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THE sl;-WEB ALGEBRA
M. MACKAAY, W. PAN AND D. TUBBENHAUER

ABSTRACT. In this paper we use Kuperberg’s sl3-webs and Khovanov’s sl3-foams to define a new
algebra K, which we call the sl3-web algebra. It is the sl3 analogue of Khovanov’s arc algebra.

We prove that K° is a graded symmetric Frobenius algebra. Furthermore, we categorify an
instance of ¢-skew Howe duality, which allows us to prove that K is Morita equivalent to a cer-
tain cyclotomic KLR-algebra of level 3. This allows us to determine the split Grothendieck group
K, 39 ws )Q(q)- to show that its center is isomorphic to the cohomology ring of a certain Spaltenstein
variety, and to prove that K is a graded cellular algebra.
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1. INTRODUCTION

In this paper, we define the sl; analogue of Khovanov’s arc algebras H", introduced in [32].
We call them web algebras and denote them by K°, where S is a sign string (string of + and
— signs). Instead of arc diagrams, which give a diagrammatic presentation of the representation
theory of U, (sl2), we use sl3-webs, introduced by Kuperberg [42]. These webs give a diagrammatic
presentation of the representation theory of U,(sl3). Instead of sl,-cobordisms, which Bar-Natan

The first author was supported by the FCT - Fundagio para a Ciéncia e a Tecnologia, through project number
PTDC/MAT/101503/2008, New Geometry and Topology.
The second and the third author were supported by the German Research Foundation (Deutsche Forschungsge-
meinschaft (DFG)) through the Institutional Strategy of the University of Gottingen.
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used [1] to give his formulation of Khovanov’s link homology, we use Khovanov’s [34] s(3-foams.

We prove the following main results regarding /°.

(1) K% is a graded symmetric Frobenius algebra (Theorem 3.9).

(2) We give an explicit degree preserving algebra isomorphism between the cohomology ring
of the Spaltenstein variety X and the center Z(K®) of K*¥, where A and y. are two weights
determined by S (Theorem 4.8).

B) Let V¥ =V ® ... ® V", where V7 is the basic U, (sl3)-representation and V'~ its dual.
Kuperberg [42] proved that W9, the space of sl3-webs whose boundary is determined by
S, is isomorphic to Invyy, (s1,)(V?), the space of invariant tensors in V.

Choose an arbitrary k¥ € N and let n = 3k. Let us denote by V(sx) the irreducible
U,(sl,)-module with highest weight 3wy, where wy, is the k-th fundamental sl,,-weight. As
the reader will have noticed, we actually use the corresponding gl,,-weight (3*). This is
natural from the point of view of skew Howe duality, as we will explain in the paper.

The gl,,-weights of V{sr) belong to A(n,n)s, which is the set of n-part compositions
of n whose parts are integers between 0 and 3. These weights, denoted pg, correspond
bijectively to enhanced sign sequences of length n, denoted by S as before, and are in
bijective correspondence to the semi-standard Young tableaux with k£ rows and 3 columns.

Define the web module

W(gk) = @ WS,

us€A(n,n)3

where W¥ is defined as before after deleting the entries of 115 which are equal to 0 or 3.
By ¢-skew Howe duality, which we will explain at the beginning of Section 5, there is
an U,(sl,,)-action on Wz such that

Vo= @ W
HSGA(nm’)S
as U, (sl,,)-modules.

In Section 5 we categorify this result. Let 3y be the cyclotomic level-three Khovanov-

Lauda Rouquier algebra (cyclotomic KLR algebra for short) with highest gl,,-weight (3%),
and let

V(gk) = R(gk)—MOdgr and pV(gk) = R(gk)—pMOdgr

be its categories of finite dimensional, graded modules and finite dimensional, graded,
projective modules respectively. We define grading shifts by

M{t}z — Mi—t
forany M € V31 and t € Z. We denote the split Grothendieck group of V3« by
K§ (Vi)
which becomes a Z[q, ¢~ ']-module by defining

¢'[M] = [M{t}]



forany M € V3 and ¢ € Z. For the rest of this paper, we will always work with

Kg}(pv(?,k))@(q) = Kga(pv(?,k)) ®z[q,q71] @(q)
Brundan and Kleshchev [7] (see also [31], [45], [68] and [69]) proved that there is a
strong sl,,-2-representation on Vsx), which can be restricted to ,)(3xy such that

K§ (V)o@ = Visr

as U, (sl,,)-modules.
We prove (Proposition 5.15) that there exists a strong sl,,-2-representation on

W(gk) - @ WS
ns€A(n,n)3
where
W* = K°-Mod,, '.
This 2-representation can be restricted to
pW(gk) == @ WS
ns€A(n,n)3
where
W = K°-pMod,,.
By a general result due to Rouquier [60], which we recall in Proposition 2.23, we get
(11) pV(gk) = pW(gk).

(4) In particular, this proves that the split Grothendieck groups of both categories are isomor-
phic (Corollary 5.17). It follows that we have

Kg (,v°)

for any S such that g € A(n,n)s.
(5) As proved in Corollary 5.17, the equivalence in (1.1) implies that R3x) and

Kgy= P K°

ns€A(n,n)3

~ 1175
Q(q)_W’

are Morita equivalent (Proposition 5.18), i.e. we have

as strong sl,,-2-representations.

(6) In Corollary 5.21, we show that (1.2) and the cellularity of R(3x, due to Hu and Mathas
[29], imply that K is a graded cellular algebra for any S.

(7) We also show that (1.1) and Brundan and Kleshchev’s results in [7] imply that the inde-
composable objects in ,V°, with a suitable normalization of their gradings, correspond
bijectively to the dual canonical basis elements in Inv(V*®) (Theorem 5.31).

IThe idea for this 2-representation was suggested by Mikhail Khovanov to M. M. in 2008 and its basic ideas were
worked out modulo 2 in the unpublished preprint [47].
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The first result is easy to prove and similar to the case for H". Some of the other results are
much harder to prove for K* than their analogues are for H" (e.g. see Remark 5.24). In order
to prove the second and the last result, we introduce a “new trick”, i.e. we use a deformation of
K%, called G°. This deformation is induced by Gornik’s [26] deformation of Khovanov’s original
sl;-foam relations. One big difference between G*° and K° is that the former algebra is filtered
whereas the latter is graded. As a matter of fact, K° is the associated graded algebra of G?®. The
usefulness of G relies on the fact that G* is semisimple as an algebra, i.e. forgetting the filtration
(see Proposition 3.13).

Let us explain the connection to some of the existing work in the literature.

We first comment on the relation of our results with known results in the sl; case. Khovanov [32]
introduced the arc algebras H" in his work on the generalization of his celebrated categorification
of the Jones link polynomial to tangles. As he showed,

K?(Hn—pMOdgr> = IHVUq( )(V®2n),

5[2

where V' is the fundamental Uq (sly)-module. The Grothendieck classes of the indecomposable
graded H™-modules, with a suitable normalization of their grading, correspond bijectively to the
dual canonical basis elements of the invariant tensor space. The proof of these facts is completely
elementary and does not require any categorified skew Howe duality.

Huerfano and Khovanov categorified the irreducible level-two Uq (sl,,)-representations with
highest weight 2w, in [30], using the arc algebras and categorified skew Howe duality (without
calling it that explicitly), but without explaining the relation with the level-two cyclotomic KLR
algebras which had not yet been invented at that time.

That relation only appeared in the work by Brundan and Stroppel [11], who studied the repre-
sentation theory of the arc algebras in great detail in [9], [10], [11], [12] and [13].

Khovanov showed that the center of the arc algebra H™ is isomorphic to the cohomology ring
of the (n, n)-Springer variety X" and Stroppel and Webster showed that H" can be realized using
the intersection cohomology of X".

The results in this paper are the sl3 analogues of some of the results in the papers cited above.

There are several results for sl, for which we have not yet found the s[3 analogues, e.g. we have
not defined the quasi-hereditary cover of K in this paper. The quasi-hereditary cover of H" is due
to Chen and Khovanov [17] and Stroppel [64] and was studied by Brundan and Stroppel in [9],[10]
and [11]. Furthermore, in [12] Brundan and Stroppel found a remarkable representation theoretic
relation between general linear super groups and certain generalized arc algebras. This is another
result for which we do not have an s(3;-analogue.

Let us now comment on the connection with other work on categorified sl,,-representations and
link homologies, for n > 3. There are essentially three diagrammatic or combinatorial approaches
which give s[,,-link homologies (there are other approaches using representation theory or alge-
braic geometry for example, but we will not consider those in this introduction).

(1) There is the approach using matrix factorizations due to Khovanov and Rozansky [34],
which was proved to be equivalent to an approach using foams [32], [40], [49] and [52].
(2) There is Webster’s approach using cyclotomic tensor algebras, which generalize the cyclo-

tomic KLLR-algebras, see [69] and [70].
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(3) There is an approach using Chuang-Rouquier complexes over cyclotomic quotients [19]
(its details have only been worked out and written up completely for n = 2, 3 in [44], but
see our remarks below for the general case. Note that Chuang and Rouquier did not prove
invariance under the third Reidemeister move nor did they discuss braid closures, i.e. knots
and links in [19])

Only for n = 2 and n = 3 it is known that all three approaches give isomorphic link homologies.
For n > 4 they are conjectured to be isomorphic, but only the first and the third approaches are
known to give isomorphic link homologies. Let us explain this in a bit more detail.

The paper by Lauda, Queffelec and Rose [44] appeared online a little after our paper became
available and is completely independent. They used a slightly different type of sl3-foams in order
to define their version of categorified level-three skew Howe duality and used it to relate the first
and third aforementioned approach to sl3-link homologies.

Although link homologies have attracted a lot of attention, it seems important to us to understand
the bigger picture of the categorified representation theory behind the link homologies.

In this paper we do not work out the application to link homology, but concentrate on the in-
decomposable projective modules and the center of K. In Proposition 5.27 we actually prove a
conjecture due to Morrison and Nieh [56] about the relation between the basis webs in B° and the
indecomposables in ,JW° (see Remark 5.28). For related results in this direction, see the work by
Robert in [57] and [58].

It is not so hard to generalize our results in this paper to the case for sl,,, with n > 2, using
matrix factorizations instead of foams. As a matter of fact, this has been done in the meanwhile
by Mackaay and Yonezawa in [48] and [53]. General sl,-foams have not been defined yet (for
a partial case, see [49]), so they cannot be used. But the results in [53] will probably be helpful
to define a finite set of relations on s[,,-foams and to prove that these relations are consistent and
sufficient.

Having such a definition of sl,-foams is important, just as it is important to have generators
and relations for any interesting algebra. In our opinion, the categorified skew Howe duality using
foams would be a proper categorification of Cautis, Kamnitzer and Morrison’s results on quan-
tum skew Howe duality in [15]. Furthermore, sl,-foams might be very helpful in computing the
Khovanov-Rozansky link homologies effectively (i.e. using computers).

Although Mackaay and Yonezawa did not work out the details, it is fairly straightforward to
show that their definitions and results in [53] imply that the equivalence between level-n cyclo-
tomic KLR algebras and sl,,-web algebras maps the colored Chuang-Rouquier complex of a braid
over a cyclotomic KLLR algebra to the corresponding colored Khovanov-Rozansky complex (due
to Wu [71] and Yonezawa [72] in the colored case). This would imply the above claim that the
third aforementioned construction of s[,-link homologies works for all n > 2 and that the first and
the third construction give isomorphic sl,,-link homologies.

In Proposition 4.4 in [70], Webster proved that his and Khovanov’s s[3-link homologies are iso-
morphic, but the proof is quite sophisticated and relies on Mazorchuk and Stroppel’s approach to
link homology using functors and natural transformations on certain blocks of category O [55].
Our results in this paper might help to give an elementary and direct isomorphism between Web-
ster’s and Khovanov’s sl3-link homologies. In order to do that, one would have to use yet to be

defined bimodules over the cyclotomic tensor algebras which categorify the s(5-webs.
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For n > 4 Webster conjectured his s[,,-link homology to be isomorphic to Khovanov and Rozan-
sky’s, but did not prove it. Following the same reasoning as for n = 3, such a proof should now be
within reach.

Finally, let us mention one interesting open question w.r.t. sl3-web algebras. In [22], Fontaine,
Kamnitzer and Kuperberg studied spiders using an algebro-geometric approach. For sls these
spiders are exactly the webs in our paper. Given a sign string S, the Satake fiber F'(S), denoted
F( X)in [22], is isomorphic to the Spaltenstein variety X 3 mentioned above. Let us point out the
difference in these notations that otherwise might confuse the reader: the A in [22] is equal to p
in our paper, which is also equivalent to S. Given a web w with boundary corresponding to .S,
Fontaine, Kamnitzer and Kuperberg also defined a variety Q(D(w)), called the web variety. One
interesting question is the following (asked to us by Kamnitzer).

Question 1.1. For any two basis webs u,v € B, does there exist a degree preserving algebra
isomorphism

D #QDW) @rs HQDW)) = @ WK

u,v€BS u,v€BS

KS: @ e

u,v€BS

Here

is the decomposition of K in Section 3. The product on

P H(QDW)) @rs H(Q(D(v)))

u,v€BS

is given by convolution.

If the answer to this question is affirmative, then that would be the sl3 analogue of the afore-
mentioned result for sl due to Stroppel and Webster [65]. Our Theorem 4.8 could be a first step
towards answering Kamnitzer’s question.

This paper is organized as follows.

(1) In Section 2, we recall the definitions and some fundamental properties of webs, foams
and categorified quantum algebras and their categorical representations. The reader who
already knows all this material well enough can just leaf through it, in order to under-
stand our notations and conventions. Other readers might perhaps find it helpful as a brief
introduction to the rapidly growing literature on categorification, although it is far from
self-contained.

(2) In Section 3, we define K and prove the first of our aforementioned main results.

(3) In Section 4, we first study the relation between column strict tableaux and webs with
flows. Using this relation, we prove our second main result.

(4) In Section 5, we explain skew Howe duality in our context and categorify the case relevant
to this paper. This leads to the other main results.

(5) Sections 4 and 5 are largely independent of each other. However, the proof of Theorem 4.8
requires Proposition 5.18. The proof of Proposition 5.27, which is a key ingredient for the

proof of Theorem 5.31, requires Lemma 4.7.
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(6) In “Appendix 17, we collect some technical facts from the literature on filtered algebras,
filtered modules and their associated graded counterparts. These are needed at various
places in the paper.
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2. BASIC DEFINITIONS AND BACKGROUND

2.1. Webs. In [42], Kuperberg describes the representation theory of U,(s(;) using oriented triva-
lent graphs, possibly with boundary, called webs. Boundaries of webs consist of univalent vertices
(the ends of oriented edges), which we will usually put on a horizontal line (or various horizontal
lines), e.g. such a web is shown below.

e Y.

We say that a web has n free strands if the number of non-trivalent vertices is exactly n. In this
way, the boundary of a web can be identified with a sign string S = (s1,...,$,), with s; = =+,
such that upward oriented boundary edges get a “+” and downward oriented boundary edges a
“—" sign. Webs without boundary are called closed webs.

Any web can be obtained from the following elementary webs by glueing and disjoint union.

(2.2) YY\_}J\JK’\/\

Fixing a boundary S, we can form the Q(q)-vector space ¥, spanned by all webs with boundary
S, modulo the following set of local relations (due to Kuperberg [42]).

(2.3) () =1

(2.4) — o = [2]

(2.5) b g - + S
TN

Recall that

J= = e b e

denotes the quantum integer.

la



Remark 2.1. Throughout this paper we will use ¢ as the quantum parameter, which we take to be
equal to the parameter v in [35]. Note that in that paper Khovanov and Kuperberg use the different
convention v = —¢q .

By abuse of notation, we will call all elements of /¥ webs. From relations (2.3), (2.4) and (2.5)
it follows that any element in WW* is a linear combination of webs with the same boundary and
without circles, digons or squares. These are called non-elliptic webs. As a matter of fact, the
non-elliptic webs form a basis of W*°, which we call B®. Therefore, we will simply call them
basis webs.

Following Brundan and Stroppel’s [9] notation for arc diagrams, we will write w* to denote the
web obtained by reflecting a given web w horizontally and reversing all orientations.

6) w @\

By wv*, we mean the planar diagram containing the disjoint union of u and v*, where u lies
vertically above v*.

(2.7)

By v*u, we shall mean the closed web obtained by glueing v* on top of u, when such a construction
is possible (i.e. the number of free strands and orientations on the strands match).

U*
@8 e ‘ ........

(2.9)

To make the connection with the representation theory of U, (sl3), we recall that a sign string
S = (s1,...,S,) corresponds to

VS:V81®...®VS"’

where V' is the fundamental representation and V'~ its dual. The latter is also isomorphic to

V+ A VT, afact which we will need later on.
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Both V't and V'~ have dimension three. In this interpretation, webs correspond to intertwiners

and we have
W 2 Invy, s, (V) = Homy, (a1,) (Cq, V7).
Here C, is the trivial representation.

Thus, the elements of B give a basis of Invy, si,) (V). Using the embedding Invy, (s,)(V®) C
V5, one can expand a non-elliptic web in terms of elementary tensors. In Theorem 2 of [35],
Kuperberg and Khovanov prove an important result about this expansion, which we will reproduce
in Theorem 2.6.

Kuperberg showed in [42] (see also [35]) that basis webs are indexed by closed weight lattice
paths in the dominant Weyl chamber of sl;. It is well-known that any path in the sl5-weight
lattice can be presented by a pair consisting of a sign string S = (si,...,s,) and a state string
J = (J1,...,jn), with j; € {—1,0,1} forall 1 < i < n. Given a pair (5, J) representing a closed
dominant path, a unique basis web (up to isotopy) is determined by a set of inductive rules called
the growth algorithm. We briefly recall the algorithm as described in [35]. In fact, the algorithm
can be applied to any path, but we will only use it for closed dominant paths.

Definition 2.2. (The growth algorithm) Given (S, J), a web w? is recursively generated by the
following rules.

(1) Initially, the web consists of n parallel strands whose orientations are given by the sign
string. If s; = +, then the i-th strand is oriented upwards; if s; = —, it is oriented
downwards.

(2) The algorithm builds the web downwards. Suppose we have already applied the algorithm
k — 1 times. For the k-th step, do the following. If the bottom boundary string contains a
neighboring pair of edges matching the top of one of the following webs (called H, arc and
Y respectively), then glue the corresponding H, arc or Y to the relevant bottom boundary

edges.
1>_<0 o>_<o o>_<-1 1U-1
0 - 1o 0

FIGURE 1. Top strands have different signs.

1 0 0 11 -1

1 -1 0
FIGURE 2. Top strands have same sign.

These rules apply for any compatible orientation of the edges in the webs. Therefore, we have
drawn them without any specific orientations. Below, whenever we write down an equation in-
volving webs without orientations, we mean that the equation holds for all possible orientations.
For future use, we will call the rules above the H, arc and Y-rule. The growth algorithm stops if no

further rules can be applied.
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If (S, J) represents a closed dominant path, then the growth algorithm produces a basis web.
For example, the growth algorithm converts S = (+—+—+++)and J = (1,1,0,0,—1,0, —1)
into the following basis web.

(2.10)

In addition, the growth algorithm has an inverse, called the minimal cut path algorithm [35], which
we will not use in this paper.

Following Khovanov and Kuperberg in [35], we define a flow f on a web w to be an oriented
subgraph that contains exactly two of the three edges incident to each trivalent vertex. The con-
nected components of the flow are called the flow lines. The orientation of the flow lines need not
agree with the orientation of w. Note that if w is closed, then each flow line is a closed cycle.
At the boundary, the flow lines can be represented by a state string J. By convention, at the i-th
boundary edge, we set j; = +1 if the flow line is oriented upward, j; = —1 if the flow line is
oriented downward and j; = O there is no flow line. The same convention determines a state for
each edge of w.

Remark 2.3. Every flow determines a unique 3-coloring of w, with colours —1, 0, 1, satisfying the
property that, for any trivalent vertex of w, the colors of the three incident edges are all distinct.
These colorings are called admissible in [26].

Conversely, any such 3-coloring determines a unique flow on w. This correspondence deter-
mines a bijection between flows and admissible 3-colorings on w.

This remark will be important in Section 5.2 and in Section 5.3.

We will also say that any flow f that is compatible with a given state string .J on the boundary
of w extends J.

Given a web with a flow, denoted w, Khovanov and Kuperberg [35] attribute a weight to each
trivalent vertex and each arc in wy, as in Figures 2.11 and 2.12. The total weight of w; is by
definition the sum of the weights at all trivalent vertices and arcs.

(21 1) wt=0 E\E wt=0 wt=-1 wt=-1 wt=-1

wt=0 wt=0 wt=0 wt=1 wt=1 wt=1
@.12) N e W AR N
wt=0 wt=-1 wt=-2 wt=0 wt=1 wt=2

10



For example, the following web has weight —4.

(2.13)

We can extend the table in (2.11) and (2.12) to calculate weights determined by flows on H’s, so
that it becomes easier to compute the weight of w; when w is expressed using the growth algorithm
(Definition 2.2).

Definition 2.4. [35] (Canonical flows on basis webs) Given a basis web w expressed using the
growth algorithm. We define the canonical flow on w by the following rules.

(2.14)

YYY

wt 0 wt 0 wt 0
The canonical flow does not depend on the particular instance of the growth algorithm that we have
chosen to obtain w.

Observe that the definition of the canonical flows implies the following lemma.
Lemma 2.5. A basis web with the canonical flow has weight zero.

Khovanov and Kuperberg [35] use a particular basis for VT, denoted {e], 5, e3 }, and also one
for V—, denoted {e; , €5, e5 }. Given (5, J), let

e}q:eji®---®ej-:
be the elementary tensor corresponding to (.S, J). Interpreting the webs in 1% as invariant tensors
in V°, we can write any web as a linear combination of elementary tensors. For each state string

J', one can consider all flows on a given basis web w = w* which are compatible with .J’ on the
boundary. The coefficient (S, J, J') of €3, in the linear combination corresponding to w satisfies

S J, J/ qut(wf

where the sum is taken over all flows on w which are compatible with J’ on the boundary.
Khovanov and Kuperberg prove the following theorem (Theorem 2 in [35]), which will be im-
portant for us in Section 5.

Theorem 2.6. (Khovanov-Kuperberg) Given (S, J), we have
wi = e5 + Z (S, J, e,
JI<J
for some coefficients c(S, J, J') € N[q,q], where the state strings J and J' are ordered lexico-

graphically.
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Remark 2.7. Khovanov and Kuperberg [35] show that B is not equal to the dual canonical basis of
W5, This follows from the fact that ¢(S, J, J') & ¢ 'N[g~], for general J' < J. In their Section 8,
they give explicit counter-examples of elements w € B*° which admit non-canonical weight zero
flows.

2.2. Foams. In this subsection we review the category Foams of sl3-foams introduced by Kho-
vanov in [34]. As a matter of fact, we will also need a deformation of Khovanov’s original cate-
gory, due to Gornik [26] in the context of matrix factorizations, and studied in [51] in the context
of foams. Therefore, we introduce a parameter ¢ € C in Foams, just as in [51], such that we get
Khovanov’s original category for ¢ = 0 and, for any ¢ # 0, the category Foamj is isomorphic to
Gornik’s deformation (his original deformation was for ¢ = 1). A big difference between these
two specializations is that Foamyj is graded for ¢ = 0 and filtered for any ¢ # 0. In fact, for any
c # 0, the associated graded category of Foams is isomorphic to Foarng.

We recall the following definitions as they appear in [51]. We note that the diagrams accompa-
nying these definitions are taken, also, from [51].

A pre-foam is a cobordism with singular arcs between two webs. A singular arc in a pre-foam
U is the set of points of U which have a neighborhood homeomorphic to the letter Y times an
interval. Note that singular arcs are disjoint. Interpreted as morphisms, we read pre-foams from
bottom to top by convention. Thus, pre-foam composition consists of placing one pre-foam on top
of the other. The orientation of the singular arcs is, by convention, as in the diagrams below (called
the zip and the unzip respectively).

We allow pre-foams to have dots that can move freely about the facet on which they belong, but
we do not allow a dot to cross singular arcs.

By a foam, we mean a formal C-linear combination of isotopy classes of pre-foams modulo the
ideal generated by the set of relations ¢ = (3D, NC, S, ©) and the closure relation, as described
below.

P [T =/ T
D

. '@@@

(S) =:0, :—1

a_.., 1, (a,8,0)=(1,2,0) oracyclic permutation,
© ﬁ‘ =< -1, (a,3,9)=(2,1,0) ora cyclic permutation,
©) 5% (o, B,0) = ( ) y p

0, else.

The closure relation, i.e. any C-linear combination of foams with the same bound-
ary, is equal to zero if and only if any way of capping off these foams with a
common foam yields a C-linear combination of closed foams whose evaluation is

Z€ro.
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The relations in ¢ imply the following identities (for detailed proofs see [34]).

(Bamboo)
(RD)
(Bubble)
(DR)
(SqR)
+ + =0
(Dot Migration) N B o | PR e o | =0
=c

Definition 2.8. For any c € C, let Foamj be the category whose objects are webs I lying inside
a horizontal strip in R?, which is bounded by the lines y = 0, 1 containing the boundary points of
I'. The morphisms of Foamj; are C-linear combinations of foams lying inside the horizontal strip
bounded by y = 0, 1 times the unit interval. We require that the vertical boundary of each foam is
a set (possibly empty) of vertical lines.

The q-grading of a foam U is defined as
q(U) = x(0U) = 2x(U) + 2d + b,

where y denotes the Euler characteristic, d is the number of dots on U and b is the number of

vertical boundary components. This makes Foamg into a graded category. For any ¢ # 0, this

makes Foamy into a filtered category, whose associated graded category is isomorphic to Foamy.

13



Definition 2.9. [34] (Foam Homology) Given a web w the foam homology of w is the complex
vector space, F¢(w), spanned by all foams

U:)—w
in Foams.

The complex vector space F(w) is filtered/graded by the ¢-grading on foams and has rank
(W) Kup, Where (w)kyp is the Kuperberg bracket computed recursively by the rules below.

(1) <wH©> W) kup-

(2) <ﬁ_©_" Kup Kup

O (™ <><>Kup e

The relations above correspond to the decomposition of F¢(w) into direct summands. The idem-
potents corresponding to these direct summands are the terms on the r.h.s. of the relations (NC),
(DR) and (SqR), respectively. For any ¢ # 0, the complex vector space F¢(w) is filtered and its
associated graded vector space is F°(w). See [32] and [51] for details.

Remark 2.10. Given u,v € B?, the observations above and Theorem 2.6 show that there exists a
homogeneous basis of F°(u*v) parametrized by the flows on u*v. We have, in fact, constructed
such a basis, but it is not unique. There is also no “preferred choice”, unless one requires the
basis to have other nice properties, e.g. in the sly case, Brundan and Stroppel prove that there is a
cellular basis of H™. The construction of a “good” basis of the sl3-web algebra K (and similarly
for Gornik’s deformation G*) is still work in progress and will, hopefully, be the contents of a
subsequent paper. Although we do not need such a basis in this paper, it is important that the
reader keep this remark in mind while reading Section 5.

2.3. Quantum 2-algebras.

2.3.1. The quantum general and special linear algebras. First we recall the quantum general and
special linear algebras. Most parts in this section are copied from section two and three in [50].

The gl,,-weight lattice is isomorphic to Z". Lete; = (0,...,1,...,0) € Z", with 1 being on the
i-th coordinate, and a; = ¢; — €41 = (0,...,1,—1,...,0) € Z", fori = 1,...,n — 1. Recall that
the Euclidean inner product on Z" is defined by (¢;, €;) = 9, ;.

Definition 2.11. For n € N, the quantum general linear algebra U ,(gl,,) is the associative unital
Q(q)-algebra generated by K; and K ', for 1,...,n, and E.; (beware that some authors use F;

instead of F/_;), forz = 1,...,n — 1, subject to the relations
K,K; = K;K;, KK '=K 'K =1,
KK — KK

. i+1
By = Byl = by ——"— =,
KBy = ¢ E K,
BBy —(q+q " )BuByEy + EgEL =0, if |i—jl=1,
E:I:iE:I:j - E:I:jE:I:i = 0, else.
Definition 2.12. For n € N.; the quantum special linear algebra U, (sl,,) C U,(gl,,) is the unital

Q(q)-subalgebra generated by K; K} and E;, fori =1,...,n — 1.
14



Recall that the U, (sl,,)-weight lattice is isomorphic to Z"~!. Suppose that V is a U, (gl,,)-weight
representation with weights A = (A, ..., \,) € Z", i.e.

V=P,
A

and K; acts as multiplication by ¢ on V). Then V' is also a Uy (sl,,)-weight representation with
weights A = (A1,..., A\y_1) € Z" ' suchthat \; = \; — N\jpiforj=1,...,n— 1.

Conversely, given a U, (sl,,)-weight representation with weights p = (1, . . ., ft—1), there is not
a unique choice of U, (gl,,)-action on V. We can fix this by choosing the action of K7, - - - , K,,. In
terms of weights, this corresponds to the observation that, for any d € Z, the equations
(2.15) Ai = Nip1 = My
(2.16) d Ni=d,
i=1

determine A = (\y,...,\,) uniquely, if there exists a solution to (2.15) and (2.16) at all. To fix
notation, we define the map ¢, 4: Z"~' — Z™ U {x} by

an,d(:u) = )‘7

if (2.15) and (2.16) have a solution, and we put ¢,, 4(1) = * otherwise.

Note that U,(gl,,) and U, (sl,,) are both Hopf algebras, which implies that the tensor product of
two of their representations is a representation again. Moreover, the duals of representations are
representations and there is a trivial representation.

Both U,(gl,,) and U,(sl,) have plenty of non-weight representations, but we won’t discuss
them in the paper. Therefore we can restrict our attention to the Beilinson-Lusztig-MacPherson [2]
idempotent version of these quantum groups, denoted U, (gl,,) and U, (sl,,) respectively. It is worth
noting that such algebras can be seen as 1-categories.

To understand their definition, recall that K; acts as ¢ on the A\-weight space of any weight
representation. For each A € Z"™ adjoin an idempotent 1, to U,(gl,,) and add the relations

1)\1u = 5)\,1/1)\7
Eyily = Izto, By,
KZ‘l)\ = inlA.

Definition 2.13. The idempotented quantum general linear algebra is defined by

U,(al,) = €D LU, (gL,

A UEZT
Let I = {1,2,...,n — 1}. In the sequel we use signed sequences i = (aqiy, ..., Qyiy), for any
m € N, a; € {£1} and i; € I. The set of signed sequences we denote SiSeq.
For such ani = (aqiy, ..., a,_1i,_1) we define
Ei = Ea1i1 o Eanflinfl

and we define i, € Z" to be the n-tuple such that
Eil, =1, E;.
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Similarly, for U,(sl,,), adjoin an idempotent 1,, for each p € Z"! and add the relations
1,u111 = 5u,ul)\7
Eiil, =146 Fy, witha; = a; — ajq,
KK M1, = q"1,.
Definition 2.14. The idempotented quantum special linear algebra is defined by
Uysly) = @ 1,U,(sl)1,.

u, VL1

Note that U, (gl,,) and U,(sl,) are both non-unital algebras, because their units would have to be
equal to the infinite sum of all their idempotents.

Furthermore, the only U,(gl,,) and U,(sl,)-representations which factor through U,(gl,,) and
Uq (sl,) respectively are the weight representations. Finally, note that there is no embedding of
U, (sl,) into Uy (gl,,), because there is no embedding of the sl,,-weights into the gl,,-weights.

2.3.2. The q-Schur algebra. Let d € N and let V' be the natural n-dimensional representation of
U,(gl,,). Define

An,d)={AeN"| Y X\ =d} and
=1

Af(nd)={ e An,d) [d= X\ =X >+ = X, 2 0}
Recall that the weights in VV®¢ are precisely the elements of A(n, d), and that the highest weights
are the elements of A*(n,d). The highest weights correspond exactly to the irreducibles V), that
show up in the decomposition of V¢,
We can define the ¢-Schur algebra as follows.

Definition 2.15. The g-Schur algebra S,(n, d) is the image of the representation v, ; defined by
Una: Uglgl,) = Endc (V7).
For A € A*(n,d), the U,(gl,,)-action on V), factors through the projection
Una: Ug(al,) = S,(n,d).

This way we obtain all irreducible representations of S, (n, d). Note that this also implies that all
representations of S, (n, d) have a weight decomposition. As a matter of fact, it is well-known that

Sq(n, d) = H End@(V)\).

AEA+ (n,d)

Therefore S,(n, d) is a finite dimensional, semisimple, unital algebra and its dimension is equal to

3 )dim(VA)z - ("2 +j - 1).

XEA+ (n,d

Since V¥ is a weight representation, 1, 4 gives rise to a homomorphism U, (gl,,) — S, (n, d), for
which we use the same notation. This map is still surjective and Doty and Giaquinto, in Theorem
2.4 of [20], showed that the kernel of v, 4 is equal to the ideal generated by all idempotents 1, such
that A ¢ A(n,d). Clearly the image of 1), 4 is isomorphic to S,(n, d). By the above observations,

we see that S,(n, d) has a Serre presentation. As a matter of fact, by Corollary 4.3.2 in [18], this
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presentation is simpler than that of Uq(g[n), 1.e. one does not need to impose the last two Serre
relations, involving cubical terms, because they are implied by the other relations and the finite
dimensionality.

Lemma 2.16. S,(n, d) is isomorphic to the associative, unital Q(q)-algebra generated by 1,, for
A € A(n,d), and Ey;, fori =1, ...,n — 1, subject to the relations

(2.17) 1xl, = 0y uln,
(2.18) Y oLi=1,
AeA(n,d)
(2.19) Eyly, = 1)\:|:aiE:|:i7 with o; =€ — €41 = (0,...,1,—1,...,0),
(2.20) EE_j—E_jE;=6; » [M]Ly
AeA(n,d)

We use the convention that 1, X1, = 0, if 1 or X is not contained in A(n, d). Again |a] denotes the
quantum integer from before.

Although there is no embedding of U,(sl,) into U,(gl, ), the projection
Un,a: Ug(gl,) = Sq(n, d)
can be restricted to U, (sl,,) and is still surjective. This gives rise to the surjection
Un.a: Uy(sl,) = Sy(n, d),
defined by
(2.21) Vna(Exily) = Exily, ;00

where ¢,, ; was defined below equations (2.15) and (2.16). By convention we put 1, = 0.

2.3.3. The general and special quantum 2-algebras. We note that a lot of this section is copied
from [50]. The reader can find even more details there.

Let U(sl,,) be Khovanov and Lauda’s [36] diagrammatic categorification of Uq (sl,). In [50] it
was shown that there is a quotient 2-category of U(sl,), denoted by S(n,n), which categorifies
Sq(n,n).

We recall the definition of these categorified quantum algebras and some notions from above.
As before, let I = {1,2,...,n — 1}. Again, we use signed sequences i = (i1, . .., Qpiy), for
anym € N, o; € {£1} and ¢; € I, and the set of signed sequences is denoted SiSeq.

Fori = (ayiy, ..., Qpin) € SiSeq we define i, = a;(i1)a + - - - + um(im)a, Where

(i;)a = (0,0,...,1,-1,0...,0),

such that the vector starts with ¢; — 1 and ends with £ — 1 —7; zeros. We also define the symmetric
Z-valued bilinear form on C[/] by i -i = 2,i- (i +1) = —landi-j = 0, for |i — j| > 1. Recall
that )\z = )\z — )‘H-l‘

~ We first recall the definition, given in [50], of the 2-category which conjecturally categorifies

U,(gl,). It is a straightforward adaptation of Khovanov and Lauda’s ¢/(sl,,).
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Definition 2.17. U{(gl,) is an additive C-linear 2-category. The 2-category U(gl,,) consists of

e Objects are \ € Z".
The hom-category U(gl,,)(A, \') between two objects A\, X" is an additive C-linear category con-
sisting of the following.

e Objects” of U(gl,,)()\, \'), i.e. for 1-morphism in U(gl,) from A to X’ is a formal finite

direct sum of 1-morphisms
EL{t} =1y E1\{t} = Eariy - - Eannin 1n{t}
for any ¢ € Z and signed sequence i € SiSeq such that \' = A 4+, and A\, \ € Z".

e Morphisms of U(gl,,)(A, \'), i.e. for I-morphisms &1,{t} and &1,{t'} inU(gl,), the hom
sets U(gl, ) (E1:{t}, E1,{t'}) of U(gl,) (A, \') are graded C-vector spaces given by linear
combinations of degreé t — t’ diagrams, modulo certain relations, built from composites of
the following.

(i) Degree zero identity 2-morphisms 1, for each 1-morphism x in U(gl,); the identity
2-morphisms 1¢,,1,{t} and 1¢_,1,{t}, for i € I, are represented graphically by

Le 1,00 le 1
)\+iA/%>\ )\—iA\%)\,
deg 0 deg O

for any A + iy, € Z" and any A — 1, € Z", respectively.
More generally, for a signed sequence i = (aqi1, aoils, . . . Qi ), the identity Leaqey
2-morphism is represented as

i1 92 im

Aty A,

11 12 im
where the strand labeled i, is oriented up if o, = + and oriented down if o, = —. We
will often place labels with no sign on the side of a strand and omit the labels at the
top and bottom. The signs can be recovered from the orientations on the strands.

(i1) Recall that — - — is the bilinear form from above. For each A € Z" the 2-morphisms
ion: i
Notation /EA \%A \ . A .
iy | e | S
Degree: i i —i-j —i-]

2We refer to objects of the category U(gl,)(\, X') as 1-morphisms of ¢(gl,). Likewise, the morphisms of
U(gl,,) (A, X') are called 2-morphisms in U(gl,, ).
18



Notation: N, A N NGy

2-morphism: N_/x M \/\ A /\/ A

Degree: 11—\ 1+ N\ 1+ N\ 1—\

e Biadjointness and cyclicity.
(1) 1x44,E4:1) and 1,E_;1,4,, are biadjoint, up to grading shifts, i.e.

Atip A
(2.22) N — AtiaAA m — AVAtia
A i Atip i
A Atip
(2.23) m = AiaAN w = AVA+ip
Atip ( A i

(ii)

)\—i-iA )\+iA
(2.24) ]/U = A\L/AHA =
X i y

(ii1) All 2-morphisms are cyclic with respect to the above biadjoint structure. This is en-
sured by the relations (2.24), and, for arbitrary 7, j, the relations

J i
~
_ _ =
) J /\
vV
i J

Note that we can take either the first or the last diagram above as the definition of
the up-side-down crossing. The cyclic condition on 2-morphisms, expressed by (2.24)
and (2.25), ensures that diagrams related by isotopy represent the same 2-morphism
inU(gl,).

It will be convenient to introduce degree zero 2-morphisms.

i I N
(2.26) \7>\ = A= A
J N A
g i
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- e

J
where the second equality in (2.26) and (2.27) follow from (2.25).
(iv) All dotted bubbles of negative degree are zero. That is,

(2.28) Z-OA:(), ifm <X — 1, Z-Oxzo, i< —N— 1

for all m € Z., where a dot carrying a label m denotes the m-fold iterated vertical
composite of #\ ,or \l/ \ depending on the orientation. A dotted bubble of degree zero

equals +-1, that is

(2.29) i/Q/A = (—1)M, for k> 1, Z-OA = (—1)M 7 forh, < —

m m
(v) For the following relations we employ the convention that all summations are increas-
ing, so that a summation of the form Z}nzo is zero if m < 0.

—Ai | =Xi—f Ai Ai—
230) \ = —Z/T\ i@)\ and  » ZO#\ ’

f=0 Xi—1+f —Xi—l4g

Xi—1 f Z. Ni—1—f -1 f Z\‘Z&Z——l—f
(2.31) %\%A— zz Z and A{/%\A: §,\— Z A/Q/
=0 g=0 f NZ‘“Q ol N F=0 =0 f—wi—lﬂ

for all A € Z" (see (2.26) and (2.27) for the definition of sideways crossings). Notice
that for some values of \ the dotted bubbles appearing above have negative labels. A
composite of }F ,or }L \ with itself a negative number of times does not make sense.

These dotted bubbles with negative labels, called fake bubbles, are formal symbols
inductively defined by the equation

(2.32) <O -+ Ot" ) <Qt0 Ot’“ ) =—1

] B Wl Ni—1+r
and the additional condition

i~ .
O:( )Y+ and @\ Al if N =0,

2
Although the labels are negative for fake bubbles, one can check that the overall de-
gree of each fake bubble is still positive, so that these fake bubbles do not violate the
positivity of dotted bubble axiom. The above equation, called the infinite Grassman-

nian relation, remains valid even in high degree when most of the bubbles involved are

not fake bubbles.
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(vi) The NilHecke relations are

(2.33) sz =0,
(2.34) +%\/\ - z/><z)\ _z/><z)\ :z/><z)\ _z/><z)\

e We have fori # j

—
(2.35) >,\ = 4\\/,\ and )A = +/\A
; Aj i g ; A

J
e (i) We have fori # j

+“’ ifij =0,
b .

(2.36) A=
v (i—j)(#\/\x—+/\x), ifi-j=—1.
il if g
Notice that (i — 7) is just a sign, which takes into account the standard orientation of
the Dynkin diagram.
N N N
(2.37) / /\ A and /
j j
(i1) Unlessz =k andi-j = —1, we have

A I
(2.38) A= A
I A

(iii)) We have fori - j =

(2.39) />ﬁt % (1 —7) N\ A
J i

e The additive, linear composition functor U (gl,,) (A, X)) x U(gl,,) (N, N") — U(gl,,) (N, A7)
is given on 1-morphisms of /(gl,,) by
(240) g]_']_)\/{t,} X gl]‘)\{t} — (S'J_'i]_)\{t + t/}
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fori, = A\ — X, and on 2-morphisms of /(gl,,) by juxtaposition of diagrams, e.g.

N dvid il
A @ ©}J x| v Y Mx/ <
7T TN Vv

This concludes the definition of (gl,,).

Note that for two 1-morphisms x and y in 2/(gl,,) the 2-hom-space Homy, (. y(, y) only contains
2-morphisms of degree zero and is therefore finite dimensional. Following Khovanov and Lauda
we introduce the graded 2-hom-space

HOMu(g[ @ Homu(g[ l’{t} y)

teZ

which is infinite dimensional. We also define the 2-category U/ (gl,,)* which has the same objects
and 1-morphisms as ¢/(gl,,), but for two 1-morphisms x and y the vector space of 2-morphisms is
defined by

It should be noted that U/(sl,,) is defined just as Z/(gl,,), but labeling all the regions of the dia-
grams with sl,,-weights, i.e. elements of Z"~1. Note that one also has to re-normalize the signs of
the left cups and caps, so that the bubble relations all become dependent on the s[,,-weights. For
much more details, see [50].

2.3.4. The q-Schur 2-algebra. The categorification of S,(n,n) is now obtained from U(gl,,) by
taking a quotient.

Definition 2.18. The 2-category S(n,n) is the quotient of U(gl,,) by the ideal generated by all
2-morphisms containing a region with a label not in A(n, n).

We remark that we only put real bubbles, whose interior has a label outside A(n,n), equal to
zero. To see what happens to a fake bubble, one first has to write it in terms of real bubbles with
the opposite orientation using the infinite Grassmannian relation (2.32).

A main result of [50], given in Theorem 7.11 in that paper, is the following.

Theorem 2.19. Let S(n,n) denote the Karoubi envelope of S(n,n). The Q(q)-linear map
ER S(I(n7 n) - K(?(S(n, n))@(‘])’
determined by
1s(Eily) = [&1))]

is an isomorphism of algebras.

Recall also (see Definition 4.1 in [50]) that there is an essentially surjective and full additive
2-functor

U, Usl,) = S(n,n),
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whose precise definition is not relevant here. Up to signs related to cups and caps, it is obtained by
mapping any string diagram to itself and applying ¢,, ,, to the labels of the regions. By convention,
any diagram with a region labeled * is taken to be zero. It is important to note that

KSB(\Ijn,n)Q((I): Kae(a(ﬁ[n))(@(q) - KSB(S(m n))@(q)
corresponds to the aforementioned surjective homomorphism
Y Uq(sln) — Sy(n,n).

2.3.5. The cyclotomic KLR-algebras. In this subsection, we recall the definition of the cyclotomic
KLR-algebras, due to Khovanov and Lauda [38] and, independently, to Rouquier [60]. We also
recall two important results about them.

Fix v € Z<o[I]. Let Seq(v) be the set of all sequences i = (—iy, —ia,- -, —iy,,), such that
ir, € I foreach k and v; = #{k | i), = j}.

Definition 2.20. For any i,j € Seq(v) and any gl,-weight A € Z", let
iy C Endyg,) (&1, &12)

be the subalgebra containing only diagrams which are oriented downwards. So, only strands ori-
ented downwards with dots and crossings are allowed. No strands oriented upwards, no cups and
no caps. The relations in U(gl,,) involving only downward strands do not depend on \. Therefore,
the definition above makes sense. In [38], the authors do not label the regions of the diagrams.
Then R” is defined as
R'= P R

ij€Seq(v)

R= @ R”.

VEZSO[I}

The ring R is defined as

As remarked above, the definition of R” does not depend on A. However, when we use a partic-
ular A\, we will write R"1,.

Note that R” is unital, whereas R has infinitely many idempotents.

Let R”-pMod,, be the category of graded, finitely generated, projective R”-modules and define

R-pMod,, = €P R’-pMod,,.
VEZSO[I}

In Proposition 3.18 in [38], Khovanov and Lauda showed that R-pMod,, categorifies the nega-
tive half of U,(sl,) and R”-pMod,, categorifies the v-root space.

We can now recall the definition of the cyclotomic KLR-algebras. The reader can find more
details in [38] or [60], for example.

Definition 2.21. Choose a dominant U, (gl,,)-weight A € A(n,n)*. Let R¥ be the quotient algebra
of R”1, by the ideal generated by all diagrams of the form

+W... %

11 2 13 im
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Recall that \,,, = A\, — Apus1, the m-th entry of the sl,-weight corresponding to .

Define
Ry= P R}

I/EZSO[I}

Note that we mod out by relations involving dots on the last strand, rather than the first strand as
in [38]. This is to make the definition compatible with the other definitions in our paper.

It turns out that R, is a finite dimensional, unital algebra (Corollary 2.2 in [6]). Let R\-pMod,,
be its category of finite dimensional, graded, projective modules and 12y-Mod,, its category of all
finite dimensional modules.

There is a strong sl,-2-representation on Ry-Mod,,, which can be restricted to R,\—pModgr
(Section 4.4 in [7]). This basically means that the 1-morphisms of U(sl,) act as endofunctors
and the 2-functors as natural transformations, such that the relations in ¢/(sl,,) are preserved. For
a precise definition of a strong 2-representation see [16], which is almost equal to Rouquier’s
definition of a 2-representation in [60]) but satisfies one extra condition.

Brundan and Kleshchev [7] proved the following result, which was first conjectured by Kho-
vanov and Lauda (see also [31], [45], [68] and [69]). From now on, we will always use the notation

V) = Ry-pMod,,.
Since V), is a strong sl,-2-representation, K’ (V) is a U, (sl,,)-module.
Theorem 2.22. There exists a degree preserving isomorphism of Uq (sl,)-modules
Y Vi = K (V) ow-
Here V), is the irreducible U (sl,,)-module with highest weight \.

In Section 5.3.4, we will recall some extra properties of ~y, which Brundan and Kleshchev
showed.

Rouquier showed that, in a certain sense, R, is the universal categorification of V). For a proof
of the following result, see Lemma 5.4, Proposition 5.6 and Corollary 5.7 in [60].

Proposition 2.23. Let V be any additive, idempotent complete category, which allows an inte-
grable, graded, categorical action by U(sl,,) (for the precise definition see [60]). Suppose V), is a
highest weight object in'V, i.e an object that is killed by £, for all i € I, and Endy(V},) = C.
Suppose also that any object in'V is a direct summand of X'V}, for some object X € U(sl,). Then
there exists an equivalence of categorical U(sl,,)-representations

.V, = V.

We will not spell out the precise definition of ® in this paper. Let us just remark that, up to
natural isomorphism, ¢ is uniquely determined by the fact that it sends the highest weight object
to the highest weight object and intertwines the sl,,-2-representations.

There are some subtle differences between Rouquier’s approach to categorification and Kho-
vanov and Lauda’s. However, Proposition 2.23 holds in both setups, as already remarked by Web-
ster in Section 1.4 in [69]. The proof of Proposition 2.23 consists of Rouquier’s remarks in Section

5.1.2 and of the contents of his proofs of Lemma 5.4 and Proposition 5.6 in [60], which only rely
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on the assumptions in the statement of our Proposition 2.23 and the fact that £,; and £_; are biad-
joint in U(sl,), for any ¢ € I. The precise definition of the units and the counits, i.e. the cups and
the caps, is not relevant for the validity of the proof. Note that we have included the hypothesis

Endv(Vh) =2 C

in Proposition 2.23, which is not one of Rouquier’s assumptions. There are categorifications of V)
without that property. See Conjecture 7.16 in [50] for example. However, in order to get a cate-
gorification which is really equivalent to V), i.e. with hom-spaces of the same graded dimension,
one needs to add that assumption because it holds in the latter category.

3. THE sl3-WEB ALGEBRA W9

For the rest of this section, let S be a fixed sign string of length ¢(.S). We are going to define the
web algebra W? .

Definition 3.1. (Web algebra) For u,v € B®, we define
Wy = Fe(uv){(S)},

where {¢} denotes a grading shift upwards by ¢(.5) degrees.
The web algebra W? is defined by

wi= & v
u,vEBS
The multiplication on W? is defined by taking
VG @ WG = W
to be zero, if v; # vy, and by the map to be defined in Definition 3.3, if v; = vy = v.
Remark 3.2. In Proposition 3.6 we prove that the multiplication foam always has degree n, so the

degree shift in the definition above makes W into a graded algebra and, for any ¢ # 0, it makes
W? into a filtered algebra.

Definition 3.3. (Multiplication of closed webs) The multiplication
V5 @ Wy = W,

is induced by the multiplication foam

e Idgemyld,

Mypw: U VW —— U W,
where m,,: vv* — Vert,,, with Vert, being the web of n parallel oriented vertical line segments,
is defined by the following inductive algorithm.

(1) Express v using the growth algorithm, label each level of the growth algorithm starting
from zero. Then form vov*.

(2) Atthe kth level in the growth algorithm, resolve the corresponding pair of arc, H or Y-rules
in v and v* by applying the foams.

—] —] ‘
(3.1 >/\ a ﬁﬂ‘
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Note that at the last level in the growth algorithm of v, only pairs of arcs are present.

Example 3.4. Let w and v be the following webs.

(3.2)

(3.3)

Proposition 3.5. The foam m,, in Definition 3.3 only depends on the isotopy type of v.

Proof. We have to show that m,, is independent of the way v is expressed using the growth algo-
rithm (Definition 2.2). Let G; and G5 be two different expressions of v using the growth algorithm.
We have to compare (G; and (G5 walking backwards in the growth algorithm. Note that we only
have to worry about two consecutive steps in the same region of v. Reordering steps in “distant”
regions of v corresponds to an isotopy which simply alters the height function on m,,. With these
observations, the only possible remaining difference between the last two steps in (G; and G’ is the
following.

U Y

If the last two steps in G; and G are equal, we have to go further back in the growth algorithm. Be-
sides two-step differences of the same sort as above, we can encounter another one of the following
sort.

)\

We have to check that the above two-step differences in G; and G5 correspond to equivalent foams.
In the first case, the foams in the multiplication algorithm are given by

VD 2y
a—l=n

FIGURE 3. A possible local difference between m¢, and mg,.
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In the second case, we get

FIGURE 4. The other possible local difference between m¢, and mg;,.

The two foams in Figure 3 are isotopic - one foam can be produced from the other by sliding the
red singular arc over the saddle as illustrated below.

I -

The two foams in Figure 4 are also isotopic - one foam can be produced from the other by moving
the red singular arc to the right or to the left as illustrated below.

(3.7)

The cases above are the only possible ones, so their verification provides the proof. U
Proposition 3.6. The foam m, has q-grading ((.5).

Proof. We proceed by backward induction on the level of the growth algorithm expressing v. At the
final level of the growth algorithm, the only possible rule is the arc rule. Resolving a corresponding
pair of arcs in v and v* results in two new vertical strands and is obtained by a saddle point
cobordism, which has g-grading 2.

Let n;, be the number of vertical strands and m” be the foam after resolving the last & rules in
the growth algorithm of v. Suppose that 7, is equal to the g-degree of m”. In the next step of the
multiplication we can have three cases.

k+1
L s

(1) The resolution of a pair of arc-rules. In this case we have ny,; = ny + 2 and m
obtained from m” by adding a saddle, which adds 2 to the ¢-grading.

(2) The resolution of a pair of Y-rules. In this case we have n;1 = ny+1and m
from m* by adding an unzip, which adds 1 to the g-grading.

(3) The resolution of a pair of H-rules. In this case we have ny.; = n; and m

from m” by adding a square foam, which adds 0 to the ¢-grading.

k+1
v

is obtained

k+1
v

is obtained

O

There is a useful alternative definition of W¢, which we give below. As a service to the reader,
we state it as a lemma and prove that it really is equivalent to our definition above. Both definitions

have their advantages and disadvantages, so it is worthwhile to catalogue both in this paper.
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Lemma 3.7. For any c € C and any u,v € B®, we have a grading preserving isomorphism
Foam{(u,v) = ,W;.
Using this isomorphism, the multiplication
V5 @ yWe — WV,
corresponds to the composition
Foam(u,v) ® Foam§(v', w) — Foam§(u, w),
if v ="/, and is zero otherwise.

Proof. The isomorphism of the first claim is sketched in the following figure.

*

R
e

The proof of the second claim follows from analysing what the isomorphism does to the resolution
of a pair of arc, Y or H-rules in the multiplication foam. This is done below.

jﬁ po
ﬁ |

fi fi

:::{j::Jfl -;m .
fi

fa

-

B S

O

Note that Lemma 3.7 implies that W? is associative and unital, something that is not imme-
diately clear from Definition 3.1. For any u € B®, the identity 1, € Foam$(u,u) defines an

idempotent. We have
1=) 1,eWw.

ueBS
Alternatively, one can see YW? as a category whose objects are the elements in B° such that the
module of morphisms between « € B° and v € B® is given by Foam$(u, v). In this paper we

will mostly see W9 as an algebra, but will sometimes refer to the category point of view.
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In this paper, we will study W? for two special values of ¢ € C.

Definition 3.8. Let K° and G° be the complex algebras obtained from WW? by setting ¢ = 0 and
¢ = 1, respectively. We call them Khovanov’s web algebra and Gornik’s web algebra, respectively,
to distinguish them throughout the paper.

Note that G is a filtered algebra. Its associated graded algebra is K°. By Lemma 3.7, both K*
and G* are finite dimensional, unital, associative algebras. They also have similar decompositions

as shown below.
K= P K., = .G

u,vEBS u,v€EBS

We now recall the definition of complex, graded and filtered Frobenius algebras. Let A be a finite
dimensional, graded, complex algebra and let Hom¢ (A, C) be the complex vector space of grading
preserving maps. The dual of A is defined by

AY = @5 Home (A, C{n}),

where {n} denotes an upward degree shift of size n. Note that A" is also a graded module, such
that

(3.8 (AV); = (A",

for any ¢ € Z. Then A is called a graded, symmetric Frobenius algebra of Gorenstein parameter
¢, if there exists an isomorphism of graded (A, A)-bimodules

AV = A{—1}.

If A is a complex, finite dimensional, filtered algebra, let Hom¢ (A, C) be the complex vector space
of filtration preserving maps. The dual of A is defined by

AY = @B Home (A, C{n}),

where {n} denotes an upward suspension of size n. Note that A" is also a filtered module, such
that

3.9 (AY); = (A",

for any ¢ € Z. Then A is called a filtered, symmetric Frobenius algebra of Gorenstein parameter
¢, if there exists an isomorphism of filtered (A, A)-bimodules

AY = A{—1}.

For more information on graded Frobenius algebras, see [67] and the references therein, for ex-
ample. We do not have a good reference for filtered Frobenius algebras, but it is a straightforward
generalization of the graded case. We will explain some basic results on the character theory of
filtered and graded symmetric Frobenius algebras in Section 5.

Theorem 3.9. For any sign string S, the algebra K° is a graded symmetric Frobenius algebra

and G® is a filtered symmetric Frobenius algebra, both of Gorenstein parameter 2((S).
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Proof. First, let c = 0. We take, by definition, the trace form
tr: K° — C

to be zero on ,K,,, when u # v € B®. For any v € B, we define
tr: K, — C

by closing any foam f, with 1,, e.g.as pictured below.

Equivalently, in Foam)(v, v), closing f, by 1,,

gives

The fact that the trace form is non-degenerate follows immediately from the closure relation in
Subsection 2.2.

The fact that tr(gf) = tr(fg) holds follows from sliding f around the closure until it appears
on the other side of g, e.g. as shown below.

Note that a closed foam can only have non-zero evaluation if it has degree zero. Therefore, for any
u € B and any two homogeneous elements f € F°(u*v) and g € F°(v*u), we have tr(fg) # 0
unless deg(f) = — deg(g). By the shift /(.5) in

I = FO(uv){(S)}
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and by (3.8), this implies that the non-degenerate trace form on K givesrise to a graded (K*, K%)-
bimodule isomorphism

(3.10) (K%)= K5{-20(5)}.

Now, let ¢ = 1. Then the construction above also gives a non-degenerate bilinear form on G*.
Moreover, it induces a filtration preserving bijective C-linear map of filtered (G, G*)-bimodules

(3.11) G {—2n} — GV.

The associated graded map is precisely the isomorphism in (3.10). By Proposition 5.36, this im-
plies that the map in (3.11) is a strict isomorphism of filtered (G, G°)-bimodules. U

We now explain some of Gornik’s results, which are relevant for G°. Recall that R.., is the
commutative ring associated to u*v, generated by the edge variables of u*v and mod out by the
ideal, which, for each trivalent vertex in u*v, is generated by the relations

(312) T+ XT9 + T3 = 0, T1To + T1X3 + Toksy = O, T1X2X3 = 1,

where x1, x5 and x3 are the edge variables around the vertex. The algebra Rzlm acts on , (G, in such
a way that each edge variable corresponds to adding a dot on the incident facet. See [26], [34]
and [51] for the precise definition and more details.

In what follows, 3-colorings will always be assumed to be admissible and we therefore omit the
adjective. Theorem 3 in [26] proves the following.

Theorem 3.10. (Gornik) There is a complete set of orthogonal idempotents ep € R.. , indexed
by the 3-colorings T of u*v. The number of 3-colorings of u*v is exactly equal to dim,(,G.,).
These idempotents are not filtration preserving, but as an R. -module (i.e. forgetting the filtra-

tion on G, and its left ,G,, and right ,G,-module structures) we have
uGy = @) Cer.
T

Let us have a closer look at Gorniks idempotents. First of all, in the proof of Theorem 3 in [26]
Gornik notes that for any edge ¢ and any 3-coloring 7" of u*v, we have

(3.13) zier = (liep € R}

u*v)

where ( is a primitive third root of unity, x; is the edge variable and 7; the color of the edge (see
(4) in [51] for this result in the context of foams).

Furthermore, a 3-coloring of u*v actually corresponds to a pair of 3-colorings of v and v* that
match at the boundary. Of course, there is a bijective correspondence between 3-colorings of v and
v*, so we see that a 3-coloring of u*v corresponds to a matching pair of 3-colorings of u and v.

Recall that ,G, is a left ,G,,-module and a right ,G,,-module. Let 7 and 75 be a pair of matching
3-colorings of u and v, respectively, which together give a 3-coloring 1" of u*v. Then the action of
eronany f: u — v can be written as

en f €r,.

To show that this notation really makes sense, define Gornik’s symmetric idempotent associated to
T; as

6u,T1 = 6T1 1u6T1 .
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So we let the Gornik idempotent associated to the symmetric 3-coloring of u*u, given by 77 both
on u and u*, act on 1,,. Then we have

ery feTz = €u,Ty er,Tzv

where on the right-hand side we really mean composition.
We immediately see that
erylyer, =0 11 # 1y
and
en 1u6T1 er, 1u6T2 = 5T1,T2 €T, 1u€T1 and Z eTlueT = 1u7

T
where the sum is over all 3-colorings of u. This shows that the e,, 7, for all 3-colorings 7" of a given
u € BY, are orthogonal idempotents in ,G,,. It also implies that

6T11u6T1 =€én 1u = 1u6T1,

s it is enough to label just the source or just the target of 1,,. For this purpose, we define R’ to be
“half” of R, ,i.e. the subring which is only generated by the edge variables of u. To be precise,
we have
R.., = R, ®s R,,

where ®g indicates that we impose the relation + ® 1 = 1 ® x, for any x corresponding to a
boundary edge of .

If u has no closed cycles, then all the 3-colorings of v*u are symmetric, because they are com-
pletely determined by the colors on the boundary of . In that case

€T > €y, T

~Y

defines an isomorphism of algebras R} =, G,,. In particular, ,G,, is commutative. This is not true
in general, but we can prove the following.

Lemma 3.11. For any u € B, the map
T — xl,
defines a strict embedding of filtered R\ -modules
L R}L — .G
In particular, we see that (R.)y = im(s)y = C1,,.

Proof. The map is clearly a homomorphism of filtered algebras.

The relations (Dot Migration) correspond precisely to the relations in R!, because the only sin-
gular edges in 1, are the ones corresponding to the trivalent vertices of u. This shows that it is a
strict embedding. 0

For any u € B, we define the graded ring
R? = E(R)).
This ring is the one which appears in Khovanov’s original paper [34]. In R® we have the relations
(3.14) 1+ 2o+ a3 =0, T1To + 2123 + xow3 = 0, T12223 = 0.

The reader should compare them to (3.12).
There are no analogues of the Gornik idempotents in R?, but we do have an analogue of

Lemma 3.11.
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Lemma 3.12. For any u € B, the map
T — xl,
defines an embedding of graded R -modules
E(): R — ,K,.
In particular, we see that (R%)y = im(FE(1))y = Cl,,.
Another interesting consequence of Theorem 3.10 is the following.

Proposition 3.13. As a complex algebra, i.e. without taking the filtration into account, G° is
semisimple.

Proof. For any v € B® and any 3-coloring 1" of u, define the projective G*°-module
Pu,T = (Gs)eu,Ta

where e, 7 is Gornik’s symmetric idempotent in G° defined above. Theorem 3.10 and our subse-
quent analysis of Gornik’s idempotents show that the P, r form a complete set of indecomposable,
projective G°-modules. Furthermore, we have

C, if T"and 7" match at S,

Homgs (P,r, Por) = eu,T(GS)ev,T’ = {{0} else

This shows that P, = P, 1 if and only if 7" and 7" match at the common boundary. It also shows
that if Pu,T A;td Pv,T’, then
HomGs (Pu,Ta Pv,T’) = HomGs(PmT/, Pu,T) = {0}
Finally, it shows that each P, 7 has only one composition factor, i.e. P, 7 is irreducible.
It is well-known that this implies that G is semisimple, e.g. see Proposition 1.8.5 in [3]. U

By Proposition 3.13, it is clear that for each u € B and each coloring T of u, the corresponding
block in G is isomorphic to End(P, 7). In Section 4, we will determine the central idempotents
of G°.

4. THE CENTER OF THE WEB ALGEBRA AND THE COHOMOLOGY RING OF THE
SPALTENSTEIN VARIETY

For the rest of this section, choose arbitrary but fixed non-negative integers n > 2 and k < n,

such that d = 3k > n. Let
A(n,d) = {MGN" 1> Zd}

i=1
be the set of compositions of d of length n. By A*(n,d) C A(n,d) we denote the subset of
partitions, i.e. all ;i € A(n, d) such that

M1 2> g = 2> iy 2> 0.

Also for the rest of this section, choose an arbitrary but fixed sign string S of length n. We associate
to S a unique element . = pg € A(n, d), such that

o 1, if Si:‘l‘,
Fiz Yo i s = —
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Let A(n,d)12 C A(n,d) be the subset of compositions whose entries are all 1 or 2. For any sign
string S, we have g € A(n,d); 2.

Let A = (3%) € A(n,d). Let Colz be the set of column strict tableaux of shape A and type i,
both of length n. It is well-known that there is a bijection between Colf; and the tensor basis of

VMIVM1®...®VM”7

where V! = V*and V? = V! A V! =V~ (see Section 3 in [55], for example). However, we are
interested in tensors as summands in the decomposition of elements in B°. Therefore, we prove
Proposition 4.2 in Subsection 4.1. The reader, who is not interested in the details of the proof of
this proposition, can choose to skip this subsection at a first reading and just read the statement of
the proposition.

4.1. Tableaux and flows. Let pg be the number of positive entries and ng the number of negative
entries of S. By definition, we have that d = pg + 2ng. The key idea in this subsection is to reduce
all proofs to the case where ng = 0.

Definition 4.1. Fix any state string .J of length n, we define a new state string J of length d by the
following algorithm.

(1) Let . be the empty strlng
(2) For1 <i<mn,let J be the result of concatenating j; to ;_ 1J if u; = 1. If p; = 2 then
(a) concatenate (1,0) to i if j; = 1.
(b) concatenate (0, —1) to i if j; = —1.
(c) concatenate (1,—1) to i if j;, = 0.
We set J = nj . Lastly, for any ¢ € {—1,0, 1}, we define J¢ to be the number of entries in .J that
is equal to c.

Proposition 4.2. There is a bijection between Colﬁ and the set of state strings J such that there
exists aw € B® and a flow f on w which extends .J.

The proof of Proposition 4.2 follows directly from Lemmas 4.3 and 4.4.

Lemma 4.3. There is a bijection between Col)‘ and state strings J of length n such that
4.1 Jl=J"=J"

where the J¢ are as defined in Definition 4.1.

Proof. Given a state string .J satisfying (4.1), we first give an algorithm to build a 3-column tableau
Y, filled with integers from 1 to n. Afterwards, we show that Y; has shape \.

Begin by labeling the three columns with 1,0 and —1, reading from left to right. We are going
to build up Y; from top to bottom. Start by taking Y; to be the empty tableau. Then, from ¢ = 1 to
1 = n, do the following:

(1) If p; = 1, add one box labeled 7 to column j; in Y.
(2) If p; = 2, add two boxes labeled 7 to columns ¢; and ¢, such that ¢; # ¢ and ¢; + ¢5 = j;.

We have to show that Y; belongs to Colz. Since the algorithm builds up from top to bottom, Y,
is strictly column increasing. To see that Y; has shape A, we need to show that every row in Y

has three entries. Observe that the number of filled boxes in column ¢ of Y is exactly equal to Je.
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Since we have assumed condition (4.1), all three columns have the same length, therefore every
row in Y; must have exactly three entries.
Conversely, let 7' € Colz. We define a state string .J as follows.

Ji = Z C.

i appears in column ¢

Since p corresponds to a sign string and 7" is column strict, we see that, foreach 1 < i < n, ¢
can appear at most twice in 7" but never twice in the same column. Thus, j; € {—1,0,1}, i.e. J
is a state string. It follows from the definition of J that J¢ is equal to the length of column ¢ of
T'. Since T is of shape A, the number of boxes in each column is the same. Hence, condition (4.1)
holds for J.

It is straightforward to check that the above two constructions are inverse to each other and
therefore determine a bijection. U

Lemma 4.4. A state string .J corresponds to the boundary state of a flow on a web w € B® if and
only if condition (4.1) holds for J.

Proof. Let w € B® be equipped with a flow with boundary state string .J. We are going to show
that J satisfies condition (4.1) by induction on n. For n = 2, w can only be an arc. In this
case it is simple to check that all flows on w have corresponding boundary state strings satisfying
condition (4.1).

For n > 2, we express w using the growth algorithm in an arbitrary, but fixed way, with the
restriction that only one rule is applied per level. Let ;J denote the boundary state string at the
beginning of the k-th level in the growth algorithm and »J the associated string as in Definition 4.1.
Similarly, let i denote the composition corresponding to the sign string at the k-th level. Let us
compare ;.1.J and .J. They can only differ in the following ways.

(1) In case an arc-rule is applied at the k-th level, ,J can be obtained from ./ by inserting
the substring (1, —1), (0,0) or (—1,1) between the i-th and ¢ + 1-th entries in x1.J. p
can be obtained from 1/ by inserting the substring (1, 2) or (2, 1) between the i-th and
© + 1-th entries in ;41 pt.

(42) NN\

(2) In case a Y-rule is applied, ./ can be obtained from ;;J by replacing the i-th entry in
x+1J with a length two substring whose sum is equal to the i-th entry. ;. can be obtained
from 11 by replacing the i-th entry in 1 p with the substring (3 — x11/46, 3 — kr1/4s)-

o YYYY Y

(3) In case an H-rule is applied, u can be obtained from 44 by replacing a substring (1, 2)
or (2, 1), at the i-th and (i + 1)-th position in 14, with (3 — g1 1444, 3 — ky1/4i+1)- xJ can be
obtained from 4 1.J by replacing a substring of length two in 1./ at the i-th and (i + 1)-th
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position according to the schema.

1 0 -l 0 0 1 0 -1
“ oK KA

0 1 0 -1 1 0 -1 0

0 0o 0 0 -1 1 1 -1
(4.5) >_< >_< >\Z< >\4/<

-1 /\ 1 1 /\ -1 0 0 0 0
It is straightforward to check that ;. J satisfies condition (4.1), with composition 1 i, if and only
if ;. J does, with composition ;. Take, for example, an instance where a Y-rule is applied; suppose
also that the i-th entry in 4,4 is 2 and the i-th entry in 4,/ is 0. Thus, the i-th entry in ;. ,.J
contributes a pair (1, —1) to x41J. By (4.3), xJ is obtained from 1./ by replacing the i-th entry
in o 1J with (1, —1) and the i-th entry in ;. with (1,1). We see that ./ is in fact exactly equal
to x+1J. Therefore ../ satisfies condition (4.1) if and only if ./ does. Similar analysis apply to
all cases in (4.2), (4.3) and (4.4).

Let k be the first level in the growth algorithm of w where a Y or an arc-rule is applied. From
the (k + 1)-th level down we have a non-elliptic web w’ with flow, whose boundary state string
x+1<J and composition ;1 both have length less than n. Thus, by our induction hypothesis, ;11./,
with composition ;1 u, satisfies condition (4.1).

By the above argument, then ;.J also satisfy condition (4.1), for any 0 < ¢ < k. In particular,
J = oJ satisfies that condition, which is what we had to prove.

Conversely, let J satisfy condition (4.1), with composition . We show, by induction on 7, that
there is a w € B® with flow whose boundary state string is exactly J. More specifically, we first
construct a w € W* and then show that w is non-elliptic, i.e. w € B®.

For n = 2, then w must be an arc. It is simple to check that if J satisfies condition (4.1), J is
the boundary state of a flow on an arc.

For n > 2, suppose it is possible to apply an arc or Y-rule to the pair px and J, depicted in (4.2)
and (4.3). Then we obtain a new pair i/ and J’ with length less than n. Thus, by induction, there
exist a web w’ € Ws and flow extending J'. Gluing the arc or Y on top of w’ results in a web
w € W* with a flow extending .J.

Suppose, then, that it is not possible to apply an arc or Y-rule to p and J. This means that one
of the following must hold.

(1) w does not contain a substring of type (1,2) or (2,1) and J = (1,...,1), J = (—1, ..., —1)
orJ = (0,...,0).

(2) p contains at least one substring of the form (1,2) or (2,1). For every substring in x of
the form (1, 2) or (2, 1), the corresponding substring in J is (£1, £1), (0,1) or (1,0). For
every substring in x of the form (1, 1) or (2, 2), the corresponding substring in .J is (1, 1),
(—1,—1) or (0,0).

Case 1 contradicts the assumption that J satisfies condition (4.1).

Case 2 contains several subcases, each of which contains details which are slightly different.
However, the general idea is the same for all of them and is very simple: apply H-moves until you
can apply an arc or a Y-rule and finish the proof by induction.

We first suppose, without loss of generality, that x4 contains a substring (p;, ft;+1) = (1,2) and
that the corresponding substring in .J is (j;, ji+1) = (1, 1) (the subcase for (j;, ji+1) = (=1, —1) is
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analogous). We see that (1, 1) in .J contributes a substring (1,0, 1) to J. Thus, our assumption that

J satisfies condition (4.1) implies that J contains at least one more entry equal to —1. This means
that for some r # 4,7 + 1, 1 < r < n, one of the following is true.

(a) j» = —1, u, = 1, denoted for brevity by

(4.6)

(b) j. = —1, u, = 2, denoted

“.7)

©) jr =0, u, = 2, denoted
11 0

(4.8) T ll

Without loss of generality, let us assume ¢ 4+ 1 < r. Consider subcases (a) and (b). If j,,, # 0 for all

1+ 1 < m < r, then itis possible to apply an arc or Y-move to J and y, contrary to our assumption

in case 2. Thus, in all three scenarios above it suffices to analyze the following two configurations:
11 0 11 0

4.9) T lT T ll

Let i+ 1 < r < n be smallest integer where 7, = 0. We must have that x,_; = 3 — p, and
Jr—1 = =£1. For any other values of y,_; and j,_; we would be able to apply an arc or a Y-
move, contradicting our assumptions for case 2. In both situations, we can apply an H-rule to the
substrings (j,_1, j-) and (g,_1, i) as shown below.

11«0 4q

(4.10)

This results in new sign and state strings, each with length n satisfying condition (4.1). The
application of the H-rule in (4.10) moves the zero at the r-th position to the » — 1 position. Either
we can now apply an arc or Y-rule to the new strings or by repeatedly applying an H-rule in the
manner of (4.10), we obtain one of the following pairs.

10 10

(“.11) l l T T

To either of the above diagrams we can apply a Y-rule, after which we can use induction.

To complete our analysis of case 2, now suppose, without loss of generality, that ;4 contains a
substring (p;, it;41) = (1,2) and that the corresponding substring in J is (j;, ji+1) = (1,0) (the
subcases for (0, +1) or (—1, 0) are analogous).

We see that (1,0) in .J contributes a substring (1,1, —1) to .J. Thus, our assumption that J
satisfies condition (4.1) implies that J contains at least one more entry equal to —1. This means

that for some r, with 1 < r < n, one of the following is true.
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(a) j» = —1, u, = 1, denoted for brevity by
-1

“@.12) T IT

(b) j, = —1, u, = 2, denoted
1

A1

©) 4 =0, u, = 2, denoted

10 0
(4.14) T ll
For subcases (a) and (b), if p;12 = 1 and j;,2 = —1, we may apply an H-rule to (g1, ftir2),

(Jix1, Jiro) to obtain a new pair p/ and J'. Subsequently we can apply a Y-rule to the i-th and
(i + 1)-th entries of 1/ and J":

(4.15)

After applying the Y-rule, we can use induction.
Otherwise, we can show, just as before, that all three scenarios above reduce to an analysis of
the following two configurations.

10 0 1o o0
That is, we can assume that p contains a substring (p;, 1i+1) = (1,2) with the corresponding

substring in .J being (j;, ji+1) = (1,0), and for some 0 < r # i+ 1 < n we have j, = 0. In
particular, this tells us that there exista 0 < r # 7 + 1 < n such that u, = 1 and j, = 0.

1 0 0

(4.17) T lT

This has to hold because otherwise J cannot satisfy condition (4.1). Let us assume r to be the
smallest integer such that7 + 1 < r, r, = 1 and j, = 0. By our assumption that we cannot apply
an arc or Y-rule to J and p, we see that 1,1 = 2 and j,_; = +1. Applying an H-rule to (j,_1, j,)

and (,Ur—la :ur’)
1 0 i1 0

@19) T lg

results in new sign and state strings, also with length n, satisfying condition (4.1). The application

of the H-rule in the above case moves the zero at the r-th position to the » — 1-th position. Either
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we can now apply an arc or a Y-rule to the new sign and state strings, or by repeatedly apply an
H-rule in the manner of (4.10), we obtain a pair as below.

0 0

4.19) l T

to which we can apply an arc-rule. Finally, apply induction.

It remains to show that the web w (with flow) produced from the above algorithm is an element
of BY, that is, w does not contain digons or squares. We note that, just as in [35], in the expression
of w using the arc, Y and H-rules, digons can only appear as the result of applying an arc-rule to
the bottom of an H-rule, i.e. we have

(4.20)

A square can only result from the following sequence of arc, Y and H-rules.

e

Note that in the above, we do not consider the case in which we apply an H-rule to the bottom of
another H-rule. This is because such a case cannot arise in our construction of w.

Recall that in our inductive construction of w, we only apply H-rules equipped with the follow-
ing flows.

We can immediately see that is it not possible to apply an arc-rule with flow to the bottom of
such an H-rule as shown below.
0 +1

(4.23)

Since we only use the above two H-rules with flow, the induced flows on squares are as follows.

(4.24)

(4.25)




(4.26)

In each case, one can check that it is possible to apply an arc-rule to the state and sign strings (the
same analysis applies to the cases where the faces above are given the opposite edge orientations).
However, recall that an H-rule is used in our construction only in the case for which it is not
possible to apply any other rules to the boundary. This implies that none of the above faces can
appear during the construction of w. U

Implicit in the proof of Lemma 4.4 is a procedure to construct, from a state string .J satisfying
condition (4.1), a non-elliptic web w with flow extending .J, such that Jw = pu. Note that this
procedure is not deterministic. That is, it is possible to produce different webs with flows extending
J by making different choices in the construction.

Example 4.5. The procedure is exemplified below. If we choose to replace the substrings as indi-
cated in the right figure, the tableau on the left gives rise to the web with flow next to it.

10 -1

20 1] 2
4.27)

4| 3| 4

6| 5| 7

(4.28)

As a matter of fact, we could also invert the orientation of the flow in the internal cycle. The
resulting web with flow would still correspond to the same tableau.

However, when we restrict to semi-standard tableaux, the procedure gives a unique web with
flow, the canonical flow. One can check that the procedure implicit in Lemma 4.4, restricts to the
same bijection between Std/’) and non-elliptic webs as defined by Russell in [61].

4.2. Z(G®) and E(Z(G®)). In this subsection, S continues to be a fixed sign string of length
n. Moreover, we continue to use some of the other notations and conventions from the previous
subsection as well, e.g. d = 3k > n etc. Let u be the composition associated to .S and let S, be

the corresponding parabolic subgroup of the symmetric group .S;.
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Let Z(K*®) be the center of K* and let X} be the Spaltenstein variety, with A\ = (3*) and the
notation as in [8]. If ny = 0, then X 2‘ —= X, the latter being the Springer fiber associated to \.?

In Theorem 4.8, we are going to prove that H*(X 2‘) and Z(K?) are isomorphic as graded
algebras.

Recall the following result by Tanisaki [66]. Let P = Clxy,...,z4] and let [ A be the ideal
generated by

(4.29) {er(il, i) | i }nl_idzimil < m id } ,
where e,.(i1, . ..,4,) € P is the r-th elementary symmetric polynomial. Write
R = P/I*
Tanisaki showed that
H*(X*) = R

Note that S, acts on P by permuting the variables and that it maps I* to itself. Moreover, let
Pr = PS5+ C P be the subring of polynomials which are invariant under S,,.

Forl < i <.+ <, <mnandr > 1, we let e.(j,11,...,i,) denote the r-th elementary
symmetric polynomials in the variables X;, U---U X, , where

Xp=Ame [+ +ppa+t1<k<p+-+put.
So, we have
er(f, i,y im) = Z ey (1501) -+ € (15 ).
rit-F+rm=r
If r = 0, we set e,(,41,...,4,) = 1and if r < 0, we set e.(p, 41, ...,%,) = 0. Let I/;\ be the
ideal generated by
m>11<y <<, <d
(4.30) Cr(fby ity e osim) | T >M =y o i, — N1 — o — A
where | = #{i | pt; > 0,4 #i1,...,0n}
Note that I} C I* holds. Write
A A
R) = Pr/I).
Brundan and Ostrik [8] proved that
H*(X)) =R,
First we want to show that R, acts on K. Clearly, P* acts on K, by converting polynomials
into dots on the facets meeting S.

Lemma 4.6. The ideal 1 /’) annihilates any foam in K°.

Proof. The following argument demonstrates that it suffices to show this for the case when ns = 0.
Letu,v € B®. Foreach1 < i < n withs; = —, glue a Y onto the i-th boundary edge of « and v,
respectively. Call these new webs @ and 0, respectively. Note that 0u = 00 = S, where § = (+9).
Let f € K, be any foam. For each 1 < i < n with s; = —, glue a digon foam on top of the
i-th facet of f meeting S. The new foam f , obtained in this way, belongs to ;K;. Note that we

3When comparing to Khovanov'’s result for sl, the reader should be aware that he labels the Springer fiber by A7,
the transpose of \.
41



can re-obtain f by capping off f with dotted digon foams. Any polynomial p € [ 3 C I* acting on

f also acts on f (using the relations in (Dot Migration) on the digon foams). So, if we know that
pf = 0, then it follows that pf = 0.

Thus, without loss of generality, assume that n, = 0. We are now going to show that I
annihilates K°.

As follows from Definition in (4.29), I* is generated by the elementary symmetric polynomials
er(Tiy, ..., x;, ), for the following values of m and 7.

m=2n+1 ; r>2n—2,
m=2n+2 ; r>2n—4,

m=3n—1 ; r>2
m = 3n ;or>0.

Note that for m = 3n, we simply get all completely symmetric polynomials of positive degree in
the variables x4, ..., x4. Any such polynomial p annihilates any foam f € ,K,, because by the
complete symmetry of p, the dots can all be moved to the three facets around one singular edge.
The relations (Dot Migration) then show that p kills f.

Now suppose m = 3n — £, for ¢ > 0. So we must have » > 2¢. The argument we are going

give does not depend on the particular choice of iy, ...,7, C {1,2,...,d}, so, without loss of
generality, let us assume that (i, ...,7,) = (1,...,m).
Let f be any foam in , K.
First assume that ¢ = 1.
er(xla s 7xd—l).f
= - 6r—1($17 e 7$d—1)$df
:67«_2(1’1, e ,Id_l)ﬂ%f
:(_1)ng )
All these equations follow from the fact that, for any j > 0, we have
ej(xb s ,Zlfd) = ej(xly s 7xd—1) + ej—l(xla s 7xd—l)xd7
and the fact that e;(x1,...,24)f = 0, as we proved above in the previous case for m = 3n. Since

in this case we have r > 2, we see that

(_1)Tx2 = 07
by Relation (3D). This finishes the proof for this case.
In general, for ¢/ > 1, we get that e,.(z1, ..., 24¢)f is equal to a linear combination of terms of

the form
x21—£+1$22—é+2 cext f,
with 7y + - -+ 1, = r. Since r > 2/, there exists a 1 < j < ¢ such that r; > 2, in each term. So

each term kills f, by Relation (3D). This finishes the proof. OJ
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Note that Lemma 4.6 shows that there is a well-defined homomorphism of graded algebras

cs: Ry = Z(K*®), defined by
cs(p) = pl.
Similarly, there is a filtration preserving homomorphism
P — Z(G®)
defined by p -+ pl. This homomorphism does not descend to R, because the relations in G are
deformations of those in K, but the associated graded homomorphism maps P* to E(Z(G?))
and we have
E(P"1) = R)1.
Before giving our following result, we recall that Brundan and Ostrik [8] showed that
dim H*(X)) = #Col,,.

They actually gave a concrete basis, but we do not need it here.

Lemma 4.7. We have
dim Z(G®) = #Col,,.

Proof. Let J be any state-string satisfying condition (4.1). We define

(4.31) =YY eur€G’

ueBS T
where the second sum is over all 3-colorings of u extending .J.

First we show that z; € Z(G®). For any u,v € B%, let f € ,G,. Choose two arbitrary
compatible colorings 77 and 75 of v and v, respectively. Assume that ez, fer, # 0. Then we have

{6T1 fen,, if T} extends J,

2Jjem f €, =
0 else.

We also have
er, fer,, if T, extends J,
0 else.

€T1f€T22’J = {

This shows that z; € Z(G®), because T} and T3 are compatible, and so T} extends .J if and only if
T5 extends J.
Note that
ZZle and ZJZJ/:5J7J/ZJ.
J
In particular, the z;’s are linearly independent.

For any state-string ./ satisfying condition (4.1), the central idempotent z; belongs to P*1. In
order to see this, first note that, for any u € B?, the element

ZJlu = E €u,T,

T extends J

belongs to P#1,. This holds, because only the colors of the boundary edges of u are fixed. We can

sum over all possible 3-colorings of the other edges, which implies that these edges only contribute
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a factor 1 to z;1,. Furthermore, we see that z;1,, = p;1,, for a fixed polynomial p; € P*,i.e. p;
is independent of u. Therefore, we have

zy = Z psl, =py1 € PF1.
ucBS

It remains to show that Z(G%)z; = Cz;. Let z € Z(G®). By the orthogonality of Gornik’s
symmetric idempotents, we have
Z = Z €y, TZCyT-
u,T

By Theorem 3.10, we know that
eur2eur = Au7(2)en T,

for a certain A\, r(z) € C. Therefore, we have
z = Z Au1(2)enr € @ Ceyr.
u, T u,T

By Lemma 4.4, we know that z; # 0. This shows that
{z; | J satisfying condition (4.1)}
forms a basis of Z(G*®). By Proposition 4.2, the claim of the lemma follows. O
Theorem 4.8. The degree preserving algebra homomorphism
cs: Ry, — Z(K®)
is an isomorphism.
Proof. In Corollary 5.19 it will be shown that
. * A s S
dim H*(X,,) = dim Z(K”),

so it suffices to show that cg is injective.

Lemma 4.6 shows that (as graded complex algebras)

R)1 C Z(K?).
As already mentioned above, Brundan and Ostrik [8] showed that
H* (X)) = R}
as graded complex algebras.
The proof of Lemma 4.7 shows that the filtration preserving homomorphism

Pt — Z(GY),

defined by p — pl, is surjective. Note the E(-) is not a map. However, a filtered algebra A and its
associated graded E'(A) are isomorphic as vector spaces. In particular, they satisfy

dim A = dim E(A).
Therefore, since p — pl is a surjection of vector spaces, we have
dim Z(G®) = dim E(Z(G®)) = dim E(P*1) = dim P"1.
Recall that E(P*1) = R)1 and dim Z(G®) = dim Ry,. This shows

dim R,1 = dim P*1 = dim Z(G®) = dim R,
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which implies that the map cg is injective. U

5. WEB ALGEBRAS AND THE CYCLOTOMIC KLR ALGEBRAS

5.1. Howe duality. We first recall classical Howe duality briefly. Our main references are [28]
and [27], where the reader can find the proofs of the results which we recall below and other details.
Let us briefly explain Howe duality.* The two natural actions of GL,, = GL(m,C) and of
GL, = GL(n,C) on C"™ ® C" commute and the two groups are each others commutant. We say
that the actions of GL,,, and GL,, are Howe dual.
More interestingly, their actions on the symmetric powers

SP(C™ @ C™)
and on the alternating powers

AP (C" o C")
are also Howe dual, for any p € N. These are called the symmetric and the skew Howe duality of
GL,, and GL,, respectively. In this paper, we are only considering skew Howe duality.

Note that skew Howe duality implies that we have the following decomposition into irreducible
GL,, x GL,,-modules.

(5.1) AP (Cm @ C") = P VA® Wi,
A

where ) ranges over all partitions with p boxes and at most m rows and n columns and )’ is the
transpose of \.

Here V), is the unique irreducible GL,,-module of highest weight A\ and W), is the unique irre-
ducible GL,-module of highest weight \'.

Without giving a full proof of (5.1), which can be found in Section 4.1 of [28], we note that it is
easy to write down the highest weight vectors in the decomposition of

AP (C"eC").
Define
€ij = € @ €5,
forany 1 <i <mand1 < j < n. Here the ¢; and the ¢; are the canonical basis elements of C™
and C" respectively. Let A be one of the highest GL,, weights in (5.1). Write A = (Ay,..., A\p)
withn > XA > Xy >--- > A, > 0. Then
'l})\7)\/ = (611 A--- A 61)\1) A (621 A A 62)\2) A\ (Eml A A Em)\m)
= (e A Aenr) Ales A Aexa) A (e A Aexn)

is a highest GL,, x GL,-weight. By convention, we exclude factors ¢;; for which \; = 0 or \; = 0.

Now restrict to SL,, and assume that p = mk, for some £ € N. By Schur’s lemma, the
decomposition in (5.1) implies that
(52) IHVGLm (Ap ((Cm &® (Cn)) = HOIIlSLm ((C, AP (Cm (029 (Cn)) = W(mk),
where C denotes the trivial representation.

Decompose
CngCQ@CEQ@”'@CEn

“We follow Kamnitzer’s exposition in “The ubiquity of Howe duality”, which is online available at
https://sbseminar.wordpress.com/2007/08/10/the-ubiquity-of-howe-duality/.
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into its one-dimensional gl -weight spaces. Then we have

(5.3) AP (Cm ® Cn) ~ @ APt (Cm) ® AP2 (Cm) ® - ® AP (Cm)
(p1,--Pn)EA(R,P)

as GL,, x T-modules, where 7" is the diagonal torus in GL,,.
This decomposition implies that

5.4) Invgr,, (AP (C") @ AP (C") @ --- @ AP (C™)) =2 W (p1,...,Pn)s
where W (py, ..., pn) denotes the (py, . .., p,)-weight space of W,x).

In the next subsection, we use Kuperberg’s sl;-webs to give a g-version of the isomorphism
in (5.4), for U, (sl3) and U,(gl,,) with n = 3k and k € N arbitrary but fixed.

When we finished the first complete version of this paper, the only available results on the
quantum version of skew Howe duality were those in Section 6.1 in [14]. Cautis’s paper does not
contain Definition 5.2 nor Lemma 5.4, which are our main results in the next subsection.

Independently and around the same time as our preprint appeared, Cautis, Kamnitzer and Mor-
rison finished a paper on sl,,-webs in which they gave the sl -generalization of Definition 5.2 and
Lemma 5.4. Their paper is now the best reference for quantum skew Howe duality in general.
We therefore refer to their paper for the general case of quantum skew Howe duality (for some
extra details the reader might also want to have a look at [48]) and restrict ourselves to the case of
interest to us in this paper.

As already mentioned in the introduction, Lauda, Queffelec and Rose [44] wrote an independent
paper in which they defined and used s(, and s[3-foams to categorify special cases of quantum skew
Howe duality. Their s(5 case is very similar to ours, but is used for the purpose of studying sl3-knot
homology. The decategorification of their results also contains the analogue of Definition 5.2 and
Lemma 5.4.

5.2. The uncategorified story.

5.2.1. Enhanced sign sequences. In this section we slightly generalize the notion of a sign se-
quence/string. We call this generalization enhanced sign sequence or enhanced sign string. Note
that, with a slight abuse of notation, we use S for sign strings and S for enhanced sign string
throughout the whole section.

Definition 5.1. An enhanced sign sequence/string is a sequence S = (sq,...,s,) with entries
s; € {o,—1,+1, x},foralli = 1,...n. The corresponding weight i = ug € A(n,d) is given by
the rules

0, if s; = o,
)L if s; =1,
Fi= Vo ifs = —1,

3, if s, = x.

Let A(n,d); C A(n, d) be the subset of weights with entries between 0 and 3. Recall that A(n, d); o
denotes the subset of weights with only 1 and 2 as entries.

Let n = d = 3k. For any enhanced sign string S such that g € A(n,n)s, we define S to
be the sign sequence obtained from .S by deleting all entries that are equal to o or X and keeping

the linear ordering of the remaining entries. Similarly, for any p € A(n,n)s, let i be the weight
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obtained from p by deleting all entries which are equal to o or 3. Thus, if © = ug, for a certain
enhanced sign string S, then /i = p14. Note that i € A(m,d); 2, for a certain 0 < m < n and
d=3(k—(n—m)).

Note that for any semi-standard tableau 7" € Stdff’k), there is a unique semi-standard tableau

Te Stdgkf(nfm)), obtained by deleting any cell in 7" whose label appears three times and keeping

the linear ordering of the remaining cells within each column.
Conversely, let 1/ € A(m, d)1 2, withm < nand d = 3(k — (n —m)). In general, there is more

than one 1 € A(n,n)s such that i = 1/, but at least one. Choose one of them, say . Then, given
any 1" € Stdﬁkf(nfm)), there is a unique 7" € Stdf;k) such that 7' = T".
The construction of 7" is as follows. Suppose that 7 is the smallest number such that (1); = 3.

(1) In each column ¢ of 7", there is a unique vertical position such that all cells above that
position have label smaller than 7 and all cells below that position have label greater than .
Insert a new cell labeled ¢ precisely in that position, for each column c.

(2) In this way, we obtain a new tableau of shape (3*~("=™)*1) Tt is easy to see that this new
tableau is semi-standard. Now apply this procedure recursively for each: =1, ..., n, such
that (p9); = 3.

(3) In this way, we obtain a tableau 1" of shape (3%). Since in each step the new tableau that

we get is semi-standard, we see that T’ belongs to Std > MO .

Note also that 7' = T". This shows that for a fixed . € A(n,n)s, we have a bijection

Std®) 5T «— Tesud® "),

Given an enhanced sign sequence S, such that ug € A(n,n)s, we define
WS = w5,

In other words, as a vector space WW* does not depend on the o and x-entries of S. However, they
do play an important role below. Similarly, we define

BS=RB% and KS=K5

5.2.2. Aninstance of q-skew Howe duality. Let V(s be the irreducible U, (gl,,)-module of highest
weight (3¥). By restriction, V) is also a U,(sl,)-module and, since it is a weight representation,
itisa U(s[n)—module, too. It is well-known (see [25] and [54]) for example) that

dim Vigy = > #8td™).
neA(n,n)3

Note that a tableau of shape (3*) can only be semi-standard if its filling belongs to A(n,n)s, so
strictly speaking we could drop the 3-subscript. More precisely, if

- & v
neA(n,n)3

is the U, (gl,,)-weight decomposition of V{3+, then

dim V* = #8td(*").
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Note that the action of U, (gl,,) on V{3 descends to S,(n, n) and recall that there exists a surjective
algebra homomorphism

Unm: Uy(sly) = S,(n,n).
The action of U,(sl,,) on Visry is equal to the pull-back of the action of S,(n, n) via 1, ,.
Define
s
SeA(n,n)s

Below, we will show that Sy(n,n) acts on Wssy. Pulling back the action via 1, ,, we see that
Wigky is a U, (sl,,)-module. We will also show that

Wiy = Vian
as S,(n,n)-modules, and therefore also as U, (sl,)-modules, and that the space W* corresponds

to the pg-weight space of Vigr).

Let us define the aforementioned left action of .S, (n,n) on W k). The reader should compare
this action to the categorical action on the objects in Section 4.2 in [50]. Note that our conventions
in this paper are different from those in [50].

Definition 5.2. Let
¢: Sg(n,n) — Endgg) (Wisk))

be the homomorphism of Q(g)-algebras defined by gluing the following webs on top of the ele-
ments in Wr).

1, —

A A2 An
ANiEL A1 FL

E:til)\ —> ooo ooo

A1 Aicl A Ait1 Aig2 An

We use the convention that vertical edges labeled 1 are oriented upwards, vertical edges labeled 2
are oriented downwards and edges labeled O or 3 are erased.

The orientation of the horizontal edges is uniquely determined by the orientation of the vertical
edges. With these conventions, one can check that the horizontal edge is always oriented from
right to left for £, ; and from left to right for £_,.

Furthermore, let A € A(n,n) and let S be any sign string such that g € A(n,n)s. For any
w € W5, we define

S(Lyw =0, if pus# A

By ¢(1,)w we mean the left action of ¢(1,) on w.
In particular, for any A > (3%), we have ¢(1,) = 0 in Endg, (W(gk)).
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Let us give two examples to show how these conventions work. We only write down the relevant
entries of the weights and only draw the important edges. We have

3 1
E+11(22) — %

2 2

2 0 2

E sE 113121) —

Remark 5.3. Note that the introduction of enhanced sign strings is necessary for the definition of
¢ to make sense. Although as a vector space 1W*° does not depend on the entries of .S which are
equal to o or x, the S,(n,n) action on W* does depend on them.

Lemma 5.4. The map ¢ in Definition 5.2 is well-defined.

Proof. 1t follows immediately from its definition that ¢ preserves the three relations (2.17), (2.18)
and (2.19).

Checking case by case, one can easily show that ¢ preserves (2.20) by using the relations (2.3),
(2.4) and (2.5). We do just one example and leave the other cases to the reader. The figure below
shows the image of the relation

E\E 1191y — E_1E1lo1) = Lian

under ¢.
21 2 1 2 1
Y A
2 1 2 1 2 1
This relation is exactly the third Kuperberg relation in (2.5). U

Lemma 5.5. The map ¢ gives rise to an isomorphism
¢: V(gk) — W(3k)
of Sy(n, n)-modules.
Proof. Note that the empty web wj, = w3, which generates W, g2v) = Q(q), is a highest weight

vector.
The map ¢ induces a homomorphism of S, (n, n)-modules

¢ Sy(n, n)l(gk) — Wk,
defined by

49



It is well-known that
Vigry = Sg(n,n) Ly /(1 > (3%)),
where (;1 > (3%)) is the ideal generated by all elements of the form x1,y1x such that we have
z,y € S,(n,n) and  is some weight greater than (3%). Since we are using sl3-webs, the kernel of
¢ contains (11 > (3")), so ¢ descends to V(zr). Since Vi3 is irreducible and ¢ is clearly non-zero,
the map ¢: Vigry — Wisky is injective.
As we already remarked above, we have

dimVigey = Y #Std()
ms€A(n,M)3
= > dim W = dim W,
rs€A(n,n)3
Therefore, we have
‘/(3‘“) =0 (SQ(nv n)) wp, = W(Sk)a
which finishes the proof. [

We want to explain two more facts about the isomorphism in Lemma 5.5, which we will need
later.

Recall that there is an inner product on V(sx). First of all, there is a g-antilinear involution (bar
involution) on Q(¢q) determined by

fla) = fla ™),
forany f(q) € Q(q). Recall Lusztig’s g-antilinear algebra anti-automorphism 7 of S, (n, n) defined
by
7_(1)\) = 1)\7 7_(1)\+oziEi1>\) = q_l_Xil)\E—il)\-i-aia T(l)\E—il)\-i-Oéi) = q1+Xi1>\+OéiEi1)\‘
The g-Shapovalov form ( -, - )snap ON V{3t is the unique g-sesquilinear form such that

e (U, Vn)snap = 1, for a fixed highest weight vector vy,.
® (70,V")shap = (v, T(2)V")Shap, for any z € Sy(n,n) and any v, v" € Vgr).

e (f(q)v,9(0)V")snap = f(q)9(q)(v, V') snap, for any any v, v’ € Vizx) and f(q), 9(¢) € Q(q).

We can also define an inner product on W s, using the Kuperberg bracket. Let S be any enhanced
sign string S, such that 15 € A(n, n)s. Denote the length of the sign string S by £(55).
Definition 5.6. Define the g-sesquilinear normalized Kuperberg form by

o (wp, wp)kup = 1, for a fixed highest weight vector wy,.

o (u,V)kup = ¢"N (U ) kup, for any u,v € B,

o (f(q)u, g(qQ)v)kup = F(2)9(q){u, v)kup, for any u,v € B* and f(q), g(q) € Q(q).

The following lemma motivates the normalization of the Kuperberg form.

Lemma 5.7. The isomorphism of S,(n, n)-modules
¢: V(gk) — W(gk)

is an isometry.
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Proof. First note that
((Exiu) 0)kup = (u"EFiv)Kup,
for any u,v € W* and any i = 1,...,n, which is exactly (2) from above. This shows that the
result of the lemma holds up to normalization.
Our normalization of the Kuperberg form matches the normalization of the ¢g-Shapovalov form.
One can easily check this case by case. Let us just do two examples. Let ¢ = 1. Then one has
Ell(a,b,...) = 1(a+1,b—1,...)E1' If (CI,, b, .. ) € A(?’L, n)3 such thata — b = -1, then

—_—

(((a.b)) = f((a+ 1,5 = 1)),
where ¢ indicates the length of the sign sequence. This matches
T(E1lap)) = LapE-1.
If (a,b) = (2,1), then Ey1(21, .y = 1(30,.)E1. Note that

0((2,1,...) =£((3,0,...)) + 2.
This 42 cancels exactly with the —2, which appears as the exponent of ¢ in

T(Eila,.)) = q_21(2,1,...)E—1-

O
We will need one more fact about ¢. Forany: =1,...,n and any a € N, let
@ _ ELi
+i [ a]|

denote the divided power in S,(n, n). Recall the following relations for the divided powers.

N e it
min(a,b) -
(5.6) EOEYL, = S |7 b+ ;\Z — Ait1 } BN gl
7=0
min(a,b) -
(5.7) EQEL = AT } B O,
=0 L

Here [a]! denotes the quantum factorial and { Z } denotes the quantum binomial.
The images of the divided powers under
¢2 Sq(’fl, n) — End(W(3k))

are easy to compute. For example, we have (for simplicity, we only draw two of the strands and
write £/ = E,)

2 0 — [e] — o
d(E*1p2) = 1 1 = = [2]
0 2 o — o —



Therefore, we get

S(EP1(02) =
Another interesting example is
2 1 - +
¢<E21(073)) =1 2= [2] S/’
0 3 o X
which shows that
- +
P(ED1(g3) = gj
o X

The final example we will consider is (E® 1 3)). We see that

3 0 X o X o
2 1
¢(E31(0,3)) = ) ) = @ = [3]!
0 3 o X o X
Thus, we have
X o
P(EP1g3) = ,
o X

which is the unique empty web from (o, X) to (X, o).
Note that (5.6) and (5.7) imply that, for any a € N, we have

(58) E(_a)E(a)l(,,,707a7___) = 1(”,707,17___) and E'_(’_a,)E'(_a,)l(”'7a707___) = 1(,”@707___)

s ) 7

in Sy(n,n). Similarly, let S,(n,n)/I, where I denotes the two-sided ideal generated by all 1,, such
that ;2 > (3%). Again by (5.6) and (5.7), we have

(59) E(_?;_G)E_(é_a)1(”,@737___) = 1(”,@737___) and E_(é_a)E(_?’i_a)1(”,737,17___) = 1(”,737,17___)

in Sy(n,n)/I. One can check that ¢ maps the two sides of the equations in (5.8) and (5.9) to
isotopic diagrams. For example, ¢ maps

E(_2)E_(|_2)]_(072) - 1(0’2)
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to

The proof of the following lemma is based on an algorithm, which we call the enhanced inverse
growth algorithm. The result is needed later to show essential surjectivity in Theorem 5.16.

Lemma 5.8. Let S be any enhanced sign string such that g € A(n,n)s. For any w € B®, there
exists a product of divided powers x, such that

Proof. Choose any w € B®. We consider w € fo b o2k)s i.e. a non-elliptic web with (empty)

lower boundary determined by (x*, 0?*) and upper boundary determined by S. Express w using
the growth algorithm, in an arbitrary way. Suppose there are m steps in this instance of the growth
algorithm. The element x is built up in m + 2 steps, i.e. an initial step, one step for each step in
the growth algorithm, and a last step. During the construction of x, we always keep track of the os
and xs. At each step the strands of w are numbered according to their position in z.

If the H, Y or arc-move is applied to two non-consecutive strands, we first have to apply some
divided powers, as in (5.8) and (5.9), to make them consecutive. Let z;, € S,(n,n) be the element
assigned to the k-th step and let ;* be the weight after the k-step, i.e. z, = 1 pk—1 T 1k, The
element = we are looking for is the product of all x.

(1) Take zp = 1,.

(2) Suppose that the k-th step in the growth algorithm is applied to the strands ¢ and ¢ +
r, for some r € N.o. This means that the entries of pf~! satisfy p; € {0,3}, for all
j=1i+1,...,i+r —1. Let z}, be the product of divided powers which “swap” the
(thist1y -« s figr—1) and ;. So, we first swap ;1,1 and pi;1,., then p; o and p; 4, etc.
Now, the rule in the growth algorithm, still corresponding to the k-th step, can be applied
to the strands ¢ and ¢ + 1.

(3) Suppose that it is an H-rule. If the bottom of the [ is a pair (up-arrow down-arrow),
then take z;, = z} E;. If the bottom of the H is a pair (down-arrow up-arrow), then take
v =a, B

(4) Suppose that the rule, corresponding to the k-th step in the growth algorithm, is a Y -rule.
If the bottom strand of Y is oriented downward, then take x;, = x} E_;. If it is oriented
upward, take x; = x} E;. Note that these two choices are not unique. They depend on
where you put 0 or 3 in p*. The choice we made corresponds to taking (uf, puf, ) = (2,0)
in the first case and (pf, 1% ;) = (1, 3) in the second case. Other choices would be perfectly
fine and would lead to equivalent elements in Sy(n, 7)1 e /(1 > (3F)).

(5) Suppose that the rule, corresponding to the k-th step in the growth algorithm, is an arc-
rule. If the arc is oriented clockwise, take xz;, = x;gE(_i). If the arc is oriented counter-
clockwise, take x;, = 2} E_;. Again, these choices are not unique. They correspond to
taking (uf, ¥, 1) = (3,0) in both cases.

(6) After the m-th step in the growth algorithm, which is the last one, we obtain ™, which is
a sequence of 3’s and 0’s. Let x,,.1 be the product of divided powers which reorders the
entries of 1™, so that u™ ! = (3F).
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(7) Take x = 1, 42122 - - - Tyy1 1 (3x) € Sq(n, n). Note that x is of the form £;1 5x).
From the analysis of the images of the divided powers under ¢, it is clear that

o(x) = w.

We do a simple example to illustrate Lemma 5.8. Let
111

Then the algorithm in the proof of Lemma 5.8 gives
r=1lunFE 1F oF 1130),

or as a picture (read from bottom to top)

3 0 o0
We are now ready to start explaining the categorified story.

5.3. And its categorification. Let W° = K*° -pMod,, be the category of all finite dimensional
projective graded K °-modules. In what follows, it will sometimes be useful to consider homomor-
phisms of arbitrary degree, so we define

HOM (M, N) = @ Homp(M{t}, N),
teZ
for any finite dimensional associative unital graded algebra B and any finite dimensional graded
B-modules M and N. Note that for almost all ¢ € Z we have Homg(M{t}, N), so HOMp (M, N)
is still finite dimensional. We also define
dim, HOMp(M, N) = ) " ¢ dim Homp(M{t}, N).
tez

Moreover, we need the following notions throughout the rest of the section.
Suppose that S is an enhanced sign string such that g € A(n,n)s. Forany u € B, let

Then we have

and so P, is an object in W, for any u € B®. Note that, for any u, v € B, we have
HOM(P,, P,) & K,

where an element in , /{,, acts on P, by composition on the right-hand side.
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Similarly, we can define

uP: @ uKun

weBS

which is a right graded projective K °-module.
Remark 5.9. Just one warning: The reader should not confuse P, with P, 7 in Section 3.

5.3.1. The definition of VWsr). Recall that S denotes an enhanced sign string. Define
Kgy= P K°
ns€A(n,n)3
and
W(gk) = K(gk)—pMOdgr = @ WS.
ps€A(n,n)3
The main goal of this section is to show that Vs« is a strong s,,-2-representation and that

Wisky = Visx)
as strong-sl,, 2-representations.
This will imply that
K?(W(:ak))@(q) = Vigny.-
Note that

12

K5 Wik)a) B KW
Hs EA(H,TL)S
We will show that this corresponds exactly to the U, (gl,,)-weight space decomposition of V(3. In

particular, this will show that
(5.10) E§ W) = W5,

for any enhanced sign sequence S such that s € A(n,n)s.

First, we have to recall the definitions of sweer bimodules.

5.3.2. Sweet bimodules. Note that the following definitions and results are the sl3 analogues of
those in Section 2.7 in [32].

Definition 5.10. Given rings R; and Ry, a (R, Ry)-bimodule N is called sweet if it is finitely
generated and projective as a left R;-module and as a right R,-module.

If N is a sweet (R, R2)-bimodule, then the functor
N KR, —: RQ-MOd — Rl—MOd

is exact and sends projective modules to projective modules. Given a sweet (R, Rs)-bimodule M
and a sweet (R2, R3)-bimodule NV, then the tensor product M ®pg, N is a sweet (R, R3)-bimodule.

Let S and S’ be two enhanced sign strings. Then Egl denotes the set of all monomial webs
whose boundary is divided into a lower part, determined by S, and an upper part, determined by
S’. By a monomial web we mean a web given by one diagram. Let B C Eg' be the subset of

non-elliptic webs.
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For any w € BY', define a graded finite dimensional (K", K5)-bimodule I'(w) by
Tw)= P (),
uweBS veBS
with R
J(w)y = Fé(uwo){l(9)}.
The left and right actions of K on I'(w) are defined by applying the multiplication foam in 3.3 to
Ky @ (w)y =, DN(w), and (w), ® K, = J(w),.

Let w € BS'. Then w = cyw; + - - - + cywy, for certain w; € BE and ¢; € N[g, ¢™!]. Since all
relations which are satisfied by the Kuperberg bracket have categorical analogues for foams, this
shows that
L(w) = T(w)®* @ - @ Twy) .
We have the following analogue of Proposition 3 in [32].

Proposition 5.11. For any w € Egl, the graded (K", K*%)-bimodule T'(w) is sweet.

Proof. As aleft K S_module, we have

where

ueBS’
So, as far as the left action is concerned, it is sufficient to show that I'(w), is a left projective
K5 -module. Note that, as a left K°'-module, we have

w)y 2 @ FO(urwo){€(S)}.

Then wv = cyuq + - - - + cuy, for certain u; € B and ¢; € Ng, q_l]. By the remarks above, this
means that

(5.11) [(w), 2 PEAUS) = £(S)} @ - @ P {(S) — £(S")}.

This proves that I'(w) is projective as a left K>"-module.
The proof that I'(w) is projective as a right K *-module is similar. U

It is not hard to see that (see for example [32]), for any w € Eg’ and w’ € qu,”, we have
(5.12) I'w'w) 2 T'(w') @gs T'(w).

Lemma 5.12. Let w,w’ € Bgl. An isotopy between w and w' induces an isomorphism between
['(w) and T'(w"). Two isotopies between w and w' induce the same isomorphism if and only if they
induce the same bijection between the connected components of w and w'.

Lemma 5.13. Let w,w' € qu/ and let { € Foam3(w, w') be a foam of degree t. Then f induces
a bimodule map
I'(f): T(w) = C(w')
of degree t.
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Proof. Note that, for any « € B% and v € BY, the foam f induces a linear map
FoULy f1,): Folu*wv) — FO(u*w'v),

by glueing 1,- f1, on top of any element in F°(u*wv) = Foam((), u*wv). This map has degree
t, e.g. the identity has degree 0 because the multiplication in K° is degree preserving. By taking
the direct sum over all w € B% and v € B, we get a linear map

L'(f): T(w) = T'(w').
With the shift £(S) in the definition of I'(w) and I'(w’), we get exactly deg I'(f) = t.

The fact that I'(f) is a left K°-module map follows from the following observation. For any

u € B and v € BY, the linear map F°(1,- f1,) corresponds to the linear map
Foam)(u, wv) — Foam}(u, w'v)

determined by horizontally composing with f1, on the right-hand side. This map clearly commutes
with any composition on the left-hand side.

Analogously, the linear map F°(1,+f1,) corresponds to the linear map

Foam)(w*u,v) — Foam)((w')*u,v)

determined by horizontally composing with f*1, on the left-hand side. This map clearly commutes
with any composition on the right-hand side.

These two observations show that I'(f) is a (K", K*¥)-bimodule map. O

It is not hard to see that, for any f € Foam$(w, w’) and g € Foam$(w’, w"), we have

I'(fg) = T(HT(g)-

And similarly, for any uy,us € Eg’ and u},uy € B\g,” and for any f € Foam3(u;,us) and

f' € Foam(u}, u}), we have a commuting square

D (ud) RACATION [ (ugid)
L(HRT(F)

P(ur) @k T(wy) ———— T(ug) @k [(uy)

where the vertical isomorphisms are as in (5.12).

5.3.3. The strong sl,-2-representation on YV 3xy. We are now going to use sweet bimodules to
define a strong s[,,-2-representation on Wsx. It suffices to define a functorial action of S(n, n) on
Wk, which then gives the desired strong sl,,-2-representation by pulling back along the 2-functor
U,,n: U(sl,) — S(n,n). For convenience, we consider S(n, n) to be a monoidal category rather
than a 2-category in this section.

Definition 5.14. On objects: The functorial action of any object &1y in S(n,n) on W is
defined by tensoring with the sweet bimodule (see Proposition 5.11)

I (¢ (Eily)) -

Recall that ¢: Sy(n,n) — Endgg) (Wsk)) was defined in Definition 5.2.
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On morphisms: We give a list of the foams associated to the generating morphisms of S(n, n).
Applying I' to these foams determines the natural transformations associated to the morphisms of
S(n,n).

As before, we only draw the most important part of the foams, omitting partial identity foams.
Our conventions are the following.

(1) We read the regions of the morphisms in S(n,n) from right to left and the morphisms
themselves from bottom to top.

(2) The corresponding foams we read from bottom to top and from front to back.

(3) Vertical front edges labeled 1 are assumed to be oriented upward and vertical front edges
labeled 2 are assumed to be oriented downward.

(4) The convention for the orientation of the back edges is precisely the opposite.

(5) A facetis labeled O or 3 if and only if its boundary has edges labeled O or 3.

In the list below, we always assume that ¢« < j. Finally, all facets labeled O or 3 in the images
below have to be erased, in order to get real foams. For any A > (3%), the image of the elementary
morphisms below is taken to be zero, by convention.

iA
>\i >\i+1
iA
Ai Ait1
%é .....
% == NAS
>
4,0\
Ai Ait1

i Ait1 Xit2

i Ait1 Ait2



NG
. g
\ ﬂA.‘..}...
i?j7)\
——><"---
v (4
\ > N EANREL VN
j7i7)\
Ai At A Aj+1
\_AN
i
Ai Ait1
L3 125
R (DI
i
Ai Ait1
A A
LN ()T
i\
i Ait1
N
i\
Ai Ait1

Proposition 5.15. The formulas in Definition 5.14 determine a well-defined graded functorial
action of S(n,n) on W)

Proof. A tedious but straightforward case by case check, for each generating morphism and each
A which give a non-zero foam, shows that each of the foams in Definition 5.14 has the same degree
as the elementary morphism in S(n, n) to which it is associated. Note that it is important to erase
the facets labeled 0 or 3, before computing the degree of the foams. We do just one example here.
We have

N P ng and deg(w ) =2.

i,(12) i,(12)

We see that f has one facet labeled 0 and another labeled 3, so those two facets have to be erased.
Therefore, f has 12 vertices, 14 edges and 3 faces, i.e.

X(f)=12-14+3=1.
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The boundary of f has 12 vertices and 12 edges, so
x(0f)=12—-12=0.

Note that the two circular edges do not belong to 0 f, because the circular facets have been removed.
In this section we draw the foams horizontally, so b is the number of horizontal edges at the top
and the bottom of f, which go from the front to the back. Thus, for f we have

b=4.

Altogether, we get
q(f)=0—-24+4=2.

In order to show that the categorical action is well-defined, one has to check that it preserves all
the relations in Definition 2.17. modulo 2 this was done in the proof of Theorem 4.2 in [47]. At
the time there was a small issue about the signs in [36], which prevented the author to formulate
and prove Theorem 4.2 in [47] over C. That issue has now been solved (see [37] and [50] for
more information) and in this paper we use the sign conventions from [50], which are compatible
with those from [37]. We laboriously checked all these relations again, but now over C and with
the signs above. The arguments are exactly the same, so let us not repeat them one by one here.
Instead, we first explain how we computed the signs for the categorical action above and why they
give the desired result over C. After that, we will do an example. For a complete case by case
check, we refer to the arguments used in the proof of Theorem 4.2 in [47]. The reader should
check that our signs above remove the sign ambiguities in that proof.

One can compute the signs above as follows: first check the relations only involving strands
of one color, i.e. the sly-relations. The first thing to notice is that the foams in the categorical
action do not satisfy relation (2.34), i.e. for all A\, which give a non-zero foam, the sign is wrong.
Therefore, one is forced to multiply the foam associated to

X

3,6, A
by —1, for all \.

After that, compute the foams associated to the degree zero bubbles (real bubbles, not fake
bubbles) and adjust the signs of the images of the left cups and caps accordingly. This way, most
of the signs of the images of the left cups and caps get determined. The remaining ones can be
determined by imposing the zig-zag relations in (2.22) and (2.23).

Of course, one could also choose to adjust the signs of the images of the right cups and caps.
That would determine a categorical action that is naturally isomorphic to the one in this paper.

After these signs have been determined, one can check that all sly-relations are preserved by the
categorical action.

The next and final step consists in determining the signs of

X
PgA
for i # j. First one can check that cyclicity is already preserved. The relations in (2.25) are
preserved by the corresponding foams, which are all isotopic, with our sign choices for the foams

associated to the left cups and caps. Therefore, cyclicity does not determine any more signs.
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The relations in (2.35) are preserved on the nose, for i« = j and |i — j| > 1. For |i — j| = 1,
they are only preserved up to a sign. Note that, since the corresponding foams are all isotopic, the
signs actually come from the sign choice for the foams associated to the left cups and caps. Thus,
whenever the total sign in the image of (2.35) becomes negative, one has to change the sign of one
of the two crossings (not of both of course). Our choice has been to change the sign of the foam

associated to
X
)

i+ 1,
whenever necessary. Any other choice, consistent with all the previous sign choices, leads to a
naturally isomorphic categorical action. It turns out that the sign has to be equal to (—1)*i+1, after
checking for all .

After this, one can check that all relations involving two or three colors are preserved by the
categorical action. Note that we have not specified an image for the fake bubbles. As stressed
repeatedly in [36], fake bubbles do not exist as separate entities. They are merely formal symbols,
used as computational devices to keep the computations involving real bubbles tidy and short. As
we are using sl3-foams in this paper, most of the dotted bubbles are mapped to zero. Therefore,
under the categorical action it is very easy to convert the fake bubbles in the relations in Defini-
tion 2.17 into linear combinations of real bubbles, using the infinite Grassmannian relation (2.32).
Thus, there is no need to use fake bubbles in this paper.

Finally, let us do two examples, i.e. one involving only one color and another involving two
colors.

The left side of the equation in (2.31), for i = 1 and A = (1, 2) (the other entries are omitted for
simplicity), becomes

A

This foam equation is precisely the relation (SqR). Note that the signs match perfectly, because we
have

sign <\/\ ) =+ and sign (/\/ ) = —.

i,(12) i,(12)

The equation in (2.36), for (i,j) = (1,2) and A = (121) (the other entries are omitted for
simplicity), becomes
5 5 0 2 2 0 2 2 0

= 5.
N 7{+ g VAR / 3 S I /‘ 3 >,

1:\
3/ > .




To see that this holds, apply the (RD) relation to the foam on the 1.h.s., in order to remove the disc
bounded by the red singular circle on the middle sheet. 0

Let W), = C be the unique indecomposable projective graded K (<*.2")_module of degree zero.
Recall that K <"°™) ig generated by the empty diagram, so W, is indeed one-dimensional. It is
the categorification of wy,, the highest weight vector in Wgs.

As already remarked, we can pull back the functorial action of S(n,n) on Wk via

U, 0t Usl,) = S(n,n).
We are now able to prove one of our main results. Recall that V is any additive, idempotent

complete category, which allows an integrable, graded categorical action by U(sl,,).
Theorem 5.16. There exists an equivalence of strong sl, -2-representations
Q: Vigky = Wiaky.
Proof. As we already mentioned above, we have
Endy , (W,) = C.

(3%)
Let @ be any indecomposable object in ¥ 5x). There exists an enhanced sign string .S such that )
belongs to WS Therefore, there exists a basis web w € B® and at € Z, such that ) is a graded

A

direct summand of P, {t}. Without loss of generality, we may assume that t = —¢(.5).

By Lemma 5.8 and Proposition 5.15, there exists an object of X in S(n, n) such that () is a direct
summand of XTW,,. This holds, because in S(n, n), the Karoubi envelope of S(n,n), the divided
powers correspond to direct summands of ordinary powers. For more details on the categorification
of the divided powers see [36] and [39].

Proposition 2.23 now proves the existence of . U

An easy consequence of Theorem 5.16 is the following.
Corollary 5.17. By Theorem 5.16, the S,(n, n)-module map
K5 (®)aw : Ky (Vis))aw = K5 Wish)aw
is an isomorphism. U

The following consequence of Theorem 5.16 is very important and we thank Ben Webster for
explaining its proof.

Proposition 5.18. The graded algebras K 3ry and R 3y are Morita equivalent.

Proof. For each weight 1 € A(n,n)s, let vs = (14, ..., 1) be the unique element of Z<,[/] such
that

Hns — (gk) = Z | ZX0 7
i=1

We are going to show that for each such g, the graded algebras K and R(”?fk) are Morita equiva-
lent. This proves the proposition after taking direct sums over all weights.
Let us € A(n,n)s. Define
0., = P &EWLeW.

i€Seq(vs)
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In the proof of Theorem 5.16, we already showed that every object in YW is a direct summand of
XW, for some object X € S(n,n). By the biadjointness of the £; and £_; in S(n,n) (i.e. up to a
shift) and the fact that IV, is a highest weight object, it is not hard to see that X W}, itself is a direct
summand of a finite direct sum of degree shifted copies of ©,,. This shows that every object in
W* is a direct summand of a finite direct sum of degree shifted copies of ©,,,. Since K is a finite
dimensional, complex algebra, every finite dimensional, graded K °-module has a projective cover
and is therefore a quotient of a finite direct sum of degree-shifted copies of ©,,. This shows that
©,. is a projective generator of K °-Mody,.

Theorem 5.16 also shows that

EHdKS (@NS) = Rl(/;k)

holds.

By a general result due to Morita, it follows that the above observations imply that &° and R'(’gsk)
are Morita equivalent. For a proof see Theorem 5.55 in [59], for example.

We can draw two interesting conclusions from Proposition 5.18.

In [6], Brundan and Kleshchev defined an explicit isomorphism between blocks of cyclotomic

Hecke algebras and cyclotomic KLLR-algebras. Theorem 3.2 in [4] implies that the center of the
cyclotomic Hecke algebra, which under Brundan and Kleshchev’s isomorphism corresponds to

RS,

(3v)» has the same dimension as H (X ff;k))

Corollary 5.19. The center of K* is isomorphic to the center of R'(’gsk). In particular, we have
. . v . « K
dim Z(K®) = dim Z(R(gsk)) =dim H (X/(f; ).

Proof. We only have to prove the first statement, which follows from the well known fact that
Morita equivalent algebras have isomorphic centers. For a proof see for example Corollary 18.42
in [43]. U

In Theorem 4.8 we used Corollary 5.19 to give an explicit isomorphism
HA (X)) = 2(K9).

Remark 5.20. Just for completeness, we remark that the aforementioned results in [4] and [6]
together with the results in [5], which we have not explained, imply that

* k ~J v,
H*(X3)) = Z(R5),
so we have not proved anything new about Z (R’(’?fk))
Another interesting consequence of Proposition 5.18 is the following.
Corollary 5.21. K? is a graded cellular algebra.

Proof. In Corollary 5.12 in [29], Hu and Mathas proved that R’(’?fk) is a graded cellular algebra.

In [41], Konig and Xi showed that “being a cellular algebra” is a Morita invariant property,
provided that the algebra is defined over a field whose characteristic is not equal to two.

These two results together with Proposition 5.18 prove that the sl;-web algebra K is indeed a
graded cellular algebra. U

The precise definition of a graded cellular algebra can be found in [29]. We will not recall it
here. In a follow-up paper, we intend to discuss the cellular basis of K in detail and use it to

derive further results on the representation theory of K.
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Remark 5.22. Corollary 5.21 is the sl3 analogue of Corollary 3.3 in [9], which proves that Kho-
vanov’s arc algebra H™ is a graded cellular algebra. It is easy to give a cellular basis of ™. The
proof of cellularity follows from checking a small number of cases by hand. For K, we tried to
mimic that approach, but had to give up because the combinatorics got too complex.

5.3.4. The Grothendieck group of W sx). Recall that W* has an inner product defined by the nor-
malized Kuperberg form (see Definition 5.6). The Euler form

(lP], [Q)) g = dimg HOM(P, Q)

defines a g-sesquilinear form on K5 (W?)g(y).-

Lemma 5.23. Let S be an enhanced sign sequence. Take
15t W2 = K§(W)q)
to be the Q(q)-linear map defined by

vs(u) = g 3P,

for any v € B®. Then s is an isometric embedding.
This implies that the Q(q)-linear map

w = @ s
w(S): A(n,n)s

defines an isometric embedding
v Wiy = K5 (Wek)a)-

Proof. Note that the normalized Kuperberg form, because of the relations 2.3, 2.4 and 2.5, and the
Euler form are non-degenerate. For any pair u, v € B, we have

dim, HOM(P,{—0(5)}, P,{—£(S)}) = dim, HOM(P,, P,) = dim, . Ky = ¢"® (4 v)1cup.

The factor qz(g ) is a consequence of the grading shift in the definition of , K.
Thus, ~s is an isometry. Since the normalized Kuperberg form is non-degenerate, this implies

that g is an embedding. U

Remark 5.24. In Section 5.5 in [56], Morrison and Nieh showed that P, is not necessarily inde-
composable (see also [57]). This is closely related to the contents of Remark 2.7, as Morrison and
Nieh showed. Therefore, the surjectivity of 7y is not immediately clear and we need the results of
the previous subsections to establish it below.

The sl, case is much simpler. The projective modules of the arc algebras analogous to the P,
are all indecomposable. See Proposition 2 in [32] for the details.

Theorem 5.25. The map
Yw: Wigey — K(?(W(:ak))@(q)

is an isomorphism of S,(n, n)-modules.
This also implies that, for each sign string S with us € A(n,n)s, the map

vs: W — K& W)

is an isomorphism.
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Proof. The proof of the theorem is only a matter of assembling already known pieces.
By Proposition 5.15 and the fact that

for any u € B, we see that vy intertwines the S, (n, n) = K§(S(n,n))q()-actions.

We already know that ~yy 1s an embedding, by Lemma 5.23.

Note that, by Theorem 2.22, Lemma 5.5 and Corollary 5.17, we have the following commuting
square

Vigy —— Ki(Ve))ow

% Kéﬁ@)l
Wiy —— K& War)aw-

We already know that vy, ¢ and K§ (®)q(q) are isomorphisms. Therefore, vy has to be an isomor-
phism. This shows that K indeed categorifies the 11g-weight space of Viaky.- U

A good question is how to find the graded, indecomposable, projective modules of K. Before
answering that question, we need a result on the 3-colorings of webs.

Let w € B®. Recall that there is a bijection between the flows on w and the 3-colorings of w,
as already mentioned in Remark 2.3. Call the 3-coloring corresponding to the canonical flow of w,
the canonical 3-coloring, denoted T',.

Lemma 5.26. Let u,v € B®. If there is a 3-coloring of v which matches T, and a 3-coloring of u
which matches T, on the common boundary S, then u = v.

Proof. This result is a direct consequence of Theorem 2.6. Recall that there is a partial order on
flows, and therefore on 3-colorings by Remark 2.3. This ordering is induced by the lexicographical
order on the state-strings on .S, which are induced by the flows. Note that two matching colorings
of v and v have the same order, by definition. On the other hand, Theorem 2.6 implies that any
3-coloring of u, respectively v, has order less than or equal to that of 7, and T, respectively.
Therefore, if there exists a 3-coloring of v matching 7;,, the order of 7, must be less or equal than
that of 7.

Thus, if there exists a 3-coloring of v matching 7}, and a 3-coloring of u mathing 7T, then 7}, and
T, must have the same order. This implies that © = v, because canonical 3-colorings are uniquely
determined by their order and the corresponding canonical flows determine the corresponding basis
webs uniquely by the growth algorithm. 0

Proposition 5.27. For each web u € B®, there exists a graded, indecomposable, projective K-
module (), which is unique up to degree-preserving isomorphism, such that

P2Q.e @ Q6.

Ju<Ju

Here J, is the state string associated to the canonical flow on u, the coefficients d(S, J,,, J,,) belong
to N[q, ¢7'| and the state strings are ordered lexicographically.

Proof. Let u € B°. Then there is a complete decomposition of 1, into orthogonal primitive
idempotents

L,=e ++e,.
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By Theorem 5.37 and Corollary 5.38, we can lift this decomposition to G°. We do not introduce
any new notation for this lift, trusting that the reader will not get confused by this slight abuse of
notation.

Let 2z, € Z(G®) be the central idempotent corresponding to .J,,, as defined in the proof of
Lemma 4.7. We claim that there is a unique 1 < 7 < r, such that
forany 1 < 5 <.

Let us prove this claim. Note that
(5.14) Zuly = ey,

where T, is the canonical coloring of u, i.e. J, only allows one compatible coloring of u, which is
T, Since e, 1, # 0, courtesy of Lemma 3.11, this implies that

(515) ZuuGu = uGuZu = ZuuGuZu == eu,TuGseu,Tu = C7
by Theorem 3.10.
We also see that there has to exist at least one 1 < iy < r such that z,e;, # 0. Then, by (5.15),

there exists a non-zero \;, € C, such that

Zu€iy = )\iozulu = )\ioeu,Tu.
Forany 1 <1,7 <r, we have

Zu€iZu€; = zieiej = zuéijei.
This implies that 7 is unique and \;,, = 1. In order to see that this is true, suppose there exist
1 <y # jo < rsuch that z,e;, # 0 and z,e;, # 0. By (5.15), there exist non-zero \;,, A;, € C
such that

Zu€ip = NigZuly  and  zyej; = Njj 2,1y

However, this is impossible, because we get

zueiozuejo = )\io)\jozulu % 0,

which contradicts the orthogonality of z,e;, and z,¢;,.

Thus, for each v € B®, there is a unique primitive idempotent e,, € Endc¢(P,) that is not killed
by z,, when lifted to G°. We define ()., to be the corresponding graded indecomposable projective
K*°-module by

Qu =K Seua
which is clearly a direct summand of P, = K*1,,.

Let us now show that, for any u,v € B S we have

Qu=0Q, & u=n0.

If u = v, we obviously have ), = @,. Let us prove the other implication. Suppose ), = Q,.
From the above, recall that e,, and e, can be lifted to G°. By a slight abuse of notation, call these
lifted idempotents ¢, and e, again. We have

Zu€y = €ym, 70 and z.e, = e, 7, #0.
Since ), = (), we then also have

zuey 70 and  z,e, # 0.
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This can only hold if 7;, gives a 3-coloring of v and 7}, a 3-coloring of u. By Lemma 5.26, this
implies that u = v.

Since
dim K§ (W?)g(q) = dim W* = #B°,
by Theorem 5.25, the above shows that

{Qu|ue B}
is a basis of K7 (W9)q(). For any u,v € B®, we have
Zuly = 2y, and 2,1, =0, if J, > J,.
The second claim follows from the fact that there are no admissible 3-colorings of u greater than

Ju. The proposition now follows. 0

Remark 5.28. Proposition 5.27 proves the conjecture about the decomposition of 1,,, which Mor-
rison and Nieh formulate in the text between Conjectures 5.14 and 5.15 in [56].

Before giving the last result of this section, we briefly recall some facts about the dual canonical
basis of W*°. For more details see [24] and [35]. There exists a g-antilinear involution 1Z on V?*
(in [24] and [35] this involution is denoted ¢/’ and ®, respectively). For any sign string S and any
state string .J, there exists a unique element 5, ; € V° which is @—invariant and satisfies
(5.16) Sy =5+ > oS, J.T)eS,

J'<J
with ¢(S, J,J') € ¢7'Z[q™']. (Recall again that we use ¢ instead of v, contrary to [22] and [35]
where v indicates —g~!.) The €7 are the elementary tensors, which were defined in 2.6. The basis
{e3,} is called the dual canonical basis of V5. Restriction to the dominant closed paths (.S, .J)
gives the dual canonical basis of W{(see Theorem 3 in~[35] and the comments below it).

We have not given a definition of v, but we note that v is completely determined by Proposition
2 in [35], which we recall now.

Proposition 5.29. (Khovanov-Kuperberg) Each basis web w € B® is invariant under V.

Let us show that there exists a duality ® on W3k such that vy : Wigey — Ky (Wisk))ag)
intertwines ¢ and K (®)q(q)-

As Brundan and Kleshchev showed in Section 4.5 in [7], there is a duality ® on Vgr). It is
induced by Khovanov and Lauda’s [36] algebra anti-automorphism

* R(gk) — R(gk),
given by reflecting the diagrams in the x-axis and inverting their orientations. Let M be a finite
dimensional, graded R(gk)—module, then
M® = MY

as a graded vector space and 23+ acts on M® by

zf(y) = f(x"y).
In Theorem 4.18 in [7] Brundan and Kleshchev showed that ® commutes with the categorical ac-
tions of £y and £ 4, forany ¢ = 1,...,n —1, and the map vy : Vigey — K(?(V(gk))Q(q) intertwines

the usual bar-involution on V{3x), which we also denote by 1/7, and Ko(®)q(q)-
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Using our equivalence
b V(gk) — W(gk)

from Theorem 5.16, we can define a duality ® on W3k exactly as above. We use the anti-
automorphism *: K3r) — K(3r) defined by reflecting the foams in the vertical yz-plane, i.e. the
plane parallel to the front and the back of the foams in Definition 5.14, and inverting the orientation
of their edges. Note that ® maps indeed projective modules to projective modules, because K* is
a symmetric Frobenius algebra for all S such that us € A(n,n)s. Note also that, by construction,
the equivalence

©: Vigry = Wesn)
intertwines the dualities ® on both categories.
Lemma 5.30. For any S such that 15 € A(n,n)s and for any v € B®, we have
Py = P,{-2((5)}.
Proof. Let u,v € B®. The proof of Theorem 3.9 shows that the map determined by
fet(ff=)

defines a degree-preserving isomorphism

Ky — K {20(9)}.

Taking the direct sum over all v € B, we get a degree-preserving isomorphism of graded vector
spaces

(5.17) P, = PY{20(5)}.
Since * is an anti-automorphism on /' S we see that

gf = tx((gf) =) = tr(f7g"=) = gtr(f"—).
This shows that (5.17) is an isomorphism of graded K *-modules. U
By Proposition 5.29, we see that the isomorphism
Y Wigy = Kg'(Wis)ow)

intertwines the bar involutions ¢ and K (®)g(q)-

In Theorem 5.14 in [7], Brundan and Kleshchev also proved that v, maps the canonical basis
elements of V(3x) to the Grothendieck classes of certain indecomposables in Ky (Vsky)a(q)- They
used multipartitions A to parametrize these indecomposables, which they denoted Y (\){—m} for
degree shifts m depending on \.

These multipartitions corresponds bijectively to the semi-standard tableaux, which in turn cor-
respond bijectively to the elements of B°. We therefore can denote these indecomposables by
Y, {—€(S)}, for u € BS. By (4.26) in [7] (note that # = {2((5)}®), we also have

(5.18) Y {—0(5)}° = Vi {-(9)}.

Finally, in Theorem 4.18 in [7] it was proved that ~y intertwines the g-Shapovalov form and the
Euler form. The g-Shapovalov form (—, —)gpap on V¥ is related to the symmetric Q(q)-bilinear
form (—, —)Lus, defined by

(519) (_7 _)Lusz = <_7 ¢(_)>Shap'
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This bilinear form is used by Lusztig in [46]. By Proposition 19.3.3 in that book, this implies that
the Euler form on V3 satisfies

(5.20) ([Yu{—L(5)}], Yo =L(S) et € o + ¢Z]q]

for any u,v € B”.
Theorem 5.31. The basis
{a91Qu] | we B}

corresponds to the dual canonical basis of Invy, (s, (V'), under the isomorphisms
InVUq(s[g)(VS) = WS = KSB(WS)Q((Z).
Proof. Note that by Theorem 2.6 and Proposition 5.27, we have
(5.21) Q] =5, + D elS, i, e,
J'<Ju

for any u € B®. The dual canonical basis elements are uniquely determined by the conditions that
they are bar-invariant and satisfy (5.16), so all we have to show is

(5.22) Qi{—0(9)} = Qu-09)}
(5.23) e(S, Ju, J)) € q 'Zg7"].

The equivalence ®: Visry — W3r) maps indecomposables to indecomposables. By the observa-
tions above, this shows that for any u € B there exists a t,, € Z such that

Q. = Quitu}.

By Proposition 5.27 and Lemma 5.30, we get t,, = —2/ (Q ) forallu € BS. Hence, this proves (5.22).
In particular, this implies that ® maps Y,, to Q,, for any u € B,

In order to prove (5.23), we first recall Lusztig’s symmetric Q(q)-bilinear form (—, — ), form
on V¥ (see Section 19.1.1 and Section 27.3 in [46]). A short calculation shows that it is completely
determined by

(524) (6?/, e?”)LuSZ = 5J’,J”a

for any elementary tensors ¢5, and €5,. Lusztig’s symmetric bilinear form can be restricted to WZ
and condition (5.23) is then equivalent to the condition

(5.25) (67 D1Qu)a™" D [Qu)rss € du+ a2
for any u,v € B”.
Similarly, we can define a symmetric Q(q)-bilinear web form on W* by
() = 4O 0.

We claim that both bilinear forms are equal. Since (—, —)pus, and (—, —)kup are Q(g¢)-bilinear
and symmetric, it suffices to show that we have

(u7 u)Lusz - (U, U)Kupa
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for any u € B®. Let u € B® be arbitrary and write
u=ej + Z (S, Ju, J')eS,
J'<Ju
as in Theorem 2.6. Then, by (5.24), we get
(5.26) (0, w)iuse = 14 Y (S, ], ')
J'<J

Now let us compute (u, u)kyp. By definition, we have

(u, Wup = ¢ (WU Kup.

Consider the way in which the coefficients ¢(S, J,, J') change under the symmetry z — z*, for =
any Y, cup or cap with flow. Comparing the corresponding weights in (2.11) and (2.12), we get

wt(z*) = q(f(t(x))—é(b(x)))wt(x).

where ¢(z) and b(x) are the top and bottom boundary of z. Recall also that the canonical flow on
u has weight 0 (see Lemma 2.5). It follows that

(u, U)Kup = q—Z(S) <U*U>Kup

G <q€(s) + ¢'® Z (S, Jua‘]/)2>

J'<Ju
= 1+ Y oS, ], J)
J'<
This finishes the proof that (—, —)Lus, = (—, —)Kup-

Comparing the definition of the bilinear and the sesquilinear web form on W*, we see that

(= ) = (= V() e

just as in (5.19) (recall that the elements in B are y-invariant). Since (—, = )kup = (= —)Lusz>
we see that condition (5.25) is equivalent to the condition

(5.27) (@ 91Qu], 4"V 1Qu]) kup € Suw + 4Zq]

for any u,v € B®. As already shown above, ® maps Y,, to @), for any u € B®. Since ® is an
equivalence, K (®)q(q) intertwiners the Euler forms. Therefore (5.20) implies (5.27), which we
had already shown to be equivalent to (5.23). U

Remark 5.32. Just for completeness, let us summarize the decategorification of the above results.
What they show is that the quantum skew Howe duality isomorphism

gb: V(gk) — W(gk)

intertwines the respective g-sesquilinear forms and bar-involutions, and that it maps the canonical
U, (sl,,)-basis to the dual canonical U,(s[3)-basis.

Remark 5.33. It is also worth noting that Lemma 5.23, Proposition 5.27 and Theorem 5.31 imply
that the change-of-basis matrix from Kuperberg’s basis B~ to the dual canonical basis of W* is

unitriangular.
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APPENDIX: FILTERED AND GRADED ALGEBRAS AND MODULES

In this appendix, we have collected some basic facts about filtered algebras, the associated
graded algebras and the idempotents in both. Our main sources are [62] and [63]. In this ap-
pendix, everything is defined over an arbitrary commutative associative unital ring .

Let A be a finite dimensional, associative, unital R-algebra together with an increasing filtration
of R-submodules

{0}CcA,CA ., C---CAC---CA,1CA,=A

Actually, for any ¢ € Z we have a subspace A;, where we extend the filtration above by

A — {{0}, if t< —p,

A, if p>m.

Note that in the language of [62], such a filtration is discrete, separated, exhaustive and complete.
If 1 € Ap and the multiplication satisfies A;4; C A;;;, we say that A is an associative, unital,
filtered algebra.

The associated graded algebra is defined by
E(A) =P Ai/Ai,
i€Z

and is also associative and unital. Although A and F(A) are isomorphic R-modules, they are not
isomorphic as algebras.

A finite dimensional, filtered A-module is a finite dimensional, unitary A-module M with an
increasing filtration of R-submodules

{0}cM_,CM_ 441 C---CM=M,

such that A;M; C M,y;, for all 7, j € Z, after extending the finite filtration to a Z-filtration as
above.

We define the ¢t-fold suspension M {t} of M, which has the same underlying A-module structure,
but a new filtration defined by

M{t}r == MT’-i-t'
Given a filtered A-module M, the associated graded module is defined by
E(M) = @) M;/M;_;.
i€Z.

An A-module map f: M — N is said to preserve the filtrations if f(M;) C N,, forall i € Z. Any
suchmap f: M — N induces a grading preserving F/(A)-module map E(f): E(M) — E(N) in
the obvious way.

This way, we get a functor

E: A—MOdﬂ — E(A)‘M()dgra
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where A-Mody is the category of finite dimensional, filtered A-modules and filtration preserving
A-module maps and E'(A)-Mod,, is the category of finite dimensional, graded £(A)-modules and
grading preserving E(A)-module maps.

Recall that A-Mody is not an abelian category, e.g. the identity map M — M {1} is a filtration
preserving bijective A-module map, but does not have an inverse in A-Modg.

In order to avoid such complications, one can consider a subcategory with fewer morphisms. An
A-module map f: M — N is called strict if

f(M;) = f(M) N N;

holds, for all i € Z. Let A-Mody; be the subcategory of filtered A-modules and strict A-module
homomorphisms.

Lemma 5.34. The restriction of E to A-Mody; is exact.

We also need to recall a simple result about bases. A basis {x1,...,z,} of a filtered algebra A
is called homogeneous if, for each 1 < j < n, there exists an ¢ € Z such that z; € A;\A4,_;. In
that case, {71,...,7,} defines a homogeneous basis of F(A), where T; € A;/A;_;. In order to
avoid cluttering our notation, we always write Z; and then specify in which subquotient we take
the equivalence class by saying that it belongs to A;/A;_;.

Given a homogeneous basis {y1, . . ., y,} of the associated graded E'(A), we say that a homoge-
neous basis {z1,...,x,} of Alifts {y1,...,yn} if T; = y; € A;/A;_1 holds, foreach 1 < j <n
and the corresponding ¢ € Z. The result in the following lemma is well-known. However, we
could not find a reference in the literature, so we provide a short proof here.

Lemma 5.35. Let A be a finite dimensional, filtered algebra and {y, . . . ,y,} be a homogeneous
basis of E(A). Then there is a homogeneous basis {x1, ..., x,} of Awhich lifts {y1,...,yn}-

Proof. We prove the lemma by induction with respect to the filtration degree g. Suppose A, = 0,
forall ¢ < —p, and A, = A, for all ¢ > m. Then E(A_,) = A_,. Since {y1,...,y,} is a
homogeneous basis of E(A), a subset of this basis forms a basis of A_,,.

For each —p + 1 < ¢ < m, choose elements in A, which lift the homogeneous subbasis of
E(A,). We claim that the union of the sets of these elements, for all —p < ¢ < m, form a
homogeneous basis of A which lifts {y;,...,y,}. Callit {z;,...,2,}. By definition, the x; lift
the y;, for all 1 < j < n. It remains to show that the x; are all linearly independent. This is true
for ¢ = —p, as shown above.

Let ¢ > —p and suppose that the claim holds for {z,..., 2y, _,}, the subset of {zy,...,z,}
which belongs to A,_;. Let

{1, rm = {2, T U AT 41 - Ty

be the subset belonging to A,. Suppose that
(5.28) > Ny =0,
j=1

with \; € R. Then we have

Z )\jTj = Z )\jTj = Z )‘jyj =0€ Aq/Aq—l-
j=1

j=mg_1+1 Jj=mg-1+1
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By the linear independence of the y;, this implies that A; = 0, for all m,—; +1 < j < my. Thus,
the linear combination in (5.28) becomes

Mmg—1

Z )\jxj =0.
j=1

By induction, this implies that A\; = 0, forall 1 < j < m,_;.
This shows that \; = 0, for all 1 < j < n, so the x; are linearly independent. U

For a proof of the following proposition, see for example Proposition 1 in the appendix of [63].

Proposition 5.36. Let M and N be filtered A-modules and f: M — N a filtration preserving A-
linear map. If E(f): E(M) — E(N) is an isomorphism, then f is an isomorphism (and therefore
strict t0o).

The most important fact about filtered, projective modules and their associated graded, projec-
tive modules, that we need in this paper, is Theorem 6 in [62]. Note that these projective modules
are the projective objects in the category A-Mody;.

Theorem 5.37. (Sjodin) Let P be a finite dimensional, graded, projective E(A)-module. Then
there exists a finite dimensional, filtered, projective A-module P’, such that E(P') = P. Moreover,
if M is a finite dimensional, filtered, A-module, then any degree preserving E(A)-module map
P — E(M){t}, for some grading shift t € Z, lifts to a filtration preserving A-module map
P’ — M{t}.

We also recall the following corollary of Sjodin (Corollary in [62] after Lemma 20).

Corollary 5.38. Let M be a finite dimensional, filtered, A-module, then any finite or countable set
of orthogonal idempotents in

im(¢) C Hompa)(E(M), E(M))
can be lifted to Hom 4 (M, M), where ¢ is the natural transformation
¢: E(Homu (M, M)) — Hompga)(E(M), E(M)).
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