solutions at the appropriate junctions. To
overcome this we adopt an asymptotic approach to the Rayleigh problem in the limit V' — 2
which is the subject of a brief discussion in section 4.2.3(d) with this paving the way for the
identification of the flow scalings and asymptotic structure in the new regime.

(c) Analysis of the nonlinear modes in the large amplitude limit

The numerical calculations just presented suggest that this limit, in which the two critical
layers approach the location y = V/2 with V' # 2, is worthy of further investigation. Ex-
amination of figures 4.8,4.9,4.10 suggests that as Ag — oo we have o — o0, y; — (V/2)"
and y, — (V/2)™ with ¢y — 1+ V?/4 in view of figure 4.6(b). For |y; — 32| < 1 solutions
of (4.97), (4.98) are sought with « large and O(y; — y2)~*. Then the main variation of Gy
occurs when y = V/2 + (y; — y2)y with —0o < § < 0o, and so the dominant scalings are

a = (yl - yz)fld, Gy = (3/1 - yQ)GQ(Q)> 950) = (yl - 3/2)?750)7 950) = (yl - 3/2)@50)7 (4-168)

where the O(1) constants @&, g§°) and gg(” are to be determined, while the leading order

phasespeed is given by ¢y = 1 + V?/4 — (y; — y2)?/4. Taking into account the scalings
(4.168), the Rayleigh equation (4.97) reduces to

L
G2 _ a2, :(L) G, (4.169)

at leading order, while the appropriate boundary conditions (4.98), (4.103) respectively
transform as

Ga(—o0) =0, Gy(o0) =0, zero velocity jump at § = £1/2. (4.170)

It is easy to establish the series solutions of (4.169) about the regular singular points § =
+1/2 with unknowns g§“), f]l(l), with i € {1, 2}, which are determined numerically by solving
(4.169), (4.170) in an infinite domain. Imposing the normalization condition G(cc0) = 1
we employ a numerical method very similar to that outlined in section 4.2.3(a) to obtain
the neutral value & =~ 2.90812 independent of the value of spanwise wavenumber 5. With

(4.168) holding, the amplitude equation (4.167) then reduces to

Ag ~ 23 (—aCW(2 = v))*?

2/3
(18172 + 18 172) ™ (31 — o)™ a5 g1 — 92 > 0, (4171)
where we have used (4.108) for b;. We can utilise (4.171) to construct large amplitude
asymptotes for the wavenumber and phase speed of the disturbance and these are shown
by dashed curves in figures 4.8, 4.9 and 4.10: in each case excellent agreement with the full
computations can be observed.
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Using the result (4.171) and the asymptotic forms (4.168) we make the following observation
in the critical layer variable scaling (4.115) in this limit:

5, G, B, 0 b\ O

— = = — \si 7 = ab |V, + = , 4.172
o o€ iﬂ@am 9Y; 3/( i bi>3m 4172
?/-/ ~— O(Agl/Q) O(1)

(1) o(1)

where we have used (4.108) for A; and the scaling for a in (4.168). The multi-scaling (4.172)
implies that 7; must decrease to order (y; — yg)l/ 3 and therefore the critical-layer variable
scales as Y; ~ O(y; — 92)'/%, while the expression for the vorticity jump (4.130) yields
b /b; ~ O(y; — y2)~%/%. The nonlinear structure set out in subsection 4.2.2 breaks down
when the gap (y; — y2) between the critical layers becomes comparable with their individual
thicknesses R=/6Y;. In view of the scaling for Y; deduced above, a new regime is encountered
when y; —yo ~ R™Y5(y; —15)"/%, implying that a unified critical layer is positioned at y = V/2
with thickness O(R~'/%). It follows that the streamwise wavenumber increases to O(R/?)
with this shortening in lengthscale leading to a reconsideration of the thickness of the Stokes
layers 111+ in figure 4.6(a). Balancing the terms o(Uy — ¢) and R~'9/0y* within the wall
layers we infer that these regions are now reduced in thickness to O(R~%/°). Note that, since
Ay ~ R*/" from (4.171), we deduce that the appropriate disturbance amplitude for the new
structure is A = R™Y/3A, ~ R™'/%. This larger amplitude five-zone regime is sketched in
figure 4.12(a) and will form the focus of subsequent work.

(d) Analysis of the nonlinear modes in the limit V' — 2

In this limit, where the maximum of the basic flow (2.2) is attained on the upper wall, the
critical layers also merge but at a location arbitrarily close to that upper boundary, rendering
numerical computation difficult. For |2 — V| < 1 we seek solutions of (4.97), (4.98) with «

large and of order (2 — V)~!. Then the main alteration to Gy arises when y =1 — (2 —V)y
with 0 < ¢ < 00, and so the leading-order scalings are

a=02-V)'a Gy=—2-V)G(@), ¢V = -2-V)g?, ¢ = —2-V)g, (4.173)

where the O(1) constants &, g§°) and f]éo) are to be evaluated. Under the scaling (4.173), the
Rayleigh equation (4.97) reduces to

PGy, = 2 -
—aGy= — |G 4.174
ap (@2—g+é) . T

while the appropriate boundary conditions (4.98) and (4.103) respectively become
Ga(00) =0, Go(0) =0, zero velocity jump at § = (1 £ /1 — 4¢)/2. (4.175)
Here the phase speed perturbation parameter

E=(co—V)/(2—-V) (4.176)
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Figure 4.11: (a), (b) and (c): Difference in the critical layers location (y; — yo) versus
amplitude Ay for various values of 5. (d) Nonlinear dispersion relation in the limit V' — 2.
The solid curves are the full computations from the theory of section 4.2.2, while the dashed
curves are the corresponding asymptotes obtained from the theory of section 4.2.3(d).
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is an O(1) quantity whose value lies in the interval (0,1/4), given that V < ¢y < 1+ V?/4.
In terms of this quantity the critical layer gap may be expressed in the form

y1 —y2 = (2—V)v1—4e, (4.177)

from (4.175) and the scaling for y just above (4.173). The numerical solution to the problem

(4.174), (4.175), which again is independent of the value of 3, allows us to calculate &, g§°)

and gg‘” as functions of ¢. If we analyze the amplitude expression (4.167) under the scalings
(4.173), (4.176), (4.177), together with the normalization condition G5(0) = 1 we find that
1/2 1/2\ 2/3 & 1/3
Ag — 2(—aC M3 (‘N(O)‘ + |3 ) (—) as V — 2—, 4178
0 ( ) 91 9o m ( )
implying that the size of the disturbance amplitude remains unchanged in this limit, namely
A = O(R™'/3). Using this result we can calculate the nonlinear dispersion relation co(a) in
the limit V' — 2 and this is represented for the case § = 0 by dashed curves on figure 4.11(d)
alongside the full computations for various V. Similar results can be obtained for non-zero
[ and in all cases there is excellent agreement between the full numerics and asymptotic
theory as V' — 2.

In this limit, since both critical layers are approaching the upper wall while the gap be-
tween them is diminishing, it follows that our nonlinear structure will break down when
V' — 2 is sufficiently close to zero. From (4.108), (4.109), (4.173) the critical layers have re-
duced in thickness to O(R™Y%(2 — V)¥/2), while the gap between them is O(2 — V) from
(4.177). The critical layers therefore merge when

2 -V =0(R™'?). (4.179)

However, since the critical layers are heading towards the upper wall in this limit, we also
need to take into account the thickness of the upper Stokes layer which is formally O(aR(co—
V))~'/2 from balancing the effects of inertia and viscosity. In view of the scalings for a and
co — V in (4.173), (4.176) the thickness of this layer increases to O(R~Y?(2 — V)~/2). The
critical layers therefore become embedded in the wall layer when 2—V ~ O(R™Y/2(2—V)~1/2)
which again leads to the distinguished scaling (4.179). Thus, when V' is sufficiently close to
2 that this scaling comes into play, the critical layers merge and move into an O(R~/3) thick
upper wall layer which is now nonlinear in nature, with the streamwise scaling shortening,
also to O(R™'/3). The dynamics of the lower Stokes layer remains essentially the same
as in the previous regime, although in view of the shortened lengthscale it reduces to an
O(a'2R7Y2) ~ O(R~?/®) thickness. A sketch of the new asymptotic framework is shown
in figure 4.12(b). Again, we plan to study this novel structure, cf. the production layer in
more detail in the future.

4.2.4 Conclusions

Figure 4.13 illustrates the interconnections between the asymptotic stability theories we have
considered here as a function of the disturbance size A superimposed on the basic PPCF
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Figure 4.12: (a) The five zone single critical layer structure with a short streamwise scaling
that emerges at O(R~'/°) amplitude. (b) The short-scaled asymptotic structure that holds
for 2 — V ~ O(R™'/3) in which the critical layers have merged and fused with the upper
Stokes layer to form a nonlinear viscous shear layer.

state (2.2). Our main asymptotic and numerical results may be summarized as follows.

(i) An examination of the classical nine-zone asymptotic structure of the linear upper branch
mode for PPCF inclusive of spanwise wavenumber leads to the establishment of the three-
dimensional upper-branch eigenrelations. Investigation of the viscous critical layers sited
within their respective shear layers reveals that the structure associated with this mode
alters slightly when A increases to O(R%/33), with the critical layers acquiring weakly non-
linear characteristics including a reduced phase shift.

(i) From the consideration of the weakly nonlinear structure as the disturbance amplitude
is increased further we show in subsection 4.2.1 that a strongly nonlinear regime emerges at
A = O(R™Y/3) with this structure forming our focus in 4.2.2. The new structure involves
two critical layers sited within an inviscid core region at locations which are dependent on
the amplitude-dependent phase speed of the disturbance. These layers are of an equilibrium,
inviscid, fully nonlinear type and possess flow structures which bear some similarities to
those previously studied by Smith & Bodonyi (1982a), Walton (2002) and Walton (2003)
among others. The amplitude-dependence of the neutral modes is determined by a method
of balancing the phase shifts across the critical layers with those induced by the Stokes layers
adjacent to the channel walls.
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Figure 4.13: Diagram showing the dependence of various regimes on the disturbance size A.
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(iii) The numerical results presented in subsection 4.2.3 establish the existence of such
modes over a wide range of O(1) wavenumbers and for sliding speeds in the range 0 < V' < 2
with the O(1) dominant phase speed lying between the minimum and maximum of the basic
PPCEF. We note that these instability modes exist at sliding speeds well in excess of the linear
instability cut-off. Investigation of the strongly nonlinear structure in the large amplitude
limit, when the two critical layers merge, is performed in subsection 4.2.3(c), and the new
short-scaled structure that emerges is discussed in some detail. The nonlinear stability struc-
ture set out in subsection 4.2.2 also breaks down in the limit V' — 2 when, in addition to the
merging described above, the critical layers penetrate the upper Stokes layer to form a new
nonlinear near-wall region. The new structure found here is identical to the boundary-region
structure uncovered by Kumar & Walton (2019) for nonlinear disturbances bifurcating from
the upper neutral curve in figure 2.3(c). A systematic study of the asymptotic structures
corresponding to the new regimes shown in figure 4.12 will form the focus of future work.

(iv) Finally, one of the main achievements is the establishment that three-dimensional non-
linear neutral modes exist in PPCF for disturbances of O(R~'/3) when R > 1.

We have seen that, by using high Reynolds number asymptotic analysis, it is possible to
derive two distinct systems of equations which describe three-dimensional nonlinear travel-
ling waves in PPCF. It is demonstrated that that the solutions to one of these systems, in
which the phasespeed and sliding speed are almost equal, is relevant to the bifurcation from
a previously undetected linear neutral curve which splits from the main curve as the sliding
speed increases (see figure 2.3). In the next chapter, we will consider a computational study
of PPCF for various values of V' and compare the results of the asymptotic theory devel-
oped in section 4.1 with travelling wave computations of the full nonlinear two-dimensional
Navier—Stokes equations.
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Chapter 5

Finite Reynolds numbers numerical
solutions

In this chapter, we present a computational study of plane Poiseuille-Couette flow (the
exact Navier—Stokes solution arising from the constant pressure-gradient flow driven through
a plane channel with sliding walls) for various values of sliding speed V. Two-dimensional
nonlinear travelling wave solutions for PPCF, which bifurcates from the linear neutral curves,
are found for a range of sliding speed V' and disturbance amplitude A by directly solving the
full Navier—Stokes equations. The equations are tackled numerically using the Chebyshev
collocation method and the Newton—Raphson iteration technique. It is interesting to note
that the linear eigenvalue computations in section 5.2 reveal that four neutral curves exist
for PPCF at a very small value of sliding speed. In section 5.3, we describe our numerical
method for calculating the nonlinear travelling waves. In section 5.4, we first start by
describing the nonlinear numerical results for plane Poiseuille flow and then consider non-
zero sliding speeds for solutions that bifurcate from the main neutral curve and finally,
compare our results with Balakumar (1997). In the remainder of this chapter, we investigate
the bifurcation from the additional neutral curves for which there are no existing results in
the literature and compare the results obtained from the high-Reynolds-numbers asymptotic
theory proposed in subsection 4.1.2 with our Navier—Stokes computations at finite Reynolds
number. In particular, we are interested in finding answers to the following questions: (i)
how large the Reynolds numbers must be before we obtain reasonable agreement between
the solutions; and (ii) is it possible to detect the delicate asymptotic flow structure in the
finite Reynolds numbers computations?

5.1 The governing equations in travelling wave form

The basic state of the flow is described in section 2.1 of chapter 2 (see equation (2.2)). We
now seek travelling wave solutions to (1.1) of the following form

(u,0,p) = (U(y) + tt0(y), 0, p(x) + Ho(y)) + D_ (@), 0u(y), Pu(y))E" +c.c. (5.1
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where E = exp(ia(r — ct)), with Uy given in (2.2) and the streamwise wavenumber «
and wavespeed ¢ both prescribed to be real. Substitution into the Navier—Stokes equations
(1.1) and retention of N terms in the sums for computational purposes yields the following
equations forn =1,..., N:

inady, + 0], =0, (5.2)

n—1
(R7'D? —ina(Uy + g — ¢))t, = inap, + Z(ﬁka;_k +i(n — k), _xly)
k=1
N-—n
~ / A* ~/ ~ ~ %
+ 0, (Up + )" + Z Optly, gy + 1(n + K)oty 1107
k=1

N
k=n-+1

n—1
(R7'D} —ina(Uy +iig — ))bn = P+ Y (x4 +i(n — K)o, _yi)
k=1

=

—-n
+ ) (Ot +i(n + K)oy i)
=1

+ > (b, —i(k — n)ady_,dr). (5.4)

k=n+1

B
=

In addition, the governing equations for 7y and py uncouple at O(E®) from the streamwise
and normal momentum balances respectively in (1.1). These may be expressed as

N
R™'Diig = Y _ (b, + xiiy)), (5.5)
k=1
dA N N
—diyo = 3" inaligo, — @) + > (070} + 00)), (5.6)
k=1 k=1

where D? = d?/dy* — n*a?. Tt is noteworthy that equation (5.6) uncouples from the other
equations and so will not be considered further in the analysis. However, it provides the
explicit expression for the pressure distortion py. Equations (5.2)—(5.5) are to be solved
subject to the usual no-slip boundary conditions

Ug=1U, =0, =0ony==x1lforn=1,...,N. (5.7)

We begin by splitting the aforementioned equations into their real and imaginary parts,
giving us a total of (6N + 1) real equations for the (6N + 3) unknowns Re(,, Un, D),
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Im(ay,, O, Pr), the mean flow distortion g, the wavenumber o and wavespeed c. Hence, we
need to impose two additional equations so that a unique solution can be obtained for a
given Reynolds numbers R. To this end, it remains to observe that (5.2)—(5.5) and (5.7),
which constitute the nonlinear eigenvalue problem for ¢ in terms of a, R and V', are invariant
under the transformation

(Gns Ons D) = (Un, U, ) €xp(in®), (5-8)

where © is any real number. It is this property of the eigenvalue problem which can be used
to impose a phase normalisation condition. This condition effectively fixes the quantity ©.
The second equation is concerned with the measurement of the amplitude of the travelling
wave, which will be discussed in section 5.3, along with the outline of the numerical method
of solution employed.

5.2 Linear computations on the hybrid neutral curves

Consideration of infinitesimal travelling wave disturbances with only the first term in the
sum in (5.1) followed by elimination of the streamwise velocity and pressure yields the appro-
priate Orr—Sommerfeld equation given in (2.8) together with the no-slip boundary conditions
(2.9). Applying the method of solution, involving Chebyshev collocation at Gauss points,
described in Chapter 1, we perform further computations on the upper curve (hybrid curve)
in figure 2.3. Typically, we took 100 collocation points, which proved sufficient to obtain six
decimal places of accuracy.

We start by presenting in figures 5.1 and 5.2 the neutral curves labelled by A, B and C in the
(R, a) and (R, ¢) planes respectively for PPCF. In figures 5.3 and 5.4, we concentrate on A,
which closes up at approximately R = 35500000 and investigate what happens to the neutral
curve as the sliding speed increases. When V' is increased in the range 0.019 < V < 0.023, we
observe that a kink develops in the upper and lower stability boundaries, eventually slicing
A into two curves X and Y. Interestingly enough, at around V' ~ 0.025, the neutral curve X
splits further into two curves B and C, which closes up now as shown in figures 5.5 and 5.6,
while it is found that the instability region within Y increases and becomes D so that there
are three distinct curves as indicated schematically in figures 5.7 and 5.8. As V is increased
further to 0.0254 (figures 5.9 and 5.10), we see that the curve B has thinned substantially
and slightly beyond this value of V' it disappears completely, and hence only two curves C
and D persist beyond this critical value. Figures 5.11-5.14 display the corresponding neutral
stability diagrams for the curve C and how it alters as V' is increased. It can be seen that
the value of the critical Reynolds number increases with an increase in the sliding speed,
and the region of instability exists over a large range of Reynolds number.

In figure 5.15, we plot alr = aR against Reynolds number R for various values of slid-

ing speed, and examine what happens to the neutral curve for plane Poiseuille flow (V' = 0)
as V increases. When V = 0, there are two values of R for which alr attains a constant
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value, and we observe that as V' is increased, one of these intersection points moves in such a
way that R — oo. Figure 5.16 indicates that the cut-off velocity at which the main neutral
curve shown in figure 2.3 disappears is V. =~ 0.34. This plot is computed from solving a
long-wave version of the Orr-Sommerfeld equation (2.8) with the boundary conditions (2.9)
(see Cowley & Smith (1985)).

5.3 Numerical method for the nonlinear problem

It is easily seen that the nonlinear eigenvalue problem set out above in section 5.1 can
be simplified further by eliminating the streamwise wave component and the pressure and
introducing the quantity ¢, defined as

R ¢, = 0,. (5.9)
After performing some algebraic manipulations, the equation for ¢, is found to be

¢ — ma’e, + n'a’e, — (inaR){(Uy + it — ©)(¢); — n*a’y) — (Uo + o) 'én}

n_

n—1 N—n N
+3 80w+ sE W+ Y SOy =0, (5.10)
k=1 k=1 k=n-+1

while the mean flow distortion equation acquires the form

N
Djiig + ; ﬁ (d)i o ¢k¢z//> =0, (5.11)
and the no-slip boundary conditions modify to
Gu(£1) = ¢ (£1) = do(£1) =0, (5.12)
for n = 1,...,N. The quantities S,(;L represent the nonlinear contributions arising from

inertial responses and are given as follows:

—k
=~ (2 ) (enstrarotons) + (7) (sorwraton )+ e{ondt s - ("7 )ohona .
5(2) n * (1 *1 1 n x/ 1 S/ 2 2 x 1/ n+k */
En — "tk ¢k¢n+k+¢k ¢n+k - E k ¢n+k+¢k ¢n+k +nia ¢k¢n+k + k k ¢n+k !

k —
s =2 ) (dhorrarandin, ) + (3 ) (skoitoreponts oo {onot o+ (S )ohin .

It is evident that (5.10) reduces to its Orr—Sommerfeld counterpart in the limit of zero
amplitude owing to a negligible contribution from the mean flow distortion and the nonlinear
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Figure 5.1: Neutral stability curves in the (R, a)-plane for (a) V' = 0.019, (b) V = 0.025.
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Figure 5.5: Effect of increasing the sliding speed on the curve “X” in the (R, «)-plane.
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Figure 5.6: Effect of increasing the sliding speed on the curve “X” in the (R, ¢)-plane.
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Figure 5.7: Neutral stability curves in the (log;,(R), @)-plane at V' = 0.025.
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sums in this limit. We decompose the complex problem (5.10)—(5.12) into their real and
imaginary parts by writing
by = ®,, + iU, (5.13)

and as a result, we obtain the following set of nonlinear equations:

! — 2n*a”®! + n'a'®, + (naR){(Uy + o — ) (V) — n*a®¥,,) — (Uy + )"V, }

n—1
—i—Re(ZSﬁl —|—Re<ZS,m )—l— Re< Z S,g?’g(y)
k=1

k=n+1

0, (5.14a)

U — 2?0V 4+ n*a* W, — (naR){(Uy + 1 — c)(®” — n*a*®,) — (Uy + 1)" @, }

n—1 N—n N
# (Y5000 )+ (X s80)+ (Y slm)-0. G
k=1 k=1 k=n+1
A
which are to be solved with the entire set of the boundary conditions
O, (£1) =@ (£1) = U, (£1) = V] (£1) = Gp(+1) = 0, (5.15)

for n = 1,..., N. The explicit expressions for Re(S,(iZl) and Im(S,(jzl) are presented in Ap-
pendix D. The standard approach to deal with the type of problem (5.14)—(5.15) numerically
at finite Reynolds number is to apply a Chebyshev spectral collocation method, involving the
idea that the functions ®,,, ¥,, and 1y are approximated by a series of Chebyshev polynomials
T, as

M+1 M+1 M+1

Z n)Tm 1 \Ijn Zb(n)Tm 1 Z/Ym m— 1 (516)

m=1

where y is evaluated at the Gauss points y; = cos(m(j —1)/M) for j =1,..., M +1. As has
been already mentioned at the end of section 5.1, the amplitude and phase conditions are

required to close the nonlinear eigenvalue problem or equivalently the problem formulation
(5.14)—(5.15). We define the amplitude A of the disturbance by

Z{ n(U0)? + (Un(yn))?},

while the phase condition is imposed through the equation

q)l (yJQ) =0.

The values of J; and Jy are arbitrarily chosen. In our numerical computations, the linear
solution for ¥; attains maximum value at the location y,,, while we choose y;, to be the
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location where the zero amplitude form for ®; passes through zero. There are a total of
(2N 4 1)(M + 1) + 2 equations with the inclusion of the boundary conditions, which can be
symbolically expressed via the vector equation

f(m) =0, (5.17)
with m consisting of the real unknowns al(-j), bgj),%, a,cfori=1,.... M+landj=1,...,N.

For a prescribed amplitude A, we can apply Newton’s method to solve (5.17):
J () (mue1 — mye) = —£(my),

in an iterative manner until m converges to some acceptable tolerance, we typically took
lmy 1 — my| ~ 107°. Provided we have a good initial guess for a small-amplitude nonlinear
calculation (supplied by the point on the neutral curve known from the linear solution),
the nonlinear equations (5.17) can be solved using Newton’s method to obtain solutions at
higher amplitudes.

The Jacobian matrix J consists of the derivatives of each equation with respect to each
of the real unknowns in m and can be calculated explicitly for this problem. For example,
if we denote the nonlinear sum in (5.11) by .2}, we have

N
‘IJHQ _ \Ij @//
A =20aRr)™ (—’“ . ’“)
k=1

upon use of (5.13). With the aid of (5.16), we can determine the relevant contributions to
the Jacobian matrix. For example,

T (\P;'Tu - w)
daV J ’

7

fori=1,....M+1and j=1,...,N. It is straightforward to carry out similar calculations
for all other linear and nonlinear terms. It turns out that M = 100 collocation points provide
sufficient accuracy to our computations, while the required value of N is a function of the
amplitude A. Typically, we took 8 < N < 15. In the next section, we discuss the nonlinear
results obtained from the application of the numerical technique described above.

5.4 Nonlinear results for plane Poiseuille-Couette flow

Figure 5.17 displays the nonlinear neutral solutions for the case when the channel walls are
at rest at different values of aR with N = 8 taken into account. It is observed that all
the neutral surfaces are similar in shape, and the surfaces gradually shrink in size with de-
creasing aR. The critical aR for which neutral solution exists is found to be 3780. Figures
5.18-5.20 show the variation of the Reynolds numbers R, the streamwise wavenumber «
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and wavespeed ¢ at various values of aR as a function of the amplitude A. It is seen that
corresponding to each situation the following feature emerges: the gap between the upper
and lower branch solutions widens and the nose of the surface (the top neutral point where
these branch solutions meet) rises with the increase in the value of @R so that the region of
nonlinear instability increases.

In figure 5.21, we concentrate on the case aR = 5823.66 and investigate what happens
to the neutral surface for plane Poiseuille flow as V' increases. It is observed that the neutral
surfaces contract, the lower and upper branch solutions leave the zero amplitude plane to
form the closed loops and the nose of the surface descends as the sliding speed is increased
from zero to 0.135. The largest value of V' for which we obtain in neutral solution at this
aR is approximately at V' = 0.137. In figures 5.22-5.24 we plot the amplitude versus the
Reynolds numbers, the streamwise wavenumber and wavespeed for various values of the slid-
ing speed V' and note that the general trends described above remain unchanged.

In figures 5.25 and 5.26, we present results for aR = 7971.60 and examine the effect on
the neutral surface for plane Poiseuille flow of increasing the sliding speed. For values of V'
in the range 0 < V < 0.091, we have that a familiar pattern is emerging: the size of the neu-
tral surfaces decreases, the lower and upper branch solutions depart from the zero amplitude
plane A, to form the closed loops, and the nose of the surface goes down as V' is increased.
It is intriguing that for the same value of aR with the increase in V' from 0.121 to 0.177,
the neutral surfaces expand with both the branch solutions retreating the zero amplitude
plane, while the nose of the surface still falling. As V' is increased further, we find that the
upper branch solution remains in A., and simultaneously, the lower branch solution rises, as
can be seen in figure 5.33. Beyond a value of V' ~ 0.371, the upper branch solutions again
leave the zero amplitude plane, while the lower branch solutions continue rising, as shown in
figure 5.34. In figures 5.27, 5.28, 5.35 and 5.36, we plot the amplitude A as a function of R,
indicating that the nonlinear instability is supported over a large range of the Reynolds num-
bers. The dependence of the amplitude upon the streamwise number o and wavespeed ¢ in
figures 5.29-5.32, 5.37-5.40 is observed with the same trends as the sliding speed is increased.

Figures 5.41 and 5.42 show the neutral stability diagrams in (R, «, A) space for various
combination of parameters R and V. The results obtained are in excellent agreement with
previous work (see Balakumar 1997) when allowance is made for the difference in scaling of
the Reynolds numbers: the sliding speed V' in our case equals (2/3)(02/(1 — 09)) where oy
is the Couette velocity component in the aforementioned reference. Figures 5.43 and 5.44
show the corresponding dependence of the amplitude A on « for various values of V' and R.
We present in figures 5.45 and 5.46 neutral surfaces in the (¢, A)-plane for the same values

of V and R.

181



500

400

300

200

100

0.5 2000

Figure 5.17: Nonlinear neutral surfaces for plane Poiseuille flow for various values of alr =
aR: Cy =7971.60; Cy = 7123; C5 = 5823.66; Cy = 5000; C5 = 4000; Cs = 3790.
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Figure 5.18: Cross-section of the nonlinear neutral surfaces for plane Poiseuille flow in the
parameter space formed by the Reynolds numbers and amplitude.
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Figure 5.19: Cross-section of the nonlinear neutral surfaces for plane Poiseuille flow in the
parameter space formed by the streamwise wavenumber and amplitude.
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Figure 5.20: Nonlinear neutral surfaces for plane Poiseuille flow in the (¢, A)-plane.
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Figure 5.21: Nonlinear neutral surfaces in (aR,a?, A) space at R = 5823.66 marked by
Fy, Fy, Fs, Fy, F5, Fg corresponding to sliding speed V' = 0,0.031,0.051,0.071,0.111,0.135
respectively.
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Figure 5.22: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 5823.66 for various values of V' in the parameter space formed by the Reynolds
numbers and amplitude.
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Figure 5.23: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 5823.66 for various values of V' in the parameter space formed by the streamwise
wavenumber and amplitude.
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Figure 5.24: Nonlinear neutral surfaces for plane Poiseuille-Couette flow at alr = 5823.66
for various values of V' in the (¢, A)-plane.
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Figure 5.25: Nonlinear neutral surfaces in (aR, a?, A) space at aR = 7971.60 marked by Dy,
Dy, D3, Dy, D5 corresponding to sliding speed V' = 0,0.031,0.051,0.071,0.091 respectively.
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Figure 5.26: Nonlinear neutral surfaces in (aR, o?, A) space at aR = 7971.60 marked by F,
Es, E5, E4 corresponding to sliding speed V' = 0.121,0.151,0.171,0.177 respectively.
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Figure 5.27: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the Reynolds
numbers and amplitude.
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Figure 5.28: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the Reynolds
numbers and amplitude.
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Figure 5.29: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the streamwise
wavenumber and amplitude.
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Figure 5.30: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the streamwise
wavenumber and amplitude.
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Figure 5.31: Nonlinear neutral surfaces for plane Poiseuille-Couette flow at alr = 7971.60
for various values of V' in the (¢, A)-plane.
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Figure 5.32: Nonlinear neutral surfaces for plane Poiseuille-Couette flow at alr = 7971.60
for various values of V' in the (¢, A)-plane.
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Figure 5.33: Nonlinear neutral surfaces in (aR, a?, A) space at aR = 7971.60 marked by K7,
Ky, K3, K4, K5 corresponding to V' = 0.191,0.231,0.251,0.291, 0.331 respectively.
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Figure 5.34: Nonlinear neutral surfaces in (aR, a?, A) space at «R = 7971.60 marked by L;,
Lo, L3, Ly, Ls corresponding to sliding speed V' = 0.371,0.401,0.451,0.501, 0.551 respec-
tively.
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Figure 5.35: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the Reynolds
numbers and amplitude.
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Figure 5.36: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the Reynolds
numbers and amplitude.
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Figure 5.37: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the streamwise
wavenumber and amplitude.
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Figure 5.38: Cross-section of the nonlinear neutral surfaces for plane Poiseuille-Couette flow
at alr = 7971.60 for various values of V' in the parameter space formed by the streamwise
wavenumber and amplitude.
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Figure 5.39: Nonlinear neutral surfaces for plane Poiseuille-Couette flow at alr = 7971.60
for various values of V' in the (¢, A)-plane.
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Figure 5.40: Nonlinear neutral surfaces for plane Poiseuille-Couette flow at alr = 7971.60
for various values of V' in the (¢, A)-plane.
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Figure 5.41: Nonlinear neutral surfaces for PPCF for various values of the wall sliding
speed V' and Reynolds numbers R: P, = 0.1858,7038; P, = 0.167,7200; P; = 0.1969, 8106;
Py = 0,9000.
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Figure 5.42: Nonlinear neutral surfaces for PPCF for various values of the wall sliding
speed V' and Reynolds numbers R: ¢); = 0.115,5118; Q) = 0.112,5136; Q)3 = 0.091, 5280;
Q4 = 0,6000.
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Figure 5.43: Nonlinear neutral surfaces for PPCF in the («, A)-plane.

500

‘ Lower branch solutions ‘

450 -

400 4

350 - 1

300 [ 1

250 - 1

200 [ 1

150 1

100 [ 1

Upper branch solutions

0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

Figure 5.44: Nonlinear neutral surfaces for PPCF in the (a, A)-plane.

195



800

Lower branch solutions
700 ‘ \

600 -

500 [

400

300 -

200 [

100 -

Upper branch solutions
L I

0.1 0.15 0.2 0.25 0.3 0.35
c

Figure 5.45: Nonlinear neutral surfaces for PPCF in the (¢, A)-plane.
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Figure 5.46: Nonlinear neutral surfaces for PPCF in the (¢, A)-plane.
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Figure 5.47: Comparison of finite Reynolds numbers computations and the corresponding
solutions to the hybrid branch eigenrelation (2.148) and the amplitude equation (4.85) for
V a 0.025. The solid lines are Navier—Stokes solutions at fixed Reynolds numbers that
bifurcate from the upper linear neutral curve (denoted by ‘hybrid curves’ here). The dots
are asymptotic predictions by the theory of chapter 4.

5.5 Comparison of asymptotic and numerical results

We now present some new computations of the Navier—-Stokes equations and compare the
results with those obtained from our asymptotic theory developed in section 4.1 of chapter
4. Previous numerical work on PPCF flow (Balakumar (1997)) concentrated on solutions
which bifurcate from the main neutral curve. Here we consider solutions which at vanish-
ingly small amplitude lie on the additional neutral curve marked ‘C’ in figure 5.2(b). On this
curve the phasespeed of the disturbance and the sliding velocity are of similar magnitudes
and the asymptotic theory developed in section 4.1 proves to be relevant in describing finite-
amplitude solutions in the vicinity of this curve. In figure 5.47 we plot some Navier—Stokes
solution trajectories for V' = 0.025 at various large Reynolds numbers and the corresponding
results from the asymptotic theory. The vertical axis represents a measure of the disturbance
amplitude A. In the zero amplitude plane we plot the linear neutral curve and its asymptotic
approximation. The solid paths projecting upwards out of the plane are the Navier—Stokes
solutions emanating from particular positions on the linear neutral curve. For each value of
R there are two Navier—Stokes solution trajectories: one bifurcating from the lower branch
of the linear neutral curve and the other from the upper branch. The dots show the corre-
sponding asymptotic predictions from the solution of the Rayleigh problem (4.16) and the
amplitude equation (4.85). We see that there is excellent agreement with the Navier—Stokes
solutions emanating from the lower branch. There was difficulty in achieving the convergence
of the Newton—Raphson method at higher values of A so we could not obtain a comparison
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with the upper branch solutions.

We have shown by comparing with finite Reynolds numbers Navier-Stokes solutions that
the asymptotic theory accurately describes the nonlinear behaviour for a range of distur-
bance amplitudes. The comparison here was made for a value of V' below the linear cut-off
V., ensuring that a linear neutral curve exists. In future work we hope to use a continuation
method to investigate nonlinear solutions for V' > V. where the neutral surface is detached
from the zero amplitude plane.
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Chapter 6

Conclusions

The main focus of this thesis is the linear and nonlinear stability of plane Poiseuille—
Couette flow numerically at finite Reynolds numbers and asymptotically at large values
of the Reynolds numbers. In chapter 2, we first formulated the governing Orr—Sommerfeld
equation for linear perturbations and solved it numerically in two-dimensions (8 = 0) at
finite Reynolds numbers to demonstrate the coexistence of multiple neutral curves for non-
zero V' below the linear cut-off V. ~ 0.34 as anticipated in Cowley & Smith (1985) based
on an asymptotic approach. Next, we examined the linear stability equations in the limit
of the large Reynolds numbers to study the asymptotic structures of the lower, upper and
hybrid-branch modes and derived the eigenrelations corresponding to these modes. We pre-
sented numerical solutions to the corresponding eigenrelations for a set of non-zero values of
the scaled spanwise wavenumber [y and investigated what happens as its value is increased.
Further, we indicated a theoretical proof that the hybrid mode is the continuation of the
lower-branch and upper-branch mode on the new scaling, thereby showing that these two
modes form the lower and upper branches of the upper curve (see figure 2.3(c)) on the hybrid
scaling, as illustrated by arrows in figure 2.16. We compared the finite Reynolds numbers
computations of the two-dimensional problem and the corresponding solutions to the hybrid-
branch eigenrelation for various small values of sliding velocity.

In chapter 3, we established a link between the linear and weakly nonlinear stability theory by
investigating the effect of increasing the disturbance size A on the viscous critical layer(s) in
the hybrid and upper-branch regimes (where e = R™Y/!3 and ¢ = R™'/! respectively). This
suggested a pathway to find the relationship between the phase shift(s) (which is 7 in the
linear theory) and the Reynolds numbers. It emerged that the linear asymptotic structure of
the upper-branch modes alters slightly when A rises to O(R™'4/33), with the critical layers
possessing weakly nonlinear characteristics including a reduced phase shift. We showed that
the structure associated with the upper neutral curve, which is a mixture of a traditional
upper and lower-branch modes, remains intact until A increases to O(R™%13). At the stage
A = O(R™%/13) the main variations are found to occur only within the balances governing
the properties of the viscous critical layer due to the development of weakly nonlinear effects.
We concluded that in the weakly nonlinear regime the flow stability properties outside the
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critical layer remain substantially unaltered. We posed the weakly nonlinear critical-layer
problem, and investigated its behaviour at large scale amplitudes, indicating that the phase
shift decreases as nonlinearity begins to take effect.

In chapter 4, we set up a connection between the weakly nonlinear theory and strongly
nonlinear theory by increasing further the disturbance size from O(R™9'%) to O(R™*/9),
thus leading to the scalings and recognition of the asymptotic structure for the strongly non-
linear hybrid modes. It turned out that at this stage a dominant flow feature resembling a
Kelvin cat’s eye containing uniform vorticity develops within the critical layer. Such cat’s eye
structures have recently been observed in full Navier—Stokes simulations of related flows (see
Deguchi & Walton (2013)). Although the asymptotic structure bears some similarities to
the structures considered by Smith & Bodonyi (1982b), Smith & Bodonyi (1982a), Walton
(2002), Walton (2003) among others, there are some novel features here including a viscous
shear layer near the upper wall which affects the matching condition on the core region. The
numerical results for the strongly nonlinear regime revealed that nonlinear neutral solutions
exist over a wide range of O(1) spanwise and streamwise wavenumbers and for sliding ve-
locities in the range 0 < V' < 2. Numerical computation established that the inclusion of
three-dimensionality restricts nonlinear neutral solutions to the range V, < V < 2, where V,,
is a lower cut-off value and is a function of the spanwise wavenumber. In the limit V' — 2,
the disturbances became more localized in the streamwise direction, and the critical layer
moved ever closer to the shear layer adjacent to the upper wall. It is found that a new
distinguished scaling transpires when V — 2 ~ O(R~'/3) and simultaneously the streamwise
wavenumber rises to O(R'/3), so that this new short-scale structure possesses comparable-
sized derivatives in the streamwise and wall-normal directions. In addition, it is shown that
the amplitude of the travelling waves increases to O(R~/?) while the phasespeed stays O(1).
The governing balances in this new nonlinear near-wall region are the full 2D Navier—Stokes
equations but with unit Reynolds number and are subject to matching conditions to the O(1)
Rayleigh region and a link to the Stokes region (now of thickness O(R~%/3)) near the lower
wall. These equations are reminiscent of those governing the ‘production layer’ in Deguchi
& Hall (2014). This structure will be considered further in future work.

From the consideration of the weakly nonlinear structure for the upper-branch modes as the
disturbance amplitude is increased further from O(R~'%/33) we demonstrate that a strongly
nonlinear regime comes into play at A = O(R™'/3). The new structure involves two critical
layers sited within an inviscid core region at locations which are dependent on the amplitude-
dependent phase speed of the disturbance. These layers are of an equilibrium, inviscid, fully
nonlinear type and possess flow structures which bear some similarities to those previously
studied by Smith & Bodonyi (1982a), Walton (2002) and Walton (2003) among others. The
amplitude-dependence of the neutral modes is determined and the numerical results indicate
the existence of such modes over a wide range of O(1) wavenumbers and for sliding speeds in
the range 0 < V' < 2 with the O(1) dominant phase speed lying between the minimum and
maximum of the basic PPCF. Investigation of the strongly nonlinear structure in the large
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amplitude limit, when the two critical layers merge, is performed, and the new short-scaled
structure that emerges is discussed in some detail. It is interesting to note that the nonlinear
stability structure also breaks down in the limit V' — 2 when the critical layers penetrate
the upper Stokes layer to form a new nonlinear near-wall region. The new structure found
here is identical to the boundary-region structure uncovered by Kumar & Walton (2018) for
nonlinear disturbances bifurcating from the upper neutral curve. A systematic study of the
asymptotic structures corresponding to the new regimes will form the focus of future work.

In chapter 5, we investigated the linear and nonlinear stability properties of plane Poiseuille—
Couette flow at finite Reynolds numbers for various values of sliding speed V. It is discovered
in section 5.2 that there exist four neutral curves for PPCF at a very small value of sliding
speed. In section 5.4, we first considered the nonlinear neutral solutions for plane Poiseuille
flow at different values of aR with the number of Fourier series N = 8. It is found in figure
5.17 that although the neutral surfaces are similar in shape, these surfaces gradually shrink
in size as aR is decreased. It is observed in figures 5.18-5.20 that corresponding to each
situation the following feature emerges: the gap between the upper and lower branch solu-
tions widens and the nose of the surface (the top neutral point where these branch solutions
meet) rises with the increase in the value of aR so that the region of nonlinear instability
increases. In figure 5.21, we considered the case aR = 5823.66 and investigated the effect of
increasing V' on the neutral surface for plane Poiseuille flow. It is observed that the neutral
surfaces contract, the lower and upper branch solutions leave the zero amplitude plane to
form the closed loops and the nose of the surface descends as the sliding speed is increased
from zero to 0.135. In figures 5.22-5.24, we presented the plots for the amplitude versus
the Reynolds number, the streamwise wavenumber and wavespeed for various values of the
sliding speed V' and noted that the general trends described above remain unchanged. In
figures 5.25-5.40, we presented interesting results for aR = 7971.60 and examined the effect
on the neutral surface for plane Poiseuille flow of increasing the sliding speed. In figures 5.41
and 5.42, we presented comparison of our results with Balakumar (1997). In figures 5.43 and
5.44, we showed the corresponding dependence of the amplitude A on « for various values of
V and R. In figures 5.45 and 5.46, we considered the neutral surfaces in the (¢, A)-plane for
the same values of V' and R. In section 5.5, we demonstrated the existence of the nonlinear
hybrid neutral modes at finite Reynolds numbers from full two-dimensional Navier—Stokes
computations. In addition, we compare the results from the high Reynolds numbers asymp-
totic theory developed in chapter 4 with the corresponding Navier—Stokes solutions.

Regarding future work, it would be interesting to verify the existence of multiple neutral
surfaces in (a, 8, R) plane at finite Reynolds numbers by tackling the full Navier—Stokes
equations numerically and compare our numerical solutions with the corresponding results
of the asymptotic theory developed in chapter 4.
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Appendix A

Derivation of the equation governing the function g(s)
and the initial conditions

The function g(s) is defined by

s :15/3w
g( ) /-@(5) ) (A'l)

where Ai is the Airy function, x(§) = f;o Ai(€) d€ and € = —i'/3s. Consider the following
useful properties of the Airy function

Ai(0) = m (A.2)
y 1

Ai'(0) = “3UAT(1/3)" (A.3)

k(0) = /0 Ai(g) dg = 3. (A)

AV'(€) = EAI() (A5)

Differentiating (A.1) with respect to s and applying the chain rule yields
oy s A(OR(E) — HOAI) [ de
o) = 7 () ()
_AQ© (A

G (5 g ) e 49

= —il/?’Al—(@(s +9g(s)). (using (A.1) to substitute for Ai'(£)/k(&)) (A.6)

K(8)

Differentiating (A.6) with respect to s and making use of the chain rule we find that

76 = { S8 (TN o) -0y @)

where use has been made of the property of the Airy function (A.5). Then, from substitution
of the expression for Ai'(§)/k(€), Ai(€)/k(€) from equations (A.1) and (A.6), respectively,
into (A.7), after some manipulation, we finally obtain the governing second order nonlinear
equation satisfied by g(s), namely

vy 9(8) +2(g'(s))?
g'(s) = s+ g(s)

—ig(s)(s + g(s)), (A.8a)
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subject to the initial conditions

53 AI(0)
g(O) =1 / K}(O) )
{5/332/3
= —m, (using (A.3) and (A.4)) (A.8b)

and

.1/3Ai(0)
'(0) = —i"P—=9(0
/(0) = =000,
3
==\ ing (A.2), (A4) and (A.8b A.
The integration method used is the classical fourth-order Runge-Kutta method to find the
solution of the initial value problem (A.8a—c). In order to apply this numerical method the
second order equation satisfied by ¢g(s), (A.8a), is transformed into two first-order equations.

Introducing the notation
y1 = g(s) and yo = g'(s), (A.9)

the equivalent first-order equations are

i

= Al
g5 Y (A.10a)
dys Yo+ 2y5
% = " T 1y1(8 + yl), (AlOb)
with the initial conditions
{5/332/3
0) = ——— A.10

3

y2(0) = TTABT2/3) (A.10d)

from (A.8b) and (A.8c). The system of equations (A.10a-b) subject to intial conditions
(A.10c—d) are solved numerically using a computer algebra program “Mathematica” and
plots of the imaginary and real parts of g(s) are illustrated in figures 2.19 and 2.20 respec-
tively.
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Im(g(s))

Re(g(s))

1.0

0.5
0.0
-10 -5 0 5 10
S
Figure 6.1: The imaginary part of the function g(s).
10
5,
0
-5
-10 -5 0 5 10
S

Figure 6.2: The real part of the function g(s).
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Appendix B

The series solution of the Rayleigh equation

For the Rayleigh equation (4.97) subject to the basic PPCF flow (2.2) it is possible to find
a set of recurrence relations for the coefficients in the Frobenius solutions about the regular
singular points y; and y,. For y > v;, i € {1,2} the solution may be expressed as

)= g E) +n(E) Y M E)" with & =y —y; >0, (B.1)

as given in (4.100). After considerable algebra, it is found that the coefficients can be
expressed most succinctly in terms of the quantities

4y = 20" g —y) 7 @) = =@+ 8 2 — ) 0 = (a)) /2" (n 2 2).
The coefficients in the first series in (B.1) can then be calculated recursively from the relations
L (N0 )
9i = m(%(qn_k—ﬂ +(2n - 1)9; )

for n > 2, with gz : g ) Jeft arbitrary. The coefficients in the second series in (B.1) then

follow in the form

n—2
R n_l ( %() (n>2)
k=0

This series expansion representation forms part of the numerical method described in section
4.2.3(a).
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Appendix C

Derivation of the jump condition on G%

Substituting the core expansions (4.94) into the dimensionless Navier—Stokes equations (1.1)
and collecting the O(2R~'/?) terms we find that the continuity equation reads as

é)U5 6905 69105 .
oag Ty Hige =0 (D.1)

Taking the finite part of the jump of (D.l) across the critical layers we find that

o5+ I] [5] -

Rewritting equation (D.2) in terms of the scaled normal variable and using the definition of
the skewed velocity component (4.112) we have

2 1) - -

Inserting the form for Héi) from (4.131) and differentiating with respect to £ we obtain

H%?;H im Fy) cos(mé) — ) sin(mé)). (D.4)

m=1

Applying Leibniz rule for differentiation under integral sign it can be seen that

S04 Mo () o oo

Now consider the finite part of the jump in (D.5) from y; to y; and then combining it with
(D.4) yields

dGs(y) 1"
H dyH =R =0, (D.6)
Y ui”

from use of some auxiliary formulas concerning the integral properties of the trignometric
functions

2m 2 2w
/ cos(k1€) cos(kqf) d€ =0, / cos(k1€) sin(ko€) d§¢ =0, and / cos?(€) d¢ =,
0 0 0
for any integers ky and ky (k1 # ko).
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Im(S})

Re(S\))

Im(Sy)

Re(S%))

Appendix D
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