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Introduction

Quantum field theories of two dimensional fermions are among the simplest to write down,

and nevertheless have remarkably rich physics.

For example, perhaps the simplest 2d

conformal field theory (CFT), the critical point of the 2d Ising model, can be described

in terms of a free Majorana fermion.

More elaborate fermionic CFTs appear as edge



modes in quantum Hall systems [53], as well as in the classification of symmetry-protected
topological (SPT) phases [49]. Two-dimensional Bose-Fermi duality also relates fermionic
CF'Ts to lattice CFTs of bosons, which appear in, e.g., toroidal compactifications of string
theory. Recent works on dualities have also shed light on subtle discrete invariants required
to understand the rich physics of two dimensional fermions [37-39].

In this paper, we will rather emphasize intricate Lie algebraic structures hidden in

1 As has been emphasized in several

the deceptively simple physics of 2d free fermions.
corners of the mathematical physics landscape (see, to give an incomplete list, [24, 25, 54]
and references therein), systems with certain distinguished numbers of fermions can enjoy
special properties and intertwine with several species of modular objects; our interest will
be in various symmetry structures present in a system of 24 chiral fermions and some
associated automorphic forms.

In this paper we study a system of 24 free chiral fermions in 2d. This is a holomorphic
superconformal field theory, or super-vertex operator algebra (SVOA), with central charge
12 and which we refer to throughout as Fb4. It is notable because it is one of three so-
called self-dual SVOAs with central charge 12.2 These theories were classified in [15] and

are given by (up to isomorphism):

1. V/Es: this is the theory of 8 chiral bosons compactified on R®/A g, where A g, is the
Ej root lattice, and their 8 fermionic superpartners.

2. V71 this is the unique holomorphic SCFT with ¢ = 12 and no weight-1 /2 fields. First
discussed in [18], it has a unique A/ = 1 superconformal structure which is stabilized
by Conway’s largest sporadic group.

3. Fyy: this is a theory of 24 free chiral fermions. One can build an N = 1 super-
conformal structure by taking a linear combination of cubic Fermi terms, and the
allowed choices are classified by semisimple Lie algebras of dimension 24. Each of
these generates an affine Kac-Moody algebra, of which there are eight possibilities:

(5u(2)2)%%, (5u(3)3)®®, su(4)a @ (5u(2)2)**, 5u(5)s, 50(5)3 ® o,
50(5)3 @ su(3)3 @ (5U(2)2)®*, 50(7)5 B 5U(2)2, 5p(6)s B 5U(2)2

which we describe in section 2.

On the face of it, these three theories are quite different — they have notably different
constructions and symmetry groups. However, as is described in [2, 15, 18, 19] and section 3,
by gauging symmetries, one can move from one to the other. Furthermore, in [48] and [31],
respectively, the theories V/Z8 and V7 have been used to furnish constructions of a special
type of infinite-dimensional Lie superalgebra known as a Borcherds-Kac-Moody (BKM)
superalgebra. BKM algebras were originally introduced by Borcherds [7] in his proof of
the monstrous moonshine conjectures of Conway and Norton [14], and Thompson [51, 52].%

nteresting work in a similar spirit appeared recently in [55], which studied quantum mechanical fermions
valued in (gauged) Lie algebras.

2A self-dual SVOA W is one that is rational and the unique irreducible W-module (up to isomorphism).

3For reviews of moonshine, see, e.g., [1, 21].



The monster BKM arises from BRST quantization of a chiral bosonic string theory and
elucidates connections between modular functions, the monster sporadic simple group, and
the physics of 2d CFT.

One of the goals of the present paper is to describe the construction of a family of BKM
superalgebras based on the theory Fyy, similar to the constructions of BKM superalgebras
based on V¥ and V/% mentioned above. For each choice of N’ = 1 superconformal
structure for Fb4 we construct a corresponding BKM superalgebra g with Kac-Moody
symmetry determined by the choice of N’ = 1 supercurrent. The main results of this work
are threefold:

e We show that all choices of N/ = 1 structure on Fy4 can be obtained from orbifolds
of the SVOA V7/Fs (see section 3),

e We prove that the Lie superalgebra g satisfies the conditions of a BKM superalgebra
(see theorem 2 in section 4.3),

e We provide an infinite product formula for the Borcherds-Weyl-Kac denominator for
each g (see section 5.4).

Besides the fact that we construct a new family of examples of (super)-BKM algebras,
of which there are only very few explicit constructions, one of our long-term interests is
to elucidate the connection between BKM algebras and BPS states in string theory, which
was originally envisaged by Harvey and Moore [32, 33]. They suggested that BPS states in
string and field theories with extended supersymmetry should form an algebra, and that
— at least in some contexts — this algebra would be a generalized* Kac-Moody algebra
(or contain one as a subalgebra).

An interesting example of this proposal, similar in spirit to the present study, was
studied by the last three named authors [42, 43], where it was found that spacetime BPS
states in a second quantized heterotic string theory furnished a natural module over the
Monster BKM.® The worldsheet string theory for this construction employed the Monster
vertex operator algebra V4, and the construction has been used to shed light on the physical
interpretation of the genus zero property of monstrous moonshine. Similarly, the theories
VIEs Vi Fyy all naturally occur as (chiral halves) of worldsheet CFTs at special points
in the moduli space of maximally supersymmetric type II string compactifications to 2d.
We expect that the BKM superalgebras constructed in [31, 48], and this paper, occur as
algebras acting on spacetime BPS states at such special points. This is a notion we make
precise in upcoming work [30]. Furthermore, given the close relation between V78, V/E8 B,
via orbifolding, by analogy with the constructions in [42, 44, 45] we expect that we may
uncover new 2d spacetime string dualities by considering worldsheet theories which are a
tensor product V @ W with V, W taken to be one of these theories.

The outline of the rest of the paper is as follows. In section 2, we review the construction
of Fyy, its canonically-twisted module FJ}, the allowed choices of N' = 1 supercurrent, and

4That is, a Borcherds-Kac-Moody algebra.
®See also [13] for a proposal for the appearance of a BKM algebra in string theory in a quite different
context, building on the pioneering results of [17].



its character. In section 3, we describe how Fb; with a choice of NV = 1 structure can be
obtained from orbifolds of the SVOA V/F5. In section 4 we explain the general construction
of BKM superalgebras from A/ = 1 SVOAs. We then go on to construct a family of BKM
superalgebras g from Fy4 with a choice of N/ = 1 superconformal structure. In section 5 we
prove our main theorem, showing that g is a super BKM-algebra. In this section we also
discuss the denominator and super denominator formulas of g. We give more details on
the example with fléf Kac-Moody symmetry in the following section 6. We conclude with
a brief discussion of open questions in section 7. Finally, two appendices provide further
details about multivariable Jacobi forms (section A) and the relative BRST cohomology
for physical states in our theories (section B).

2 The SVOA and its N = 1 structures

2.1 Construction

The starting point of our construction is a simple holomorphic chiral superconformal field
theory (SCFT) Fyy of central charge ¢ = 12, given by 24 chiral free fermions. In mathe-
matical language, this is a self-dual Co-cofinite super vertex operator algebra (SVOA) of
CFT type of central charge 12. In our definition of SCFT (or SVOA) we do not include
the choice of an A/ = 1 subalgebra. For this reason, we refer to Fyy as a single SVOA, even
though, as discussed below, it admits different A" = 1 structures.

This theory is generated by 24 chiral free fermions, A!(z2),...,A\?*(2), with OPE

N (2)N o 2.1
(N (w) ~ ——. (2.1)
and stress-energy tensor,
12 o
T(z) = —3 ZEZI ANON 1 (2), (2.2)

with respect to which A\’ have conformal weight 1/2. The (224) = 276 currents \;Aj, 1 <
i < j <24, generate an 50(24); Kac-Moody algebra, which is the bosonic (even) subVOA
of F54. By bosonization, the same SVOA can be described as a lattice model based on the
odd unimodular lattice Z'2, with the 50(24); algebra corresponding to the D1 sublattice.
The space of odd (fermionic) states in Foy form a vector module for the s0(24); algebra.
N = 1 structures in free fermion theories were classified in [26]. An N = 1 supercurrent
must be a linear combination of conformal primaries of weight 3/2, so it must be of the form

G=—¢ > ciji s AN (2.3)
Z‘?j?k:
for some totally antisymmetric ¢;;, € C. The stress tensor (2.2) and the supercurrent G(z)

defined by (2.3) generate an N' = 1 superconformal algebra at central charge 12 if and only
if the following conditions are satisfied [26]:

> (CijiChim + ClikChim + CjtkChim) = 0, (2.4)
3
> cCikicim = 2045 . (2.5)
k.l



The first condition is equivalent to the requirement that the G(2)G(0) OPE does not contain
any singular term with four fermions AAAA; the second is equivalent to the requirement
that the z=! term in the OPE reproduces the stress-energy tensor 7'(z).

These conditions imply that c;;; are the structure constants of a semisimple Lie algebra
g of dimension 24 (and any rank), i.e. g is the complex Lie algebra generated by ¢!,... 4
with commutation relations

[t7, %] = dctt. (2.6)

Given a choice of ¢;;;, satisfying (2.4) and (2.5), the 24 currents

.24
“ i
J (2)275 Z Cajk : AjAk : (2) a=1,...,24, (2.7)
7,k=1
satisfy the OPE
b Sab | 1w k
J(2)J"(0) = St > capn*(0) + ..., (2.8)
k=1

which shows that the J*(z) generate an affine Kac-Moody algebra § based on the finite
Lie algebra g. Thus, g is a 24-dimensional subalgebra of the s0(24) algebra generated by
the zero modes of fermion bilinears A\‘’\/. The OPEs

G(2)A(0) = ‘]az(o) +.... and (2.9)
J9(2)A(0) = 2 S canM(0) + ... (2.10)
k=1

show that the currents J%(z) are singled out as the N/ = 1 descendants of the 24 free
fermions A%, while the remaining 252 currents are superconformal primaries. Furthermore,
the free fermions A transform in the adjoint representation with respect to the algebra g
of zero modes.

The SVOA admits a canonical non-degenerate invariant bilinear form (-|-), given by
the Zamolodchikov metric. By (2.8), the set of currents {J%},=1,. 24 is orthonormal with
respect to this bilinear form. In the following sections, we will need to choose a normal-
ization for the Cartan-Killing form (-|-); on the finite dimensional Lie algebra g. It is
convenient to choose 1

(tu)g = 5 Tr(Ad(t)Ad(u)) . (2.11)

With this choice, the Cartan-Killing form (-|-), on the algebra of zero modes J§ coincides
with the bilinear form induced by the Zamolodchikov metric, since

1 1 &
(1T = 5 TrAACDAAT) = —5 3 casicrny = dan- (2.12)
J7k:1
where we used (2.5) and that Ad(J§)jx = —icejx in the basis {J§}. In the following, we
will often drop the subscript g on the Killing form. Notice that if ¢ is a direct sum of
simple components g = ®;g;, where g; has dual Coxeter number h;/w then the restriction
of the Killing form to g; is such that the long roots have square length 2/ h;/i.



In terms of modes J%(2) = 3oz J22 "1, the OPE (2.8) yields the commutation
relations

[, I8 ] = 166 . + i > cabed i - (2.13)

We recall that, for an affine Kac-Moody algebra §;. based on a simple algebra ¢’ at level k,
the commutation relations read

(tlu)g
[tr, um] = khivgéabém,,n + (Ad(t).w)ntm (2.14)

gl
when the Killing form is normalized as in (2.11).° Comparing these equations, we see that
if g is the sum g = @;g; of simple components of dual Coxeter number h;/w the affine
algebra g is given by

9= ®i(Gi)ny. (2.15)
i.e. the levels of the simple components equal the dual Coxeter numbers.”

For dim g = 24, there are eight distinct possibilities for g:

AS A3, A3A3, Ay, ByGy, ByAsA?, BsAy, CsA;. (2.16)
The corresponding affine algebras are,

- 5 R . A A A S
AT, Asg, A3sAly, Ass, BosGaoy, BazAsszAi,, BssAiz, Csadig,

(2.17)
that is,

(5u(2)2)%%,  (su(3)3)®, su(4)s @ (5u(2)2)®, 5u(5)5, 50(5)3® G2,  (2.18)
50(5)3 ® 5U(3)3 @ (5U(2)2)*,  50(7)s © 5U(2)2, 5p(6)s @ 5U(2)2 -

Finally, this SVOA admits a unique (up to isomorphism) canonically twisted module
FY which also admits an invariant non-degenerate bilinear form (-|-). Using the string
theory terminology, we will often refer to the SVOA Fyy as the Neveu-Schwarz (NS) sector
and to its twisted module as the Ramond (R) sector. Recall that the even subalgebra of
F»4 is the bosonic lattice VOA Vp,, based on the Djy lattice. This VOA Vp,, has four
irreducible modules which are in one-to-one correspondence with the cosets Djy/D12. We
can label the four modules as ‘adjoint’, ‘vector’, ‘spinor’ and ‘conjugate spinor’ in terms of
their so(24) representations. While Fyy is given by the direct sum of the adjoint and vector

5More generally, the relations are

0]

[tn, Um] = kT(t|u)6“b6m,,n + (Ad(t) ) ntm

where |6]” is the length of the long roots. With the choice (2.11) for the normalization, one has |6|* = ;%-,
hence the formula. !
"The same conclusion can be reached by noticing that, for a simple algebra ¢’, the dual Coxeter number is
the embedding index of ¢’ C so(dim ¢g’). The embedding index is the ratio of the levels for the corresponding
embedding of affine algebras. Since dim g’ fermions generate an algebra so(dim g’)4 at level 1, we have that

¢’ must have level h,,.



Vp,,-modules, the canonically twisted module can be identified with the direct sum of the
two spinor Vp,,-modules, with opposite fermion number. This description immediately
shows that the lowest conformal weight in the Ramond sector is 3/2, and in particular
there are no states of weight 1/2. For any choice of the N' = 1 supercurrent G(z), the
relation G(Q) = Lo — % implies that the zero mode Gy has zero kernel in the Ramond
sector, and therefore establishes an isomorphism between the components with positive

and negative fermion number.

2.2 Partition functions

In this section, we compute the partition functions of the SVOA Fhy (NS sector) and its
canonically twisted module F5} (R sector).

First we describe our notatlon. Let us choose a Cartan subalgebra h of the Lie algebra
gandlet g =g_ @®h® gy be a triangular decomposition. Let AT C h* = C" be the set
of positive roots, where r = rank(g) is the rank of g, a1,...,a, € h* be the simple roots,
and «af,...,a’ € h be the coroots. We normalize the Killing form (-|-)4 as in (2.11) so
that the long roots in each simple component ¢’ of g have length-squared 2/ h\g/,, where h;/,
is the dual Coxeter number of ¢’. We denote by Qg = >; Za; C h* the root lattice, by
QV > Zay C h the coroot lattice and by

Py=(Q) ={weh" |w()) eZ,Vi} (2.19)
its dual lattice (the weight lattice).® The Killing form (2.5) defines an isomorphism i : h —
h*, which we often keep implicit, simply identifying A and A*. With this Killing form, the
coroot lattice Q) is even, so that i(Qy) C P,.”

We can choose the basis vectors of the SVOA to be simultaneous eigenstates of Lg
and of the Cartan generators (ay,...,q,) of g. The r-tuple of eigenvalues (the charges)
for (of,...,)) is a weight w = (w1,...,w,) € P,. To keep track of both the Ly and h
eigenvalues, we introduce characters depending on 7 € H and on £ € h = C", namely:

¢ns(T,6) = Trns (qLofiesz) =3 3 ens(nw)gne ) (2.20)
TLG%Z we Py,
¢ﬁ§(77§) =Trys <qLo 27rl£ ) Z Z 2n+1 (TL w)qne2m’(§\w) ’ (221)
nes Zwepg
On(r.€) = Trr (¢ H7) = 30 3~ cpln,w)g"*™ ), (2.22)
nezZ weky
¢p(1,&) =TrR (qLO 2™ (— ) SN cpln,w)g” e2miEhw) (2.23)
neZ wePy

8Occasionally, when it is clear from context which g we are studying, we will omit the subscript on the
root, coroot and weight lattices.

9We notice that the isomorphism i depends on the normalization of the Killing form, which is not
completely standard (long roots do not have length 2, but 2/hy). For example, for su(2), the root has
length 2/2 = 1, so that one can identify Q4 = Z, P, = %Z and i(Qy) = 2Z.



A direct calculation then gives (here p = 13" ca+ @ € P, denotes the Weyl vector of g):

a(r.6) =gV ﬁ [(1 _ qn—%)’" I1 (1 _ qn—%em(aa)) (1 _ qn—;e—waa))}
n=1

aceA L

94(7—7 O)T/Z Ha€A+ 04(7—7 (5’04))

= ()2 (2.24)
(bNS(Tu g) — q71/2 ﬁ (1 +qn7%)r H (1 _’_qnf%eQﬂ'i(ﬂa)) (1 +qn§62ﬂl(§|a)):|
n=1 acAy
03(7,0)" [Tpen, O3(7, (¢
_ 65(,0) n(i)Alg 3(7, (§la)) (2.25)
brlr.&) = 2 T[ 1+ g™y [] [ﬁ (1+gremielo) ﬁ( 14 ge 2 f'@”)]
m=1 aceAy Ln=0 k=1
02(7,0)? Tlaea, b2(, (€la)) . n(27) Tlaea, ba(7, (£la))
= n(i)Am 2 — 23 n(:)Al“’“Q” : (2.26)
and
¢p(1,£) =0. (2.27)

See appendix A for the definition of the multivariable theta functions.

The last equality follows because, as discussed above, ker Gy = 0 so that the Ramond
spaces with positive and negative fermion number are isomorphic. In this computation,
we use the fact that the Ramond ground states form a 2'2-dimensional representation of
the algebra g, which is isomorphic to the direct sum of 2'/2 copies of the representation L,
whose highest weight is the Weyl vector p. In particular, dim L, = 2V, with N = (24—r)/2
being the number of positive roots. To show this, we first notice that the space of ground
states forms an irreducible module for the Clifford algebra of fermionic zero modes. Using
this description, it is easy to check that the difference between the highest and the lowest
weights in this representation is the sum over the positive roots, i.e. 2p, and that the
multiplicity of either the lowest or highest weight is 27/2: the space of highest weight vectors
is itself a module for the Clifford subalgebra of r fermionic zero modes corresponding to
the Cartan generators of g. Finally, this g-representation must be self-conjugate, because
the canonically twisted module of Fb4 is unique, so it must be isomorphic to its dual. Thus,
the highest weight must be the opposite of the lowest, and therefore equal to p.

In the following, we also need the linear combinations

27rz§1 :l:( 1)

dns+(T.€) =Trys (CILO e 5

) = %(ngS(T) g) + ¢]V:S'(T’ 5)) (228)

and

27rz£1 i( 1)

qZSRi(T,f) =Trg ( Lo— 246 5

)-loare

giving the partition functions on the eigenspaces of the fermion number.



As shown in appendix A, these functions admit a Fourier expansion

¢X (7—7 5) = Z Z (©'¢ (TL, w)qne%ri(ﬁ\w) ) (230)

n wekP,

where X € {NS, ]VS’, R, R, NS+, R+}, and the sum over n is over integers in the Ramond
sector or when X = NS—, and over half-integers in all other cases. The sum over w can
be reduced to a sum over the root lattice () C P, in the NS sector, or over the coset
p+ Qg C Py in the R sector. More generally, the sum over w can be restricted to

Qg = Qg U (p+Qy). (2.31)

In appendix A we show that the coefficients cx(n,w) depend on n and w € P, only
through the discriminant
D =2n — (w|w), (2.32)

and on the class [w] of w in P,/i(Q,); we will sometimes write cx (n,w) = cx(D, [w]) to
emphasize this dependence.
In particular, when X € {NS—, R+}, the coefficients cx (n,w) are non-zero only when

ex(muw) £0 = {n =0 (2.33)

2n — (wlw)g > —m((w)) ,

where
m([w]) = min{ (/[0 | w' € w+i(Q))} (2.34)

is the minimal square length of vectors in the coset w + i(Q;/). Since there are only a
finite number of cosets in P,/ i(ng ), we can also give a bound on the discriminant that is
independent of the class of w,

ex(muw) £0 = {n =0 (2.35)

2n — (w|w)g > _M7

where

M = max m(|lw]) . 2.36
[w]€Py/i(Qy) (L) ( )

Finally, for n = 0, one has

1 if wisarootof g
ens-(0,w) ={r ifw=0 (2.37)
0 otherwise
while cg+ (0, w) = 0 for all w € Py, given the absence of Ramond states of weight 1/2.

The coefficients cyg— and cgr+ will correspond to the (respectively, even and odd) root
multiplicities for the BKM superalgebra that we will construct in section 4.



If we set all £ = 0, we get the same formulas for all choices of N’ = 1 structure, namely

24
T+1
. n (4
¢ns(T,0) = Trns (qLO’ﬁ) = —7(7(2)21 = ¢'/? + 244 276¢"/% +2048¢ + ...  (2.38)
T
_ Fore—e _ nT/2* 1/2
6575(m0) = Trns ((—1)gh0721 ) = o = 0P 244 27602 — 20480+ (239)
. 9 24
6r(7,0) = Trg (™75 ) = 212"37((:))24 — 4096¢ + 98304¢% + ... (2.40)
Op(7,0) = Trg ((—1)g™ %) = 0. (2.41)
In particular,
dng—(T,0) = 24 + 2048¢ + 49152¢> + . .. (2.42)
and
Or+(7,0) = ¢r_(7,0) = 2048q + 49152¢* + . .. (2.43)

showing that ¢ng_(7,0) = ¢rs(7,0) + 24.

Having established some basic properties of the Foy SVOA, we will next explain how
one can obtain this theory, including the choice of N' = 1 structure, via orbifolds of V/F8,
Though we do not undertake a full string theoretic construction in this work (though
see [30]), the orbifolds discussed in the next section will be a precursor to various spacetime
dualities relating string theories with different perturbative worldsheet descriptions based
upon the ¢ = 12 self-dual SVOAs.

3 F,, from orbifolds of V/Fs

In [15] it was shown that the SVOA Fy; can be obtained from the SVOAs VI or V/1
by an orbifold by a cyclic group of symmetries. However, in both cases, this group of
symmetries did not preserve the N' = 1 supercurrent of V/% or V1. As a consequence,
when Fyy is constructed in this way, there is no A/ = 1 superconformal structure inherited
from the original SVOA. This raises the question whether Fb4 with a given choice of N =1
superconformal structure can be obtained from VI8 or V% by an orbifold procedure,
where the group of symmetries we quotient by preserves the superconformal current of
VIEs or V714 and the NV = 1 structure on Fyy is exactly the one induced by the parent
theory. In this section, we will show that all choices of N' = 1 structure on Fby can be
obtained from the V/Fs SVOA.

This result is interesting in view of the correspondence between chiral vertex operator
superalgebras and non-chiral NV = (4,4) supersymmetric nonlinear sigma models proposed
in [2, 12, 15, 20, 50]. In particular, in [2] it was shown that there is a certain set of su-
persymmetry preserving automorphisms of V/8 that are closely related to symmetries of
supersymmetric sigma models on 7%, and that the orbifold of V/¥8 by any such automor-
phism is either the SVOA V7% or V/Fs_ Similar relationships between the chiral SVOA
V1 with ¢ = 12 (essentially V/%) and the non-chiral N' = (4,4) K3 sigma models with
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¢ = ¢ = 6 have also been explored in previous works [12, 20]; in [15, 50], it was shown that
they can be related via a certain reflection procedure. Here, we show that V/¢ admits
some further N' = 1 preserving automorphisms for which the orbifold is Fh4. It would be
very interesting to understand what the meaning of this result is on the sigma model side
of the correspondence.

3.1 Generalities

Let us show that each choice of N/ = 1 structure on Fby can be obtained from an orbifold
of the Fg SVOA V/E8  with its standard N = 1 structure, by a symmetry that commutes
with the N' = 1 supercurrent. Let 9, 0X*, i = 1,...,8, and V), A € FEg be the fields of
weights 1/2, 1, and A\?/2, respectively, generating VI/Es  The standard /' = 1 supercurrent
is G ~: > ;9'0X" : (up to normalization).

Let us first consider the case of Fyy with the A/ = 1 structure corresponding to g = AS.
We use a description of the Eg lattice as Eg = Dg U (x + Dg), where

Dgz{(wl,...,xg)EZg]Zgzxie2Z}, (3.1)

i=1

and y = (1/2,1/2,...,1/2) € R®, so that

Dg = L ZS 3 27, 3.2
X + Dg = (:L‘l,...,$8)6(2+ ) |;l’1€ . ()

We note that y 4 Dg is one of the four cosets in Dj/Dsg. Consider a symmetry & of Vs
that acts trivially on 9%, 0X*, i = 1,...,8, and Vj, for all A € Dg but acts by Vy — —V}
for A € x + Ds. This is a symmetry of order 2 of the SVOA acting trivially on the
supercurrent G. The group (8) = Zs is a subgroup of a U(1)® group of symmetries which
preserves X, ¢* (and therefore preserves the supercurrent) and acts by V) + e2mia Ay, for
some « € (Eg ® R)/FEg. In particular, § corresponds to a = (1,0,0,...,0) € (Ez ® R)/Exs.

The orbifold of V/Fs by (§) is again an NV = 1 SVOA, with the supercurrent G
inherited from the parent theory. The d-invariant subalgebra (V/78)? is a supersymmetric
lattice SVOA based on the lattice Dg. The é-invariant -twisted sector is the (V/F8)%-
module corresponding to the coset a + Dg, another of the four cosets of D§/Ds. Since
DgU(a+ Dg) = Zsg, it turns out that the orbifold can be described as a lattice SVOA based
on the odd unimodular lattice Zg, together with the 8 fermions 1/?. To check that this is
actually the same as the SVOA generated by 24 free fermions, notice that there are 24 fields
of weight 1/2, namely ¢* and Vi, i = 1,...,8, where {e;}, with e; = (0,...,0,1,0,...,0) €
78, is the standard basis of Zg. Furthermore, since : Ve, Vee, i~ 0X i these 24 fields of
weight 1/2 generate the whole SVOA. Set \¢ := ¢, A8+ .=V, N6+ .=V i=1,...8.
Then, the supercurrent G' can be written (up to normalization) as

8 8 8
G Y i loX i Y gV Vg, =D s NASTAIO (3.3)

i=1 i=1 i=1

which is of the form (2.3) with ¢;;;, the structure constants of A%.
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There are similar orbifolds of V/F% giving all the other ' = 1 structures on Fby. In
order to describe them, it is easier to implement the procedure in reverse, i.e. to find a
cyclic group of symmetries of Fy, which preserves a given N' = 1 supercurrent and such
that the orbifold theory is isomorphic to V¢ with its A" = 1 structure. Then, one uses the
fact that orbifolds by cyclic groups are ‘invertible’. This means that if a CFT B is obtained
from the CFT A via an orbifold by a cyclic group (d), then the CFT B has a ‘quantum
symmetry’ () such that the orbifold of B by (@) is again A. The symmetry @ has the same
order N as 0 and acts on B by multiplying the states in the §"-twisted sector by N In
particular, if A has a d-invariant A/ = 1 supercurrent, the induced supercurrent in B is also
Q-invariant, because it resides in the untwisted sector. By applying this general procedure
to the case we are interested in, then if we can show that VFEs can be obtained from Fhy
through an orbifold by an N' = 1-preserving cyclic group, we know that the orbifold of
V/Es by the ‘quantum symmetry’ will give back Fay.

To implement this construction, we need a symmetry o of Fy4 that projects out most
of the 24 spin 1/2 fields, leaving at most 8 of them — this is the number of spin 1/2 fields in
V/Es  Furthermore, the currents that are supersymmetric descendants of these o-invariant
fermions must commute with each other — this is what happens with the supersymmetric
descendants of the 8 free fermions in V8. In order to preserve the supercurrent G,
it is sufficient that o acts on the 24 fermions \* — whose supersymmetric descendants
(currents) generate one of the Lie algebras ¢ listed in (2.16) — by an automorphism of
the corresponding Lie algebra g. Explicitly, let J? be the current superpartner of the free
fermion A, i = 1,...,24, and let § be a Lie algebra automorphism acting as J* — 6(J%) =
> 91'ij on the currents. Then, we let the symmetry o act by A\; — o()\;) = > Qij)\j.
Since 6 is an automorphism of g, it must preserve the structure constants c;j;, which
implies that G ~ >, ; cijk)\i)\j A\ is also preserved by this symmetry. The condition that
the superpartners of o-invariant fermions must commute (i.e., they must be contained in
some Cartan subalgebra of the Lie algebra g) automatically ensures that there are at most
8 spin 1/2 fields surviving the orbifold projection, because the algebras listed in (2.16) have
rank at most 8. This condition can be achieved by taking 6 to be an inner automorphism
of g in a given Cartan torus acting non-trivially on all non-zero roots.

A symmetry o projecting out all spin 1/2 fields corresponding to non-trivial roots of
g, and such that the orbifold is consistent, can be constructed as follows. Let g = ®rgy
be the decomposition of g into simple components gx, with Weyl vectors p; and dual
Coxeter numbers hgk. Then, the Weyl vector of g is p = ®rpr € Py = ®rFy,. With our
normalization of the Killing form, the Freudenthal-de Vries strange formula reads

dim gg
12 7

(pklpr) = (3.4)

so that )
dimg

(plp) = (prlor) = T

k

2. (3.5)

We take the symmetry o to act on the fermion A% corresponding to a root a by
o(AY) = e2milele) \o " and to act trivially on the spin 1/2 fields corresponding to the Cartan
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subalgebra. Notice that, for each positive root « in the g; component, we have

0 < (pler) < (plbr), (3.6)

where 6, is the highest root of gi. With our normalization for the Killing form, we have

1

(plOk) = (prlbk) =1 = -5, (3.7)
9k

so that 0 < (pla) < 1 for all positive roots. In particular, o acts non-trivially on all \¥®,
so that only the spin 1/2 fields corresponding to the Cartan subalgebra are preserved by
the orbifold projection.

In order to check that the orbifold is consistent, one needs to check the level-matching
condition, i.e. to verify that the levels of the o-twisted NS sector are valued in ﬁZ, where
N is the order of o. In general, for a theory of 2n free fermions with a symmetry o of
order N acting with eigenvalues e*2™" j=1... n,r; € %Z, the o-twisted NS states have
conformal weights valued in %Zi r2 4 ﬁZ. In particular, if we take |r;| < %, then the o-
twisted ground states have conformal weight exactly % ;2. This standard formula can be
obtained, for example, by writing the Virasoro generators L, in the twisted sector in terms
of normal ordered products of fermionic generators, and fixing the normal ordering constant
in Ly by requiring that the relation [Li, L_;] = 2L is satisfied (see, for example, [46]).
Applying this formula to our case, we obtain

SR =LY () = S(ole) =1 € 5 (38)

2 oeAt 2N
Thus, the conformal weights are valued in ﬁZ, and the level matching condition is satisfied.
We stress that it is not necessarily true that |(p|a)| < 1/2 for all & € A, so this formula
does not imply that the conformal weights of the ground states are always 1.

We conclude that the orbifold of F54 by o is a consistent holomorphic SVOA of central
charge 12, so the only possibilities are V8 Fy, or V4. The latter case can be easily ruled
out: the orbifold theory contains at least the spin 1/2 fields A? corresponding to the Cartan
subalgebra of g, while V% contains no such fields. Finally, we verified in a case-by-case
analysis that the orbifold theory never contains 24 fields of spin 1/2, so we conclude that
the orbifold is the V/F% theory. _

For example, for an A, algebra, the automorphism o acts by multiplication by e%
on the root space g, for every simple root a1, ..., ay; then, for any root o = >, m;c; the

2mi Zl m;

automorphism acts on the root spaces g, by multiplication by e™ »+1; since > ; m; <n
(and 3, m; > —n for negative roots) for the A,, algebra,'” one has that o acts trivially only
on the Cartan subalgebra. Besides the currents in the Cartan subalgebra of g, which are
supersymmetric descendants, the symmetry o leaves invariant a number of superconformal
primary currents. These can be easily determined since we know the eigenvalues of ¢ on
A\’. Below we shall consider some explicit examples.

10This is automatic by one of the definitions of the Coxeter number.
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A 3 {1,-1,-1}
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Table 1. Eigenvalues for symmetries o, which relate Fpy with g-preserving N = 1 supercurrent to

V/Es. The 24 eigenvalues )\, of o, can be decomposed into sets of eigenvalues which act on each

simple component of g, such that \; = Uy, whenever o4, = ©roy,. Here we use the abbreviation

e(r) := 2™z,

3.2 Examples

In this section, we summarize the action of N' = l-preserving orbifolds of Fb4 which re-
produce the SVOA V/E8 for each choice of g in Fpy. Let o4 be the orbifold symmetry
which relates Fpy with A/ = 1 supercurrent determined by g to V8, and Ag be the set

of 24 eigenvalues of o,. As explained in the previous section, these eigenvalues can be

computed independently for each simple component g; of each choice of semisimple Lie

algebra g = @©jgx, such that \j = U, . See table 1 for a summary of these eigenvalues

for each choice of simple Lie algebra which arises in our construction.

Below we give more details of these orbifolds for several choices of Lie algebra g¢:

e g = A$. We have already studied this case, albeit beginning with an orbifold of V/Es,

let us consider the same algebra from an orbifold of Fbs. We take the automorphism

o to act by +1 on the 8 spin 1/2 fermions corresponding to a Cartan subalgebra
of A§, which we denote by A", a = 1,...,8, and to act by —1 on the 16 spin 1/2
fermions corresponding to non-zero roots, which we denote by A\*", a = 1,...,16.

The untwisted sector contains the 8 fields A** of spin 1/2, as well as the currents
XNt 1 < a < b <8 and A X7, 1 < a < b < 16, which together form a
s0(8) @ so(16) algebra of dimension 28 4+ 120 = 148. In the o-twisted (NS) sector, the
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fermions A** have a mode expansion A\** = 3>, A\¢T27""1/2 with r € 1 +Z, while the
A%~ have modes A%~ with » € Z. The ground state level can be easily computed to be
16+1(1/2)% = 1. The ground states must form a representation of the Clifford algebra
of the 16 zero modes A\%~, so they must be degenerate with multiplicity 28 = 256.
Since each of these zero modes changes the o-eigenvalue of the states, half of these
256 ground states are o-invariant and half have o-eigenvalue —1. It follows that,
after the orbifold projection, there will be 128 additional currents, commuting with
the so(8) generated by AT\t and transforming in a spinor representation of the
50(16) generated by A%~ A’~. Together, the untwisted so(16) currents and the 128
o-twisted currents form a copy of the Fg current algebra.

g = A3. We let o act trivially on the six A\’ corresponding to the Cartan subalgebra
and by multiplication by w = e%" on each of the spin 1/2 fields corresponding to
simple roots. Therefore, the eigenvalues of o on the 24-dimensional representation
of spin 1/2 fermions are: 1 with multiplicity 6, e with multiplicity 9, and e 5
with multiplicity 9. The untwisted sector currents are A}l)\;, 1<a<b<6, and
AN, 1 < a,b,< 9 (note that we do not require a < b here). We have a total of
15481 = 96 currents, forming an so(6) ®u(9) = so(6) B u(1) ® su(9) algebra. In the
o-twisted sector, the A% are moded in %4— Z and the A% are moded in %4— Z (and vice
versa in the o?-twisted sector). Thus, the level of the twisted sector ground state
is 18 x £(1/3)% = 1/2. There are no zero modes, so that there is a unique ground
state in each of the twisted sectors, and we can choose them to be o-invariant. This
gives 6 untwisted spin-1/2 fields and one more from each of the two twisted sectors,
for a total of 8 spin-1/2 fields. From each twisted sector, we have six additional
o-invariant currents of the form )\2771/2|gr>, a=1,...,6,and 9-8-7/3! = 84 of the
form Ag’_l/ﬁ)\z"’_l/ﬁ)\‘c"’_l/6|gr>, 1 <a < b<c<9 obtained by acting on the ground
state |gr). The untwisted so(6) ®u(1), together with the six currents )\Lll’_l/2|gr> from
each of the two twisted sectors, combine into an so(8) algebra. The untwisted su(9),
together with the 84 )\‘(’;7_1 /6)\‘;)’7_1 /6)@7_1 /6| gr) from each twisted sector combine to
form the Eg algebra.

g = A3A3. We let o act as it did for ¢ = A% on the subset of the \; corresponding
to A3, and let o act by multiplication by i on the simple roots of A3. The eigenvalue
distribution in the form (multiplicity x eigenvalue) in the 24-dimensional represen-
tation of the free fermions is (6 x 1), (10 x —1), (4 x i), (4 x —¢). The invariant
currents form the algebra so(6) & so(10) @ u(4) = so(6) & so(10) & u(1) & su(4), for a
total of 15445+ 16 = 76 untwisted sector currents. The ground states of the o- and
o3-twisted sector have level 1(4(1/4)% +4(1/4)% +10(1/2)?) = 3/4; there are 25 = 32
degenerate ground states, forming a representation of the Clifford algebra of the zero
modes of the 10 free fermions with eigenvalues —1. Half of them have a o-eigenvalue ¢
while the other half have eigenvalue —(. We fix the action of ¢ on the twisted sectors
in such a way that ¢ = 4. This means that in each of the o- and o>-twisted sectors,
there are 4 - 16 = 64 o-invariant currents, transforming in a (16,4)-representation
of 50(10) @ u(4). Since o2 has an eigenvalue distribution (16 x 1), (8 x —1), the
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o2-twisted ground states have level 8 x %(1 /2)% = %, and form a 2% = 16 dimensional
representation of the Clifford algebra of the 8 fermionic zero modes. The o-eigenvalue
distribution on the ground states is (2 x 1), (6 x —1), (4 x 7), (4 x —¢). Currents in
the o2-twisted sector are obtained by acting on the ground states with one of the 16
half-integrally moded fermions, which have o-eigenvalues +1 (6 of them) or —1 (10
of them). Therefore, we get 6 x 2410 x 6 = 72 g-invariant currents. In total, we have
76+ 64+ 72+ 64 = 276 currents, as expected. In particular, the so(6) & u(1) algebra,
together with the 6 x 2 currents in the o?-twisted sector, form the ‘fermionic’ so(8)
obtained from the OPE of two spin 1/2 fields, while the so(10) & su(4) algebra in the
untwisted sector combines with the 64 in each of the - and o3-twisted sectors (in the
(16,4) and (16, 4) representation of s0(10) @ su(4)) and the 10 x 6 from the o-twisted
sector (in the (10, 6) representation of so(10) @ su(4)) to form the Eg algebra.

e g = G2B> & the rest. For the other algebras, in particular with non-simply-laced
components, the analysis is slightly more complicated. We illustrate the general
procedure by describing one example, the ¢ = G9Bsy case. The symmetry o has
order 12 and fixes 4 fermions, corresponding to the Cartan subalgebra of g. On the

remaining 20 fermions, the eigenvalues are e*2™  where the r; € %Z, 1=1,...,10,
111 5 1 3 11 1 2
are 1, 15, 3, 195 3 3 irom the Go component, and 3, ¢, 3, 5 from the By component.

From these data, one can compute the conformal weights of the o™-twisted ground
states (NS sector), obtaining 1—72 for n =1,5,7,11, % for n = 2,10, % for n = 3,9, %
for n = 4,8, % for n = 6. As expected, the level matching condition is satisfied. The
degeneracy of the ground states is determined by the number of fermionic zero modes
in each twisted sector. Using the algebra of fermionic oscillators, one can determine
the number of spin-1/2 states in each twisted sector. Next, one needs to project
on the o-invariant subspace. On each twisted sector, the action of o can be easily
determined up to an overall phase. The general theory of orbifolds tells us that, when
the level matching condition is satisfied, there exists a choice for these phases such
that the o-invariant fields define a consistent SVOA. However, determining the right
phases explicitly is usually complicated, so in practice we take the following shortcut
for this example. We verified that, for any choice of the phases, the total number
of o-invariant spin 1/2 fields is less than 24 (and more than 0). This is sufficient to
conclude that the orbifold theory is V/F8. As a consistency check, we also verified
that there is a choice of phases for which the number of o-invariant spin 1/2 fields
is exactly 8. We performed a similar analysis for all choices of g, and in all cases we
obtained V/F% as the orbifold theory.

With the analysis of F54 orbifolds complete, we will now turn to a uniform construction

of BKM superalgebras for each choice of g.

4 BKM superalgebras from N = 1 SVOAs: a general construction

In this section, we describe a procedure to construct a BKM superalgebra starting from a

holomorphic SVOA V with central charge ¢ = 12 with an A = 1 structure. The procedure

is heavily inspired by the definition of physical states in superstring theory — it is, in
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a sense, a ‘chiral version’ of that construction — and is a supersymmetric generalization
of Borcherds’ construction of the fake Monster and Monster Lie algebras [5, 7] that was
inspired by bosonic string theory. The main steps have been developed in [48] for the
specific example where V is the lattice SVOA V/F8 based on the Fg lattice, and has been
generalized to the example where V = V% in [31]. We will briefly describe the main steps
in this construction and refer to [31, 40, 48] for the proofs of most statements.

4.1 Super vertex algebras

For this construction, we need to consider a super vertex algebra (SVA) V! given by a
product
Vet =y Vit = Vit g VAV @ VI (4.1)

where the ‘matter’ SVA V™ has central charge 15 and the ‘ghost’ SVA V9" has central
charge —15. The matter SVA V™ is itself a product of an ‘internal’ SVOA V™ of central
charge 12 and a ‘space-time’ SVA VX% of central charge 3.

Each of these SVAs has a Zy-grading given by a fermion parity (—1)¥, and there
is a canonically twisted module on which one can choose an action of the fermion par-
ity (—1)F (though with a certain ambiguity). We again use the physics parlance: the
vertex superalgebras are the Neveu-Schwarz (NS) sector and the twisted module is the
Ramond (R) sector. For this reason, we will often put a subscript NS on the SVAs, such
as Virt = yint V]{J,}g = V9" ete.

In more detail, the various factors are as follows:

e The ‘internal (Neveu-Schwarz) sector’ of the superstring theory V}\}‘g =VintisaN =1
self-dual SVOA (holomorphic SCFT) of central charge 12. Up to a choice of the N' = 1
supercurrent, there are only three possible such SVOAs, up to isomorphism [15].
One is given by the 24 free fermion SVOA Fb, described in section 2; the other
two are the supersymmetric Fg lattice SVOA V/E8 and the Conway module V74
studied in [18]. The name ‘internal’ comes from the idea of compactifying the 10-
dimensional spacetime of a type I superstring on an 8-dimensional compact manifold,
whose corresponding non-linear sigma model is a SCFT of central charge 12. Note
however that the standard superstring construction has also an anti-holomorphic
sector, while our construction in this article is chiral. The space Vf\?g (%) of states
of conformal weight (Lg-eigenvalue) 1/2 is 24-dimensional for Fb4, 8 dimensional
for V/E and 0-dimensional for V/%. The space GV, /QVJ{% (%) C Vir(1) of their
superpartners will be relevant in the following. The zero modes of these currents
generate a finite-dimensional Lie algebra g, where ¢ = 0 for V/ and ¢ = u(1)®8
for VIEs: for Fy, the possible algebras g, which are non-abelian and depend on the
choice of the supercurrent GV, are described in section 2. The canonically twisted

module (Ramond sector) is denoted by V.

e The ‘uncompactified’ directions are represented by an SVA VX¥ = ij,(gb (the NS
sector) based on the even unimodular lattice T'"! of signature (1, 1), and its canoni-
cally twisted module VI}iX ¥ The basic fields are two chiral free bosons X *(z), X~ (z)
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and their superpartners, the free fermions 1,1 ~. The chiral bosons alway appear
either with derivatives 9" X+, n > 1, or exponentiated in the form of vertex operators
e X for each k € TV, A convenient description of I'! is as the lattice of vectors
k= (kt,k™) = (m,n) € Z & Z with quadratic form

k2 = k'k, = nukPE = —2kTkT = —2mn. (4.2)
Roughly speaking, X, X~ represent the light-cone coordinates in a 141 dimensional
space-time RV with metric nyy =7n__ =0, n,_ = —1. The mode expansions are
XM= "akz" pef{+,—}. (4.3)
nezZ
Prz)= > VP pe{+, -} (4.4)
reZ4v

where v = 1/2 in the NS sector and v = 0 in the R sector. The vertex operators e?*X

correspond to states |k) that are eigenstates of the zero modes P* = of (momentum
operators) of i0X* with eigenvalues k#, yu € {4, —}. The stress energy tensor TX¥(2)
and N = 1 supercurrent GX¥(z) are given by

TXV(z) = %:axuaxu : (z)—i—i O : (2) (4.5)
GXY¥(2) = YroX, : (2) (4.6)

and generate an N’ = 1 superalgebra with central charge ¢ = 3. The fields ¥* and

¢™*X are superconformal primaries with conformal weight 1/2 and k?/2, respectively;

the fields 0X* are superconformal descendants of )* and have weight 1.
We refer to the product of the SVAs V™ and V¥ as the matter sector V™ =
Vint @ VX% with matter stress-energy tensor

T™(2) =TV (2) + T (2), (4.7)

N = 1 supercurrent
G™(2) = GV (2) + G*Y(2), (4.8)
and total central charge ¢ = 15.

The ghost sector V9" is a SVA generated by the anticommuting bosonic fields

b(z) = Z bz "2 c(z) = Z Cnz "L (4.9)

neE”L nez

and their superpartners, the commuting fermionic fields

B(z)= > Bz y(z)= Y YR, (4.10)

re€Z+v reZ+v

where v = 1/2 in the NS sector VJ{],}; = V9" and v = 0 in the Ramond sector Vlgh (the
canonically twisted module of V9"). The stress-energy tensor T9"(z) and the N = 1
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supercurrent G9"(z) are given by
T9" = —: (db)c: —2: bdc: —% 1 (0B8)y : —g : Oy - (4.11)

G (2) = ~(@B)e(z) — 5 B0c(z) — 20r(2) (4.12)

and form an N = 1 superVirasoro algebra with central charge ¢ = —15. The fields
b and ¢ and their superpartners § and v have conformal weights 2, —1, 3/2 and
—1/2, respectively. One can define a ghost quantum number, with respect to which
¢ and ~ have charge +1, while b and § have charge —1. It is often useful to have an
alternative description of the superghosts 3, as a subalgebra of a SVA generated by
two anticommuting fields £ and 7 of conformal weight 0 and 1 and a chiral scalar ¢

8= 8567(1) v = ne¢. (4.13)

The fields n,& obey the same OPE as b and ¢, while ¢ generates a lattice vertex
algebra based on a 1-dimensional lattice, and always appears with derivatives 0" ¢,
n > 0 or in exponentials e%d’, m € 7Z. More precisely, the fields 6%4’, have m even
or odd depending on whether they act on the NS or the R sector. The stress energy
tensor becomes

T9" = — : (Ob)c : =2 : bde —%8(]58(;5 — 9% — no¢ (4.14)

in terms of these fields. Note that the SVA generated by n,£ and ¢ is strictly larger
than the one generated by 5 and ~.

The Bvy-module built starting from the PSL(2, C)-invariant vacuum |0) is un-
bounded from below, since the states (v1/2)"|0) have arbitrarily low Lo-eigenvalues.
More generally, one can consider different Sy-modules, starting from a state |p), p € Z
(NS sector) or p € 1 +Z (R sector), satisfying

Brlp) = 0, r>-—-p—1/2 (4.15)
Yrlp) =0, r>p+1/2. (4.16)

p is the picture number of the fy-module. It is easy to see that only for p €
{—1,—-1/2,-3/2}, all positive modes of both /5 and « annihilate |p); therefore, only
in this case the Ly eigenvalues are bounded from below with |p) having the lowest
eigenvalue (ground state). The different Sv-modules are related to each other in the
larger algebra generated by &, 7, ¢, by

Ip) = eP?|0). (4.17)
The full SVA
V=Vt =Vt g Ve Vit = v g Vot (4.18)

contains a A/ = 1 superVirasoro subalgebra with central charge c°* = 0 generated by the
stress-energy tensor T(z) = 3, Lpz "2

T=T"+T9" =7V + TX¥ 4 T9" (4.19)
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and N = 1 supercurrent
G=G"+G%" =GY +G¥¥ 4 Go». (4.20)

The fermion number operator on V! leaving bosons fixed and multiplying fermions by
—1, is the product of the fermion number operators on the single factors. The canonically
twisted module (Ramond sector) of V%' is just the product

V=Vt e Vit e VIt = Vi e VY, (4.21)
of the Ramond sectors, where we defined the matter Ramond sector V3' = }int ® Vg a

For each of these SVA, the action of the fermion number operator on the algebra can be
extended to an action on the Ramond sector. There is a certain ambiguity in choosing
this expansion; we assume that a choice has been made, so that (—l)F has order 2 on the
Ramond sector.

4.2 BRST cohomology

The next step on the path to obtaining the chiral physical states, mimicking the usual
superstring construction, is to perform a GSO projection, i.e. to consider only the even
subspace

VeSO =yt g Vit (4.22)

which is the eigenspace of the total fermion number with eigenvalue +1, and then to further
restrict to the kernel of by, Ly (NS sector) or to the kernel of by, Lo, B0, Go (R sector)!!

C= ( J'\;fost'—i- N kel'<b0, LO>) S5 (Véf—)‘: N ker<b0> L07 507 GO>) ) (423)

where (b, Lo) and (by, Lo, 5o, Go) denote the subalgebras generated by the corresponding
elements. On this space, we introduce some gradings given by the ghost and picture
numbers n € Z and p € %Z, and the momentum k = (k*, k) e M 2 Z @ Z

C = Dper11C(k) = OppnCy (F) - (4.24)

Notice that the NS and the Ramond sector can be distinguished by their picture number
p, which is integral in the NS sector and half-integral in the Ramond sector. We now
introduce the BRST charge

1 1
Q= call’ +> vGI+ 5 T ) + 5 G 2)g, (4.25)

which is a nilpotent operator that commutes with p, k& and shifts the ghost number by 1.
For each picture number p and momentum k € I''', we have a complex

n— Q. ~miy Q. om Q
L.CF k) =5 Cp (k) = Cp (k) — ... (4.26)

and we define the corresponding cohomology spaces as Hg(k)

HStrictly speaking, it is not clear that one needs to impose the extra restrictions to ker 8o, ker Go in the
R sector, though it is a choice that is sometimes made for convenience. The states at nonzero momentum
are insensitive to this restriction, but computations of the cohomology of states at zero-momentum can
become simpler. In [30] we will study a non-chiral superstring theory based on V%@ V¥ and compute the
physical states without imposing this extra R sector condition.
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Let us recall some results about this cohomology:

Picture changing. For each n, k, there is a ‘picture raising operator’ homomorphism
X Hy(k) — Hpy (k) (4.27)

which is an isomorphism if k& # 0. Therefore, at least at nonzero momentum, one is
led to consider only the cohomology groups in the ‘canonical pictures’ p = —1 (NS
sector) and p = —1/2,—-3/2 (R sector). It is also reasonable to expect that one can
restrict to these canonical pictures at zero momentum without losing any interesting
information, and we do so throughout this text.

Canonical ghost number. For k # 0 and n # 1,
Hy(k)=0. (4.28)

This theorem is proved in section 3 of [40]; an alternative proof is given in [23].
The proof only uses the fact that for k£ # 0 the matter sector is a free module
for the superalgebra generated by the negative modes of the matter superVirasoro
algebra. This is true for any critical internal SVOA Vi1, so the theorem generalizes
immediately to the case we are considering. It fails for £ = 0 because the module is
not free in that case: there are relations corresponding to the fact that G_; /5 and
L_; annihilate the PSL(2, C)-invariant vacuum state of the matter SVA V™.

Bilinear form. There is a non-degenerate bilinear form (-,-)y pairing Hp (k) with
Hzgfp(—k), which is defined in terms of the bilinear forms on the matter and
ghost vertex algebras. In particular, (-,-)p restricts to a non-degenerate form on
@®rH" (k). In the Ramond sector, this bilinear form non-degenerately pairs H' /2(k:)
and H i3 /2(—k). For k # 0, combining this bilinear form with the spectral flow iso-
morphism X : H!, /2(14:) — H!', /Q(k), we get a non-degenerate bilinear form on
OrroH il /Q(k). For k = 0, the homomorphism X might have a non-trivial kernel and
the induced bilinear form on H £1 /2(0) might be degenerate. We will deal with the
k = 0 case separately in the following.

Equivalence with light-cone quantization. For k # 0, the no-ghost theorem ensures
that there is an isomorphism of vector spaces

H' (k) = Vin _# 1 k+#0
71()_ NS— 2+27 #7

where Vil (h) denotes the component of the internal SVOA V™ with Lo-eigenvalue
h and negative fermion number (the latter condition is automatically satisfied, since

h = —'“2—2 + % € % + Z). Similarly, there is an isomorphism of vector spaces
. K21 , k1
1 Y Y 2
HZy (k) = Vit (‘2 + 2) =~ VRt (-2 + 2) ; k*#0,

where V3% (k) and V4™ (h) denote the components of the canonically twisted module
V}%“t of the internal SVOA V with Lg-eigenvalue h and with positive (respectively,
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negative) fermion number. The isomorphism V¥ (k) = Vi (h) is given by the zero
mode G(‘)/ of the N = 1 supercurrent. For null momentum £k, it is convenient to per-

form a case-by-case analysis. For Fbyy, since Vi (%) = Vit (%) = 0, we simply get
HL, (k) =0 for k=0, VM =Fy. (4.29)

For the V/Fs and V /! cases, we refer to [48] and [31], respectively. In superstring
theory, the isomorphisms for k£ # 0 are the statements that the BRST quantization for
non-zero momentum is equivalent to the light-cone quantization. This isomorphism
is actually an isometry, since it preserves the bilinear forms on the cohomology groups
and on the SVOA (and its module).

Cohomology representatives from old covariant quantization. A particularly use-

Zero

ful set of representatives for the cohomology classes in H! (k) is given by states of
the form

cre”?|x, k), (4.30)

where |x, k) is a state of momentum k in the matter SVA V%, = Viit @ Vjvxéw that
satisfies

(Lg" - ;) oK) =0, (4.31)

Ly |x: k) = G'|x, k) =0, Yn,r >0, (4.32)

i.e. it is a superconformal primary of weight 1/2. It is easy to see that states of
the form (4.30) and satisfying (4.31), (4.32) are @-closed and therefore define classes
in H!',(k). Vice versa it can be shown [46] that every class in H' (k) has a rep-
resentative of this form, but possibly more than one (i.e. some of the states (4.30)
might be Q-exact). Similarly, all classes in H!, /2<k) admit (possibly non-unique)
representatives of the form

cre”®?u, k) (4.33)

where |u, k) is a state of momentum £ in the matter Ramond sector V3" = Vf%nt®V§ i
with fermion number —1 and such that

L u, k) = Gt u, k) =0, Vn > 0,r >0, (4.34)

(since (G§')? = L§'— 32, the condition Gf'|u, k) = 0 implies (Lg”‘ - %) |u, k) = 0). The
definition of the space of physical states in terms of states satisfying (4.31), (4.32)
or (4.34) is known as the ‘Old Covariant Quantization’ in superstring theory.

momentum. It is clear from the previous observations that the & = 0 sector needs
to be considered separately, since most of the theorems we mentioned above do not
apply in this case. Fortunately, it is easy to find the cohomology groups by a direct
computation. The analysis is described in appendix B. The outcome is that in the
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(—1)-picture (NS sector) the cohomology is non-zero only at degrees 0,1, 2, with

dim H%,(0) = 1 (4.35)
(1

dim H',(0) = dim V% (2> +2 (4.36)

dim H2,(0) = 1. (4.37)

In fact, all states in C*(0) are Q-closed and there are no Q-exact states, so that
there is an isomorphism of C%(0) = H* ,(0). In particular, H!,(0) is spanned by

¢ﬁ1/2€_¢01|0> ) pwe{+, -} (4.38)
/1
v‘il/ze*¢’c1|0> , a=1,...,N =dim V% <2> , (4.39)

where v®, a = 1,..., N are the fields of weight 1/2 in V", One has N = 24 for Fby,
N =8 for V/Ps and N = 0 for V2. Notice that these states are of the form (4.30).
In the (—1/2)-picture, the cohomology is non-zero only at ghost number 1, with

e
dim H' »(0) = dim V" (2> . (4.40)

The description of Ramond states is a bit more complicated, and we refer to [48]
and [31] for the cases V™ = V/F& and VI = V/8, When V™ = F,,, one has

int

dim V (%) = 0, so there is no cohomology for £ = 0 at picture number —1/2
or —3/2.
To conclude, the space of physical states is given by

Hphys = @kerlvl(HL(k) & H£1/2(k)) : (4.41)

Notice that the dimensions of the cohomology spaces do not depend on the choice of the
N =1 structure on V" in particular when V'™ is Fy,. However, the representatives of
the cohomology classes do depend on this choice and, most importantly, the superalgebra
of physical states that we will define in the next section depends on this choice.

4.3 Lie superalgebra of physical states

Let us now exhibit the structure of Lie superalgebra on the space Hppys of physical states.
The starting point is to define a Lie superalgebra structure on the graded complex C.
Following [41], we define a Lie bracket {, } : C}'(k) x C7" (k') — C’giqul(k + k') by

{u,v} = (=) (b_1u)gv (4.42)
where the parity |u| € Z/2Z of an element u € C}}(k) is defined by [u| = n+2p+1 mod 2.
This Lie bracket satisfies Zo-graded versions of skew-symmetry and Jacobi identity, and is
compatible with the picture changing operator X and BRST charge @, in the sense that

X{u,v} = {Xu,v} = {u, Xv}, (4.43)
Q{u, v} = {Qu,v} + (=) {u, Qu}. (4.44)
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The latter property ensures that {, } induces a well-defined bracket (which, by slight abuse
of notation, we denote by the same symbol) {, } : H (k) x HJ' (k') — Hgi;”_l(k + k') on
the BRST cohomology — the bracket between (J-closed states is still Q-closed, and the
bracket between a (Q-exact and a ()-closed state is Q)-exact.

One then defines a Lie superalgebra g = go & g1, where the even and the odd compo-
nents go and g; are given, respectively, by the Neveu-Schwarz and by the Ramond physical
states:

9o = @ HL, (k) g1 = @ Hll/Q(k)' (4.45)

kerl,l kerl,l

The Lie bracket [u,v] on classes u € Hj (k) and v € H, (k') is defined by

{u,v} € H Y (k + k') ifp=q=-1/2,

[u, v] = ) / . (4.46)
X{u,v} € H,, ,1(k+ k') otherwise.

In other words, when both w and v are odd (in the Ramond sector), then the bracket
[,] coincides with {,} : H£1/2(k) X Hl1/2(k:’) — HY,(k + K'); when one of the elements
(say, u) is even (in the NS sector), then one needs first to map it to its O-picture version
Xu € Hy(k) and then use the bracket {,} : Hj(k) x Hy(K') — Hj(k+ k). In particular,
the picture changing operator X, and therefore the bracket [, |, depends on the choice of
the N/ = 1 supercurrent.

This is made more explicit if we take representatives of H', (k) of the form (4.30), i.e.
u = cre~?|x, k), where |y, k) is a state in the matter vertex algebra VI, = Vit VNXéw
that is a superconformal primary of weight 1/2 (see egs. (4.31), (4.32)). Then

Xu=Xere ?|x, k) = CIGT1/2’X7 k) +v1/2lx. k) (4.47)

so that
bo1Xu=GT X, k). (4.48)

As a consequence, (b_1Xu)g is just the zero mode of the current corresponding to the
weight 1 matter state GT1/2|X, k).

The bilinear form (-,-)y that non-degenerately pairs H (k) with Hzgfp(—k:) deter-
mines a non-degenerate bilinear form (-[-) on go ® @y 91(k), defined by

(u’v)H if u,v € go,
(ulv) = ¢ (@, v)g  with u=Xa if u,v € @yr01(k), (4.49)
0 otherwise .

On g1(0) = Hil /2(0) the bilinear form is in general not defined, because the picture
changing operator X : H£3/2(0) — Hil/Q(O) is not an isomorphism in this case. In [48]
and [31], it was proven that when V™ is V&8 or V1, g0(0) @ Dy0 8(k) is a subalgebra
of g, and in particular it is the derived subalgebra [g,g]. When V" = Fy; one has
91(0) = 0, so this case is simpler. This form is symmetric when restricted to gy and
antisymmetric when restricted to g; (see [48], proposition 5.17 for a proof); bilinear forms

— 24 —



on a superspace satisfying this property are called supersymmetric. The form (-|-) is also
invariant, meaning that ((w,z]ly) = (z|[w,y]) for all z,y,w € g; this properties follows
from analogous properties of the bilinear form on the vertex algebras.

Cartan subalgebra and root multiplicities. Let us specialize to the case where V1"t =
Fyy, and consider the even k = 0 component go(0), which is a finite dimensional Lie
subalgebra of g (again, g1(0) = 0). Acting by b_1X on the two states wf1/26_¢01|0>, we
get the weight 1 states G™, /2¢j_51 /2]0> = ai]O) corresponding to the space-time currents
0X*. The zero modes are P* = agt, whose eigenvalues are the space-time momenta
k™, k~. These operators obey the commutation relations

[PH, u] = kM'u u € g(k), (4.50)

with elements v € g of definite momentum k. An obvious consequence is that the only
generators commuting with both P and P~ are the ones in the zero momentum component
g(0). When the internal SVOA is Fyy, there are 24 further states of the form (4.39)
in H1,(0). The O-picture version of these states correspond to the 24 currents J%, a =
1,...,24, that are superconformal descendants of the weight 1/2 fields A®. As described in
section 2, the zero modes of these currents generate a semi-simple Lie algebra g C so(24)
of dimension 24. Thus, the zero momentum subalgebra go(0) of g is isomorphic to

80(0) =u(1)* @ g, (4.51)

with the abelian component u(1)®? generated by P, P~. A maximal abelian subalgebra
of go(0) is given by
h=uD)*2@®h, (4.52)

where h C g is a Cartan subalgebra for g, with generators oy, ..., ). For V" = [y,
the zero momentum odd component g;(0) is 0, and no other generator with nonzero mo-
mentum can commute with P* € . We conclude that § is actually a maximal abelian
subalgebra for the whole g. Thus, g has rank r + 2, where r is the rank of g. We see that,
while our construction provided a natural I'':!-grading for g in terms of momentum (i.e.,
PH eigenvalues), by taking into account the eigenvalues with respect to the remaining r
generators oy, ..., of the Cartan algebra, we can now introduce a finer grading for the

superalgebra g with values in the lattice
Q=T aQ,2207cQ,Ch". (4.53)

Here, Qg = QyU(p+Qgy) C Py is the union of the root lattice Q4 of the finite dimensional
algebra g and its translate p + Qg (see eq. (2.31)). Thus

A

8= Bjeq, 0(0). (4.54)
where k = (m,n,w) € ZOZ D Qg. In particular, the even and odd components are
graded as
go= P golm,n,w), (4.55)
mneZ
wWEQRy
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and

= P almnuw). (4.56)
m,ne”L
wWEP+Qg

The bilinear form on the cohomology, when restricted to the zero momentum space NS
space, defines an invariant non-degenerate bilinear form (-|-)q on go(0) which extends the
Cartan-Killing form (:|-), on g. This form satisfies

(PT|P7) = -1, (PT|PTY=(P7|P")=0 (4.57)
and both PT and P~ are orthogonal to g. With this choice, one has
k2 = (m,n,w|m,n,w) = —2mn + (wlw)g, (4.58)
for k = (m,n,w) € Q. We denote by
A=AgyUA, :={keQ,]|glk)#0} CcQ,, (4.59)

the set of roots of g, with Ay and A; the subsets of even and odd roots, respectively. The
bilinear form (-|-) restricted to the real spaces

br :=RPT ®RP~ @ (Q) ®R), (4.60)

and by := Qg ® R is real-valued, with signature (r + 1, 1).

Since all (super)ghosts and superconformal generators commute with oy, ..., ), the
equivalence between BRST and light-cone quantization is compatible with this finer grad-
ing. As a consequence, if we denote by

. 1
Virt(n, w) n e §Z, wE Qq, (4.61)
the component of the SVOA Vil = Fy, with Lo-eigenvalue n and o, ..., ) -eigenvalues
w and

ViRt (n, w) nel wep+Qq, (4.62)

the analogous component in the twisted module V™, one has
dim go(m,n, w) = dim Vit (mn, w) = cys_ (nm, w), (4.63)
dim g1 (m, n,w) = dim V¥ (mn,w) = cry (nm,w) = cg_(nm,w). (4.64)

Here, cys— (nm,w) and crs(nm,w) are the Fourier coefficients of the Jacobi forms (2.28)
and (2.29). As discussed in appendix A and section 2.2, general properties of the coefficients
of Jacobi forms imply that the dimension of the root spaces go(m,n,w) and gi(m,n,w)
depend only on the norm —2mn + (w|w)y of the root and on the class [w] of w in the
quotient P, /i(@Q, ). Furthermore, the condition (2.35) implies that

mn >0

dim g(m,n,w) # 0 = 4.65
( ) {—Zmn + (ww)g < M, (4.65)

where M > 0 is a constant depending on the choice of the N' = 1 superalgebra: see (2.36).
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5 The Lie superalgebra g as a Borcherds-Kac-Moody superalgebra

In this section we will prove that the Lie superalgebra g that we constructed in the pre-
vious section is a Borcherds-Kac-Moody (BKM) superalgebra. BKM algebras differ from
the usual Kac-Moody algebras because the simple roots are allowed to have non-positive
norm. They can be defined in terms of Chevalley-Serre generators and relations (see for
example [47]). In our case, it is useful to use an alternative characterization of BKM su-
peralgebras, which was given by Ray [47], and we begin by describing this below before
embarking on the proof.

5.1 Generalities on BKM superalgebras

First, we list some relevant definitions. According to definition 2.3.17 of [47], a root a € A
is said to be of finite type if it acts locally nilpotent on g, i.e. if for all x € g(a) and for all
y € g, there is an integer n (possibly depending on x and y), such that (adz)"y = 0. A
root is said to be of infinite type if it is not of finite type. The bound (4.65) on the norm of
the roots implies that a root of positive norm is necessarily of finite type. Indeed, if o € A
with (a|a) > 0, then for any 8 € A we have

(B+nalB +na) = (B]8) + 2n{alB) + n*(aa) "= +oo. (5.1)

Thus, for sufficiently large n, 8 + na is not a root, so that (adz)"y = 0 for all z € g(«)
and y € g(6).

Theorem 1 ([47], corollary 2.5.11). Let G = Go ® G be a (complex) Lie superalgebra.
Suppose that the following conditions are satisfied:

1. There is a self-centralizing even subalgebra H C G such that G can be decomposed
as a direct sum ®.Go of eigenspaces for H, with each eigenspace G, being finite
dimensional. A non-zero eigenvalue o € H* is called a root of G.

2. There is a non-degenerate, supersymmetric, invariant bilinear form (-|-) on G, with
respect to which Gy and G1 are orthogonal to each other.

3. The algebra H admits a real form Hg such that the restriction of {(-|-) to Hg is real
(so that Hg = Hy ). Furthermore, Hi = Hg contains all roots.

4. There is an element h € Hg (a regular element) that is not orthogonal to any root
and such that for all N > 0 there is only a finite number of roots a such that 0 <
la(h)| < N. A root is called positive if a(h) > 0 and negative if a(h) < 0.

5. For any «, B of infinite type or of zero norm that are both positive or both negative,
one has (o|B) < 0. Moreover, if («|B) = 0 and if x € Gy is such that [v,G_] =0
for all roots v with |y(h)| < |a(h)], then [x,Gg] = 0.

Then, G is a Borcherds-Kac-Moody superalgebra.
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5.2 Proof that g is a BKM superalgebra

Using the characterization of BKM superalgebras presented in the previous subsection, we
can prove that the Lie superalgebra g, constructed in section 4.3, is a BKM superalgebra.
The following lemma will prove to be a useful intermediate step.

Lemma 1. Letn € Q;/ C h be an element of the Cartan subalgebra of g such that a(n) # 0
for all non-zero roots a € Ay of g. Then, there exists a positive integer L such that the
elementh = —LPT —LP~ +n € bg in the real Cartan subalgebra of g satisfies the following
properties:

1. if y=(m,n,w) € Ag is a non-zero root of g, then y(h) # 0;

2. if y = (m,n,w) € Ag with m >0 orn >0, then v(h) > 0;

3. for all N > 0, there are only a finite number of roots v € Ag such that 0 < |y(h)| < N;
4.

if « = (m,n,w) € Ag, with (o) = —2mn + (wjw) = 0, is a non-zero null root of g,
and v = (0,0,w) € Ag is a root with y(PT) = v(P~) =0, then |a(h)| > |y(h)|.

Proof. We take L to be very large, so that, in particular,

(hlh) = —L? + (n|n) < 0. (5.2)

A~

Let us prove the h is not orthogonal to any root, for L large enough. If v = (m,n,w) € A
is a root with (m,n) # (0,0), then by (4.65) one has

w(n)® < (nln)(wlw) < (nn) (M + 2mn) (5-3)

so that
L*(m+n)? —w(n)* > L*(m® +n?) + 2mn(L* — (n|n)) — (nln)M > L* — (n|n)M >0 (5.4)

where we used that mn > 0 by (4.65), that L? — (n|n) = —(h|h) > 0, that m? + n? > 1
for m,n not both null, and that for L large enough L? > (n|n)M. This means that a root
v = (m,n,w) of g with (m,n) # (0,0) is positive y(h) = L(m + n) + w(n) > 0 if and only
if m,n > 0 (notice the m and n cannot have opposite sign, since for a root mn > 0). If
v = (m,n,w) is a root of g with m = n = 0, then w must be a root of g; then, vy(h) > 0 if
and only if w(n) > 0, i.e. if w is a positive root of g. This shows that no root is orthogonal
to h.

Without loss of generality, we can assume that h is a primitive vector in the lattice
ZPt @ ZP~ @ Q" C bg. If we denote by g = 't @ P, C h* the dual lattice, then there
exists u € P such that u(h) = 1. Any root v € Ag C 9 C B can be uniquely decomposed
as tu +y,, where t = y(h) € Z and v, € P ht. By (4.65) (y|y) < M, so that for each
fixed ¢ € Z there is an upper bound B(t) > 0 such that (v, |y, ) < B(¢) for all ut +~, € A.
Since B N h' is a positive definite lattice, for each t € Z there are only finitely many
1 € PN ht satisfying this bound, and therefore finitely many roots with «(h) = ¢. This
proves point 3.
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As for point 4, it is sufficient to prove it for a = (m,n,w) € A a null root with
a(h) > 0. Suppose first that w # 0, so that 2mn = (w|w) # 0. Let v = (0,0,w’) be
another non-zero root of g, where w’ is a root of g. Let us prove that |y(h)| < «(h) for
sufficiently large L. We have

a(h) = L(m +n) +w(n) > L(m +n) =/ (wlw)(n|n) = L(m +n) —/2mn(nln) . (5.5)

Set y = \/% (recall that mn # 0), so that

ath) >n [L(y2 +1) — 2(n|n)y] : (5.6)

As a function of y, the right-hand side has a minimum at y= 22(2 ) Wwith value nL (1— %)’
so that

a(h)2nL<1—(g|£]))2L< —(;]|[7?)>>0. (5.7)

Since there are only finitely many roots of the form v = (0,0, w’), w’ € Ay, one can choose
L sufficiently large so that

1=/l < 2 (1- B2 < agw, (58)
for all roots w’ of g. Now, suppose that « = (m,n,w) # 0 is a positive null root with
w = 0. This implies mn = 0, so that either m = 0 or n = 0, but not both. Thus, for
sufficiently large L, we have

a(h) = L(m+n) = L > |w'(n)| = [y(h)],
for all roots w’ of g.
We are now ready to prove the main theorem:
Theorem 2. g is a BKM superalgebra.

Proof. The subalgebra b constructed in the previous subsection is a self-centralizing even
subalgebra, and all components g(«) in the decomposition ©qen,g() are finite dimen-
sional. As a real form hr, we can take the real algebra generated by P, u € {+,—} and
by the coroots ay,...,); the latter generate a Cartan subalgebra of the compact real
form of the finite dimensional Lie algebra g. The dual space hi contains the root lattice
Q=TIbg Qg, and therefore all roots of g. The non-degenerate bilinear form satisfies
all the required properties: (-|-) is non-degenerate, supersymmetric, invariant, and go is
orthogonal to gi. Its restriction to hg is real with signature (r + 1,1). Eq. (4.65) implies
that the norms of the roots are bounded from above. As a regular element, we can take
an element h € hr as in lemma 1, which clearly satisfies the properties in point 4.

To complete the proof, we just need to establish point 5. As discussed above, a root
of infinite type in g cannot have positive norm. For a lattice of Lorentzian signature,
if a, 8 are both positive or both negative of non-positive norm, then they belong to the
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same connected component of the cone of non-positive norm vectors, so that their product
automatically satisfies («|3) < 0. Furthermore, one has («|8) = 0 if and only if o and S
are both null and are proportional to each other. Let a = (m,n,w) € A be any non-zero
null root of g. By lemma 1, any v = (0,0,w') € A satisfies |y(h)| < |a(h)|. Let us prove
that a non-zero element = € g(c) cannot commute with g(0,0, —w’) for all 0 # w’ € Ay.
If w # 0, then z belongs to a non-trivial representation of the finite Lie algebra g, so it
cannot commute with all generators of g4 and g—. When w = 0, since a = (m,n,0) is
null and non-zero, one has that either m = 0 or n = 0, but not both. For such m,n,
one has that (m,n,w) is a root of § if and only if w is a root of g, and @,eag(m,n,w)
forms a 24-dimensional adjoint representation of g. This means that no non-zero element
z € g(a) C Dpead(m,n, w) can commute with all g(—y) for all v of the form (0,0, w").

5.3 Simple roots and Weyl vector

In this section, we discuss some of the simple roots of the BKM algebras g and the existence
of a Weyl vector. A complete description of all simple roots of g requires a case by case
treatment. In section 6 we perform this analysis for the BKM algebra corresponding to
A%, while we leave the other cases to future work.

Proposition 1. Let aq,...,o, € Ay be the simple roots of g. If g is the sum g = ®}_, gk
of n simple components gi, k = 1,...,n, let O € Ay be the highest root of gi. Then
;= (0,0,04), i = 1,...,r, 5,": = (1,0,—=6k), 6, = (0,1,—0;), k = 1,...,n, are real
simple roots of g. For each k =1,...,n, let I, C {1,...,r} be such that {a;}icr, is the
set of simple roots of g, and set Dy = {&;}ier, U {0} and Dy = {&;}ier, U {3, }-
Then, the subalgebra of g generated by b & GB:E’YED):— g(7) and the subalgebra generated by
ho EBiyeD,: 9(7) are both isomorphic to the affine Kac-Moody algebra gy.

Proof. A root a = (m,n,w) is positive if m,n > 0 and, in the case m = n = 0, if w is
a positive root of g, i.e. w € A;. Therefore, &; := (0,0,¢;), i = 1,...,r are necessarily
simple. The space g(1,0) := @wep,g(1,0,w) is 24 dimensional and transforms in the adjoint
representation of g, so (1,0, w) is in A if and only if w € A,. The only way to obtain a root
of the form (1,0, w) as a sum over positive roots is as (1,0,w) = (1,0, w — w’) 4+ (0,0, w")
where w' € Al and w —w' € Ay. But if w = —6y, then (1,0, -6 — w') is not in A for
any w' € A;, so (1,0, —0%) must be a simple root. An analogous result holds for roots of
the form (0,1, —6). For the last statement, it is sufficient to notice that, if {y1,72,...}
is a set of real simple roots equal to either D) or D, , then the matrix (4;;) = (yi|7y;) is
the Cartan matrix of the affine Kac-Moody algebra g, so the subalgebra generated by the
corresponding root elements must be isomorphic to gg.

We stress that, while the simple real roots &; = (0,0,5), i =1,...,r, (5,;F = (1,0, —0g),
k=1,...,n, span the space h*, this does not necessarily mean that they form a complete
set of real simple roots. For example, in section 6, we will show that in the case g = A$
there are infinitely many real simple roots.
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Let p = > 1_; pr be the Weyl vector of the algebra g = @®}_,gx, with p, the Weyl
vector of the simple component g;. The Weyl vector obeys the usual property

(ploi) = %(Oéﬂoéi) : (5.9)

Furthermore, with the normalization we have chosen for the Killing form, we obtain

1
OklOr) = 55 (plOk) = (prlOk) =1 — 55~ (5.10)
9k 9k
Thus, if we define p = (—1,—1,p) € Qg4, we get
a 1
(plai) = (plai) = lailea) (5.11)
and 1 1
Bl =1~ (ol6w) = 7 = L (E15%) (5.12)
9k

The condition that (p|a) = 3(c|e) for all simple roots « is the defining property of a Weyl
vector for the algebra g. Since the space h* is spanned by the simple real roots a1, ..., &,
62, 0, , we conclude that if the algebra g admits a Weyl vector, then it must be equal to

p=(-1,-1,p) € Qg- (5.13)

To verify that this is actually the Weyl vector of the algebra, one must check that it
satisfies the defining properties with respect to all the real and imaginary simple roots
of g. In section 6.4 we prove that the BKM algebra corresponding to g = A coincides
with an algebra studied by Borcherds [5—-8], who showed that the Weyl vector is indeed
p. We conjecture that the Weyl vector exists, and therefore coincides with p, for all the
other cases as well, but we leave the proof for future work. Based on this conjecture, in
the following we refer to p as the Weyl vector of g. Note that even if p only satisfies the
defining properties with respect to the real simple roots, it may still be used to construct
the denominator formula, as we discuss in section 5.4 below. By (3.5), we obtain

(916) = =2+ (plp) =0, (5.14)
so that the Weyl vector has zero norm. Finally, we notice that —p = (1,1, —p) is an
odd simple root; this follows from the fact that, for V™ = Fb,, one has Hll /Q(k) =
Vjnt <—§ + %) is nonzero only for —%2 + 1 > 3/2. Given that k? = —2mn, this means
that mn > 1. For m = n = 1, one has that Hfl/Q(k:) >~ /ot (%) which is the sum of
irreducible representations of g with lowest weight —p. This implies that (1,1, —p) cannot
be obtained as a sum of positive roots, and therefore it is simple.

If v € A is a root of non-zero norm, it makes sense to consider the reflection r, with
respect to hyperplane perpendicular to «

2(v1B)
vl

ry(B) =B — v, (5.15)
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where 5 € h*. Following [47], we define the Weyl group W of the infinite dimensional BKM
algebra g as the group generated by reflections 7, where the root « is even and real (and
therefore automatically of finite type and non-zero norm). As in the finite dimensional
case, the Weyl group preserves the bilinear form

(w(a)|w(B)) = {alB), weWw, (5.16)

for all a, 8 € b*.

Notice that the real roots of g are always even. Indeed, it is well-known that real
roots in BKM algebras have multiplicity 1 [47]. Formulas (2.26) and (2.29) show that the
multiplicities of all odd roots are a multiple of 2"/2~1, where r > 4 is the rank of the algebra
g. This implies that there are no odd real roots, i.e. all odd roots 7 satisfy (y|y) < 0.

With our knowledge of the roots, we can now study some interesting representation
theoretic, automorphic functions associated with our BKM superalgebras g.

5.4 Denominator and superdenominator

As in the case of finite or Kac-Moody Lie (super)algebras, BKM (super)algebras with Weyl
vectors possess a version of the Weyl-Kac character formula which, when one considers the
character of the trivial module, produces a Weyl-Kac denominator identity. Each side of
the denominator identity contains valuable information about the root spaces, root space
multiplicities, and (real and imaginary) simple roots of the algebra in question, and takes
the form of an equality between two very different formulations of a given modular or
automorphic object. In certain nice examples, like the Monster BKM, knowledge of both
sides of the denominator identity is sufficient to determine the algebra itself. Furthermore,
in the ordinary Kac-Moody case, the Weyl-Kac denominator is itself the character for a
module whose highest weight is the Weyl vector; again, this holds for some particularly
simple low-rank BKMs (see [43] for the proof in the Monster case).!?

Let us now write down the (super-)denominator formula for our BKM algebra. First
we introduce some generalities. Let g = go @ g1 be a BKM superalgebra with even and
odd components gg and g, respectively. Let us denote the roots by a € A and set

mo(a) = dim(ga N go), mi(a) = dim(ge N g1) = mult(a) — mo(a). (5.17)

We further denote the positive even or odd roots by AE{, Af, respectively. Let I be an
index set, indexing the simple roots a;. Any root aw may then be expanded as oo = > ;1 ki
and we define the height of a to be

ht(a) = ki (5.18)
icl
We also define the “even height” as

hto(a) = Z k‘i, (519)

i€I\S

121t is known that this cannot hold for general BKMs since, for instance, there are known examples of
BKMs that do not have a Weyl vector.
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where S C [ indexes only the odd roots. Before we can state the denominator formulas we
introduce the following sums

T=e?Y (~1)Wer, —eP Z 1)hto( (5.20)
o

where p is the Weyl vector. The sums here are taken over all sums p of distinct pairwise
orthogonal imaginary simple roots.

We now have all the ingredients to state the desired formulas. For any super BKM g
we have the denominator formula

7 Ty (1= €)™
I1 AE (01 Teoymil@) Y det(w)w(T), (5.21)
aEAf € ) wew

and, in addition, we have the super-denominator formula

e Tpens (1— €)@

= det(w)w(T"
Macap (- emym Z

(5.22)

For obvious reasons we call the left hand side the product side and the right hand side
the sum side of the denominator formula. The sum side is sometimes referred to as the
denominator function. Thus the denominator formula provides a product representation
of the denominator function.

Let us now discuss the denominator formulas for the super BKM g constructed in
section 5. Recall from section 4.3 that a root a of g is parametrized by (m,n,w) and the
root multiplicities are given by

mo(a) = ens—(mn,w), mi(a) = cpe(mn,w) = cg—(mn,w), (5.23)

where cyg_(mn,w) and cri(mn,w) are the Fourier coefficients of the Jacobi forms
dns—(7,€) and ¢re(7,€) constructed in section 2.2. The Weyl vector of g was found
in section 5 to be

Combining everything, we deduce that the product side of the denominator formula be-
comes
m n, w\cns— (mn,w)
—p _ wyens—(0,w) —pge )
pbge H (1 € ) H H 14 pmq ew)cR+(mnw) ’ (525)
weA} mnEL>0 weQy
(m,n)#(0,0)

Here g denotes the underlying finite-dimensional subalgebra of g and the zero momentum
contribution e™?9 [, (1 —e")Ns -(0w) ¢oincides with the Weyl denominator formula of g.
Similarly, the product side of the super-denominator formula takes the form

1_ m . n, w\cns— (mn,w)
pge T (1 —ev)ens-©w) ] H P4 ew)c ey (5:26)
weAS mnelso weQ, — pmqlev)er- )
(m,n)#(0,0)
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6 The example of g = A}

We conclude this note by illustrating the formal properties of our BKMs g in the simplest
concrete example: when the choice of N' = 1 structure in Fb4 produces currents generating
the Lie algebra g = A$. In particular, we will discuss the root spaces and their multiplicities
and the Weyl group of this BKM.

6.1 Construction

The Fyy theory with A' = 1 structure of type A} has a symmetry SU(2)® x Sg C O(24)
preserving the A" = 1 current. The corresponding finite dimensional Lie algebra g = su(2)®
has dual Coxeter number hY = 2 for all simple components, so that the roots of g have

length hlv = 1. The root, coroot and weight lattices are, respectively, @ = Z%8, Qv =

(27)%8, }3 = (%Z)%. The Weyl vector is p = (%,,%) with norm (p|p) = 2, and the
highest roots are 6 = (0,...,0,1,0...,0) with the 1 at the k-th position, k¥ = 1,...,8.
The even roots (m,n,w) € A of g have w valued in the root lattice Q C P, while the odd
roots have w in p + @ C P,. The root lattice of the BKM algebra g is Q = ' o Qg,
where Qg =Q,U(p+ Q) =Z% U (% + Z) @8. The dual lattice

Q;:{(ajl,...,xg)GZ@S’ZCUiezz}gDS (6.1)

is an even lattice isomorphic to the root lattice Ds.

6.2 Description of real roots

In order to find the multiplicities of the real roots of g, we proceed as follows. If v =
(m,n,w) € Ay is an even root, we know that the multiplicity mg(m,n,w) is the Fourier
coefficient cyg— (mn,w) of the Jacobi form ¢ng_(7,&). As explained in appendix A, this
multiplicity depends only on the class of w in @/ Q; = Zsy and on the norm (7y|y) = —2mn—+
(w|w). In fact, in this case, the norm —2mn + (w|w) is an even or odd integer depending
on whether the class of w is trivial or not in @/ Q;; & Zo. Thus, it is sufficient to choose a
representative w for each class in Zsg, and check for which n one has e¢ys—(n,w) # 0; recall
that this is the number of states of g-weight w in Fb4 with negative fermion number and
Lo — 4 = n. The multiplicities of real roots correspond to cys—(n,w) with 2n < (w|w), so
there are only a finite number of states to check in order to find all real root multiplicities.

For the trivial class in @,/ Q’;, the shortest vector is w = 0, and the lowest n for which
ens—(n,0) #0isn = 0, with cyg—(0,0) = 8. The corresponding vectors of weight n+% = %
in F54 are of the form )\i_l /2]0>, i=1,...,8, where \’ are the 8 free fermions corresponding
to the Cartan subalgebra of g. This means that all non-zero even roots of g with zero norm
have multiplicity ¢ys—(0,0) = 8. Furthermore, all even roots v = (m,n,w) € Ay with
w in the trivial class of Q4/ Q;‘ = Zs (equivalently, (v|y) € 2Z) have norm at most 0; in
particular, there are no real roots with even norm.

For the non-trivial class in @Qy/ Q;‘, a short vector is given by 61, and the first non-zero
Fourier coefficient is cys—(0,61) = 1, corresponding to a state /\6_11/2\O>, where A% is the
free fermion corresponding to the root ¢;. Thus, all roots v = (m,n,w) with w in the
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non-trivial class (equivalently, with (vy|y) € 2Z + 1) have (v|y) < 1. We conclude that
the even real roots of g are exactly the vectors (m,n,w) € Q, with norm 1, and their
multiplicity is cys—(0,61) = 1, as expected.

As for the odd roots, there are again two classes of w in (p + @)/ Q;‘ , with shortest
representatives —p and —p + 61, both of square length (p|p) = (61 — p|61 — p) = 2. For
both these representatives, the smallest n for which cry(n,w) # 0 is n = 1, corresponding
to Ramond ground states of weight n + % = %, and both with multiplicity cgy(1,w) =
22/7 — 1 = 8 (formulas (2.26) and (2.29) imply that all cg+(n,w) are multiple of 27/271),
Thus, the odd roots have maximal norm —2n + (p|p) = —2n + (61 — p|f1 — p) = 0 and in
particular there are no odd real roots. This is consistent with the observation that odd
roots cannot have multiplicity 1. The fact that the coefficients cgy (1, w) are the same for

w in the two classes of
(p+ Qy)/ @

is not a coincidence: the coefficients cry(n,w) are invariant under the Weyl group of
su(2)®8, and some elements in this Weyl group exchange a vector w in one class of

(0 +Q)/Q,

with a vector of the same norm in the other class. As a consequence, cr(n,w) only depend
on the discriminant 2n — (w|w); equivalently, the multiplicity of odd roots v = (m,n,w)
only depends on their norm (y|y) = —2mn + (w|w).

6.3 Weyl group

Let us now consider the Weyl group of the BKM algebra g, which is generated by reflections
with respect to real roots. As discussed above, the even root lattice I''"! ©Z8 is the (unique,
up to isomorphisms) odd unimodular lattice %! of signature (9, 1), and the real roots are
all vectors of norm 1 in this lattice. The Weyl group W of g is the group of automorphisms
of I%! generated by reflections with respect to norm 1 vectors. This reflection group is
studied in [9, 10]. As usual, one splits the set Areal of real roots into the disjoint union
Areal — Aﬂfal L Areal of positive and negative ones, depending on the sign of the product
with a regular element. There is an infinite number of simple real roots (i.e. positive roots
that cannot be written as sum of other positive roots), whose corresponding reflections
generate W. Simple roots are characterized as the vectors of norm 1 that have inner
product 1/2 with the vector p = (—1,—1, p). The set of simple roots can be identified with
the vectors of the affine Fg lattice, in the sense that, for any choice of an arbitrary fixed
simple root xg, the set of vectors x — xy, where x is any simple root, form a copy of the Eg
lattice. The full group W of reflection automorphisms of 19! is strictly larger than W, and
includes reflections with respect to vectors of norm 2. It is also finitely generated, and the
quotient W /W is isomorphic to the affine Weyl group of Eg, Wo// (Eg) = Eg x W(E3).
The group W (Eg) acts on the set of simple roots of W: W (FEg) is the subgroup that
fixes a given simple root (say o), while the Fg factor in W2 (Eg) acts by translations by
Ejg lattice vectors. Since the multiplicities of both the odd and the even roots of g only
depend on their norm, they are actually invariant under the full group of automorphisms
of I'Y, and in particular under W.
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6.4 Root multiplicities and denominator formulas

In order to find the root multiplicities for all roots of the algebra, it is more useful to
adopt a different description of the Foy SVOA with the N' = 1 structure corresponding
to A$. We bosonize the 8 pairs of fermions Nk A0k = 1,...,8, by replacing them
by 8 chiral free scalars Y, ...,Y?® compactified on Z8, by setting i0Y"* =: A\% X\=% : and
A0k = HIY* | The remaining 8 fermions, corresponding to the Cartan subalgebra of A}
are now interpreted as the superpartners of the currents 9Y*. In this description, it is easy

to obtain the NS partition function

O (1.8 b5(7)’

nm® i) (6.2)

¢NS(7—’€) =

where the first factor comes from the free scalars Y and the second from the 8 free fermions,
their superpartners. We are interested in the function ¢g— counting the negative fermion
number states, which is obtained from ¢yg by keeping only the integral powers of ¢. It is
convenient to split the theta function as

Ozs (T, 2) = Opg(T,2) + Ouipg (T, 2) (6.3)

where ©p, contains only integral powers of ¢ and ©,4 p, only the half-integral ones. Here,
Dy is the lattice (6.1), v + Dg is the translate

v+D8:{(xl,...,xg)GZB\ZQUZ-GQZ+1}, (6.4)

i

of Dg by v = (1,0,...,0), and we used Z® = DgU (v + Dg). We perform a similar splitting
of the function f(7) = 925)12, ie.

\/

f(T) = feven(T) + ded(T) > (65)

where feoven and foqq contain only integral and half-integral powers of ¢, respectively. Then,
we have

ONS— (Ta 5) = @Ds (T’ Z)feven(T) + @erDs (Ta Z)fodd(T) . (6'6)

We recognize this form as the theta decomposition of the Jacobi function ¢ns_ (see ap-
pendix A), with

w\c

feven Z CNS— C] fodd(T) = Z CNS*(Du [U])q%

De2z De27+1

(6.7)

Thus, the multiplicities of an even root v = (m,n, >, k;0;) of g is given by exs—(—{(v|7), [0])
or ens—(—{7]7), [v]), depending on whether the norm {y|y) = —2mn + Y, k? is an even or
odd integer. Altogether, the multiplicities of even roots are the Fourier coefficients of the
function

) — - - 03 (7') g2 (1+q" 1/2> _ n(r)®
f( ) = feven( ) + fodd( ) 77(7')1 H 1 _ q 77(27')8?7(7'/2)8 . (6.8)
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The Ramond sector of the theory is given by the product of the module of the Z® SVOA
corresponding to the coset p + Z&, times the Ramond sector for 8 free fermions. The
Ramond partition function, therefore, is

@p s(7, 0o (7)4
;?Tgs o X 7]2((7))4 = (0p+0s(7: ) + O prv+-Ds (T, f))W~ (6.9)

The function ¢py = ¢r— is obtained simply by dividing ¢r by two. The form above is

92(7‘)4

¢’R(7-7 5) =

already a theta decomposition, so that the multiplicities of odd roots v = (m,n, p + >_; ki6;)
are the Fourier coefficients cr—(—{(7]7), [p]) = cr—(—(7|7), [p + v]) of the function

1605(7 4 0 1 n)\8 2 8
2 772((T))8 =81l El . gnss = 8?7;((7-)36 : (6.10)

n=1

This analysis shows that the BKM superalgebra associated to Af is a superalgebra already
considered in [5], and discussed also in [6], in section 2 of [7], and in example 13.7 of [8].
Besides the real simple roots described above, the algebra contains imaginary simple roots
corresponding to negative integer multiples of the Weyl vector —ng, n € N, all of them
with multiplicity 8. The root —np is even or odd depending on n being even or odd. The
additive side of the denominator identity, therefore, in this case reads

> det(w)e ™ T (1 — e @)(=D"8 (6.11)
weW n=1

As discussed in [8], the denominator of the BKM algebra g admits an analytic con-
tinuation to a holomorphic automorphic form for Aut(M), the group of automorphisms
of the lattice M which is the maximal even sublattice of the odd unimodular lattice of
signature (2,10). The lattice M has two orbits of primitive norm zero vectors, which are
associated to two different expansions of the automorphic form into infinite (Borcherds)
products. One of these infinite products is the denominator of the algebra g considered
in this section, while the other is the denominator of the BKM superalgebra constructed
in [48]. In [6], this automorphic form was also interpreted as a non-vanishing function on
the moduli space of Enriques surfaces.

7 Conclusions & future directions

In this note we studied some properties of the ¢ = 12 SVOA (holomorphic SCFT) Fyy of 24
free fermions, as well as its role as the internal, “compactification” SCFT in a chiral super-
string worldsheet theory. The latter system is a super-analogue of Borcherds’ method for
proving the monstrous moonshine conjectures (see also [31, 48]). Using this construction,
we produced a new family of Borcherds-Kac-Moody superalgebras, and their corresponding
denominators, labeled by semisimple Lie algebras of dimension 24 and arbitrary rank.

As with our analogous study concerning the ¢ = 12 Conway module V/* [31], this note
should be viewed as a warm-up for producing complete (i.e. non-chiral) low-dimensional
string compactifications whose internal worldsheet SCFTs are given by products V @ W of

— 37 —



these ¢ = 12 SVOAs, see [30].!13 Such peculiar critical string vacua have proved relevant for
understanding aspects of moonshine, including the genus zero property, when the SVOAs
used are moonshine modules; this was illustrated for the Monster case in [42, 43]. We also
believe these vacua, viewed as machines to produce explicit BKM algebras, can serve as
useful toy systems for exploring and understanding BPS-algebras.

We conclude by highlighting a few outstanding questions raised by our study:

e In section 3, we described how one can obtain Fby4, with a choice of supercurrent, from
orbifolds of V. It would also be interesting to understand what A’ = 1-preserving
orbifolds of V /& yield Fbq with a fixed choice of superconformal structure. The non-
trivial question here is to determine whether one can obtain Fy4 from an orbifold of
V1% by a cyclic group. These orbifolds will be relevant in studying string theoretic
dualities (see [42] for analogous appearances of orbifolds of the Monster and Leech
VOAs in a string compactification).

e In section 5.4 we determined the product sides of the denominator and super-denom-
inator formulas associated with the super BKM g. In the case of g = A% we showed
that g coincides with a BKM superalgebra already studied by Borcherds [5-8], who
was able to determine the additive side of these formulas and explicitly describe the
simple roots of the algebra (see section 6). It would be instructive to explicitly deter-
mine all simple roots, as well as the additive sides of the denominator identities, for
the remaining A/ = 1 structures labeled by g. We leave this question for future work.

e A single automorphic form can have distinct expansions at different cusps in moduli
space; the expansions can each be (super)denominators for different BKM algebras
(as in, e.g., [28]). When embedded into a string theory construction, the BKM
algebras are expected to be associated to different perturbative descriptions of the
model, and related to one another via dualities [29, 42, 43]. As just mentioned
above, in the example of g = Aéf the denominator of the BKM superalgebra arises
from the expansion along the “level 2 cusp” of a holomorphic automorphic form ¥
on I'\SO(2,10)/(SO(2) x SO(10)), where I' = Aut(M) (defined below eq. (6.11)),
a moduli space closely related to that of the Enriques Calabi-Yau threefold. The
same automorphic form ¥ can also be expanded along its “level 1 cusp” in which
case it gives rise to a denominator formula of another BKM-algebra [8]. It would be
fascinating to understand if the A} BKM (or Fy4) played a role in organizing BPS
states in a string compactification on the Enriques CY, in some perturbative duality
frame, and if it could be related to the BKM at the other cusp of ¥ by an explicit
string duality.

e To expand on the previous point, we further note that the same automorphic form ¥
arises as the genus one topological amplitude F} in the “geometric reduction” of the
FHSV model [36], i.e. in type II string theory on the Enriques CY X. In this context
U can be interpreted as a counting rational curves, i.e. Gromov-Witten invariants, on
X. The expression for ¥, expanded along the level-1 cusp, coincides with the form of

13Related examples which are potentially relevant for this investigation are explored in [29, 34].
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the gravitational threshold correction of the FHSV-model obtained in [35]. In view
of these observations, and their connection to BPS states in string theory on X, it
would be interesting to further explore the role of g and Fb4 in this context, and to
connect our BKMs to curve-counts.

e We constructed our BKM algebras from the cohomology of “physical states” in our
chiral construction. In a true string theory, one must take the semirelative cohomol-
ogy; certain variants of this cohomology (e.g., [4]) contain information about anoma-
lies and D-brane states. It would be very interesting to explore these cohomologies
in the corresponding non-chiral string constructions.

e More generally, it would be very interesting to better understand the D-brane states
in the non-chiral string models and their representations under moonshine groups.
See [16] for an exploration of boundary states in a bosonic Monster string theory.

e Though there is not moonshine for Fy4 as there is for its close cousin 1%24 b’ there are
numerous modular coincidences among their McKay-Thompson series. It would be
fascinating to see if/how the full string theory construction detects the genus zero
property for V/%, particularly in contrast with the other ¢ = 12 SVOA compactifica-
tions. The BKMs constructed in this note should play a key role in that study.

e Finally, it would be interesting to study the discrete symmetry groups of our BKM
algebras. Various sporadic symmetry groups have been shown to stabilize extended
superconformal algebras within V7 [11], on the one hand, and certain sub-VOAs of
Vi [3] on the other. It may be interesting to explore generalizations of both of these
constructions for Fyy.
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A Multivariable Jacobi forms

In this section we first recall some known facts about multivariable Jacobi forms, and
then use them to obtain some useful results about the Fourier coefficients of the partition
functions for the Fo4 SVOA. We follow the treatment in [27, 28], and refer to those articles
for proofs and details.
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Consider an even positive definite lattice L with bilinear form (-,-). A Jacobi form of
weight k € Z and index m € N for L is a holomorphic function ¢(7,£) on H x (L ® C)
satisfying

atr+b ¢ ko i mel&d) ab
<c7' +d’ e+ d) (CT + d) o (T7 f) (c d) < SLQ(Z) ’ (A'l)
o(r, &+ AT+ ) = e_mm((’\”\)T”(’\’f))gp(T, £), (A\p)eLxL. (A.2)

The Jacobi form is called weak, holomorphic, or cusp, if in its Fourier expansion

p(r.6) =Y e(n, 0)g"e’™ @0 g =T, (A.3)

neEL
leL*

the sum over n and / is restricted to, respectively, n > 0, or 2mn — (¢,¢) > 0, or 2mn —
(¢,0) > 0. Tt is called weakly holomorphic if A(7)N¢(r,€) is a weak Jacobi form for some
N € N, with A(7) = n(7)**. These definitions can be generalized in the obvious way to
Jacobi forms with respect to subgroups of SLy(Z). Furthermore, one can consider Jacobi
forms of half-integral index, at the cost of introducing some sign in the transformation
properties (A.1) and (A.2).

The condition (A.2) implies that the coefficients ¢(n,¢) only depend on 2mn — (¢, /)
and on the image of ¢ in L*/mL.

According to this definition, ‘ordinary’ single-variable Jacobi forms of weight k and
index m as defined, for example, in [22] are Jacobi forms of the same index and weight for
the 1-dimensional even lattice L = v/2Z. The Jacobi theta functions

oo

1 2
01(7’,2):70 [z:| 7—lq8 (y27 7%) H 1 q (1 q y 1 q Y 1 Zq? 'n,+ 27” n+ )(z+%)

n=1 neEL

(A.4)

O2(r,2) =0 {%} g ( it %> ﬁ YA+q"y)(1+¢"y ') = Zq%("+%)262“("+%)2 (A.5)
n=1 nez
3( =0[9] = ﬁ 1—¢" <1+q %y> (1+q”*%y*1) — Zq%nze%mz (A.6)
n=1 nez
Oa(r, {2} ﬁ ( %y) ( iy 1) ZqZ"Qe%m +3 (A7)
n=1 neZ

are Jacobi forms of weight 1/2 and index 1/2 for a subgroup of index 3 in SLy(Z).

Let us now show that the functions ¢y (7,¢), X € {NS, NS, R, R, NS+, R+}, defined
in section 2.2 are weakly holomorphic Jacobi forms of index m = 1 and weight 0 for the
lattice L = @ (the coroot lattice of the algebra g). Let us first notice that all such functions
are given by a product [,en, 0i(7, (§|)) of theta functions times modular function that
depends on 7 only.

Given the elliptic properties of the theta functions

0[%] (1, 2+ n+mr) = (—1)20nt2me=milm*r2mz)g ray (- -y n,meZ, (AS)
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where a,b € {O, %}, we get, for all A, u € ng (coroot lattice)

IT 6i(r €+ Ar +pule)) = T 6i(r, (€la) + (Aa)T + (p|a))

acAt+ acAt
_ :l:e WZE eEA+ ()‘la) T+2 A‘O‘ alg H 0 £|Oé
acAt
— e mi((ANTH2(N) H 0; (7, (£])) (A.9)
acAt
for i = 2,3, 4, where we used the identity'*
S (a)(alw) = (Mw) YA pue QaR, (A.10)

aEA+

This implies that [[,ca+ 0i(7, (§|c)) has the elliptic properties of a Jacobi form of index
1 for the even lattice Q;/. The general theory of Jacobi forms for lattices tells us that the
Jacobi forms ¢x (7, ) admits a Fourier expansion of the form (2.30), where the coefficients
c¢x (n,w) only depend on

D = D(n,w) =2n — (w|w), (A.11)

and on the class [w] of w in the quotient Py /i( Q;/), possibly up to a sign. We will sometimes
use the notation ¢(D, [w]) to stress this dependence. The sign is easily recovered by noticing
that, by definition, all Fourier coefficients cx (n, w) are non negative, except when X = NS,
where the sign is (—=1)?", with n € 1Z.

When X = NS— or R+, the sum over n in the Fourier expansion is bounded by n > 0.
Therefore, if ¢(D, [w]) # 0 then for all w’ € w + @, we must have 2n = D + (w'|w) > 0.
If m([w]) is the minimal squared length of a vector in the coset w + @, we get the bound

c(D, [w]) #0 = D > —m([w]). (A.12)
This bound can be also written as
c(n,w) #0 = (ww) < 2n+ m([w]), (A.13)

which shows that for each given n there are only a finite number of vectors w € P, for
which ¢(n,w) # 0.

The fact that the coefficients ¢(D, [w]) only depend on the discriminant D and on
[w] € Py/i(Q,) implies that the Jacobi functions admit a theta decomposition

D+(w'|w’) . /
ox(r, &)= > > > ex(Dw)h)g =T ) (A.14)
[w]€Py /i(Qy) D w'ew+Qy

= D xu()Ouioy(r€), (A.15)
[w]ePy /i(QY)

Once again, the relative normalization of the two sides of this identity depends on our choice (2.5) of
Killing form.
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where ')
Ourgy(m& = > q z ™) (A.16)

w'Ew+Qy

is the theta series of the coset w + Q;/, and
hx ) (1) = Y ex (D, [w])g”?, (A.17)
D

is a weakly holomorphic modular form containing all non-trivial information about the
Fourier coefficients cx.

In some cases, the functions ¢x (7, z) are Jacobi forms with respect to a lattice that is
‘finer’ than QV, and this leads to more stringent conditions on their Fourier coefficients. In
particular, the coefficients cyg(n,w) and cg(n,w) are nonzero only for w € @, C P, and
w € p+ @y C Py, respectively. If the lattice Qg generated by p and @), is a proper sublattice
of the weight lattice Py, then ¢ng(T, 2) and ¢pr(T, z) are Jacobi forms with respect to any
lattice Qg that is even and contained in the dual (Q,)*, so that Q;/ D @Y. This means
that cx(n,w) only depends on the discriminant 2n — (w|w) and on the coset of w + QZ,
rather than w + QY. Correspondingly, the theta decomposition (A.15) becomes

(bX (77 5) = Z hX,[w] (T)Gw-i-()g (T7 §) : (A18)
[w]€Qq/QY
@8
For example, when g = (A4;)®®, one has Q, = Z%®, P, = (%Z) and Q) = (2Z)%*,
with p = (%, ce %) € P,. In this case, the lattice Qg = QyU (p+ Q) is given by Z®8 U
o8 ~
(3+2)"". The dual of Q is

Q= {(1‘1,...,(E8) VA sz € QZ} 5 (A.19)

which is an even lattice (isomorphic to the Dg lattice), so that we can set Q;/ = Q; Thus,
ens(n,w) and cg(n,w) depend only on 2n — (w|w) and on the class [w] € Qy/Qy = Zs
(NS sector) or [w] € (p+ Qq)/Qy (R sector). By comparison, one has Q,/Q, = 78, so
that, just for the NS sector, using the most naive constraints one needs to compute the
coefficients for 28 different classes rather than just 2.

B Details about cohomology

In this note, we follow a chiral version of the construction of the relative cohomology of
physical string states. The BRST charge is given by

1 1
+ E §(n—m) $ b mCnCm © + E [2(27"—771) S B rCm Yt — b Ym—r Y 1| Faco
m,n

m,r

(B.2)
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where a = —% in the NS sectors and a = —% in the Ramond sector. Relative cohomology
(which is equivalent to the physically relevant semirelative cohomology for a non-chiral
theory) is given by considering @-closed states in the kernel of by, modulo states of the
form |x) ~ Q|\) with |\) in ker by.

As discussed in the main text, the cohomology classes for zero momentum have to
be treated separately from the nonzero momentum states, but are amenable to a direct
computation using standard techniques and explicit representatives.

The zero momentum states in the —1-picture with Ly = 0 are obtained by acting by
any operator of weight 1/2 on the ground state e~%c1|0). States with integral Lg eigenvalue
are automatically included by the GSO projection. There are the following possibilities:

e Suppose the internal SVOA V has N states v®, a = 1,..., N, of weight 1/2 in the
NS sector. Then, we have N states

Ug1/267¢61‘0>, a=1,...,N,

with ghost number 1.

e There are two states

¢51/2€_¢01’0>7 ne {+a _}

again with ghost number 1.
e One state
v_1/2¢"%c1]0)
with ghost number 2.

e One state
B_1/9e"%c1|0)

with ghost number 0.

Notice that

{Q,cn} = Z %(n —2m) : CpemCm ¢ — Z S Yn—rYr (B.3)

m s

and in particular

{Qa} =Y (1-2m)cimen =Y iy : (B.4)

m>0
With non-zero null momentum %, k*> = 0, the BRST variation of 5_1/26_¢01|k> is pro-
portional to k‘uwﬁl/Qe*d’cl\k), while the BRST variation of wf1/26*¢cl\k) is proportional
to k”7_1/26_¢cl\k>; Ua_1/2€_¢01|k‘> and ’7_1/26_¢01|]€> are always Q-closed (the latter is
obvious, since there are no states with ghost number 3). Therefore, when k& # 0, we
have N + 2 closed states (va_1/2e*¢cl\k), a=1,...,N, y_12¢"%c1|k) and one linear com-
bination of w51/26*¢01\k>), but two of them are Q-exact (y_1/2e ®ci|k) and the lincar
combination of ¥*, /2e*¢cl\k)), so we are left with N classes in H'(k),—_; with repre-

sentatives v, /26*¢01|k). When k£ = 0, all these states are Q-closed, and they therefore
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correspond to distinct cohomology classes. The dimensions of the non-zero cohomology
spaces are therefore

dim H(k = 0)p=q1 =1,
dim H*(k = 0)p——1 = N + 2,
dim H?(k = 0)p——q = 1.

Let us now consider the Ramond sector. Let us assume that the SVOA V has K,
(respectively, K_) Ramond states u*, i = 1,..., K, (respectively, u'~, i = 1,...,K_)
with weight 1/2 and V-fermion number (—1)fV equal to 41 (respectively, —1). The Ra-
mond sector of the VX% ‘space-time’ vertex algebra contains two ground states |k, +) with
momentum k where the sign denotes space-time spin (and the fermion number). Then,
in the (—1/2)-picture, the k = 0 states with total fermion number (—1)ftt = +1 and in
ker by N ker By are:

o e 92¢i|0, 0t 4),i=1,..., K,
° e_(b/QCllO,ui_, —)i=1,...,K_
all of them with ghost number 1. If we drop the requirement that the states are in ker 5y,
then we have states
A e 2100, utt, (—1)" Y, i=1,..., K4 (B.5)
A= Lem9/ 2000, Ut (—1)), i=1,...,K_ (B.6)

for each ghost number n > 1. There are no states with ghost number n < 0.
For ghost number 1, one has

Qe_¢/261’0,uii, +) = VOGgZB_¢/QC1|0, uii, +) . (B.7)

Actually, for all the matter SVOA we are considering, the Ramond ground states are all
contained in ker G, so that all the states are Q-closed and represent K+ + K~ distinct
cohomology classes (since there are no states with ghost number 0, there cannot be exact
states at ghost number 1).

At higher ghost number, we use

Q7] =D %(37" —n): Cpep Yy (B.8)

and in particular
Q0] = X o ey (B.9)

to conclude that
Qi te 2110, u'F, £(—1)""Y) = 42 71Qe™?2¢1)0, u'E, £ (1) 1) = 0. (B.10)

Thus, all cohomology groups of degree n > 1 are isomorphic to each other, with the
isomorphism given by .
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In the —3/2-picture, the k = 0 states with total fermion number (—1)f*t = 41 and in
ker by are:

° ,Bgui_"'l/ze_3¢/201|0, —)i=1,..., K4

o BiuT jpe 2 Pe|0,4), i =1, K-

for all n > 0 (note that they have the opposite space-time spin, because e3%/2 and e~ %/2
have opposite fermion number). These states have ghost number 1 — n.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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