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Po3BUHEHHSI T€XHOJIOTI JOBroi apu(pMeTHKH NPHU MO0YyI0Bi AJITOPUTMIB
JOCJIUKeHHS JIHINHAX CHCTEM

B. I. Kynin, B. B. Onoubkmnii, Aii Anb-AmMmopi, JI. O. HHIkBapuyk

Pozeunymo 3acmocysanns ancopummis memooy 0A3UCHUX Mampuyb, AKi OCHA-
WeHi mexHon02ier 006201 apugmemuru OJis1 NOKPAWEeHH MOYHOCHI UKOHAHHS OC-
HOBHUX Onepayit npu 00CAIOHCEHHI NO2AHO 00YMOBIEHUX NIHIUHUX CUCEM, 30KpeMda,
cucmem JninitiHux aneeopaivnux pieuaue (CJIAP). Bcmanoenenus ¢haxmy nozanoi
00yMOBIeHOCMI cucmemu € 00CUmMs MpPyOOMICMKOIO 00UUCTIOBANILHOIO NPOYEdypOIO.
3axnadeno nposedents KOHMPONIO BXO0NHCEHHS 0OUUCTEHb 8 CIMAH HEeKOPEeKMHOCMI
Ma YHEMONCTUBTICHHS. HAKONUYEHHs. NOXUOOK 00YUCTeHb, WO € BAX*CAHOI0 81ACMUGI-
CmMI0 Memooie ma aneopummis po3s sI3aHHs NPAKMUYHUX 3a0aH.

B cyuacnux EOM, sk npasuno, 8uKopucmogyomvcs Cmanoapmi munu yiiux
yucen, posmip sxkux e nepesuwye 64 oaiima. bByno nodonano ye anapamue oboMe-
JHCEHHsL NPOSPAMHUM ULISIXOM, A came, PO3POOKOI0 61ACHO20 MUNY OAHUX Y 8U2TAO]
cneyianvroi bioniomexku Longnum mosorwo C++ 3 UKOpUCMAHHAM CIMAaHOapmHoi Oi-
oniomexu wabnonie STL(Standard Template Library). Ilpoepamna peanizayis 6yna
PO38UHYMA HA NPOBEOEHHs 00UUCIeHb 3a Memodamu basucHux mampuys (MBM) ma
Tayca, moobmo eukopucmano 0082y apupmemuxy O0nsi mMooerei 3 payioHATbHUMU
elemenmamu. 3anponoHOBAHO ANCOPUMMU MA KOMN TOMepHy peanizayilo mMemoodis
muny layca ma wmyyHux 0A3UCHUX Mampuys (8apianm memoody OaA3UCHUX Mam-
puys) 6 cepedosuwyax Matlab ma Visual C++ 3 gukopucmanuim mexHonocii mouHux
obyucneny enemenmie mMemoois, 6 neputy uepzy, 01 N02aHO 0OYMOBIEHUX CUcmem
pisHoi posmipnocmi. Po3pobneno Oioniomexy Longnum 3 munamu 0082ux yiiux 4u-
cen (longint3) ma payionanvhux uucen (longrat3) i3 uucenbHuxom ma 3HAMEHHUKOM
muny longint3. Apugpmemuuni onepayii Ha0 0082UMU YITUMU YUCIAMU Peani308aAHO
HA OCHOGI CY4aCHUX mMemooig: 30kpema, memooy Lllmpacena muoscenns. Hasedeno
pe3yivmamu 00UUCTIOBANIbHO20 EKCNEPUMEHMY 3a 32A0aHUMU MEMOoO0aMU, 8 SAKOMY
mecmosi MOOeli CUCmeM 2eHepy8anuch, 30Kkpemad, Ha ocHosi mampuys I inbbepma
PI3HOI po3MipHOCI, SKI XapaKmepusyiomvcs K “He3pyuHi’”’

Knrouosi cnosa: memoo 6azuchux mampuyvb, mouHi 00UUCTIEHHS, NO2AHO 00YMO-
eleHa cucmema JHIUHUX PIGHAHD

1. Beryn

Bimomo, 1o MaTemMaTndHe MOJEITIOBAHHS MPOIIECIB Pi3HOI MPUPOAY IMPUBOAHTH
710 HEOOX1THOCTI JOCIIKYBAaTH HEJIHIMHI PIBHSIHHS T4 CUCTEMH PI3HOI CKIIATHOCTI
(maremaruyHi Mozeni). B Gararbox BUMaakax, po3B’s3aHHsS X TPOBOJAUTHCS BBEICH-
HSIM IIEBHUX CIPOIIEHb B MOCTAHOBKAX, MEPEXO/IOM, 30KpeMa, 10 PI3HUIIEBUX aHAIO-
riB (IUCKPETHUI BapiaHT) Ta BPEIMITI-PEIIT A0 CUCTEM JIHIMHUX anreOpaidyHuX piB-
HsHb (CJIAP) pi3HOi po3MIpHOCTI, HacTiie, 3 KBaJAPATHOI MaTPHUIICI0 OOMEKEHb.
Metonau ta anroputmu CJIAP (six 6a30Bi) cTaidu MPEAMETOM JOCTIIKEHHS 0ararbox
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BueHUX. [{e B cBOIO "epry oOyMOBHIIO po3poOKy (Ha MaHWi 4yac) OararbOX JIECATKIB
TOYHHMX METOIB Ta, HAllEBHE, COTHI ITepallifHUX METO/1B. BUKIIIOUHE CTaHOBUIIE B
JAHIIOTY PO3B’sI3aHHS MOYATKOBOI 3a/ladyl MOJIETIOBAHHS OOYMOBWJIO BUKIIIOYHI BU-
MOTHU JI0 OOYMCIIOBAJbHUX BJIACTHUBOCTEH METOMIB Ta aJrOPUTMIB PO3B’SA3aHHS
CJIAP. IlpuponHa cKJIaHICTh PO3B’sI3aHHS TAKUX 3aJ1a4 MPOSBIISAETHCS B HEKOPEKT-
HOCTI Ta MOTaHiil 00yMOBIIEHOCTI. 3yCHJUISI OOYUCITIOBAaYIB CIPSIMOBAHI Ha TIOJ0JIaH-
Hs (4M mocnabiieHHs1) MPOsBY MOraHoi OOYMOBJIEHOCTI Ta HEKOPEKTHOCTI B XOJIi
pO3B’s3aHHS 3a7a4l Ta (HAKOMMYCHHIO MMOXUOOK O0YMCIIeHb). 3’ ABIISIOTHCSI HOBI TTiI-
XONIH pO3B’s3aHHS BiomMuXx 3a7ad. OnuH 3 MePCIEKTUBHMUX, HA JYMKY aBTOPIB, € PO3-
BHUTOK BIJIOMHUX METOAIB (30KpeMa aJIrOpUTMIB METOAYy Oa3WCHHX MaTpHIlh), OCHa-
HICHHSIM TEXHOJOTIE€I0 OBroi apu(PMETUKH MPHU JAOCTIKEHH] TIOraHO 00yMOBICHHUX
JTHIAHAX CUCTEM. 3BUYAiHO, OCTAHHS TEXHOJIOTIsS (HOBroi apudmMeTukn) nepeadaqae
BUKOPHUCTAHHS 1 IHIIIMX TEXHOJIOT1H, TIPO 1m0 Oy/Ie CKa3aHO HIDKIE, 30KpeMa, BBE/ICH-
HsI HOBOTO KJiacy naHux. Came Biajie o€ JHAHHS Psily HOBUX TEXHOJOTIH oprasi3a-
111 AJITOpUTMIB OOYHCIIEHb MOXKE HAJaTH HOBI IMTO3UTHUBHI MOYKJIUBOCTI.

3amaqi MOJIEIIOBAHHS MPOIIECIB PI3HOI MPUPOJIU YACTO OMUCYIOTHCS KJIAaCOM OTI-
TUMaJIbHUX 3a7a4 (Ha excTtpemyM), 30kpema 1 CJIAP. Touni meronu po3B’s3aHHS
CJIAP B psai 3rajanux 3ajad € OCHOBOIIOJIOKHUMH, OCKUIBKU JOCIIKEHHS MOoYaT-
KOBHUX OUTBIN CKJIAQAHUX MAaTEeMaTHYHUX MOACNIEH ‘“3BoauThes’ (IMICIIS CIPOIEHb) ca-
M€ JI0 aHaJIi3y TaKuX JIIHIMHUX CUCTEM.

Binomo, mio:

— IepeBakHa OLTBLIICTh MAaTEMAaTHYHMX MOCTAHOBOK 3a/ay (B Meplie 4yepry, Mo
JOCIIIJIKEHHIO BJIACTUBOCTEN MPOLECIB) 3@ CBOEID MPUPOAOIO € HENHIMHUMU, TOOTO
HE MAIOTh aJ€KBATHOTO MOJaHHs B KJIAcCi JHIMHUX Mojeneld (MaTpUIHUX CTPYKTYp) —
CUCTEM JIIHIMHUX alnreOpaiyHuX piBHSHB, HEPIBHOCTEW, 3a7a4 JIHIKHOIO Mporpamy-
BaHHSI TOIIIO;

— BOXJIMBI MMapaMeTpu mporiecy (B X0/l MOJCITIOBAHHS Ta CIPOIIECHb) 3HAXOAATh
CBOE BiIOOpakeHHA (“‘TEpEeXOAsiTh’) MO0 OKPEMUX EJIEMEHTIB, PSJIKIB, CTOBIIIIB Ta
O5okiB (“miaMarpuIlb’”’) MaTpuIll 0OMEXKEeHb TOIO, TOOTO 3a3HAIOTh 3MIH Ta YTOUHCHbD.
A Tomy BpaxyBaHHS BIUIMBY 3MIH y MOJEJN1 B pe3yabTarTi yTouHeHb (0e3 mepe-
PO3B’s3aHHs) € 0aKAHOKO XaPAKTEPUCTUKOIO METOJIB MO/ICITFOBAHHSI.

HasiBHa BmacTuBICTh ITOTaHOT 0OYMOBIICHOCT]1 Ta HEKOPEKTHOCTI B 3aJ1a4l 00ymMo-
BJIIOE€ Ha BCIX CTaJIIX MOJENIOBaHHS. 30KpeMa, Ha CTaJii KOMIT FOTEPHOTO TMOJaHHS
MOJIeNl — 3a0KPYTJIEHHS, YCIKaHHS, OOMEXEHICTh JIOBKUHM MAHTHUCHU COPUYMHSIE Ha-
KOITMYEHHS MOMUJIOK, TOXUOOK, HETOUHOCTEN MOaHHs Mojedl, Toio. [le mopomxkye
HEaJICKBAaTHICTh JOCIIPKYBAaHOTO Tpolecy Ta moaeni. Ciij 3a3HaYMTH, 110 4acTo B
TaKUX CUTYyaIlIsIX HaBITh MaJll KUIbKICHI HETOUHOCTI y TOAaHHI MOJIEI MOXYTh 3yMO-
BUTH 3HA4H1 BIIXWICHHS (MOXMOKY) po3B’si3Ky. OCHaIIEHHS aJITOPUTMIB TEXHOJOT-
€10, SIKa TIEPEIIKOKAE HAKOITMYEHHIO MMOXUOOK Ha CTaisIX MOJICTIOBAHHS, 30KpeMa i
B XO/Il ITEpaLliii aITOPUTMY METO/Y, € aKTyaJIbHUM HAIpPSIMKOM JIOCIIiIKEHb.

2. AHaJi3 JiTepaTypHUX IaHUX TA MOCTAHOBKA NMP00JieMH

CraHoM Ha ChOTOAHI PO3POOIEHO JOCUTH OAraTo TOYHUX Ta ITEPAIIHHUX METO-
JIiB PO3B’sI3aHHS CUCTEM JIHINHUX anreOpaiyHux piBHsIHBL. Cepen HHUX, 30KpeMa, Ha-
BesieH1 B [3—4] Ta Gararo iHmmx. Mo)XxHa KOHCTaTyBaTH, 110 MUTaHHS PO3POOKH yHI-



BEPCaTHLHOTO BUCOKOTOYHOTO METOMY PO3B’sI3aHHS MIMPOKOTO KJIAacy JIHIWHUX 3a/1a4
“ne 3Hsw10Cs”. 1le MOKHA MOSICHUTH 00’ €KTUBHUMHM CKJIAJHOCTSAMH B 3a7adax, 110 BHU-
HUKAIOTh, HacaMIlepea, MpU MOACIIOBAaHHI MPOIECIB pi3HOT MpUpoar. MareMaTudHi
MOJIEJI, JIOCUTh YacTo, MOJAI0ThCS K BEIMKOI PO3MIPHOCTI, € HEKOPEKTHUMHU (UyTIIH-
BUMHM JI0 HETOYHOCTEH), MmoraHo ooymoBiieHUMH, ToIio [1, 2]. TexHomoriydi Aocsr-
HEHHS ChOTOJICHHS, TaKi sIK 30LIBIIICHHS PO3PSIHOCTI IpoliecopiB 10 64 Tta 00csATIB
PI3HUX THIIIB ITaM’sTi, pa30oM 13 MiBUIIEHHSM ITBUJIKO/III BUKOHAHHS omepalliit Haja-
I0Th JIOJATKOBI MOMKJIMBOCTI TIPH TPEACTaBICHHI MOBrux uwncend. OmHAK BOHH HE
PO3B’SI3yI0Th MPOOIEeMy TPEICTABICHHS YUCEN Ta peatizarii onepamiil s ducen 3
PO3psAAHICTIO OlnbIe 32 64 1 BOHA JTUIIAETHCA BIAKPUTOIO. B 3B’S13Ky 3 UM, JUIsI Pi3-
HUX BHJIIB TTOTaHOT OOYMOBJICHOCTI UM CTPYKTYPH MAaTPHIhL 0OMEKEHh BUHUKAE HE0O0-
X1IHICTh aJalTyBaTH aJrOPUTM PO3B’A3KY JJIs 3a0e3MeueHHs SIKOCTi obumncieHs [3-5].
3BUYaiHO, cepe HUX 0COOIMBE MiCIle 3aMalOTh aJTOPUTMIYHI CXeMHU, 1m0 Oa-
3yI0ThCcsl Ha MeTroji [ayca. Bimomo, 110 3a CBOIMH CTPYKTYPHHUMH BIIACTHBOCTSMH
moneni CJIAP, Hepijiko, MOXKyTh OyTH HEKOPEKTHUMHM (TIPUPOJIHA CKIATHICTE). OnHi-
€10 3 MPOSIBIB HEKOPEKTHOCTI € BIACTUBICTh MOTAHO1 OOYMOBJICHOCTI (YHUCIIO 00YMOB-

nenocti M, = HAH ><HA’1H HaOyBae BEJIMKUX 3HAYEHb, IO BIUIMBAE HA IIOXUOKU BHKO-

HaHHS OCHOBHHUX ormepatiii) [1-5]. MoxxHa nepekoHaTuch, 1o iHpopMallis npo 3Ha-
YeHHS Ynciia OOyMOBJICHOCTI (WM HOTO OIIHKA), K (PAKTOp KOHTPOJIIO KOPEKTHOCTI
o04mCIIeHb, Hapa3l 3aJUIIAI0THCS B MOJ1 30py HOAAJIBIINX A0CTIKEHb [3—5]. 30kpe-
Ma, HasBHICTb KOHTPOJIIO OOYMOBJIEHOCTI CHCTEMH, HAKOMUYEHHS MOXMOOK 00YMcC-
JIEHb TpU PO3B’A3aHHI TAKUX HE3PYYHHX 337a4 € BAXKIMBOIO HEOOXITHOK 1 He-
BiJl’€MHOIO CKJIQJOBOIO OOYHCIIOBAIBHOTO MPOIIECY. 3 TOUYKHU 30py KIACHYHUX METO-
niB tuny ["ayca, Hanpukiaj, nporeaypa noOymaoBH OIlIHIOBaYa YUCIa 00YMOBIEHOCTI
Moke OyTH JojaHa siKOM “30BHI”. B cxeMi TakuWx METOJIB BiJICYTHI CKJIaJ0B1 3HAXO-

JPKEHHSI 4M OL[IHKM 0OyMoBIeHOCTI M , =HAH><HA‘1H (OCK1IbKH, OOEpHEHA MaTPHIIL

HEB1JI0Ma) 1 caMa 1o co01 € OOUUCITIOBAIBHO TPYAOMICTKOIO Mpotienyporo. OpraHiyHoO
«BOYyIyBaTHU» TaK MPOIEAYPY B aliTOPUTM € OKpeMoro 3aaa4yero. OcobnuBo mpodiema
OI[IHIOBaHHS YKciia 00yMOBJIEHOCTI 3asBUjIa Mpo ce0e MpH HAKOMUYEHHI 3HAYHOTO
JIOCBIYy PO3B’sI3aHHS MPAKTUYHUX 3a/1a4. HasBHICTH OIIIHKM 4Kciia 0OYMOBJICHOCTI B
X0/l OOUMCIICHb € BAXJIMBOKO CKJIAJIOBOIO, OCKIJILKM BOHA “lae curHai’ (BKa3ye) Ha
KOPEKTHICTh 00UMCIIeHb. SIK 10oaTKOBUM “3aXia”, B BUPIIIEHHI TPoOIeMu 00yMOBIIe-
HOCTI (TOKpaIeHHs 00yMOBJIEHOCT1) MOXKe OyTU MPEJCTaBICHUM Yy BUIJIS I HarpaB-
JIEHOTO TEPETBOPEHHS TIOYATKOBOI 3ajadl (1epenoOyMOBIICHHS), HANPUKIAL, MHO-
*eHHsM 3711Ba Ta capaa CJIAP Ha cnienianbhi marpuiii 5, 6].

Jlns  TpOBENEHHS TEpPeBIpKM Ta KOHTPOJIO BIACTUBOCTEH  aJrOpPUTMIB
PO3B’si3aHHS (TECTYBaHHS JAHOTO Kjacy 3ajad) po3poOJIeHO psii aJrOPUTMIB, MPO-
rpaM Ta MOJCABHUX 3a1a4 3 TIOTaHO OOYMOBIICHUMH MAaTPHUIIMHA 0OMEKEHb, HaIpH-
KJaJ, mianporpamu JiHiHOI anredbpu BLAS (Basic Linear Algebra Subroutines) [6].
Bigomo, 1110 0 TakuX TECTyBAJIbHMX MaTPUIlb HaJeKHUTh 1 MaTpuils [iapOepra. B
JaHii poOOTI NIl TPOBEICHHS TECTYBAaHHS alTOPUTMIB BOHA aKTUBHO 3aCTOCOBaHA.
“HapiKHUM KaMeHeM TIpH MPOBEIACHHI MOJCSITIOBAHHS 3aJHIIAETHCS IO CIIKEHHS
BIUIMBY 30ypeHb (30KpeMa, MOXMOOK OOYMCIIEHb) Ha BIACTUBOCTI cuctemu. Llsg mpo-
OnemMa po3mIsAAEThCS B Pl HAYKOBUX TIpallb, 30KpeMa, [1, 2, 6, 7]. Ogun 3 Hanpsm-



KiB, 110 aKTUBHO PO3BUBAETHLCA OCTAHHIM YacOM, IOB'SI3aHUN 3 PO3POOKOIO Marema-
TUYHUX METOIB, aJTOPUTMIB Ta MPOTPAMHOI0 3a0€3MeUeHHsS] BUKOHAHHS OCHOBHUX
oreparliii, 30KpeMa, BBEJICHHSIM HOBHUX THIIIB JAaHUX (JIJIs Ii¥ 3 palioHaJbHUMH YK C-
JaMH), 10 YHEMOXKJIMBIIIOE HAKOMTMYEHHS MOXMOOK. Taki miaxoau po3mIsiHYTI B [8—
11]. OqHuM 13 HEOJIKIB TAKOTO MiAXOMY € TOAATKOBE OOYMCIIIOBAIbHE HAaBAaHTAXKEH-
HSl B QJITOPUTMI, SIKE CIIPUUMHSAE YIIOBUIBHEHHSI OOYMCIICHb Ta HAKJIaJlae OOMEKEHHS
Ha PO3MIPHICTh PO3B’A3yBaHUX 3a/1a4.

Ane 3rajaHi MiIXOIW HE 3aKPHUBAIOTh MPOOJIEMH, TOMY JOIIBHO PO3BUHYTH
MIPOBENICHHS 00YNCIICHh BUKOPUCTAHHIM TEXHOJIOT11 TOBroi apu(METHKN Ha MOJEII 3
paIfioHaJTbHUMH €JIEMEHTaMH, OJIMH 3 BapiaHTIB SIKOi peali3oBaHO Yy BHIIAA1 6i10mio-
tekn Longnum Ha moBi C++ [23]. 3acTocyBaHHS paIliOHAJIbHOI apu(METUKH IS
npsiMux MeTofiB po3B’s3anHs CJIAP ycyBae oOunciaroBaibHy MOXUOKY 1 1a€ MOXKITH-
BICTh 30CEPEIUTHCS Ha BIACTUBOCTSAX BIACHE MOJECII, HapuKiIag [7].

B cyuacuux EOM, sk npaBuiio, BAKOPUCTOBYIOTHCS CTAHJAPTI TUIU IIINX YU-
cel, po3Mip AKUX He mepeBulnye 64 Oaifra. [lomonanHs Takoro amapaTHoro oome-
KEHHSI MOYKHA BUPIIIUTH MIPOTPAMHUM IIISTXOM, a CaMe, PO3POOKOI0 BIACHOTO THUITY
naHux. BimomMuMu mpukiazaMu peaiizaiili Takoro miaxomny € 6iomioreku GMP [8],
MPI [9], LIP [10], OpenSSL [11] Ta LibTomMath [12]. bi6aioreku GMP Ta LIP
IPOMICTKI Ta HE JOCTaTHHO 3pyuHi y BukopuctanHi; OpenSSL ta LibTomMath ne-
CyThb Kpunrorpadiune npusHadeHHs; 0i0mioreka MPI Hapasi He po3BuBaeTbes [9].
BaxnuBo po3pobutu 0107110TEKy, 10 HE 3aJEKHUTh BIJl CTOPOHHIX PO3POOOK KpiM
ctaHgaptHux 010miorek C++ Ta MOK€ THYYKO 3MIHIOBATUCS Ta M1AJIAIITOBYBAaTHCS
IT1]T KOHKPETHI J10CJI1JIPKEHHSI.

3BUYATHO, 3rajlaHl BUILE MPUHOMH 1HTEHCU(DIKALIT MPoLeayp OOUHUCIEHb MAIOTh
CBOI CHJIBbHI Ta CcJIa0K1 CTOpOHU. YacTO, BOHU 3aCTOCOBYIOTHCS PO3PI3HEHO.
baunThCs OLIBHOIO PO3pOOKA OPUTIHAIBHOI TEXHOJIOTI OOUMCIEeHb, B sIKii Ou Oynu
paIioHaIbHO BUKOPHUCTAHI CHJIbHI CTOPOHM Ha3BaHUX ITiIXO/IB.

3anpononoBanuii y [14] MeTOm BOJIOMAIE PSIZIOM CTPYKTYPHHUX BIIACTUBOCTEH, 30-
KpeMa, aHaii3yBatu Ta po3B’si3yBaTu Hapsany 31 CJIAP Takox 3amadi JiHIHHOTO MPO-
rpamyBanHs (3JII1), BiH mouupeHuit Ha cladko HEMiHINHI 3a1a4l, MICTUTh B €JIEMEH-
TaxX METOAY CKJIAJO0Bl Il OOYMCIICHHS Ta OI[IHIOBAaHHS OOYMOBIICHOCTI CHCTEMHU B
xoni iTepaiiit [15—18], Moxke 6yTu OCHaIlleHUM TEXHOJIOTi€r0 AOBTrUx yucen. Hasexe-
HI BJIACTHBOCTI METOIY Ta aArOpPUTMIB 0A3UCHUX MATPUIh MPU OCHAIICHHI TEXHOJO-
rieto poOOTH 3 TOBFMMH YHCEN HAaOyBalOTh PUC YHIBEPCAJIBHOCTI JJIsl 3aCTOCYBaHHS
IIpH PO3B’sI3aHHI MIMPOKOro Kiacy 3aaad.

AHaJIi3 JiTepaTypHUX JHKEpeIl Ta “BUIICHHS OCHOBHHMX MPOOJIEM B OpraHizaiii
00YHCIIEHb BKa3YyIOTh, 0 MIAHSATTS TOYHOCTI BUKOHAHHS OCHOBHHUX OTEparlii Moxe
OyTH JOCSITHYTE BKIIOYCHHSM Ta BIAJIHM MOETHAHHSIM JTOJATKOBUX MPOLEAYp: Mepe-
N00YMOBJICHHSI, 3HAXOJKEHHSI OI[IHKK Ta yucia OOYMOBJIEHHS, BUCOKOTOYHOIO MpO-
BEJICHHSI OCHOBHUX oneparliii. Came Ha po3poOKy TEXHOJIOTIi MPOBEACHHS OOYNCIICHD
3 TAKMMH BJIACTUBOCTSIMU (3 €I€MEHTAMU YHIBEPCAJILHOCTI) MaloTh OyTH HampaBIeHI
3YCHUJUIS JIOCJT1THUKIB.

Bubip MBM, sk 6a30Boro, mpu po3po0Ili TEXHOJIOTIi JOBTUX YUCEN, IPYHTYBaB-
Csl Ha HAsIBHOCTI TaKOi YHIKaJbHOI BIIACTUBOCTI SIK KOHTPOJIIOBATH BXO/KEHHS 00UHC-
JIEHb B CTaH HEKOPEKTHOCTI. 30Kpema, iH(hopmaIris mpo npsMy Ta 00epHEHY MaTpHIIi,



SK CKJIaJIOBl 00YMCIIeHHS Yrcia o0OymoBineHocTi. [ToOynoBa ominroBada unciaa 00ymMo-
BJICHOCTI (Ta mepeaoOyMOBIIIOBaya) Ta WOro BIACTHUBOCTI (3 eKCIIEPUMEHTaMM) Ha OC-
HOBI MBM po3srsinyTo B [18].

Ile Bka3ye Ha IOIIIBHICT 3acTocyBaHHS MBM Ta ioro aaropuTmiB, SIK Taki, 110
npornum anpoOariito [14—-18], nis “HanOynoBu” mpoleaypaMu BUCOKOTOUHOTO MPO-
BEJICHHS OCHOBHHUX ONeparliil (TEXHOJIOTIEI MOBroi apu(PMeTHKH) npu ITOCTIIKEHHI
JHIAHUX CUCTEM.

3. Hinb Ta 3aga4i gocaiaxeHHs

MeTor TOCTIIKEHHS € PO3BUHEHHS TEXHOJIOTII JTOBIOi apI/I(l)MeTI/IKI/I o TIi1-
Bnmye TOYHICTb BHKOHAHHS OCHOBHHX OI€paIlii aJrOpUTMIB JOCHIDKSHHS 1
po3B’si3ky CJIAP 1 MiHIMI3ye MOIY/Tb BETWYMHH MOXUOOK HA CTafil KOMI IOTEPHOTO
MOJICTTIOBAHHSI.

JIsist mocATHEHHSI MeTH OyJiM TTOCTAaBJICH] TaKi 3aBIaHHS:

— po3pobutu anroput™ po3B’sa3ky CJIAP (iiniiiHa cuctemMa) 3 eleMeHTaMu aHa-
73y Ta KOHTPOJO0 OOYMOBJICHOCTI Ta HAKOMIMYEHHS MOXHOOK B X011 iTeparliil (TexXHo-
JIOTis TOBrOi apu(METUKH) NP peatizallii TEXHOJIOT1i JOBroi apu(pMeTUKH;

— peajizyBaTH THIM JIOBTUX IUIMX Ta BIJAMOBIAHUX paIllOHAJBHUX YHCEN 13
IIBUJKUMH OTEpaIlisiMU MHOXEHHSI, UJICHHS, TOOYI0BAaHUX Ha Cy4acCHUX aJITOPUTMAaXx
Ta MPUCKOPUTH OTepallii MHOXKEHHS Ta JUICHHS Oneparliil 3 JOBTUMH YUCIaMHU.

4. TexHoJorii 10Broi apupmMeruKkd NPUCKOPEHHS BHUKOHAHHHA OCHOBHMX
onepailiii Ha OCHOBI aJIrOPUTMY MeToay 0azucHux MaTpunb (MBM)

[lepm 3a Bce XOTUIOCH OM HAroJIOCUTH, 10 B CTAaTTI PO3BUHYTO METON Oa3UCHUX
Matpullb (riepuri myomikarii kiHenb 80-X pOKiB) OCHAIIEHHSM TEXHOJOTIE€H0 JOBIOl
apudpmetuku [14]. 3 neranrbHUM BUKIAACHHSAM OOTPYHTYBaHHS METOMY, HOro BIacTH-
BOCTEH, Pe3y/IbTaTiB OOYMCIIOBAJIHHOTO E€KCTIEPUMEHTY, TOPIBHSIHB 3 BIJJOMUMH 1H-
IUMU METOAaMH MOYKHA 03HAMOMHUTHUCH B [15—17].

Posrnsinemo CJIAP Buny

Au=C, (1

ne marpuust A posmiprocti (mxm), C =(c,,C,, ..,C,)" — BEKTOp CTOBIEINb PO3Mip-
HOCTi m, U= (Uy,U,,..,u )" — mrykanuii BekTop posmipHocTi 7, T — 3HaK TPAHCIIOHY-

BAHHA, 4,=(qj;, ja, ..., Qjw), j=1,2, ... m — paaxu Matpuui 4. PiBusuns (1) nonosHto-
eThes nonomixkaoto CJIAP Buny:

Iu=K, (2)

. . . T
ne I — oMMHUYHO-AiaroHanbHa MaTpuils po3mipraocTti (mxm), a K=(11,....,.1)' — Bek-
%/—J
m
TOop po3MipHOcTi m. Ciij 3a3HaYUTH, IO cucTema (2), 3a3BUyaid, TpUBiaJIbHA, 3 BIO-
MHUMU BIACTHBOCTSIMHU BHKOHYE JIMIIE JOTIOMIXHY POJIb — MOOYIOBU MOYATKOBUX 3HA-
yeHb eneMeHTiB MBM, 30kpema, 00epHEeHO01 MaTpulll Ta O3B SA3KY.



ToGT0, B ocHOBY moOy0oBHU airoputmy po3s’s3anHs CJIAP nmoknaneno merox
0a3MCHUX MaTpHUIllb, OCKUJIBKH B HbOMY 3T1JIHO [ 14] 3aKkiajeHa 31aTHICTh:

— 3HAXOJIUTH BEJIMYMHY PaHTy MaTpUIll oOMexxeHb cuctemu (1) ;

— 3HaxonuTH po3B’s30k CJIAP (1) ;

— KOHTPOJIIOBaTH 0OYMOBIICHICTh CUCTEMH;

— aHaNi3yBaTd BIUIMB 3MiH y Mozeni (1) B pesynbrari yrouHeHb (0e3 mepe-
PO3B’sI3aHHA);

— OCHAIIICHHSI TEXHOJIOTIEI0, IO MEPEITKOHKAE HAKOMTUICHHIO TTOXHUOOK;

— OyIyBaTy MOYATKOBI PO3B’SI3KM 3aJ1a4 HA OCHOBI TPUBIAIBHUX OA3MCHUX MaT-
puIlh (2), 0 BUKITIOYAE TPYAOMICTKI TOYATKOB1 OOUMCIIEHHS |

— 3aCTOCOBYBATH CXEMY aHaMI3y IS 3aj1ad, 1110 ependadarTh 0araTOKpOKOBICTh
a00 6araropa3oBiCTh pO3paxyHKIB Ha MOJCIISX 3 HE3HAUHUMH 3MIHAMMU.

Kopotko naragaemo [14], 1o 0CHOBOIO 3alTpOIIOHOBAHOTO METOAY IITYYHUX Oa-
3ucHuX Marpulps (MIIBM) € i1ea nopsiakoBoi 6a3ucHOi MaTpuill. ba3ucHi MaTpuil B
X0/l 1Tepalliii MOCHIJOBHO 3MIHIOIOTHCS BBOJIOM-BHBOJOM 13 HEl PsAKIB-HOpMalieh
oOMeKeHb 3a/1aul.

[limmatpuiio Ag, CkiafeHy 13 m JIHIMHO HE3aleXHUX psAKiB-HOpManeu (ij,
iz, ..., I,,) OOMEXeHb, OyIeMO HAa3MBaTH IITYYHOIO 0a3MCHOIO, a PO3B| 530K U BIATIO-

B1IHO1 IM CUCTEMH PIBHSIHb 16[6u=C0 , 1€ = (Cil,ci2 o )T IITYYHUM OA3UCHUM.

Hexaii: e,; — eneMeHTH Marpuiii Agl, o0epHeHO1 10 Ag; ug=(ug;, ugy, .., u0m)T -
0a3zucHui po3B’s30K; o,=(0,1, O, ..., O;;) — BEKTOP PO3BHHEHHS BEKTOPY-HOpMaTi
oOMexxeHHs a,u<c, 3a paikaMu 0a3ucHOi Marpulli As; A,=a,uy—c, — HEB’A3Ka 1-TO 00-
MexxeHHs (1) B BepiinHi. Bel BBeieH1 €1eMeHTH B HOBIM O0a3uCHIN Marpuill As, BiJi-
MiHHIH BT Ag OTHUM PSIIKOM, OyJIeMO IT03HaYaTH PUCKOIO 3BEPXY.

3rigno Teopemu 1 [14], Mixk KoedillieHTaMU pO3BUHEHHS HOpMaJieli 0OMEKEHb,
eJeMeHTaMu OOEpHEHUX MAaTpHIlh, OA3UCHUMHU PO3B’A3KaMHU, HEB I3KaMU OOMEKEHb
B JIBOX CyMI)KHMX 0a3MCHUX MAaTPULISIX BCTAHOBJIEHO BI/AMOBI/IHI CITIBBIHOIICHHS.

Ha ocHoBI1 HuX OymyeThCcsi cxeMa BU3HAUY€HHs paHry cucteMu (1) ta po3B’s3Ky
CUCTEMHU PIBHSHbB, MOCJIIOBHUMHU 3MIHAMU 0a3MCHUX MaTPUIlb Ta BIJIMOBIAHUX IITY-
YHUX PO3B|S3KIB.

[lonepeaHi pe3yibTaTd 3aCTOCYBaHHS TEXHOJIOTIi JOBroOi apu(METUKU Y MOEN-
HaHHI 3 METOJIOM Oa3MCHUX MaTpullb [ aHanizy BiactuBocteit CJIIAP (3 peanizaiii-
€10) po3misiaanuck B [22]. “Jlora apudMeTuka’” NpeACTaBICHHS PalliOHAIbHUX YHUCET
MIPY BUKOHAHH1 OCHOBHUX OIEPAIliii BUKIIIOYAE HAKOTIMUYEHHS TIOXHOOK, 110 Y TO€/I-
HaHHI 3 KOHTPOJIEM OOYMOBJICHOCTI B X0l OOUMCIICHb € €(heKTUBHOO, OCOOIMBO TIPH
JOCII/HKEHHI MTOTaHO 00yMOBJICHUX CUCTeM. [[71s1 ocTaHHIX, BIUIMB HABITh MajUX IO-
XHOOK y MO/TaHH1 MOJIENI Ta OOYUCIICHHSIM € CYTTEBUM.

B monmaneimx Bepcisx TEXHOJOTISI HEOIHOPA30BO 3a3Hala YIOCKOHAICHbD 1 TIPO-
IPaMHO, 1 AITOPUTMIYHO OYyJI0 POBEACHO BINOBIIHI 00YHMCITIOBAIbHI €KCIIEPUMEHTH.

[IpenmMeToM gocnipkeHHS OyIyTh BJIACTUBOCTI HOBOTO alTOPUTMYy Ta
KOMII TOT€PHOI peasizailii MeToy MTYyYHUX O0azucHUX Marpulb [14] nus moxeni (1)
B cepenoBuill Visual C++ 3 BUKOPUCTaHHSIM palllOHAIBLHOT apuPMeETHKH, B SKIA



MHO>KEHHSI IOBI'MX YHCEJ 3[IACHIOEThCS 3a Jomnomoroto merony llltpacena, mo Oa-
3YETHCS Ha MIBUIKOMY aJITOPUTMI TUCKPETHOTO niepeTBopeHHss Dyp’e [19].

Konyenyia npedcmaesnenns yinux yucen. B cyqacanx EOM, gk mpaBuio, BUKO-
PUCTOBYIOTHCSA CTAHJAPTI TUIHU IIJIUX YUCEN, PO3MIpP SAKUX HE MepeBulrye 64 Oailta.
[TomonanHs Takoro anapaTrHoro 0OMeKEHHSI MOXKHA BUPIIIUTU IPOTPAMHUM HUISIXOM,
a came, po3poOKor0 BiIacHOTo Tuly naHux [22]. B po3po0bneniii Ha MoB1 C++ 6165110-
temi Longnum peasni3oBaHi TUIM JOBTUX IUIKUX 4yuced longint3 Ta BiAMOBIIHUX pa-
[IOHAJIbHUX Yncen longrat3 13 MBUAKUME OTEpaIlisiMi MHOXEHHSI, TIJICHHS, HOOY10-
BaHUX Ha Cy4acCHUX aJiTOPUTMaXx.

Jlnsa peamizariii JOBrUX LUTMX YHCEI JOBUIBHOTO PO3MIpY Ta BIIMOBIAHHUX palli-
oHainbHUX uncen B C++ OyB BUKOpPUCTAHUU 00 ckmHuo-opienmosanutl nioxio (OOII)
[21]. Bin monsirae y HaCTyTHOMY: pealbHOMY 00’ €KTy MpeIMETHOI 00JacTl CTaBUTh-
csl y BIAMOBIIHICTh TaK 3BaHUN 00 ‘ckmHuu mun abo Kiac 00’ €KTIB, IO € y3araib-
HEHHSIM CTPYKTYpHOTO Tuily. CKOpUCTaeEMOCH O3HAUCHHSIM [21].

Osnauenns 1. Knac B C++ — 11e mporpamMHa KOHCTPYKIIis, IKa CKIAJAEThCS 3 J1a-
HUX (enemenmis danux ab0 nonrig) Ta MIAMPOrpam, 10 ONEPYIOTh Ha/l IIUMHU TOJISMU
Ta OMHCYIOTh BJIACTUBOCTI BIJMOBIIHOTO 00’ €KTY MPEAMETHOT 00JIaCTl, 1110 MOEIIO-
€THCSI.

3aranpHa KOHIIEMIIis T0Broi abo TouHoi apudmernku (multiple precision arith-
metic), MOHATTS JIOBIOTO IIJIOTO YKCJIa OMMCaHo, 30Kpema, B [12]. Ane nis scHOCTI
BBEIIEMO TTOHATTS:

Jloeeum yinum wuciom abo Yinum Yuciom 008LIbHO20 po3Mipy HA3BEMO IIIJIE Y-
CJIO, sIKe HE OOMEKY€EThCS Jl1alla30HaMU CTAaHAAPTHUX KOMIT I0TepHUX TuIis. Hanpu-
KJIaJl, CTOCOBHO MOBHU C++, Taki yuciaa NPUHIMIIOBO HEMOXKIIMBO 30€piratu B 3MiH-
Hilt THITY __ int64 aGo unsigned  int64, ski 06MeKyIOThCs Jiarmasonamu Big -2 10
2% 1a Bix 0 1o 2041 BIJIITOB1IHO.

Josza abo mouna apugpmemura — 1€ apuPMETHKA TOBIHUX LIUIUX YNCET.

[ine 9yucio JOBIUIBHOTO PO3MIPY MPOTPAMHO MPENCTABICHO Y BUIVISAL KJacy
longint3. ParionanbHe uncio sk mapa (4ucelbHUK Kiacy longint3, 3HaMEHHUK KJ1acy
longint3) 3anporpamoBane y Buriisi kiacy longrat3. [ine uucno 36epiraerbes y nu-
HaMIYHOMY MacHuBI, MaKCUMasbHa JoBXHHA sikoro 4096. Enementamu Bektopa € 16-
OiTH1 Oe33HaKoBl uncia crannaptHoro tumy C++ unsigned  intl6 1 €, pakTudHO,
“nudpamMu’” B CUCTEMI YHCIICHHS 3 OCHOBOIO BASE=2"°. Taxk, HanpuKIaa, i€ YUCIO0
3 miamasony Bix 2°% o 2°*-1 6yxne 36epiratucs y Macusi po3mipy 3.

MacuB "uudp”, 3HaK 4yMciia Ta omneparlii HaJl YUCJIaMHu TaKoi CTPYKTypH opopMm-
JeH1 y Bursal kinacy longint3. 3okpema, B kiaci longint3 peanizoBaHi Taki onepariii
3 I[IJIMMU YMCIIaMU: 0JaBaHHs, BiIHIMaHHS, MHOXKEHHS Ta A1JICHHS 3 0CTa4yero, Mopi-
BHSHHS, KOHBEpTallisl Yy psSAok cuMBojiiB Tumy char. Ilpu po3pobiii 616gi0Teku
Longnum [22] BukopucTaHO €JIEMEHTH CTaHAApTHOI O10J10TeKH 11a0JIOHIB
STL(Standard Template Library) [13].

Qzonowenus knacy longint3

class longint3

{

public:

unsigned __int16 *s;



unsigned int I;

longint3();

longint3(unsigned n);

longint3(unsigned __int16 *p,int n);

longint3(const char *s1);

longint3(const char *s1,int n);

longint3(const longint3 &a);

longint3 operator=(const longint3 &a);

~longint3();

char* text(void);

friend longint3 operator+(longint3 &a,longint3 &b);

friend longint3 operator-(longint3 &a,longint3 &b);

friend longint3 operator*(longint3 &a,longint3 &b);

friend longint3 operator/(longint3 &a,longint3 &b);

friend ostream& operator<<(ostream &os,const longint3 &a);

friend istream& operator>>(istream &is,longint &a);

friend longint3 karatsuba2(longint3 &ul,longint3 &u2,unsigned int n);

friend longint3 tomakuka(longint3 &ul,longint3 &u2);

friend longint3 fastmul2(longint3 &A, longint3 &B);

friend __int8 divmod(longint3 &A, longint3 &B, longint3 &Q, longint3 &R) ;

void mult2(int n);

void mult(int m);

void div(int m);

friend int longcmp2(longint3 &a,longint3 &b);

unsigned int toint();

void print();

void operator+=(longint3 &b);

void operator-=(longint3 &b);

void operator*=(longint3 &b);

friend void savebint2(FILE *f,longint3& a);

friend void loadbint2(FILE *f,longint3& a);

friend longint3 ncd(longint3 a,longint3 b);

2

lIpeocmaenenus payionanvrux uyucen. ParioHaabHe YUCIIO IPEACTABISETHCS K
rnapa: 4YUCEIbHUK Ta 3HAMEHHUK Tumy longint3 1 odopmIIeHO y BUIVISAI Kiacy
longrat3. Jlanmii Kjac TaKOXX OCHAIYEThCS OINEpalisMu J0JaBaHHS, BiJIHIMaHHS,
MHOXEHHS, JUICHHS, CKOPOUYEHHS, MOPIBHSHHSI, IPEACTABICHHS Y BUIVIS/I JECATKO-
BOT'0O YMCJIa 33JaHO0i TOYHOCTI, KOHBepTallis y Tul double, koHBepTallis y pAaI0K CUM-
BoiiB TUNy char. Onepauii ‘+’, -’ **’, °/> moOynoBaH1 3 BUKOPUCTAHHSAM BIAMOBIA-
HUX omnepauiil Haa yucinamu tuny longint3. JlanHi kimacu Oyiu BiIKOMIIUIBOBaHI Y
BUIJIA/II TMHAMIYHO1 010JII0TEKHM Ta TPOTECTOBAHI IS TOYHOTO PO3B’SI3yBaHHS CHC-
TeM JHIHHUX anreOpaiuHuXx piBHSIHb.

Ozonowenus kacy longrat3

class longrat3

{



public:
__int8 sign;
longint3 num;
longint3 denom;
longrat3():num("0"),denom("1"){sign=0;}
longrat3(char *s);
longrat3(double d);
longrat3(char *s1,char *s2);
longrat3(const longrat3 &I11):num(I11.num),denom(l1.denom),sign(l1.sign){}
longrat3& operator=(const longrat3 &a);
friend ostream& operator<<(ostream &f,const longrat3 &a);
void text(char *s);//return s as 'p/q’;
friend void savebrat3(FILE *f,longrat3& a);
friend void loadbrat3(FILE *f,longrat3& a);
friend longrat3 operator+(longrat3 &a,longrat3 &b);
friend longrat3 operator-(longrat3 &a,longrat3 &b);
friend longrat3 operator*(longrat3 &a,longrat3 &Db);
friend longrat3 operator/(longrat3 &a,longrat3 &b);
void operator+=(longrat3 &a);
void operator-=(longrat3 &a);
void operator*=(longrat3 &a);
void operator/=(longrat3 &a);
char* decimal(unsigned __int32 size);
operator double();
friend __int8 longrabscmp(longrat3 &a,longrat3 &b);
~longrat3(){};

void reduce(void);

}

Omeparmii ‘“+’ Ta ’-’ peanizoBaHi 3a KJIACHUHUMH aJITOPUTMaMHM J0JaBaHHS Ta Bi-
JTHIMAaHHS; MHOXKEHHS Ta JIUICHHS CyTTEBO MOKpAIIEHI B TTOPIBHSAHHI 3 TPAIULIIHHUMU
aJTOpUTMaMH MHOXKEHHS Ta JIJCHHS B CTOBITYMK 1 ONTHMI30BaHi SIK 32 4acoM, TakK 1
3a BUKOPUCTaHHSAM pecypciB EOM.

lIpuckopenns onepayiti MHOJICEHHS MA OLLeHHs 0082UX HUCe

ApudmMernyHi onepaiii 3 TOYHUMHU pallOHATBbHUMHU 4YHCIIaMUd 0a3yloTbCS Ha
MHOXXE€HHI JOBIMX LIIUX yucen. s 3A1iCHEeHHsI CKOPOUEHHS palllOHaIbHUX JpOo0iB
peai3oBaHO JUICHHS JOBIOrO IIJIOTO YKCIa Ha IOBTE 1I1JIe YUCIIO.

MHooicenns dogaux yinux uucen 3 eukopucmauuam memooa lllmpacena, wo oa-
3yemuvcest Ha ouckpemuomy nepemeoperus yp’e. JIoOyTOK HIIKMX Yncel

A=ayta,BASE+...+a, ,BASE"" ta B=by+b,BASE+...+b, BASE™'

B CHCTEeMI YMCJIeHHs 3 0OCHOBOIO BASE MokHa iHTEeprpeTyBatu siKk 100yTOK Oararod-
JICHIB



(agrarx+... 4@ X Y (bo+bix+...+b, X" N=cotcix+...+cppmix ",

7€ ¢; — KOMIIOHEHTH BEKTOpa — 3TOPTKU BEKTOPIB (a, a1, ..., Ay1) Ta (by, by, ..., byey).
Cxopucrtaemocst o3HaueHHAMH [ 1 8].
Os3navenns 2. LIUKI19HOIO 3rOPTKOIO0 BEKTOPIB a 1 b Ha3UBAETHCS BEKTOP c=a b
13 KOOpIMHATaMH1

c= Y, apb.

k-+1=i (mod m)
Osnauenns 3. luckpetne neperBopenuss Oyp’e (AI1D) Bekropa (ay, ay,..., ay-1)
BU3HAYAETHCS SIK KOMIUIEKCHUN BEKTOP 3 KoOpauHaTaMu (o, Vi, ..« VN-1):
N-1

7€ ® — TFOJOBHHUI KOMIUICKCHUI KOpiHb N -ro CTereHs 3 OIWHMIII,
2n . . 27|
®=C0S— +1SINn—.
N N

3ayeascenns. Obeprene muckperHe mepetBoperns Oyp’e (JAMD ') moxHa 06-
YUCJIUTH 32 POPMYJIIOIO:

1 i
ak :N_Zij kj.

B ocnogi Metony IlITpacena [20] MHOXEHHS IOBTUX YHCEIN JISKUTD
Teopema npo 3eopmky [20]. IlepeTtBopeHnss Dyp'e BiJ MUKIIUHOI 3TOPTKU JBOX
BEKTOPIB € CKaJsipHU 100yTOK Dyp'e-00pa3iB IIUX BEKTOPIB:

c=axb < F(c)=F(a)*F(b),
a Tol
c=F"'(F(a)*F(b)).

Tyt * 03Ha4a€e MOKOMIOHEHTHE MHOKEHHS BEKTOPIB.
OTxe, 111 MHOXKEHHSI IOBI'MX IIUIUX 4ncen A Ta B 10CTaTHbO:
1. OGuucnutu Koedimientu 3roptku C, i =0,n+m-1

2. 3pobutu neperocw, o0 Bci koedimienTn Oynmu meHiie BASE.
Teopema 1po 3ropTKy 103BOJISIE TOOYAYBaTH €(HEKTUBHUN AITOPUTM OOUUCITUTH
Koe(IiIieHTIB 3ropTKU Ha Kpoii 1 3a qormomororo JI1D:



1. 1. O6unciuru F(a) 1 F(b).

1. 2. IIOKOMIOHEHTHO MEPEMHOKUTH OTPUMaHI BEKTOPH.

1. 3. O6uucnutu ob6epuene AP Big ckaasipHOro J0OYTKY.

MHOXeHHSsI 6araTo4IeHIB 3BOJIUTHCS /10 CKAJIIPHOTO JO0OYTKY BIJIOBIIHMX BEK-
topiB. [lepenbadaerbcs, M0 HA KOXKHOMY KpOIIl pO3MIpH BEKTOPIB OJIHAKOBI M PiBHI
N. CknaiHiCTh aNropuTMy MHOXKEHHS Mae niopsaiok O(NlogN). Ilpudomy, Haiikpatioi
mMBUAKOAIT gocsratoTh jauiie Bapiantu TP (mBuaKOoro ajiroputMy AUCKPETHOTO
nepetBoperHs Dyp’e), U0 MpaIrolTh Ha BEKTOpax po3Mipy N=2, TOMY BEKTOPH B
TaKMX CHUTyalisiX HEOOX1AHO MomoBHUTH HymsiMu. Metop Llltpacena peanizoBaHo B
kiaci longint3 6i6miorexn Longnum.

Hinenns ooseux yinux wucen. Onepartist JiJICHHS JOBTHX YUCET BUKOPUCTOBYETh-
Csl B omepartii CKOpOYEHHS pallioHaJbHUX YUCET. 3a OCHOBY B3SITUH “NMIKITLHUN Me-
TOJ JIJICHHS “‘B CTOBMYHMK ’, CKIATHICTh sikoro O(nm), e n Ta m — KUTBKOCTI TGP
IJIEHOTO Ta IUILHUKA B1AIIOBIIHO.

HaBeneMo oCHOBHI CTajii aJrOpUTMIYHOI CXEMH 3HAXOJKEHHS BEJIMYMHU paH-
Ty, IOYaTKOBO1 0a3MCHOI MaTpHIll Ta PO3B 3Ky HEBUPOKeHO1 cuctemu (1) 3 pairio-
HaJbHUMHU €JIEMEHTAaMH, 1110 TPYHTYETHCA Ha TEXHOJOTIT TOYHUX OOYHCIIeHb. AJIro-
PUTM MOXe OyTH 3aCTOCOBAHHMM IIPH MEepPEpPaxyHKy 0OepHEHOI MaTpHIIl B XOJI1 1Tepa-
1iiHOTrO Mpotecy. Takuii nepepaxyHoK JOIUIBHO BUKOHYBATH MPU HAKOIIUYEHH] 3Ha-
YHUX MOXUOOK IMPHU 3HAXOJKEHHI €JIEMEHTIB METOJY. 3a pe3y/bTaTaMy HaBEICHOIO
aNTOPUTMY MOKHA KOHCTPYIOBATH aHAJIITUIHE TIPEICTABICHHS 3arajlbHOTO PO3B’ 3Ky
BIIMOBITHOT CUCTEMH JIIHIMHUX anreOpaiunux HepiBHoctell (CJIAH) [14].

Aaroputm MIIIBM

Ha 6xo00i: marpuus koe(ilieHTiB A pO3MIPHOCTI m Xm, BEKTOpP MPaBUX YACTUH
CJIAP C po3mipHOCTI m Ta OJWHUYHA Oa3zvcHa marpuils [ po3MIpHOCTI m Xm, 1O
MIPENCTABIAIOTH COO0I0 JUHAMIYHO CTBOPEHI MacuBU eneMeHTIB Tuily longrat3. Ha-
JaJ1l HACTYTHI KPOKHA BUKOHYEMO 3 BUKOPUCTAHHIM OTIEpaIliii MOPIBHSHHS, TO/IaBaH-
HsI, BITHIMaHHS, MHOXKEHHSI Ta JUICHHS Kiacy longrat3.

Kpox 1. IIlpoBoauMoO CIMITJIEKCH1 1Teparlii Mo 3aMillleHHIO PSAAKIB 0a3UCHOI MaT-
putti | cucremu (2) HopMasisMu oOMexeHb cucteMu (1), 3TiIHO CIIBBIAHOIIEHb TE€O-
pemu 1 [14].

3HaXOUMO BIAMOBIIHI €IEMEHTH METOAY| | BEKTOpHU PO3BUHEHHS 3a PSAKaMU
0a3ucHUX MaTpuilb 0OMexeHb (2), o0epHEeHY 0a3MCHY MAaTpUIl0, IITYy4YHI Oa3uCHI
po3B’s3ku U, ne k— HoMep iTepartii.

Kpox 2. TlepeBipsieMO KUTBKICTB ITEpalliid 7 3aMIIIEHHS PSIIKIB JOMOMIXHOI CUCTE-
MU PSAIKAMH OCHOBHOI CHCTEMH ISl IKMX BUKOHYIOTHCSI yMOBH HEBUPOPKEHOCTI, TOOTO
(1)

o, # 0 —uucno BU3Ha4Yae panr ocHOBHOI cucteMu, (Hacminok 2-3 Teopemu 1 [14]).

Kpox 3. Slxmo KinbKicTs iTepariit, as sxux ol # 0, piBHA m, TO TIEPEXOAUMO

Ha HACTYMHHM KpOK. B CylpoTHBHOMY Ha mepenocTaHHii KpPOK.
Kpox 4. 3naxogumo enuHuii po3B’si30k (Hachigok 1 teopemu 1 [14]). 3rimHO

CHiBBIAHOIIECHHA | A 1c? =u°.



Kpok 5. BukoHanHst yMoBU r<m O3Haya€ TOPYUIEHHS YMOBU €IUHOCTI
PO3B'SI3KYy 32 CXEMOIO METOAY, TOOTO MOAENb MOTpedy€e YTOYHEHHS Ta MOAAJIbLIOrO
aHaJizy po3B’sa3HOCTI (Hacainok 1 teopemu 1 [14]).

Ocmannit kpox. GopMyBaHHs BUXIAHOI 1H(MOpPMAIIil 32 pe3yiabTaraMu aHaI13y
(1) y BUIIA11 MacuBy eJIeMEeHTIB Ty longrat3.

Anroput™M Moxke OyTH 3aCTOCOBAaHUM IpHU MEpEepaxyHKy OOEpHEHOI MaTpHIll B
XOJI1 1TepaIifHOTO MPOIIECY 3HAXOKEHHS ONTUMAJILHOTO PO3B’A3Ky. Takuii mepepa-
XYHOK JOLIJIbHO BUKOHYBATH MPU HAKOMMYEHHI 3HAYHUX MOXHOOK MPHU 3HAXOMKEHH1
€JIEMEHTIB METO/y. 3a pe3ylnbTaTaMH HaBEJECHOTO aJIrOPUTMY MOKHA KOHCTPYIOBAaTH
aHATITUYHE MPEACTABICHHS 3arabHOTO po3B 3Ky CJIAH.

5. Pe3yJbTaTu J0CJHIIKeHb O0YHCIIOBAJBHUX BJIACTHBOCTEH NMPOrpPaMHOI
peaJiizauii MeTOiB Ta AJITOPUTMIB

Byno posrmsnyTo a1 CJIAP 3 morano o0yMOBIIEHUMH MaTpHIISIMH, a caMe: Ma-
Tpuis ['inGepra 4, 3 enemenTamMu

1Lm; j=1m

a =1(i+j-1), |

Ta MaTpuOA A2 3 CJICMCHTaMH

m—i+1 npu i> ],
(2) _ i Pi—
a; =qm-—1, npu =],
m—j+1 mpu i< ].

Marpuus A4, posrisatacs 3 TaKuMu BapiaHTaMHU BEKTOpPA ¢; IPaBUX YACTHH:
) c¥ =1 i=Lm,

2) ¢® = (-1, i=1m;

3) ¥ =1+ (1)) /2, i=1m.

Jlist matputii A, BEKTOP IIPaBUX YACTUH C; BABHAYAETHCS CITIBBIIHOIICHHSIM:

—j i<
@ _ m-—I, npu 1<2,
]

m—i+1, mpu i>2.

Po3p’sa3yBannst - CJIAP 3 Bukopucranusm 0i0mioreku Longnum. Ilpu
po3B’si3adHl CJIAP posmipHocTi m=50 3 Marpuiero ['iibbepra Ta OAMHUYHOKO TTpa-
BOIO YAaCTHHOIO 3 BUKOPUCTaHHSIM TOYHHUX OOYMCIEHH OyJ0 OTPUMAaHO TOYHUUN
pPO3B’s130K (Tadm. 1).

CJIAP posp’sizyBanucs Meronamu ['ayca ta MIIBM, 3 marpuuero ['imsbepra
posMipHocTi m=100, mocuIaHHs Ha TOYHUN PO3B’SI30K OIMYOJIIKOBAHO B [22].



Taomung 1
Tounuii po3s‘szoxk CJIAP meromoM Oa3ucHUX MaTpullb 3 Marpuiero ['uipbepra,
m=50

KomnoneHTH po3B’s3Ky B TOUHOMY BUIJISII KomnoHneHTH po3B’S3Ky 3

IJI1aBarO40I0 KPAIKOIO

-50 -50

124950 124950
-77968800 -7.79688¢e+007
21580031200 2.158e+010
-3350299843800 -3.3503e+012
331679684536200 3.3168e+014
-22701631741588800 -2.27016e+016
1135544885686411200 1.13554e+018
-43221677211439026300 -4.32217e+019

1290780705857666723700

1.29078e+021

-30978736940584001368800

-3.09787e+022

609077811418589580631200

6.09078e+023

-9965189747931923971993800

-9.96519¢+024

137448859777688253128506200

1.37449¢e+026

-1615725372080580281673868800

-1.61573e+027

16336778762148089514702451200

1.63368e+028

-143202076336954347152313673800

-1.43202¢+029

1095570210314899866968046826200

1.09557¢+030

-7357903634707475649760709548800 -7.3579e+030
43597107685981413891518442451200 4.35971e+031
-228884815351402422930471822868800 -2.28885e+032
1068648151493282514317100869131200 1.06865e+033
-4451228664071193282775362297868800 -4.45123e+033

16584823623599852477032588070131200

1.65848e+034

-55397917798274507232310242095368800

-5.53979¢+034

166193753394823521696930726286106400

1.66194e+035

-448428115668872934282842669742393600

-4.48428e+035

1089391211041939597551322864353606400

1.08939¢+036

-2384432803760163710966926065345393600

-2.38443e+036

4703655197905007843631546185978606400

4.70366¢+036

-8362053685164458388678304330628633600

-8.36205e+036

13391467868333092050131020150715366400

1.33915e+037

-19302545482089495962884165764117071100

-1.93025e+037

25010001538317978699384350682432678900

2.501e+037

-29077372030708791844266926744973633600

-2.90774e+037

30264203542166293552196189061095006400

3.02642¢+037

-28115818722814982590157570701819743600

-2.81158e+037




23227896987219682475871594202891256400 2.32279e+037
-16986606106997219317534905455853993600 -1.69866¢e+037
10933522273997552736270001605050006400 1.09335e+037
-6150106279123623414151875902840628600 -6.15011e+036
2996393243665822472451151912210871400 2.99639e+036
-1250195820486420260614539573348753600 -1.2502e+036
440171703156657430859959579367246400 4.40172e+035
-128231839142745243287715497295003600 -1.28232e+035
30079073379162464474896227760556400 3.00791e+034
-5458584204914171246862075359193600 -5.45858e+033
719080128397475705222663616806400 7.1908e+032
-61171747033813037423455759068600 -6.11717e+031
2522283613639104833370312431400 2.52228e+030

B pesynbrari excnepumenTiB asi CJIAP 3 marpuuero ['iisGepra A, po3MipHOCTI
m=100 Ta OIMHUYHOIO MPABOIO YACTUHOIO C; OTPUMAHO TOYHI pO3B’si3kU (TalM. 2) sIK
MeTonoM ["ayca, Tak 1 METOIOM IITYYHUX 0a3UCHUX MATPUIlb, K1 CIIBIAAaI0Th. Y TalI.
2—-4 BKa3aHWW yYac BMKOHAHHS MPOIETYypH OOYHMCICHb TOYHOTO po3B’sizky Ha EOM 3
mporiecopom AMD Athlon(tm) 64X2 Dual Core Processor 4200+, 2.21 I'T'ii, 3 I'b O3I1.

Jns CJIAP 3 marpuriero koedimieHTiB A, MPOBEICHI PO3PaXyHKH 3 BHUKOPHC-
taHHsM Metony [ayca ta MIIIBM. Pesynpraté 00YMCIIIOBAIBHOTO EKCIIEPUMEHTY
HaBeJIeH1 B Ta0I. 3.

Tabmums 2
Po3B’a3yBanns CJIAP 3 matpuriero ['iib0epra 4; B TOUHUX Yucaax
) Merton I'ayca 3 BUGOpOM Makcu-
Bexrop Pongp- MATBHOTO ceNALy Merton mTy4HNX Ga3UCHUX MaTpULlb
00OMeXeHb HICTh MinimanbHuii Be- | Yac Buko- | MiniManbHuil Benyunii | Yac Buko-
m Jy4uii €IEMEHT | HaHHs, CeK. €JIEMEHT HaHHS, CEK
(L1,...1)' 50 1.79177e-051 28.5 5.56135311E-59 31.6
(1,0,...1,0)" 50 6.7767e-054 29.3 5.56135311E-59 32.1
(1-1,..1-1)" 50 6.7767e-054 29.2 0.556135311E-58 31.8
(1,1,..D)' 60 1.66524e-065 63.3 0.1416498617E-70 68.3
(L1,...D)' 100 6.35121e-109 666.2 0.708461361E-119 616.2
Ta0nunist 3

Po3B’si3yBannst CJIAP 3 maTpunero 4, B TOUHUX YUCIIax

Meton 'ayca 3 BHOOpOM MakCcUMab- MeToJ Ty dHIX Ga3HCHHX MATDHIIb
Po3mip- HOT'O €JIEMEHTY
HICTH M Benyunit Yac BUKOHAH- . Yac BUKOHaH-
Benyunii enemeHT
eJIEMEHT HS, CEK. HS, CEK
50 9.03917e-059 4.79 0.2040816326E-1 3.99
60 1.06745e+076 9.74 0.090909090E-1 6.52
61 6.18569e+077 9.41 0.030303030E-1 7.13
100 2.47997e+151 63.9 0.1010101010E-1 31.99
101 2.42961e+153 66.2 0.1E-1 31.79




B pesynbrari excnepumentiB ans CJIAP 3 marpunero I'inpOepra po3mipHOCTI
m=100 Ta OAMHUYHOIO IPABOIO YACTUHOMO C; (3 BUKOpHUCTaHHAM Metony LllTpacena)
OTPUMAaHO TOYHI PO3B’SI3KU SIK METOJOM ['ayca, Tak 1 METOJOM IUTYYHUX Oa3MCHUX
MaTpHIlb, K1 y3rOKYIOThCA 3 [2].

Tabnuis 4
3Ha4eHHs MIHIMaJIbHOTO BEAYYOTO €JIEMEHTY Ta 4Yacy BUKOHAHHS €KCIIEPUMEHTIB J1JIs
MIIBM 13 CJIAP pi3noi po3mipHOCTI

Yac BUKOHAHHS, CEKYH /I
BexkTop 00- Po3zmip- MinimManbHUIA BeTyduit [Tonepenns .
MEKEHb HICTB M €JIEMEHT Bepcis Hoa Bepeis
Longnum
Longnum
(1,1,..1)" 50 5.56135311E-59 494.36 31.6
(1,1,...1)" 60 0.1416498617E-70 538.92 68.3
(1,1,...1)" 100 0.708461361E-119 1498.48 616.2
(1,1,..1)" 120 0.8034028680E-143 3090.72 1397.4

Taxum unnoM, Tabmuist 4 nemoHcTpye, 1o st MIIIBM i3 CJIAP i3 marpurero
['inp0epTa 13 3poCTaHHAM PO3MIPHOCTI 3MEHIITY€EThCS MiHIMATBHUN BEAYUUi €IEMEHT,
[0 TIOB’S13aHO 3 BJIACTHUBICTIO MOraHoi o0ymoieHocT! Marpuii ['inpdepra. Kpim To-
ro, 30UIBLIYETHCS YaC BUKOHAHHS OOYHUCIIEHb, MO0 OOYMOBIIIOETHCA K 3POCTAHHSAM
KUIBKOCTI apu(PMETHUHUX ONEPALii HaJ paliOHAaJIbHUMU YUCIaMU, TaK 1 3pOCTaHHAM
MaHTHC YHUCEJIbHUKIB Ta 3HAMEHHUKIB pallloHalbHUX yucels. Ciijl 3a3Ha4yuTH, 110 3a
JAHUMU TIOPIBHAHHS TaOmuUl 4, yac BUKOHAHHS OOYMCIIIOBAJIbHUX EKCIIEPUMEHTIB
CYTTE€BO MEHILIMW JJi1 HOBOi Bepcii O10morekn Longnum, sfika € yJOCKOHAJIEHHAM
kiacy longint3.

6. O0roBopeHHs pe3yJbTaTiB 004HCIIOBAJIBHOIO €KCIIEPUMEHTY

3actocyBaHHs HOBOTO Kiacy longint3 mo3Bomiwio (tabm. 4):

1) mpuckoputu TouH1 obumncienns B 2.5 pa3u: CJIAP 3 marpuriero ['inb6epra po-
smipHocTi 100 Oyna po3s’sizana MBM B Tounnx uncnax 3a 1397.4 cexkyna, Tofi 5K 3i
cTapuMm kiacom longint2 Ha Tiii camiit EOM uac Bukonanss cranoBuB 3731.94 cexy-
Ham [22];

2) po3B’s3yBatu orano ooymonieHi CJIAP Benukoi po3MipHOCTI.

B mopiBHsIHHI 13 CTaporo Bepciero 010J10TeKH TOUYHMX oOuucieHb Longnum B
HOBI Bepcii Oys0 3p00JIEHO HACTYITHE:

— ONTHUMI30BaH1 peamizaiii apupMeTUYHUX Orepauiid 3 JOBMMMH IUIUMH YHC-
JamMH 3 BpaxyBaHHSIM HOBOTO CTaHIApPTy MOBHU mporpamyBaHHs C++ 17;

—3actapim ¢yHkuii (itoa, strcpy, strcat, sprintf) crangaprHux 0i6mioTex CH++
3aMiHEH1 HOBUMHU, O1JIbIl €(DEeKTUBHUMH 1 O€3IEYHUMHU aHAJIOTaMHU.

TakuM 4rHOM, TIEpeBaror BUKOPUCTAHHS HOBOI Bepcii Longnum B mopiBHSHHI
3 ITOTMIEPETHBOIO BEPCi€to [22] € OinbIna ePeKTUBHICTh OOUNCIICHB.

Henonikom BUKOpUCTaHHS TOYHUX OOYMCIIEHB, 30KpeMa, 016miorexku Longnum,
npu po3B’sizanHl CJIAP € Te, mo o6csaT 004KCIIeHb CYyTTEBO 3aJICKUTh HE TITBKH BiJl

posmipHocTi CJIAP, ane i BmactuBocteit (oOymoBieHocti) camoi marpuili CJIAP
(Tabm. 2-4).



MIIIBII B moegHaHHl 3 TEXHOJIOTIEI TOYHUX 0OuMcieHb 0i6miorekn Longnum
MOke OyTH OCOOJIMBO KOPUCHUM SIK B HAYKOBUX JTOCTIIKEeHHsIX BiactuBocteit CJIAP
ta CJIAH, MaTeMaTU4HOMY MOJIENIIOBAHHI, TaK 1 MPUKIAIHUX TOCTIIPKEHHAX HAYKH 1
TEXHIKH, 5Kl OB’ s13aH1 3 HEOOX1HICTIO PO3B’si3aHHs morano ooymosieHux CJIAP.

Hagpenene nmocnimkeHHsS € PO3BUTKOM MIIXOAIB JI0 OpraHizarlii, BAKOHAHHS OC-
HOBHUX orfepalliil (mpeactaBieHux B pobotax [8, 14]. 3okpema, TEXHOJIOT1I0 BUCOKO-
TOYHUX OOYMCIICHb 3 PAIlIOHATILBHUMH YHCIIAMHU, SIKY MMOEAHAHO 3 KOHTPOJIEM 00yMOB-
JICHOCTI CUCTEMH 3a cxemoro anroputMy MBM, Ta ygockoHaneHo mporpamMHy peai-
3arito (opraHizaiiro THIIB JaHUX).

7. BUCHOBKH

PesynbraTi 00UMCITIOBAIEHOTO EKCIIEPUMEHTY IO peaizaiii alropuTMiB Mpo-
BEJICHHSI BUCOKOTOYHUX OOYHMCIICHD (TEXHOJOTII TOBroi apu(pMETUKH) 3 BUKOPUCTAH-
HSIM METOJy IITYYHUX 0Oa3UCHUX MATPUIIb JAIOTH IM1JICTaBU CTPEPIKYBATH I110:

1. Po3pobrieno Tta peanizoBano anroput™m CJIAP (JiHiMHOI cucTeMHU), B SIKOMY
e(heKTUBHO 3aCTOCOBAHO 3HAYEHHS BEIYy4OrO €JIEeMEHTa METOIY Ta eJIEeMEHTIB obep-
HEHOT MaTpPHIIi JJI MPOBEACHHS KOHTPOJIIO 00yMOBIEHOCT! CUCTEMHU (BUHSTKOBA BIla-
CTUBICTb e1eMeHTiB MBM).

2. PeanizoBaHo: TUIHM JOBrUX LIUIMX Yucen longint3 Ta BIAMOBIIHUX parlioHab-
HUX yurcel longrat3 13 MBUAKUMH ONepaIlisiMi MHOXKEHHS, JTUICHHS, MOOY/I0BaHUX Ha
CyYaCHUX aJIrOpUTMax, IO IMEPEHIKO/PKa€ HAKOMMUUYCHHIO MOXMOOK B XO1 1Teparliid
(momarkoBe ocHaleHHs anroputMy MBM).

Po3po0neno npeacrasieHHs (17151 IPOBEACHHS OOUUCIIEHb) PALlIOHAIBHUX YUCEN

AK TIapy: YUCENbHUK Ta 3HAMEHHHWK Tumy longint3 i odopmieHo y BUDIsAL Ki1acy
longrat3 (ygockoHasieHO y MOpIBHSHHI 3 MONEPEIHBOIO BEPCIEI0 aITOPUTMY); JOCST-
HYTO MPUCKOPEHHS OTepallii MHOKCHHSI Ta JAUICHHSI JOBTUX YHCEI (JIs1 HOBOI MPOTIO-
HOBaHO1 Bepcii 0i10mioTekn Longnum B MOPIBHAHHI 3 IONEPEIHBOIO BEPCIEIO).
Crnin 3a3HaYUTH, M0 JOAATKOBI MOXKIJIMBOCTI MPOBEICHHS KOHTPOJIIO OOYHMCIICHb Ta
3aXO0JI¥ TIO MIJABUIIEHHIO TOYHOCTI BUKOHAHHS OTepalliii TEXHOJOTi 10Broi apudme-
TUKU OOYMOBWIIH, BIIJIOMY, JI€SIKE YIOBIJIbHEHHS pOOOTH aJIrOpUTMY Ta HAKJIaU 00-
MEXEHHS Ha PO3MipHOCTI po3B’s3yBanux CJIAP.

BcranoBneHo, mo po3pobiieHi alropuTMu MOXKYTh CIYTYBaTH SIK TECTYBaJIbHI
MIPOTPaMH JIJIS MIEPEBIPKHU TOYHOCTI MIPOBEACHHS OOYKCIICHD 32 1HITMMHU aJITOPUTMAMH
JUTS 3a]1a4 CEPEHBOI PO3MIPHOCTI.
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