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Abstract. We determine the set which parametrizes the GIT stratification for four
prehomogeneous vector spaces in this paper.

1. Introduction

This is part one of a series of four papers. Let k be a perfect field. In this series of
papers, we determine the GIT (geometric invariant theory) stratification of the following
prehomogeneous vector spaces over k.

(1) G = GL3 x GL3 x GL,, V = Aff® ® Aff® ® Aff2.
(2) G = GLg x GLp, V = A2Aff® @ Aff2.

(3) G = GLs x GL4, V = A2Aff @ Aff*.

(4) G = GLg, V = A3AffS.

If the base field is C then orbits of (1)—(4) have been determined in [7, pp. 385-387],
[6, pp. 456, 457], [12], [2] (see [11, p. 19] also) respectively.

The notion of GIT stratification was established by Ness, Kempf and Kirwan in [5],
[4], [10], [8]. This notion will be reviewed in Section 2. If the base field k is algebraically
closed then the GIT stratification gives us the orbit decomposition. The advantage of the
GIT stratification is that it answers the rationality question of orbits. For the rationality of
the GIT stratification, see [16] (if the group is split, the rationality follows easily from [4]).
For the prehomogeneous vector spaces (1)—(4), we determine all orbits rationally over k.
Moreover, the inductive structure of strata is guaranteed. Some smaller prehomogeneous
vector spaces has been considered in [3] by naive method.

We refer to parts of this series of papers as Part [-Part IV. The GIT stratification is
parametrized by a certain finite set B (see Section 2). This set °B is combinatorially defined
and so it is possible to determine ‘B by computer computations. The purpose of this part is
to carry out the computer computations to determine *5 for (1)—(4).

The stratum corresponding to § € B could be the empty set. So it is important to
determine which strata Sg are non-empty. We carry this out and determine rational orbits
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in Sg for (1), (2) in Part II [17], (3) in Part III [14] (ch (k) # 2 is assumed in [14] to
determine rational orbits in Sg) and (4) in Part IV [15].
The cardinality of the set B for (1)—(4) is given in the following theorem.

THEOREM 1.1. The cardinality of the set *B for the prehomogeneous vector spaces
(1)—(4)is 49, 81, 292, 183 respectively.

We list elements of B for the prehomogeneous vector spaces (1)—(4) in Sections 6, 7,
8, 9 respectively. The numbers of non-empty strata are 16, 13, 61 for the cases (1), (2), (3)
respectively (see [17], [14] (no assumption on ch (k) for this part). Note that in [7], [6],
Vs {0} are counted and so the numbers of orbits are 18, 15, 63 respectively. We expect to
have 21 non-empty strata for the case (4).

The prehomogeneous vector spaces (1)—(4) are rather important prehomogeneous vec-
tor spaces with interesting arithmetic interpretations of rational orbits (see [18], [19]). The
determination of the GIT stratification may have applications to some fields in number
theory such as the zeta function theory.

The organization of this part is as follows. We review the notion of GIT stratification
in Section 2. We explain the outline of the computer program in Section 3. We shall
use multiple arrays in the computer program. We have to be careful not to use too much
memory space and we have to go back and forth between multiple arrays and a single array.
We discuss the combinatorial problem regarding the lexicographical order of combinations
in Section 4.

Roughly speaking, we consider the set of weights of the representations (1)—(4) and
find the closest point to the origin from the convex hull of each finite subset of the set of
weights. Since the Weyl group acts on the set of finite subsets of the set of weights, we first
find a set of representatives. For this part, we do not have to worry about the possibility of
overflow and we can use a computer language such as “C”. After reducing the number of
cases, we make a certain matrix and find the rref (reduced row echelon form) for each case.
For this part, we have to use a computer language such as “MAPLE” with no restriction of
digits. We explain some details of the computer programs in Section 5. We list outputs of
our computer program in Sections 6-9.

The authors would like to thank the referees for helpful comments and suggestions.

2. GIT stratification

In this section we briefly review the notion of GIT stratification. Let k be a perfect
field and k its algebraic closure. If X is a finite set, then #X will denote its cardinality.
The standard symbols Q, R, C, Z and N will denote respectively the fields of rational, real,
complex numbers, the ring of rational integers and the set of non-negative integers. Let G,
be the permutation group of {1, ..., n}.

We denote the space of n x m matrices by M, »,, M, = M,, , and the group of n x n
invertible matrices by GL,,. Obviously, M,, has an algebra structure. Let SL, = {g €
GL,, | det(g) = 1}. We denote the unit matrix of dimension n by I,,. We use the notation
diag(gi, . .., gm) for the block diagonal matrix whose diagonal blocks are gy, . . ., gn.
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We are mainly interested in prehomogeneous vector spaces, but we first consider a
more general situation.

Let G be a connected reductive group, V a finite dimensional representation of G both
defined over k. Since we only consider split reductive groups in this paper, we assume that
G is split. We assume that there is a connected split reductive subgroup G of G, a split
torus Ty C Z(G) (the center of G), such that Top N G is finite and G = TpG as algebraic
groups. We assume that there is a rational character x of Tp such that the action of ¢ € Tp
is given by the scalar multiplication by x (¢).

Let (To N G1) € T C G be a maximal split torus, X, (T), X*(T) be the groups
of one parameter subgroups (abbreviated as 1PS from now on) and the group of rational
characters respectively. We put

t=X(T)®R, tg=X(T)®Q, ' =X"(1 R, tH=X"(T)®Q.

Let W = Ng(T)/T be the Weyl group of G. W acts on t* also.

There is a natural pairing (, )7 : X*(T) X X«(T) — Z defined by OO = % (A (1))
for x € X*(T), » € X.(T). This is a perfect paring ([1, pp. 113-115]).

There exists an inner product ( , ) on t which is invariant under the actions of W
and the Galois group Gal(k/k). We may assume that this inner product is rational, i.e.,
(A,v) € Qforall X, v € tg. Let || || be the norm on t defined by (, ). We choose a Weyl
chamber t C t for the action of W.

For A € t, let B = B(A) be the element of t* such that (8, v) = (A, v) forall v € t.
The map A — B(X) is a bijection and we denote the inverse map by A = A(8). There is a
unique positive rational number a such that aA(8) € X.(T) and is indivisible. We use the
notation Ag for ai(B).

Identifying t with t* we have a W-invariant inner product ( , ). on t*, the norm || ||
determined by (, )« and a Weyl chamber t? .

Let N = dim V. We choose a coordinate system v = (vq, ..., vy) on V by which
T acts diagonally. Let y; € t* and a; be the weight and the coordinate vector which
corresponds to i-th coordinate. Let I' = {y1, ..., yn}. For a subset J C I', we denote
the convex hull of J by ConvJ. Let P(V) be the projective space associated with V and
wy : V\{0} — P(V) the natural map. For J C I" such that 0 ¢ Conv J, let 8 be the closest
point of Conv J to the origin. Then 8 lies in t(’@. Let B be the set of all such 8 which lies in
th.

We define

Yg = Span{a; | (vi, B)« = (B, B)«},  Zp = Span{a; | (yi, B)x = (B, B)x},
Wg = Spanfa; | (vi, B« > (B, B)«}

where Span is the spanned subspace. Clearly Yg = Zg ® Wjp.

If X is a 1PS of G, we define

P(A):{peG

lin%) AD) p)»(t)_1 exists} , M(A) = Zg (L) (the centralizer),
t—

UGy = {p €G ‘ lim 3. p(1) " = 1} .
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The group P()) is a parabolic subgroup of G ([13, p. 148]) with Levi part M (%) and
unipotent radical U (A). We put Pg = P(Ag), Mg = Zg(Ag) and Ug = U (Ag).

Let xg be the indivisible rational character of Mg such that the restriction of x g toT
coincides with bB for some positive integers a, b. We define Gg = {g € Mg | xg(g9) = 1}°
(the identity component). Then Gg acts on Zg. Note that Mg and Gg are defined over k,
and since (xg, Ag) is a positive multiple of || 8||«, Mg = Gglm(Ag). Moreover, if v is any
rational 1PS in Gg, (v, Ag) = 0.

Let P(Zg)™ be the set of semi-stable points of P(Zg) with respect to the action of

G /13 e N G1. Since there is a difference between Zg and IP(Zg), we remove appropriate

scalar directions from G g to consider stability. For the notion of semi-stable points, see [9].
We regard P(Zg)** as a subset of P(V). Put

Zy =7y B(Zp)™), Y5 = (@ w)|z € Z§ w e Wp).

We define Sg = GY 5“ Note that Sg can be the empty set. We denote the set of k-rational
points of Sg, etc., by Sg, etc.
The following theorem is COROLLARY 1.4 [16, p. 264].

THEOREM 2.1. Suppose that k is a perfect field. Then we have

Vi\ (0} = VST T Se«-

BeB
Moreover, Spx = G X py, Ygsk.

We call this stratification the GIT stratification. The importance of the above theo-
rem is the rationality of the inductive structure of Sg. Obviously, we can use computer to
determine ‘B.

3. Outline of the program

In this section we explain the idea of the programming to compute the set ‘5.

We assume that arrays start from the index 1 in this paper. For actual programming,
adjustments have to be made if arrays start from the index O for a computer language.

In order to compute ‘B, we have to consider the set of finite subsets of the set of
weights of V and find the closest point 8 to the origin from the convex hull.

We first explain how to reduce the number of cases. Let G, G1, V be as in Section 2.
Let r = dimt*. We remind the reader that I = {yy, ..., yn} is the set of weights of
coordinates of V. Let A be the set consisting of all subsets of cardinality R of I". If C is a
convex polytope then it is a finite union of simplices. Therefore, we only have to consider
J € Ap which satisfy the following condition.

CONDITION 3.1. (1) R<r.

) If 3 = {yj,,...,vjg} and B is the closest point of ConvJ to the origin, then
Vi, — Vji»---» Vjr — Vji} is linearly independent and B is orthogonal to y;, —
Vits -+ Vig — Vir:

(3) B is an interior point of C.
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We used the capital letter R because this is the constant we shall use in algorithms. It
will be easier this way to distinguish constants and variables in algorithms.

Note that since ConvJ does not contain the origin, we only have to consider the face
of Conv J which contains 8. So we may assume that the dimension of Conv 7J is strictly
less than r. Since an (r — 1)-dimensional simplex is determined by r vectors, the properties
(1), (2) follow. The reason why we may assume (3) is that 8 can be obtained from 7’ € A g/
for R’ < R if B belongs to the boundary of Conv J.

Let B be the set of all J € Ag which satisfies Condition 3.1. Obviously W acts on
Bg. Let Cgr C Bpg be a set of representatives of W\Bg. Let J € Cg and B’ be the closest
point of Conv J to the origin. We choose an element g € W so that 8 = g’ € t}. Let Sg
be the set of such 8.

PROPOSITION 3.2. B =|Jz_, Sk

Proof. Tt is enough to prove that B C (Jx_, Sk. Suppose that B € B is obtained
from J € Bg. Then there exist J € Cg and g € W such that J = ¢J. Let 8’ be the closest
point of Conv J to the origin and 4 € W is an element such that 18’ € .

Since B is the closest point of Conv J to the origin, g8 = B’. So hgB € t*, which

implies that 8’ = hgpB = B. Therefore, 8 € Sg. d
By the above proposition, it is enough to determine Sg for R = 1, ..., r and remove
duplication.

We explain the algorithm more explicitly for the prehomogeneous vector spaces (1)-
(4) in the following. We choose products of SL’s as G in Section 2. For example, G| =
SLs x SL4 for the case (3). Let To C G be the center of G. For example, Ty = {(t116, 212) |
11,y € GL1} for the case (2). Let T C G be the subgroup consisting of elements whose
components are diagonal matrices. We choose T in Section 2 for the cases (1)—(4) as
follows.
Hitizhiz = 01122023

=n1t3=1 '

(2) T ={(diag(t11, ..., te), diag(tz1, t22)) | t11 -+ - t16 = t21t22 = 1}.
(3) T ={(diag(t11,...,t15), diag(t21,...,t4)) | ti1---t15 =t21---t24 = 1},
4) T ={diag(t1,...,18) | t1---13 = 1}.

Then we can describe t* as follows.

) T= {(diag(m, t12, h13), diag(ta1, 122, 123), diag(s31, 132))

3 3
() ¢ = {(a11, a1, a13, a1, an, a3, as1, azn) € R® Z Z =

6
) t* = 1{(a,...,ais ax,an) € R® Zalj=zazj =0
j=1 j=1
5
@) = {(a,...,a15,a2,...,a2) € R’ Z‘”J =
j=1

4
S =0
j=1
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8
@ t'={(a....a5) eR¥| Y a; =0
Jj=1
For the case (3), a = (a1, ..., ais, a21,...,a24) € 78 can be regarded as a character of
. . def . .
T so that for 1 = (diag(t11, ..., t15), diag(ta1, . . ., 124)), 19 = ]_[f:1 i ]_[?:1 1y . Other

cases are similar.

The Weyl groups W for the cases (1)—(4) are 63 x 63 x &7, G¢ X 2, G5 x Gy,
Gg respectively. To define a W-invariant inner product on t is equivalent to define a W-
invariant inner product on t*. For the case (3), we define

5 4
(a,b)s = Z aiibyi + Z azib;
i=1 i=1
fora = (a1, ...,ais,a21,...,a2),b = (b11,...,b15,b21, ..., br4). This inner product
is W-invariant. We define (, ). for other cases similarly. We choose the Weyl chamber for
the cases (1)—(4) as follows.

a1 <ap2=<a3({=12),
(Ot = {(6111, a2, aiz, az1, ax, a3, ai, az) € | ' l .

as) = as
@)t ={(an, ..., a1, a21,a2) € t* | an < --- < aie, a1 < axn}.
Gt ={(an,...,a15,a21,...,a4) €t |11 <--- < ays,a21 < -+ < axa}.
@Dt ={(ar,...,a3) et |a; <--- < ag}.
Let pn.1, ..., Pn.n be the coordinate vectors of Aff*. We put DPn,ij = Pn,i N Pn,j»

Dnijk = Pn,i APn,j APn,k»> qn,ij = Pn,i @Pn,j- We choose a basis of V for the cases (1)—(4)
so that the coordinate vectors are as follows. Let N = dim V. Note that N = 18, 30, 40, 56
for the cases (1)—(4) respectively.

MDar=¢3119P2,1, @2 =¢312Q0P2,1,...,89 =¢333 P21, ..., 18 = 3,33 ®
p2,2.

(2) a1 = p6,12 ® P2,1, @15 = P6,56 D P2,1, @16 = P6,12 @ P2,2, - - -, 30 = P6,56 ®
p2,2.

(3) a1 = ps,12 @ P4,1, @10 = P5,45 @ P4,1, a1l = P5,12 ® P42, ..., B40 = P545 ®
D44

(4) a1 = psg 123, a2 = ps, 124, - - -, A56 = P8,678

Let y; be the weight of a;. Then {y1, ..., yn} for the cases (1)—(4) are as follows.

—(2 1 12 1 11 _1 (=t 12 1 12 11
(1)3/1—(%»231 | 31:{,1 ?1 ?1%1 %)7' 17/18_( 17 :{,7 371 371 %1%7 %7%)'
(2)3/1:(?7§7_§7_§1_§1_§171_7)7 1V3O:(_—7_§,—§,—§,§,§,—§7§)~

(33 -2 _2_23_1_1_1
(3)?’1—(3’3’ 575753 T D 4)

(-2 -2 233 _1 _ 1 _13

y oo ey YAO= 527 3527 3523525 4> 4> 424

—(2. 3 3 _3 _3 —(=3 _3.33 3
(4))/1_(_1 gs gv 8’ ) 8)7 17/56_( gr 8288’ 18)'
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Wefix1 < R <r(r=25,6,7,7 for the cases (1)—(4) respectively). Let Ag be the
set of all subsets Y of I" such that #Y = R. We identify Ar with the set of all sequences
v=(v1,...,vg)suchthatl <v; <--- <vgp <N.

Step 1. We find a set C}, of representatives of W\Ag. For this purpose, we assign the
lexicographical order to any element J € Ag, say L(J). Note that 1 < L(J) < (%) . For
1<i<(N).letJI(i) € Ag be the subset such that L(J(i)) = i.

Let Xr,; be an array of integers such that 1 < i < (%) . At first we assign Xg; =0
for all i. We change the value of Xg | to 1 and then for all w € W, change the value of
XR,L(w(3(1))) to 2. Then we consider the first i > 2 such that Xg; = 0, change the value
of Xg; to 1 and for all w € W, change the value of Xz 1w (3())) to 2. We continue this
process. Then C, = {J(i) | Xg,; = 1} is a set of representatives for W\ Ag.

Step 2. Suppose that J = {y},, ..., ¥jz} € Cr. We would like to find the closest point
B’ of Conv3J to the origin and see if it satisfies Condition 3.1. Such B’ is in the form
,3/ =cy,+--+cCiviz wherecy,...,cg € QandO < cy,...,cp < l,c1+---+crp = 1.

Let M = (my) be the R x R matrix such that my = (yj, — vj;, V)« for k =
2,...,RI=1,....,Randm;; = --- =mg = 1. Weputc = [c1, ..., cgr]. Then 8’ is
orthogonal to yj, — ¥ji, ..., ¥jr — vj; if and only if entries of Mc are 0 except for the first

entry. The condition ¢; + - - - + cg = 1 means that the first entry of Mc is 1. So ¢ has to
satisfy the condition Mc =[1,0, ..., 0].

If{yj, — ¥ji»---»¥jr — vj) is linearly independent then ¢ is unique and so M has to
be non-singular. We put b = [1,0, ..., 0]. We form the augmented matrix M’ = (M b)
and find the reduced row echelon form of M’, say (Mo d) (d = [dy, ..., dg]). Then M is
non-singular if and only if the (R, R)-entry of My is 1. Let Cr be the set of J € C} such
that the (R, R)-entry of My is 1 and dy, ..., dr > 0. Then this Cg can be regarded as Cr
described before Proposition 3.2. If J € Cg then we form 8’ = dyy;, +--- + dryjz. By
sorting entries of A’, we obtain an element 8 € t.

Step 3. We combine all 8 obtained in Step 2 for R = 1, ..., r. We remove duplication and
the zero vector. Then the list obtained is the set B.

4. lexicographical order of combinations

Let G,G1,V, N, I',r be as in Section 2.

To assign a multiple array such as a;j, . j, to the subset J = {y;,,...,yjz} isnota
good idea, because it consumes unnecessary memory space. So we consider the lexico-
graphical order to J and assign a single array. To use this idea, we must have a way to go
back and forth between such combinations and their lexicographical orders. The purpose
of this section is to explain this correspondence explicitly.

Let (,,"1) be the binomial coefficient. We consider integers n > m > 0 except for
m = n + 1, where we define (,,[;) = 0. Note that (1) = (§) = 1.

Let N > R > 1 be integers. Let A(N, R) be the set of sequences ¢ = (cy, ..., CR)
of integers such that 1 < ¢; < ¢p < -+ < cg < N (this is Ay in the previous section).
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For such ¢, let L(N, R, c) > 1 be its lexicographical order. For example, if N = 3, R =
2,¢c1 =2,¢p =3then L(3,2,c) =3.
We would like to express L(N, R, c¢) in terms of ¢ and vice versa.
PROPOSITION 4.1. IfN > R > landc € A(N, R) then
R
_ N —i N —¢;
4.2) L(N,R,c)_21:<<R_i+l)—(R_i+1>>+l
1=
Proof. Notethatc; < N—R+i.SoN —¢; > R—iand N —¢; = R —i if and only
ifo;=N—R+ilfc=N-R+ithen (7% )= (L7, =0.
If R=1then L(N, R, ¢) = c1 and (4.2) is valid in this case.
Suppose that R > 1. We putd; = ¢ —c¢1,...,dr—1 = cg —c1. Thend € A(N —
ci,R—1).Ifci=1then L(N,R,c) = L(N —1,R—1,d). If ¢; > 1 then the number of
¢’ =(c},...,cRk) € A(N, R) such that ¢} < cy is

Ny (N—-ca+1
R R ’
Note that the number of m suchthatc; <m < NisN —c; + 1. So

4.3) L(N,R,c):(%)—<N_IC;+1>~|—L(N—C1,R—1,d).

This formula is valid in the case ¢; = 1 also.
This formula implies by induction that

R—1 .
) LY R o= <11\€z>_<1v ot 1>+Z <<N;c_1i—l) - <NR__Cii+1>>+1.
i=1

This formula is valid for the case R = 1 also.
Note that if 0 < m < N then

()-Z ()

i=0
So
R—1 .
()= (") =X (R ) - ()
R R - R—i R—i
i=0
Since
Ri N—i—1 _XR: N—i
R—i - R—i+1
i= i=1
and
R—1

()R () e ) =S ).

we obtain (4.2). [l
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We consider the opposite direction. Let m > 0 be an integer such that m < (II\QI ) . We
would like to find ¢ € A(N, R) such that L(N, R, ¢c) = m.

Weputm; =m. Fori =2,..., R, we put
i—1
. N —1 N —¢
i _m_g((R—H—l)_(R—H—l)) '
Note that m; does not depend on ¢;, .. ., cR.

PROPOSITION 4.5. If L(N, R,c) = m then c; is characterized by the following
condition:

N—i+1 N —c¢ +1 N—-i+1 N —¢
. — . <m; < . — . .
R—i+1 R—i+1 R—i—+1 R—i+1
Proof. By the consideration of (4.3), ¢ > j if and only if m > (¥) — (V77*").
Therefore, c; is characterize by the following formula:

0)- (5 <n=(2)- (5%

So the statement of the proposition holds fori = 1.
Letdy = ¢ —c1,...,dr—1 = cg —c1. Thend € A(N —c1, R —1). We put
my =L(N —c1, R —1,d). By (4.3),

e (1))

Since c¢1 + di = ¢2, ¢7 is characterized by the following formula:

N —c N-—-c+1 , N —c; N—c
<R—1)_< R—1 )<m25 rR—1)"\r-1)"
By continuing this process, for i = 2,..., R, ¢; is characterized by the following
condition:

N —ci— N—c¢ +1 , N —ci— N —c¢;
(4.6) <R—i+1>_<R—i+1><’"i5<R—i+1>_<R—i+1>

where fori =2,..., R,

wien= ()= (72 ) -2 - ().

and

N—ci+1\ _Sa((N=ea) (N—can+1\)_ (N-c
R 2 \\ -1 R-1 R—i+1
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i—1
(N —c N —cp Ci—1 — ]
_< R )+<R—1)+'”+< z+2> 11< —1+1>
we have
m! = N —q¢ o
i =me= Z(( —l+1> (R—H—l))_m"

This implies that the condition (4.6) is equivalent to the condition in the statement of this

proposition. U
Let
_( N—i N—j
@7 a”/_<R—i+l)_(R—i+l>
fori=1,...,R,j=1i,....,N—R+iand
. _(N—-i+tl\ _ ( N—j
(4.8) bij = <R—i+l> <R—i+l>

fori=1,...,R,j=1i,...,N— R+1i.

Proposition 4.1 implies thatif c € A(N, R) andm = L(N, R, ¢) thenm = ZZ»RZI Qici-
Also Proposition 4.5 implies that if my = m, m; =m — Y )_| aj.¢, (i =2, ..., R) then ¢;
is the smallest integeri < j < N — R +i such that b; ; > m;.

5. Algorithms

In this section, we describe some details of algorithms to find the set °B for the preho-
mogeneous vector spaces (1)—(4). We describe the algorithms so that they do not depend
on particular computer languages here. As we stated in Section 3, we assume that arrays
start from the index 1 even though arrays start from the index O in some computer lan-
guages. The actual computer programs are made public in the second author’s home page
(https://www.math.kyoto-u.ac.jp/"yukie/Strata-pub.zip). The letters we use in algorithms
are different from those used in actual programs, since in actual programs, variables like
i1, 12 are used and it may be confusing to use such names to explain the algorithms.

We use the formulation of Sections 2, 3. For the prehomogeneous vector spaces (1)—
(4),1et Gy, T, To, Ty, t*, t}, W be as in Section 3.

We consider Steps 1-3 of Section 3.

5.1. Step1l

Let B; be the set in Section 3 (see the paragraph above Proposition 3.2). We find a set
of representatives for W\ B; in this step.

It is fairly easy to generate permutations. We assume that elements of G», ..., Gy
have been generated and stored in a file as Pl.;z), el Pigg). For example,

3 _ 4 p® _~ p® _ B _3 p® _y p® _
Py =1,P5 =2P5 =3,...,P =3,P;, =2,P3 =1.

Let N = 18, 30, 40, 56 for the prehomogeneous vector spaces (1)—(4) respectively.
Let aq, ..., ay be the coordinate vectors defined in Section 3 and y1, ..., yny € t* their
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weights. To consider a subset J C {y1, ..., yn} such that #3 = R is the same as to consider
combinations of R numbers from N numbers. If J = {y;,, ..., yip} where i < --- < ip
then we assign the lexicographical order of {iy, ..., ig} to J. As we stated in Introduction,

we use the lexicographical order to keep track of J.

For each R, we carry out algorithms in Steps 1,2. So algorithms in these steps depend
on R. In Step 3, we combine results of Steps 1,2 for all R, remove duplication and obtain
necessary informations for each g € ‘B.

Ifv = (v1, ..., vg) is an array of distinct integers then the algorithm to sort vy, ..., Vg
is well-known and we leave the details to the reader. It returns an array w; < --- < wg
obtained from changing the order of vy,...,vg. Also, it is easy to compute binomial
coefficients (,Z ) by Pascal’s identity and we will not describe the details.

For an array of distinct R integers v = (v1,...,vg) suchthat 1 < vy,...,vg < N,
let CombN(v) be the function which sorts vy, ..., vg so that v; < --- < vg and returns
the lexicographical order of v. For I < m < (% ) , let NComb(m, v) be the function
which makes v the sequence (vq,...,vg) suchthat 1 < vy < --- < vg < N and that
CombN(v) = m. When we use these functions, we assume that the values of N, R are set.
These functions CombN(v), NComb(m, v) can be computed by Propositions 4.1, 4.5 as
follows. The values of a; ; and b; ; in (4.7), (4.8) are heavily used. So the following values
should be computed before other algorithms.

(1) a;jin@&fori=1,...,R, j=i,...,N—R+1i.

(2) bijjin(48)fori=1,...,R, j=i,...,N—R+1i.

ALGORITHM 5.1.

(i) Name: CombN(v)
Require: v = (vy, ..., vg): an array of elements of N.
Description: It returns the lexicographical order of v after sorting as CombN(v).
Local variables: i € N.

1. Sort v sothat vy < --- < vR.
2. Return the value Y% | a; ,, as CombN(v).
(ii) Name: NComb(m, v)

Require: m € N, v = (v, ..., vg): an array of elements of N.
Description: It makes v a sorted array whose lexicographical order is m.
Local variables: i, j € N,I = (I1,...,[r): an array of R elements of N.

1.l <~ mand j « 1.

2.1f by,j < Iy then j < j + 1 and repeat.

3.v1 < J.

4. Fori =2,..., R do the following.
4-a.lj < m— Z;;} ajy and j <.

4-b. If b; j < l; then j < j + 1 and repeat.
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4-c.v; < j.
This finishes the algorithm. o

Note that NComb (i, v) is a “void type” function with no returned value.

Now we consider the prehomogeneous vector spaces (1)—(4). We can make algorithms
so that they are common for the cases (1)—(4) except for definitions of some constants and
some subroutines. So we basically explain algorithms for the case (3). In the following,
(G, V) is the prehomogeneous vector space (3). We consider Step 1 of Section 3.

We first have to describe the action of W = G5 x &4 on {y1, ..., ya0}. The order of
W is 2880. Each element of W induces an element of G49. So to describe the action of W
on {y1, ..., Y40}, it is enough to assign an array of 40 integers.

Elements of W are pairs (¢1, ) of permutations t; € Gs, t € G4. They are arrays of
5,4 integers. Lett1(i) ( = 1,...,5),(j) (j = 1,...,4) be the values of #1, 5. Since the
coordinate system of V involves AZAffS, we have to consider combinations of 2 elements
of {I,...,5}. Soeventhoughwe set N := 40, R := 1, ..., 7 in the main algorithm of Step
1, to describe the action of W on {y1, ..., y40}, we set N := 5, R := 2 to use the functions
CombN(v), NComb(m, v).

We define some constants as follows.

N:=5 R:=2, A:=5, B:=4, C:=40,

2
(52 L1 :=120, Ly :=24, L :=2880, N; :=10.
We consider the lexicographical order of combinations of 2 numbers from {1, ..., 5}.
We order coordinates of V by associating the order 1, ..., 10 (resp. 11,..., 20, etc.,) to

coordinates whose second tensor factor is [1, 0, 0, 0] (resp. [0, 1,0, 0], etc.,). Leti =
1,...,10,j = 1,...,4 and v = (v1, v2) be the i-th combination. Then by (71, 12), the
(N1(j — 1) + i)-th coordinate is mapped to the (N1 (t2(j) — 1) + k)-th coordinate where k
is the lexicographical order of the combination (¢1 (v1), #1(v2)) (after sorted).

ALGORITHM 5.3. Name: makeweyl54(z, 17, 13)

Require: 1] € G4, € Gp, 13 € &¢.
Description: It makes 3 the result of the action of (#1, ) € Won {y1, ..., yc}.
Local variables: i, j, k € N, v = (v, v2), w = (w1, wy): arrays of elements of N.

1.Fori =1,...,Ny, j=1,..., B, do the following.
1-a. NComb(i, v).
1-b. wy < 1 (v1), wy < t1(v2).
l-c. k <~ CombN(w), 13(N1(j — 1) +i) < Ni(t2(j) — 1) + k.
This is the end of the function makeweyl54(z1, 1, 13). S

ALGORITHM 5.4. Description: This algorithm lists the action of all elements of
W =64 xGSpon{yi,...,yc} Since it is not a function, it does not require any variable
as an input. However, constants in (5.2) have to be defined and elements of G4, Gp have
to be read from a file as Pi(js) i=1,....,L1,j=1,...,4), Pl,(j4) (i=1,...,L, ] =
1,...,B).
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Local variables: i, j,k e N, Wy € G¢c (k=1,...,L).

1. Initialize k < 1.
2.Fori=1,...,Liand j =1,..., Ly, do the following.
2-a. makewey154(Pl.(f), P;i), We).
2-b. k < k + 1 (every time 2-a is done for a pair (i, j)).
Note that for fixed i, Pl.(f) €eGa(x=1,...,A). Weregard P;i) € Gp similarly.

3. Record W (k =1, ..., L) in afile.

This finishes the algorithm. 3

After this algorithm, we set N := 40, R := 1, ..., 7. Now we consider the algorithm
to reduce the number of cases.

We have to consider simplices of dimensions O, ..., 6. Since the Weyl group acts

transitively on the set of coordinates, B (see Proposition 3.2) is a single W-orbit. The
weight of the last coordinate is in the Weyl chamber and so S consists of the weight of the
last coordinate.

Let R be the number of vectors which determine an (R — 1)-dimensional simplex. We
consider the cases R =2, ...,7.

ALGORITHM 5.5 (The main algorithm for Step 1). Description: This algorithm de-
termines S7 of Proposition 3.2. Constants A, B, C, L1, Ly, L have to be defined as in
(5.2). Define R := 7,M := (%40) = 18643560. We set the environment so that we
can use the functions CombN, NComb for N := 40, R := 7. The list of W, € &¢
(k=1,...,L =2880) have to be read from a file.

Local variables: (i) i, j, k,l,m € N.
) n =), ..., 11(R)), 2 = (12(1), ..., 12(R)): arrays of elements of N.
(i) X = (X1, ..., Xp): an array of elements of N. (X; is Xg; of Section 3.)
(iv) v = (v;,j): an M x R matrix with entries in N.

1. Initialize X; < Ofori =1,..., M.
2. Initialize m <« 0.
3.Fori =1,...,M,if X; =0, do the following (if X; # 0 then do nothing).
3-aam <« m+1.
3-b.Forj=1,...,R, vy < t1(i).
3-c. X; <« 1.
3-d. NComb(i, t1).
3-e.For j =1,..., L, do the following.
3-e-1.Fork=1,..., R, ta(k) < W;(t1(k)).
3-e-2. 1 = CombN(t,) and if [ > i, X; < 2.
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4. Record v.
This finishes the algorithm. o

Note that in the step 3-e-1, #, is the result of the action of the Weyl group element W;
to t1. Even though the size of vis M x R, v; is recorded only for i from 1 to the final value
of m. It turns out that the final value of m is 7891 in this case.

For R :=6, ...,2, we simply change the value of M to M := (%) and Algorithm 5.5
works.

For the prehomogeneous vector space (2), we can record the action of W in the same
manner as in Algorithms 5.3, 5.4 after changing the constants as follows (but one has to use

P, P in Algorithm 5.4).

N|R|A|B|C | L |L| L |N;
6 2|6|2(30]|720| 2 | 1440 15

The rank of the group is 6 and so for Step 1, we have to consider R = 6, ..., 2 (the
case R = 1 is obvious). To carry out Algorithm 5.5, we have to change the values of N to
30, R:=6,...,2. For R = 6, we have to define M := 2035800 and Algorithm 5.5 works
assuming that the action of W is recorded as W; (j = 1, ..., L). The situation is similar
for other values of R.

For the prehomogeneous vector space (1), we use the following constants to record
the action of W. Since all factors of V' are standard representations, we do not have to use
the functions CombN, NComb for Algorithms 5.3, 5.4.

A|B|C |L|Ly| L
3121816 |2 |72

ALGORITHM 5.6. Name: makeweyl332(tq, 12, 13, t4)

Require: t1,1p € 64,13 € Gp, 14 € &¢.
Description: It makes 4 the result of the action of (¢1, 72, #3) € Won {y1, ..., yc}.
Local variables: i, j, k € N.

I.Fori=1,...,B,j=1,...,A,k=1,..., A,
BOC—1D)+3( —D+k) <900 —1)+3@>() =1 + k).
This is the end of the function. S

It is easy to make an algorithm for the prehomogeneous vector space (1) similar to
Algorithm 5.4 and so we do not provide the details.

The rank of the group is 5 and so for Step 1, we have to consider R = 5,...,2. To
carry out Algorithm 5.5, we have to change the value of N to 18, R := 5,...,2. For
R =5, we have to define M := 8568 and Algorithm 5.5 works assuming that the action of
W isrecordedas W; (j = 1,..., L). The situation is similar for other values of R.

For the prehomogeneous vector space (4), we us the following constants to documents
elements of W.
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N|R|A|C| L
8|31 85640320

Note that we have to set N := 8, R := 3 to use the functions CombN, NComb.
ALGORITHM 5.7. Name: makeweyltri8(z, 1)

Require: 1] € G4, € &¢.
Description: It makes #, the result of the action of t; € W on {y1, ..., yc}.
Local variables: (i) i, j, k € N,

@) v = (v1, v2, v13), w = (w1, wp, w3): arrays of elements of N.

Fori =1, ..., C, do the following.
1. NComb(i, v).
2. wyp < 11 (v1), wa <11 (v2), w3 < t1(v3).
3. j < CombN(w), t2(i) < j.
This is the end of the function. 3

It is easy to make an algorithm for the prehomogeneous vector space (4) similar to
Algorithm 5.4 and so we do not provide the details.

The rank of the group is 7 and so for Step 1, we have to consider R = 7,...,2. To
carry out Algorithm 5.5, we have to change the value of N to 56, R := 7,...,2. For
R = 7, we have to define M := 231917400 and Algorithm 5.5 works assuming that the

action of W is recorded as W; (j =1, ..., L). The situation is similar for other values of
R.
5.2. Step2

We now explain algorithms in Step 2 of Section 3. We now have to be sensitive to
the number of digits of integers. So one has to use a computer language which allows an
arbitrary number of digits.

We assume that yq, ..., yy (the weights of coordinates) are recorded in a file (see
Section 3 for the values of yy, ..., yn). Let D be the number of entries of elements of t*.
Explicitly, D = 8, 8, 9, 8 for the prehomogeneous vector spaces (1)—(4) respectively.

We list some basic easy functions used in Steps 2,3. We do not provide the details of
the algorithms. As we stated in Step 1, we assume that the values of N, R have to be set
before algorithms are carried out.

ALGORITHM 5.8 (Basic easy functions).

(i) Name: sorder(a)

Require: @ = (ay, ..., ap): an array of elements of Q.

Description: It sorts a to an element of ti and returns the result. For example, for
the prehomogeneous vector spaces (1), for a = (a11, a2, a13, a21, a2, a3, asi, az), b =
(b11, b12, b13, ba1, b2z, ba3, b3y, b32) is obtained by sorting (ai1, ai2, a13), (@21, az, a3)
and (asy, azp) so that by; < b1o < b3, bo1 < by < byz and b3; < b3zy. Other cases are
similar. This is a variation of the standard sorting algorithm.
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(i) Name: veq(a, b)
Require: a = (a1, ...,ap),b = (b1, ..., bp): arrays of elements of Q.
Description: It returns the value O if @ = b and 1 otherwise.

(iii) Name: allpositive(x)
Require: x = (xy, ..., xg): an array of elements of Q.
Description: It returns the value 1 if x; > O for all i and O otherwise. o

We denote the zero vector in t* by Z as follows:
D

et
5.9) Z=1(0,...,0) et".

We shall use this vector in Step 3.

We now explain non-trivial functions needed in the main algorithm of Step 2. Let r be
the rank of the group G and we fix R = 2, ..., r. Let Ag be the set defined in Section 3.
We assume that we found a set of representatives C, of W\ Ag in Step 1. Let Q = #C}.
For example, it turns out that Q = 7891 if R = 7 for the prehomogeneous vector space

(3). We assume that C;e is documented in a file. Fori = 1,..., O, let v; € t* be the i-th
element of C,. Note that v; = (v; ;) is an array of R distinct integers from {1, ..., N}
(N =dim V).

For each i, we find a point of of form 8’ = ClYv +* " +CRYv; p Whereci+- - -+cp =
I,c1,...,cr > 0and B is orthogonal to vectors Yvij — Vi (j=2,...,R). Soif we put
myp=1fork=1,...,R, mj; = (Vv,-,j — Yo Yo for j=2,..., R k=1,...,R
and m = (mj ), then cy, ..., cg have to satisfy the condition:

C1l 1
(5.10) ml| |=]":
CR 0

We augment m by the vector [1,0,...,0]. As we discussed in Section 3, we only

have to consider 8’ such that the above matrix (m ;) is non-singular, i.e., the (R, R)-entry
of the reduced row echelon form of this augmented matrix is 1. If so, the last column is
[c1, ..., cr] except that the positivity of ¢y, ..., cg has to be checked later.

ALGORITHM 5.11 (Functions in the main algorithm of Step 2).

In the following functions, R, D have to be defined and y1, ..., yn, v; = (vij) (i =
1,..., Q) from Step 1 have to be read from a file.

(i) Name: mforclosest(m, a)
Require: (i) m: an R x (R + 1) matrix with entries in Q.
(il) a = (a1, ..., agr): an array of elements of N.
Description: It makes m the matrix in (5.10) augmented by the right-hand side if
a is substituted by v;.
Local variables: j, k,l € N.

l.Forj=2,...,Randk=1,...,R,mj; < Zf;l(yaj,[ = Yay.1)Vag.1-
2.Fork=1,...,R+1,m < 1.
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3.F0rj=2,...,R,mj’R+1 <~ 0.

(i) Name: betacoefficient(x, a)
Require: (i) x = (xy, ..., xg): an array of elements of Q.
(i) a = (a1, ..., ar): an array of elements of N.
Description: If a is substituted by v; then it makes x the unique solution to (5.10)
if the matrix (m x)1<,k<r is non-singular and the zero vector otherwise.
Local variables: (i) i € N.
(i) y = (¥j,k)» 2 = (zj,k): R x (R + 1) matrices with entries in Q.

1. mforclosest(y, a).

2. 7 < the reduced row echelon form of y.

3.Ifzp.r = 1 thenfori =1,..., R, x; <z r+1. Otherwise fori =1,..., R, x; < 0.
This is the end of the functions. <o

With these preparations, we can now describe the main algorithm of Step 2. We con-
sider the prehomogeneous vector space (3) and the case R = 7. We use the following
constants

N|R[D| O
40|79 7891

For other cases, these constants have to be changed appropriately.
It will be convenient to use a computer language which has a linear algebra package
with capability of computing the reduced row echelon from (rref) of a matrix.

ALGORITHM 5.12 (The main algorithm of Step 2).

Description: We assume that elements of C, are read from a file as v; = (v; ;) (i =
I,..., Q). Forallv; (i =1,..., Q), this algorithm finds the closest point 8’ of the convex
hull of {yy,, ..., Y} to the origin if the convex hull is an (R — 1)-dimensional simplex
and assigns the zero vector otherwise. We assume that constants N, R, D, Q are defined
as above and the function sorder in Algorithm 5.8 and functions in Algorithm 5.11 are
defined before this algorithm.

Local variables: (i) i, j, k,l,m € N.

(i) a = (a1, ..., agr): an array of elements of N.
(iii) x = (x1, ..., xg): an array of elements of Q.
iv)y=1,.--,¥p),z2 = (21, ..., 2zp): arrays of elements of Q.

(v) BD = (Biflj.)), C = (Cij): Q x (D + 2R) matrices with entries in Q.

1. Initialize m < 0.
2.Fori =1,..., Q, do the following.
2-a.a < v;.

2-b. betacoefficient(x, a).
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2-c. If allpositive(x) = 1 then do the following.
2-c-l.m <~ m+1.
2-c-:2.Forj=1,...,R,Cypsj < Xj, Cu.Dyr+j < aj.
2-¢-3.Forj=1,...,D,Cnj < Y1) Con.DHYCr psrsr,j-

In this step, we find 8/ = Z,le Xk Vv, Where x1 4+ --- + xg = 1 and g’ is orthog-

onal to yy,, — ¥y, fork = 2,..., R if such B’ is unique. If moreover xi,...,xg > 0
then we record entries of 8 as Cpy.15 ..., Ci.p> X1, -+ XR @ Cip.D+1, - - -» Cp.p+r and
Vily---, ViR @ Cp DyR+1s---, Cm,p+2r. The variable m counts the number of vectors

B’ which are recorded. We record the last 2 R-entries of Cy, . so that we know from which
coordinates B8’ is made.

We now move $’ to an element 8 of t% as follows. It turns out that m = 343 at this
point.

3.Fori =1,...,m do the following.
3-a.Forj=1,...,D,y; < C;.
3-b. z < sorder(y).
3c.Forj=1,...D B <z

3-d.Forj=1,....2R, B}, < Cipy;.

4 Record the first m rows of B in a file.
This finishes the algorithm for given R. o

When we consider the prehomogeneous vector space (3), we consider R =7, ..., 2.
If we combine informations for all R, it is convenient to change the step 1 so that the data
for B!V are without interruption. For example, when we consider the case R = 6, we
change the step 1 to m < 343 since the number of 8 for R = 7 is 343. We add the obvious
choice for the case R = 1 in the end. Even though the sizes of the columns are different
for different R’s, we only use the first D-columns from now on and so it will not cause any

problem.

We remove duplication from B! in Step 3.
5.3. Step3

We assume that vectors 8 € ti from Step 2 are read from a file as B 0 = (Bl-(lj)). As
we pointed out above, we only use the first D-columns. Note that [Blsll), R Bl.(’ll))] is the
i-th B € t. We also assume that the weight vectors y1, ..., yy and functions in Step 2 are
read from a file. Note that Z = [0, ..., 0] is the zero vector in t*.

Let Q be the number of 8 (in other words i’s in BWM). In the actual program, we
removed the duplication in Step 2 and moved to Step 3 and so we do not know this value
Q. However, including the process of removing duplication twice probably makes the
reader slightly confusing. So we explain the process of removing the duplication only in
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Step 3. We use the constants N = dim V, D, Q. For example, N = 40, D = 9 for the
prehomogeneous vector space (3).

ALGORITHM 5.13 (The main algorithm of Step 3).
Description: This algorithm removes duplication and the zero vector from the list of
B. Then it finds coordinate vectors contained in the subspaces Zg, Wg. Constants N, D, Q
have to be defined as above. The function veq in Algorithm 5.8 and the zero vector Z (see
(5.9)) have to be defined.
Local variables: (i) i, j, k,I,m, p € N.
i)y = 1,.--,¥p),z2= (21, ...,2zp): arrays of elements of Q.
(iii) B® = (Bl.(zj)): a Q x D matrix with entries in Q.
(iv) E = (E; j): a Q x N matrix with entries in N.
1. Initialize m < 0.
2.Fori =1,..., Q, do the following.
2-a.1 < 1.
2b.Fork=1,...,D, yr < B}
2-c.For j=1,...,i — 1, do the following.
2-c-1.Fork=1,...,D, z; < Bj(.llz.
2-c-2.1 < veq(y, 2)I.
2-d. I < veq(y, Z)I.
2-e.Ifl=1thenm <~ m+1landfork=1,..., D, Br(nZ)k <~ Bi(,lk)‘

The steps 2-a,...,2-e remove the duplication and the zero vector. We now determine
coordinate vectors contained in Zg, Wj.

3.Fori =1,...,m,do the following.
3-a.For j =1,..., N, do the following.

D 2
3a-l k< Y0 B2y,

3a-2.1 < Y0 (B,
3-a-3.If k > [ then E; ; < 2.
3-a-4. If k =lthen E; ; < 1.
3-a-5.If k < lthen E; ; < 0.
4. Record the first m rows of B and E.
This finishes the algorithm. o

It turns out that after the step 2 above, m = 49, 81, 292, 183 for the prehomogeneous
vector spaces (1)—(4) respectively. E is a matrix which determines the subspaces Zg, Wg.
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For B € B, the j-th coordinate vector a; belongs to Zg (resp. Wpg) if and only if
(B, v« = (B, B)x (resp. (B, yj)s > (B, B)s) .

Note that Zg, Wpg are spanned by coordinate vectors contained in them. We substituted 2, 1
to E; j according as a; € Wy, Zg and 0 otherwise in the step 3.

Algorithms 5.12, 5.13 are the same for the prehomogeneous vector spaces (1)—(4).
One just has to include correct informations such as y1, ..., ¥n, N, R, D, etc.

6. Output for the case (1)

In this section we list the output of our programming for the case (1). We made the
program so that the output will be a tex file. Let ti be the Weyl chamber and a1, ..., a3
the coordinate vectors both defined in Section 3. The set ‘B consists of 8;’s in the following

table. Note that g; € t% foralli.

B isuchthata; € Zﬂ isuch thata; € Wﬁ
Bl = 45(-~2.-2,4,0,0,0,-3.3) 7.8.9.10,11,12,13, 14,15 16,17, 18
o = 25 (—4,2,2,-2,-2,4,-3,3) 6.9,12,13,14,16,17 15,18
B3 = o (~2,-2,4,-4,2,2,-3,3) 8,9,11,12, 14,15, 16 17,18
s =1(-2.1,1,0,0,0,0,0) 4,5.6,7.8,9,13,14,15,16,17, 18 -
fs = £(0,0,0,-2,1,1,0,0) 2,3,5.6,8,9,11,12,14,15,17, 18
o= g (-42.2.-4,2.2,-3,3) 5,6,8,9,11,12,13,16 14,15,17,18
7= 45(0,0.0,-2,-2,4,-3,3) 3.6,9.10,11,13,14,16,17 12,15, 18
g = & (—2,-2,4,-2,-2,4,-3,3) 9.12,15,16,17 18
fg = 747 (=6,0,6,-2,-2,4,-3,3) 6,7.8,12,13, 14 9,15,16,17, 18
Blo = Thz (-2 -2.4.-6,0,6,-3,3) 3.6,8,11,14,16 9.12,15,17,18
i1 = 15(=2,0,2,-2,0,2,—1,1) 6.8,12, 14,16 9.15,17,18
Bla=4(-2.1,1,0,0,0,-3,3) 13,14,15,16,17, 18 -
i3 =1£0,0.0,-2,1,1,-3,3) 11,12,14,15,17,18 -
Bia = 45(—14,7,7,-2,-2,4,-3,3) 6.9,13,14,16,17 15,18
Bis = 25(~2.-2,4,-14,7,7,-3,3) 8,9, 11,12, 14,15 1718
Bl6 = 15(~1.-1.2.~1,-1,2.-6,6) 12,1516, 17 18
17 = 35(~10.—1,11,-4,-4.8.-6,6) | 9.15.16,17 18
Blg = 75 (~14.4,10,-8,-8,16.-9.9) | 6,12.16,17 9.15,18
1o = (=1,-1,2,0,0,0,0,0) 7.8,9,16,17, 18 -
a0 = 27 (=7.2,5,-1,-1,2,0,0) 6,7,8,15.16,17 9,18
o1 = 7g(=5.-2.7.-2,1,1,-6,6) 8,9.11,12,13 14,15,16,17, 18
oo = 15(-1,-1,2,-1,-1,2,0,0) 3.6,7.8,12,15.16,17 9.18
ﬂ23:%(—4,—4,8.—]0,—[,]].76,6) 9,12,15,17 18
Poa = 75 (-8.-8,16,-14,4,10,-9,9) | 8,12,15,16 9.17,18
fos = 4(0,0,0,-1,-1,2,0,0) 3,6,9,12.15, 18
a6 = 27 (=1, ~1,2,-7,2,5,0,0) 3,6,8,12.15,17 9,18
P27 = 75 (-2.1,1,-5,-2,7,-6,6) 6.9,11,13,16 12,14,15,17,18
fog = £(=1,0,1,-1,0,1,—1,1) 9.12,14,16 15,17, 18
Bro=L(=2.1,1,-2,1,1,0,0) 5,6,8,9,14,15,17,18 -
30 = £(-2.-2,4,0,0,0,-3,3) 16,17.18 -
31 = 25(—14,4,10,-2,-2,4,-21,21) | 15,16,17 18
B30 = 25 (—14,-14,28,-2,-2,4,-3,3) | 9,16,17 18
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B i such that a; € Z,B i such that a; € Wﬂ
B33 = g (22,8, 14,—4,-4,8,-3,3) 6,16,17 9,15,18
B34 = $(0,0,0,-2,-2,4,-3,3) 12,1518 -
B35 = 75 (=2,-2.4,-14,4,10,-21,21) | 12,1517 18
B36 = 25 (~2.—-2.4.-14,-14,28,-3,3) | 9,12,15 18
B37 = &(74, —4,8,-22.8,14,-3,3) 8,12, 15 9,17,18
B3g = 5(0.0,0.0,0,0,~1.1) 10,11, 12,13, 14,15, 16,17, 18 -
B39 = %(72.0, 2,-2,0,2,—1,1) 9,15,17 18
Bao = 3i()(flo.z. 8,-4,2,2,-3,3) 8,9,14,15,16 17,18
Bal = %(—4,2,2.—10.2.8,—3.3) 6,9,12, 14,17 15,18
Bap = %(71,71.2,71.71,2,73.3) 9,10,11,13, 14 12,1516, 17, 18
Bz=t2-24-21,1,-3 17,18 ;
Bas = t(-2.1.1,-2.-2,4.-3.3) 15,18 -
Bas = £(-2.1.1,-2,1,1,-3.3) 14,15,17,18 -
Bag=S(-1.-1.2,-1,-1,2,0,0) 9,18 -
Ba7 = £(~2.-2.4.-2.1.1.0,0) 8,9,17.18 -
Bag = £(~2,1,1,-2,-2,4,0,0) 6,9,15,18 -
Bao = %(—2, —2,4,-2,-2,4,-3,3) 18 -

7. Output for the case (2)

In this section we list the output of our programming for the case (2). Let t’ be the
Weyl chamber and a, . . ., a3p the coordinate vectors both defined in Section 3. The set ‘B
consists of ;s in the following table.

B i such that a; € Zg i such that a; € Wg
_1 59,12, 14,15, 16, 17, 18, 19, 21,
Br=gg(-l-L-L-1-15-33 | 3555 20,24,27,29,30
_ 1 - N 13,14, 15, 18, 19, 20, 22, 23, 24,
pr=d(-L-L-LL11L-11 252627 28,29,30
1 6,7,8,0,10, 11, 12, 13, 14, 15, 21,
3= 15> L11110.0) 22,23,24,25,26,27,28,29, 30 -
_ 8,9,11,12, 13, 14,19, 20, 21,
By = m(_7‘_],_14_1,5‘5, -3,3) 2.5 15,23,24,26,27, 28, 29, 30
Bs = 35 (—4. —4,-4,2,2,8,-3,3) 14,15, 20, 24,27, 28 29,30
Bo = a5 (—4 —4.-4.2,2.8.-3.3) 5,9,12,13,18,19,22,23,25,26 | 14,15,20,24,27,28,29,30
B7= & (-1.-1.-1,-1,-1,5,0,0) 5,9,12, 14, 15,20, 24,27,29,30 -
1 16,17, 18, 19, 20, 21, 22, 23, 24,
By = $(0,0,0,0,0,0,~1,1) 2 26,2725 29 30 ]
Bg = g (=7.~1.-1,-1,5,5,-6,6) 15,19,20,21,22,25 23,24,26,27,28,29,30
1 9,12, 14, 15, 20, 21, 22, 23, 25,
B1o = 15(-2.0.0,0,0.2,~1.1) oA 24,27,29.30
_ 12,14, 15, 24,25, 26,27, 28,
B = ghp(=10.-4,2.2.2.8.-3.3) 9,10, 11, 13,20, 21,22, 23 2930
Bro = 4 (~5.-5.1,1.1,7.0,0) 5,9,10,11,13,20,24,25,26,28 | 12, 14,15,27,29,30
1. B 10,11, 12, 13, 14,15, 17, 18, 19,
Bi3 = gg(—4 —4.2,2,2,2,-3,3) 20.21.22.25 24 25,26,27, 28,29, 30
Bra= 7 (=3.~1,-1,1,1.3,-1,1) 9,12,13,20,22,23,25,26 14,15, 24,27, 28,29, 30
Bis = 735 (=8, —8,-2,4,4,10,-3,3) | 12,13,20,24,25,26 14,15, 27, 28,29, 30
_ 12,14, 13,20, 24, 26, 27, 28,
Blo = 53 (~7.~7.~1.—1,5.11,-3.3) | 5.9.11,13,19,23,25 2. 30
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B isuchthata; € Zg i such that a; € Wg
B17 = 45 (—4.-2.0,0,2.4, 1. 1) 9,11,13,20,23,25 éé: ;g 15.24.26,27, 28,
Pis = 11112200 Pk s | 1530
1o = 5 (—4, —4, —4,—4,-4,20, ~15,15) 20,24,27,29, 30 -
oo = 95 (—14,—14,—14,-14,4,52,-9,9) 15,20, 24,27,29 30
a1 = iy (~34. —4,—4,14,14,14,-9,9) 13, 14, 15, 22,23, 24, 25,26, 27 28,29, 30
a2 = 75 (—4.-4,-4,2,5,5.-3,3) 13, 14, 19,20, 23, 24,26, 27 15,28, 29, 30
23 = 75 (~8.-8.-8.-2,10,16,-9,9) 15,20,24,27,28 29,30
oa = 15 (~2.-2,-2,1,1,4,0,0) 5,9,12, 13,20, 24,27, 28 14,15,29, 30
Bas5 = Tiz (~16.~16,—16,-10,~10,68.~3.3) | 14.15.20,24,27 29,30
a6 = 45 (~2.-2.0,0,0.4,-3,3) 12,14,15,17,18,19,21,22, 23 20,24, 25, 26,27, 28,29, 30
a7 = To3(~10.-10,2,2,2,14,-51,51) 20,24,25,26,28 27,29, 30
Bag = 245 (—44. 2,2, -2,10,40,-27,27) 15,20,21,22,25 23,24, 26,27,28,29,30
Brg = 75 (~26,4,4,4,4,10,-3,3) 9,12, 14,15,21,22,23,25,26,28 | 24,27,29,30
B30 = 45 (—4—1,-1,2,2,2,-3,3) 13, 14,15, 18, 19,20, 21 gg ég 24,25,26,27, 28,
31 = iy (~16.-16,2,2,2.26,-3.3) 5,9,25,26,28 12, 14, 15, 20,24, 27,29, 30
32 = 35(=10.2,2,2,2,2,-15,15) gé%é 23.24.25.26.27.28, -
B33 = 5 (—34. —10,-10,-10,32,32, ~21,21) | 15,23,24,26,27,28,29 30
B34 = 25 (—4,-2,-2,2,2,4,-3,3) 14,15,20,22,23,25,26 24,27, 28,29, 30
B36 = g5 (—22.2.4.4,6.6,—1,1) 11,12, 13, 14,23,24,25 15,26, 27, 28,29, 30
37 = g5 (~2.-2.-2,-2,4,4,-3.3) 15, 19, 20,23, 24, 26,27, 28,29 30
P38 = g (~34. —28,-28,26,32,32, ~33,33) 15,19,20,22,25 23,24, 26,27,28,29,30
39 = g (~22.-10,-10,8,8,26, ~9,9) 14,15,24,27,28 29,30
Bap = T (~38.-2.4.10,10,16, -3, 3) 12,13,24,25,26 14,15,27, 28,29, 30
a1 = 35(—4 —4.-2,0.4.6,—1.1) 12,13,20, 24,26 14,15,27, 28,29, 30
Baz = a5 (-7.-1.-1,2,2,5.-3.3) 9,12,13,20,21 ;‘8‘:;:%‘23‘24‘25‘26‘27‘
Bua3 = 7 (~14. -8, -2.4.4,16,-3,3) 9,13,20, 25,26 12, 14, 15, 24,27, 28,29, 30
Bas = 5 (~8.-2.-2,-2,4.10,3.3) 9,12, 14,20, 23,26, 28 15,24,27,29,30
Bas = Th5(~6.-2.-2,0,4,6,-3.3) 9,12,13,19,22,25 g: ;(5) 20.23,24,26,27, 28,
Bag = 15(~2.-2.0,0,2.2, -1, 1) 11,12, 13, 14, 19,20, 23,24, 25 15,26, 27, 28,29, 30
Bag = Lz( —4,-1,-1,—1,-1,8,-6.6) 24,27,29,30 -
Bag = 55 (—4.—4.-4,2,2,8,~15,15) 20,24,27,28 29,30
Bag = 55(—10,-4,-4,-4,2,20,-3,3) 15,24,27,29 30
P50 = 45 (~7.~7.-7.5.5.11,-3,3) 13,20, 24,27 14,15, 28,29, 30
Bsi = 75(~16,2,2,2,5,5,-3,3) 15,21,22,25 23,24,26,27,28,29,30
Bsa = £(=2.0,0,0,1.1,-3,3) 23,24,26,27, 28,29 30
Bs3 = 45 (—14,-2,-2,4,7,7,-3,3) 13, 14,23, 24,26, 27 15,28, 29, 30
Bsa = 15 (~1.—1,—1,-1,2.2,-6.6) 19,20, 23, 24,26, 27,28, 29 30
Bss = 35(—10,-4,—4,~1,8,11,-6,6) 15,24,27,28 29,30
Bs6 = 24 (=5.=5.1,1,1.7,-3,3) 12, 14, 15, 20, 24, 25,26, 28 27,29, 30
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B i suchthata; € Zﬂ i such that a; € W}g
Bs7 = ﬁ(—s, —2,1,1,4,4,-3,3) 15,23,24,25 26,27,28,29,30
Bsg = %(—14, —8,-8,4,10,16,-9,9) 14,20, 23,26 15,24,27,28, 29,30
,‘359:%(71,71.040.042.040) 12,14, 15,27, 29, 30
/j60:%(71,71.71.1,1.1,0.0) 13,14,15,28,29,30 -
Be1 =%(—7,—1.—1,2,2,5,0,0) 9,12,13,24,27,28 14,15, 29, 30
ﬁ62:5(74,71.—1.—1,71,8.0,0) 9,12, 14,15,24,27, 29, 30 -
Be3 = 310(—10,—10.—1,5,5,11,—3.3) 14,15,27,28 29,30
Bea = 7—18(714, —8,-8,4,4,22,-3,3) 9,12,20,28 14,15,24,27,29, 30
Bes = %(—5, -2,-2,1,1,7,-6,6) 14,15,18,19,21 20,22, 23,24,25,26,27,28,29, 30
,‘366:é(—],—].QO.LI,—I,]) 15,19, 20,23, 24,25 26,27,28,29,30

o 10,11, 12, 13, 14, 15, 25,
Fo1=5(-2-2111,1.00 26,27,28,29,30 -

Bos = 5(~2.-2.0,0,0,4,-3,3) 27,29,30 -

Boo = £(~2,-2,-2,2,2,2,-3,3) 28,29, 30

70 = 75 (~14,-2,-2,4,4,10,-21,21) | 24,27,28 29,30

B71 = 4y (—14,-14,-2,-2,4,28 -3,3) | 15,27,29 30

P72 = 75 (—14,-14,-14,10,16,16,-3,3) | 15,28,29 30

73 = s (—22,-4,-4,8,8,14,-3,3) 13,24,27 14,15,28,29, 30
Bra = £(=2.-2.0,0,2,2.~1,1) 15,26,27,28,29 30

B75 = 35(—10,-4,2,2,2,8,-3,3) 12, 14,15,24,25,26,28 27,29,30

B76 = 35 (~1.—1.—1,-1,2,2,-3,3) 15,16,17, 18,21,22,25 19,20, 23, 24,26,27,28,29,30
B77 = £(-2,-2,-2,1,1,4,-3,3) 29,30 -

Brg = £(=2,-2,1,1,1,1,-3,3) 25,26,27,28,29,30 -

Br9 = S(=1,-1,-1,-1,2,2,0,0) 15,30

Bso = £(~2,-2,-2,1,1,4,0,0) 14,15,29,30 -

Byl = £(-2,-2,-2,-2,4,4,-3,3) 30 -

8. Output for the case (3)

In this section we list the output of our programming for the case (3). Let t% be the
Weyl chamber and a, . . ., a49 the coordinate vectors both defined in Section 3. The set B
consists of 8;’s in the following table.

B i such that a; € Zﬁ
isuchthat a; € Wﬁ
5 = 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
1= 26,27,28,29, 30,31, 32, 33,34, 35, 36, 37, 38, 39, 40
15(0.0,0,0,0,-3,1,1,1) -
By = 4,7,9.10, 14,17, 19,20, 24,27, 29, 30, 31,32, 33, 35, 36, 38
a5 (—4 —4,—4,-4,16,-5,-5,-5,15) 34,37,39,40
B3 = 8,9,10, 12,13, 14, 15, 16, 17,22, 23, 24, 25,26, 27, 32, 33, 34,35, 36, 37
75 (=12,-12,8,8,8,-15,5,5,5) 18, 19,20, 28, 29, 30, 38, 39, 40
By = 7,9, 10,17, 19,20, 27,29, 30, 34, 35, 36, 38
2(-4.0,0,04,-1,-1,-1,3) 37,39, 40
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B i such that a; € Zﬁ
i such that a; € Wﬂ
Bs = 4,7,9,10, 14,17, 19,20, 21, 22, 23, 25, 26, 28, 31, 32, 33, 35, 36, 38

1
130 (-2,-2,-2,-2,8,-5,-5,5,5)

24,27, 29, 30,34,37, 39,40

=
=)
Il

1%(—2,0.0,0.2,—1,—1‘ 1.1

7.9,10,17, 19, 20, 24,25, 26, 28, 34, 35, 36, 38

27,29, 30,37,39,40

B =
ﬁ(—4,0.o,0.4,—3, L1, 1)

7,9,10, 14,15, 16, 18,24, 25, 26, 28, 34, 35, 36, 38

17,19, 20,27, 29, 30, 37, 39, 40

By =
7 (~4,0,0,0,4,-3,-3,1,5)

7,9,10,17,19,20, 24,25, 26,28, 31, 32,33

27,29, 30, 34, 35,36, 37, 38, 39,40

By =
535 (—16.4,4,4,4,-5,-5,-5,15)

5,6,7,8,9,10,15,16, 17, 18, 19, 20, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34

35,36, 37, 38,39,40

Bro =

11
Sy (—12,-12,8.8.8, -5, 5, -5, 15)

8,9, 10,18, 19, 20, 28, 29, 30, 32, 33, 34, 35, 36, 37

38, 39,40

3
0 (=6,—-6,4,4,4,-5,-5,5,5)

Byl = 8,9, 10, 18, 19,20, 22,23, 24,25, 26,27, 31
955 (—12.~12,8,8,8,~15,-15,5,25) 28,29, 30, 32,33, 34,35, 36, 37, 38, 39, 40

B2 = 10,20, 23,24, 26,27,28,29, 31,32, 35

o5 (—8 =8, —8,12,12, 15, ~15,5,25) 30,33, 34, 36,37, 38,39, 40

B13 = 10,20, 30, 33, 34,36, 37, 38,39

%(7& —8,-8,12,12, -5, -5, —5, 15) 40

B4 = 8,9, 10, 18, 19,20, 22,23, 24,25, 26, 27, 32,33, 34, 35, 36, 37

28,29, 30, 38, 39,40

Bi5 =
|
56(—2,—2,-2,3,3,-5,0,0,5)

10,13, 14,16,17,18, 19,23, 24,26, 27, 28, 29, 31, 32, 35

20, 30, 33, 34, 36, 37, 38, 39,40

Ble =
1
35(=2,-2,-2,3,3,0,0,0,0)

3,4,6,7,8,9,13,14,16,17, 18, 19, 23, 24, 26,
27,28, 29,33, 34,36,37, 38,39

10, 20, 30, 40

P17=
255 (=4, —4,-4,6,6,-5,-5,5.5)

10,20, 23, 24, 26,27, 28,29, 33, 34, 36, 37, 38,39

30,40

Big =
T (—24, =4, -4,16,16, =5, =5, =5, 15)

6.7,8,9,16,17,18,19, 26,27, 28,29, 33, 34,35

10, 20, 30. 36, 37, 38,39, 40

5 (—4.—4.1,1,6,-5,0,0,5)

B9 = 4,7,8,14,17,18,24,27,28,32,33, 35,36
ﬁ (—16,—16,4,4,24, -5, -5, -5, 15) 9.10, 19, 20, 29, 30, 34, 37, 38, 39, 40

B = 9.10,14,17,18,22,23,25,26,32, 33, 35, 36
% (—16,—16,4,4,24, -25, -5,15.15) 19,20, 24,27, 28,29, 30, 34,37, 38,39, 40
B = 9,10, 14,17, 18,24,27,28, 32, 33, 35, 36

19,20, 29, 30, 34,37, 38, 39, 40

7355 (~24, —4,-4,16,16, —15, ~15,5,25)

B = 9,10, 19,20, 24, 27,28, 32, 33, 35, 36
13

7935 (—16,-16,4,4,24, -15, ~15,5,25) 29,30, 34,37, 38, 39, 40

B3 = 10, 20, 26, 27, 28, 29, 33, 34, 35
17

30, 36, 37, 38, 39,40

Boa =

235 (=16,-16,4,4,24, -5, -5, 5, 15)

9,10, 19, 20, 29, 30, 34, 37, 38

39,40
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i such thata; € Z/L;

i such that a; € Wg

=

25 =

7
W(—%&, —4,—-4,16, 16, =25, =25, 15, 35)

10,20, 23,24, 25,31,32

26,27, 28,29,30,33, 34,35, 36, 37, 38, 39, 40

Bae =
’R%Z‘G (=16, —16,4, 4,24, -25, -5, -5, 35)

9,10, 14,17, 18,24,27,28,31

19,20, 29, 30, 32, 33, 34, 35, 36, 37, 38, 39, 40

By = 78,17, 18,27, 28, 34,35, 36
Thb5 (=32, -12,8,8,28, -5, -5, -5, 15) 9,10, 19,20, 29, 30, 37, 38, 39, 40

fog = 10,20, 24, 26, 28,33, 35

o (—28. -8, =8, 12,32, 25, ~25,15,35) 27,29, 30, 34, 36,37, 38, 39, 40

Brg = 10, 14, 16, 18, 23,25, 33,35

75 (=7, ~2,-2.3,8,-10,0,5.5) 17, 19,20, 24, 26,27, 28,29, 30, 34, 36, 37, 38, 39, 40
B30 = 10, 14, 16, 18, 24,26, 28, 33,35

17,19, 20,27, 29, 30, 34, 36, 37, 38, 39, 40

B3 = 7,8,17, 18,24, 25,26, 34, 35,36

6% (—=16,-6,4,4,14,-5,-5,5,5) 9,10, 19, 20, 27, 28, 29, 30, 37, 38, 39, 40
B3y = 9,10, 19, 20, 27, 28, 34, 35, 36

oo (—32.—12.8,8,28, ~15, 15,5.25) 29,30, 37, 38,39, 40

B33 = 9,10, 17, 18,24, 25,26, 32,33

1
m(—]& —6,4,4,14,—15,-5,5,15)

19, 20,27, 28, 29, 30, 34, 35, 36, 37, 38, 39, 40

B3g = 7,9,17, 19,24, 26,28, 33,35

—10360 (—28,-8,-8,12,32, 15, -15,5,25) 10, 20,27, 29, 30, 34, 36, 37, 38, 39, 40

b 5,6,7,8,9,10,15,16, 17, 18, 19, 20, 25, 26, 27,
35 =

1
m(fét, 1,1,1,1,0,0,0,0)

28,29, 30. 35,36, 37, 38, 39,40

B36 =
|
25 (—6,—1,—1,4,4,-5,0,0,5)

10,16, 17, 18,19, 26,27, 28,29, 33,34, 35

20, 30, 36, 37, 38, 39, 40

B37 = 6.7.8.9,16,17, 18, 19,23,24, 25,33, 34,35
5 (-12,-2,-2,8,8,-5,-5,5,5) 10,20, 26, 27,28, 29, 30, 36, 37, 38,39, 40

fag = 9,10, 14, 17, 18, 24,27, 28, 34, 37, 38

*150(*161 —16,4,4,24,-15,5,5,5) 19,20, 29, 30, 39, 40

B39 = 9,10, 17, 18,24, 25,26, 34, 35,36

5 (=32, -12,8,8,28, ~25, 5, 15, 15) 19,20, 27, 28,29, 30, 37,38, 39, 40

Bao = 7.9, 14,16, 18,24, 26,28, 33,35

T35 (=7, ~2.-2.3,8,5,0,0.5) 10, 17, 19,20, 27,29, 30, 34, 36, 37, 38, 39, 40

Bar = 7.8, 14,15, 16,24, 25,26, 34,35, 36

7o (—32,~12,8,8,28, -15,5,5,5) 9,10, 17, 18, 19,20, 27, 28, 29, 30, 37, 38, 39, 40

P 10, 13, 14, 16, 17, 18, 19, 23, 24, 26, 27, 28, 29, 33, 34,
4p =

735(~8.—8,8,12,12,~15.5.5.5)

36,37, 38,39

20, 30, 40

=

43 =

;
o5 (—24, =4, 4,16, 16,-25, 5, 15, 15)

10,16, 17,18, 19,23, 24,25, 33, 34, 35

20,26, 27,28, 29, 30, 36, 37, 38, 39, 40

Bag =

1
3380 (=32,-12,8,8,28, —35, —15,5,45)

9,10,17,18,24,25,26,31

19,20,27,28, 29,30, 32,33, 34,35, 36, 37, 38, 39, 40
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i such that a; € Zﬁ

i such that a; € Wﬂ

Bas =

1
T(—IZ, —2,-2.8,8,—15,-5,5.15)

10, 16,17, 18,19, 23,24, 25,31, 32

20,26, 27, 28,29,30,33, 34,35, 36,37, 38, 39,40

Bas =

7
m(—lét, —4,—4.6,16,—15,-5,5,15)

10,17, 19, 24, 26, 28,33, 35

20,27,29, 30, 34, 36, 37, 38, 39,40

Ba7 = 7.8, 17,18, 24,25, 26, 32,33
—31‘80 (=32,-12,8,8,28, - 15, ~15,5,25) 9, 10, 19, 20, 27, 28, 29, 30, 34, 35, 36, 37, 38, 39, 40
Bag = 7.8, 17, 18,24,26,33,35

1
m(—& —4,0,4,8,-3,-3,1,5)

9.10, 19,20, 27,28, 29, 30, 34, 36, 37, 38, 39,40

Bag =
|
o5 (—8.—4,0,4,8,-9,-1,3,7)

10,17, 18, 24, 26, 33, 35

19,20, 27,28, 29, 30, 34, 36, 37, 38, 39, 40

Bs0 =
1
a5 (—4,-2,0,2,4,-3,-1,1,3)

9,17,18,24,26,33,35

10, 19, 20, 27, 28, 29, 30, 34, 36, 37, 38, 39, 40

s =
295 (-8,2,2,2,2, 255,15, 15,25)

15,16, 17,18, 19, 20, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34

35,36, 37, 38,39,40

21,22,23,24,25,26,27,28,29, 30, 31, 32, 33, 34, 35,

Bsy = 36,37, 38,39,40

1

$(0.0,0,0,0,—1,—1,1,1) B

Bs53 = 7,9,10, 17, 19,20,27, 29, 30, 35, 36, 38

1
m(—ét& 7,7,7,27,-5,-5,-5,15)

37,39, 40

Bsa = 7,9, 10, 17,19, 20,27, 29, 30, 37, 39, 40
45 (=6,-1,-1,-1,9,0,0,0,0) B

Bss = 17,19, 20, 27, 29, 30, 34, 35, 36, 38
$(=1,0,0,0,1,-1,0,0,1) 37,39,40

Bse = 10, 20, 30, 34, 37,39

1
m(—]ék —14,-14,6,36, =5, =5, =5, 15)

40

B57 =
ﬁ (—44, —44, —44, 36,96, 75,5, 5, 65)

10, 14,17, 19, 24,27, 29, 33, 36, 38

20, 30, 34,37,39,40

Bsg =
T3 (48, =3,17,17,17, -5, -5, -5, 15)

8.9,10, 18,19, 20, 28, 29, 30, 35, 36, 37

38,39,40

Bsg =
(4. —4,-4,0,12,-3,-3,-3,9)

4,7,9,14,17, 19,24, 27,29, 33, 36, 38

10, 20, 30, 34,37, 39,40

Beo =
%(71,0.0,0. 1,-2,0,1,1)

17,19, 20,24, 25, 26, 28, 34, 35, 36, 38

27,29, 30,37,39.40

=

61 =

£(-3,-3,2,2,2,0,0,0,0)

8,9, 10, 18,19, 20, 28, 29, 30, 38, 39, 40

Be2 =
1
5qg (—56.4.4.4,44, -35,5,5,25)

7,9,10,15,16, 18, 25,26, 28, 34

17,19, 20,27, 29, 30, 35, 36, 37, 38, 39, 40

Pe3 =
735 (=6, 6. —6.9,9, —60. 5,20, 35)

20,23, 24,26,27,28,29,31,32,35

30, 33, 34, 36, 37, 38, 39, 40

foa =
295 (—8. —8, =8, —8,32, —55,5,5,45)

14,17, 19,20, 24,27, 29, 30, 31, 32, 33, 35, 36, 38

34,37, 39,40
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i such that a; € Zﬁ

i such that a; € Wﬁ

Bes =
i (=31, —6, —6, —6, 49, —20, —20, 5, 35)

7,9,10,17,19, 20, 24, 35, 36, 38

27,29, 30,34,37,39,40

Be6 =
2 (=34,6.6,6,16, —15, —15, =5, 35)

7,9,10,17, 19,20, 25, 26, 28, 31, 32,33

27,29, 30, 34, 35, 36, 37, 38, 39,40

Be7 =
(=26, -26, ~26, — 16,94, —35, —35, —25,95)

10,20, 24,27, 29, 31, 32,35

30, 33, 34, 36, 37, 38, 39, 40

Bes =
1
50 (—4 —4 —4,6,6,—5,—5,-5,15)

10, 20, 30, 31, 32, 35

33,34, 36,37, 38, 39,40

Be9 =

ﬁ (=26, —26, —26, 39, 39, —35, —10, — 10, 55)

20, 30, 33, 34, 36, 37, 38, 39

40

B70 =
1
o5 (—6,—6,4,4,4,-35,5,15,15)

18,19, 20,22, 23, 24, 25, 26,27, 32, 33, 34, 35, 36, 37

28,29, 30, 38,39,40

P71 = 20,23, 24,26,27,28, 29,33, 34,36, 37, 38, 39
ﬁ(—16,—16,—16.24, 24,-35,-15,25,25) 30,40

B = 6,7,8,9,16,17,18,19, 26,27, 28,29, 33, 34
ﬁ (=36, —16, —16, 34,34, -5, =5, =5, 15) 10, 20, 30, 36, 37, 38,39, 40

P73 = 14,17, 18,24,27,28, 32, 33, 35, 36

1
260 (=4 —4,1,1,6,-65,20,20,25)

19,20, 29, 30, 34, 37, 38, 39, 40

B4 =

1
o0 (18,3, -3,12,12, 30, -5, 10,25)

20,26, 27,28,29,33,34,35

30, 36, 37, 38, 39,40

B75 =
1
55 (—4 —4.1,1,6,=15,0,5,10)

@

19,20, 24,27, 28, 32,33,35,36

29,30, 34,37, 38, 39, 4

S

P16 =
ug (44, —44, ~14,51,51, ~40, —40, 25, 55)

10, 20, 28, 29, 33, 34,36, 37

30, 38, 39, 40

B717 =

m(—](), —16,9,9, 14, 15, —10, 10, 15)

9,10, 18,24,27,32, 33, 35, 36

19,20, 28, 29, 30, 34, 37, 38, 39,40

P18 =
S (=19, 219, —4, —4, 46, —20, —20, -5, 45)

9,10, 19,20, 24,27, 32, 33, 35,36

29,30, 34,37, 38, 39,40

Br9 =
T“m (=56, —56, 34, 34, 44, —25, —25, ~25,75)

9,10, 19, 20, 29, 30, 32, 33, 35, 36

34,37, 38, 39,40

Bgo = 4,7,8.14,17, 18,24, 27,28, 34,37, 38
2 (=4, -4.1,1,6,0,0,0,0) 9,10, 19,20, 29, 30, 39, 40

g1 = 9,14,17,18,24,27,28,33, 36

ok (=8, -8, -3,7,12,5,0,0.5) 10, 19,20, 29, 30, 34, 37, 38, 39, 40
Bgr = 7,9,17, 19,24, 26, 28, 34, 36, 38

i (=22, -2, -2,3,23,~10, - 10, 10, 10) 10,20, 27,29, 30, 37, 39, 40

B3 = 7,9, 14,16, 18,24, 26,28, 34, 36, 38

1
160 (—44, —24, -24,36,56, —15.5,5.5)

10,17, 19, 20, 27, 29, 30, 37, 39, 40

B4 =
ﬁ(% —4,1,1,6, —140, 40, 45, 55)

19,20, 24,27, 28, 31

29,30, 32, 33, 34, 35, 36, 37, 38, 39, 40
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i suchthata; € Zg

i such that a; € Wg

B85 =
1
75 (=56, —16, —16, 24, 64, —185, =5, 75, 115)

20,24, 26, 28,33, 35

27,29, 30, 34, 36, 37, 38, 39, 40

Pge =
1
5 (=56, —21, 14, 14,49, ~110, 25,25, 60)

17, 18,27, 28,34, 35,36

19, 20, 29, 30, 37, 38, 39, 40

Pg7 =
1
795 (=8, =3,2,2,7,-55,15,20,20)

17,18, 24,25, 26, 34, 35,36

19,20,27, 28,29, 30, 37, 38, 39, 40

Bgs = 10,20, 30, 34,37, 38
1

75 (—104, —104, 64, 116, 156, —55, =55, =55, 165) 39,40

Bgo = 10,20, 29, 34,37, 38

1
m(—%, —36,4, 14,54, —15,—15, -5, 35)

30, 39,40

Boo =
1
545 (—89, =4, —4,6,91, —50, =50, 45, 55)

10, 20, 24, 26, 28, 35

27,29, 30, 34,36, 37, 38, 39,40

Bo1 =
g (—4.-4.1,1,6,-5.-5.0,10)

9,10, 19,20, 24,27, 28,31

29,30, 32, 33, 34, 35, 36, 37, 38, 39,40

B2 =
1
57 (—82, —42, 28,28, 68, —25, 25,5, 45)

8,18,27,34,35,36

9,10, 19, 20, 28, 29, 30, 37, 38, 39, 40

fo3 =
45 (—42. -2, -2,3,43, 35,10, 10, 15)

10, 14, 16, 18, 24, 26, 28, 35

17,19, 20,27, 29, 30, 34, 36, 37, 38, 39, 40

Bog =
3
325 (—34,—4, —4,6,36,~15, =5, =5, 25)

10,17,19,27,29,34,36,38

20, 30, 37, 39,40

Bos =
1
o5 (28, 8, —8,12,32, 235, 15,5,45)

10,17, 19, 24,26, 28,31, 32

20,27,29, 30,33, 34, 35, 36, 37, 38, 39, 40

Boe =
1
45 (=76, =56, =56, 84, 104, —15, 15, 5,25)

7,9,17,19,24,26,28,33

10, 20, 27, 29, 30, 34, 36, 37, 38, 39, 40

Bo7 = 10, 20,30, 33,34, 35
11
sgo (—12,-2,-2,8,8,—5,—5,-5,15) 36,37, 38,39, 40
Bog — 10,20,23,24,25,33, 34,35

3
779 (—6. -1, -1,4,4,-5,-5,5,5)

26,217,128, 29,30, 36,37, 38, 39,40

Bgg = 9,10, 19, 20, 28, 34, 35, 36

%(723, —18,12,12,17, —10, —10, -5, 25) 29,30, 37, 38, 39, 40

B1oo = 9,10, 19, 20, 29, 30, 34, 35, 36
ﬁeln 24,16, 16, 116, —35, —35, —35, 105) 37,38, 39,40

Bio1 = 8,9, 18,19, 26,27, 33, 34,35

4]% (—48, —28,12,32,32, —25, —25, 15, 35) 10, 20, 28, 29, 30, 36, 37, 38, 39, 40

Blop = 14, 17,19, 20, 24,27, 29, 30, 34, 37, 39, 40

a5 (=9.-9.-9,-9.36, -15.5.5.5)

B1o3 =

1
m(—l& —13,-13,-3,42,-5,-5,5,5)

10,20, 24, 27,29, 34,37,39

30,40

Bloa =
1
7o (-2 —2,-2,3,3,-5,-5,5,5)

10,20, 21, 22, 25,31, 32,35

23,24,26,27,28,29,30, 33, 34, 36, 37, 38, 39, 40
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i such that a; € Zﬁ

i such that a; € Wﬁ

B1o5 =
1
T (—56,4,4,24,24,-15,5,5,5)

10,16, 17, 18, 19, 26, 27, 28, 29, 36, 37, 38, 39

20, 30, 40

B1o6 =
1
55 (—24, =4, —4,16,16, =65, 15, 15, 35)

16,17, 18,19, 26,27, 28,29, 33,34, 35

20, 30, 36, 37, 38, 39,40

Blo7 =
1
35 (—4.0,0,2,2,-3,-1,-1,5)

10,16, 17,18, 19, 26,27, 28,29, 31, 32

20, 30, 33, 34, 35, 36, 37, 38, 39,40

Blos =

25(=2,-2,0,2,2,—1,~1,1,1)

8,9,18,19,23,24,26,27, 33, 34, 36,37

10, 20, 28, 29, 30, 38, 39, 40

Blo9 =
75 (—44, —44,11, 11,66, —65, —15, 40, 40)

19,20, 24,27, 28, 34,37, 38

29, 30, 39, 40

Brio =

1
50 (—4,-4,-4,6,6,—-15,5,5,5)

13, 14,16, 17,18, 19, 23, 24,26, 27, 28, 29, 33, 34, 36, 37, 38, 39

20, 30, 40

B =
|
3o (—22, —22, 7,18, 33, —20, —20, 20, 20)

10, 20, 24,27, 28, 34,37, 38

29, 30, 39, 40

Bz =

9
795 (—8,8,2,2,12,-5,-5,5,5)

9,10, 19,20, 24,27, 28, 34,37, 38

29, 30, 39, 40

B113 =
1
55 (9, —4,—4,6,11,-10,0,5,5)

10,17, 19,24, 26, 28, 34, 36, 38

20, 27,29, 30,37, 39,40

Biia =
1
160 (—64, —64,—4,36,96, ~75,25,25,25)

10, 14,17, 18,24,27, 28, 34, 37,38

19,20, 29, 30, 39, 40

Biis =
1
345 (=37, =27, 18, 18,28, =30, =20, 25,25)

9,10, 18,24, 25,26, 34, 35, 36

19,20, 27, 28, 29, 30, 37, 38, 39, 40

Biie =

1
m(—ll -2,-2,8,8,-15,5,5,5)

10,13, 14, 15,23, 24, 25,33,34,35

16,17, 18, 19, 20, 26, 27, 28, 29, 30, 36, 37, 38, 39, 40

Bi17
1
Tag (31, =31, —11, —11,84, =5, =5, =5, 15)

9,10, 19, 20, 29, 30, 34, 37

39,40

Br18 = 9,10, 19, 20, 29, 30, 37, 38
1

730 (—88, —38,22,22,82, —15, —15, 15, 45) 39,40

Bi19 = 9, 10, 19, 20,27, 28, 35, 36

,%0(—152, 18, 38,38, 58, —15, —15, 5,25)

29,30, 37, 38,39,40

B120 = 7,9, 16, 18,26, 28, 34, 35
gup (—116, —16, —16,64, 84, —35, —15, ~15,65) 10,17, 19,20, 27, 29, 30, 36, 37, 38, 39, 40
B121 = 4,7,14,17,28,32,33,35,36

g (=4, —4,0,0,8,-3,-3,1,5) 9,10, 19,20, 24,27,29, 30, 34, 37, 38, 39, 40
B122 = 9,10, 18,28, 34,37

19,20, 29, 30, 38, 39,40

B123 = 9,10, 17,18,27,28,37,38
795 (—88.2,22,22,42, -15,5,5.,5) 19,20, 29,30, 39, 40
Blo4 = 9,10,17,27,34,38

1
o4p (—256, —16,4, 4,264, —75, —55, —55, 185)

19,20, 29, 30, 37, 39, 40
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i such that a; € Zﬁ

i such that a; € Wﬁ

Blas = 9,10, 17,24, 28, 34,38
235 (=71, =56, 14, 14,99, —60, 10,25, 25) 19,20,27,29, 30, 37, 39, 40

B126 = 10, 16, 18,24, 33,35

Tk (—124, —24,-24,76,96, —135, ~15, 65, 85) 17, 19,20, 26, 27, 28, 29, 30, 34, 36, 37, 38, 39, 40
Bi27 = 7,8,17,18,25,26, 34
$35(=16,-1,4,4,9,-5,-5,0,10) 9,10, 19,20, 27, 28,29, 30, 35, 36, 37, 38, 39, 40
Bi2g = 9,10, 17,18, 24,35,36

45 (—36,-16,9,9,34,-30, -5, 15,20) 19, 20,27, 28,29, 30, 34, 37, 38,39, 40

Blag = 7,9, 14,26,28,33, 35

715 (=9, 4, -4,1,16, ~10, 5,5, 10)

10,17, 19, 20, 24,27, 29, 30, 34, 36, 37, 38, 39, 40

B130 =
Taeg (—64. —4,—4,16,56, —55, —55,25,85)

10,20, 24,25, 31,32

26,27,28,29, 30,33, 34, 35, 36, 37, 38, 39, 40

B131 =
1
55(—24.6,6,6,6,-15,5,5,5)

15,16, 17,18, 19, 20, 25, 26, 27, 28, 29, 30, 35, 36, 37, 38, 39, 40

B132 =
|
o0 (—68, —68,—38,72,102, 105, 5, 35, 65)

10,19, 24,27,28, 33,36

20,29, 30, 34,37, 38, 39, 40

B133 =

1
80 (-7 —2,-2,3,8,-45,10,15,20)

Q

17,19, 24,26,28,33,3

20,27, 29,30, 34, 36, 37, 38, 39, 40

B134 =
|
580 (—12.—7.3,8,8,—15,0,5,10)

10,16, 17,23, 24,25, 32

18,19, 20, 26,27, 28,29,

©
S
w
D
w
r
w
G
)
o
w
=
©
&
w
©
IS
S

B13s =
1
g (96, —96, 4,44, 144, =75, =75, 25, 125)

9,19,24,27,28,33,36

10, 20, 29, 30, 34, 37, 38, 39, 40

B136 = 10, 16, 17, 18,19, 25, 33,34

& (—42, -2, -2,23,23, -35, -10, 15, 30) 20,26, 27,28, 29, 30, 35, 36, 37, 38, 39, 40
B137 = 10,20, 23,24, 26,27, 32,35

%(—7, ~7,-2,8,8,-10,-10,5, 15) 28,29, 30, 33, 34, 36, 37, 38, 39, 40

B138 = 10,20, 27,29, 33,35

% (—38, -8, —8,22,32, —25, —25,5,45) 30, 34,36, 37, 38, 39, 40

B139 = 10,17, 19,26, 28, 34, 35

&0(—16,—1,—1.4, 14, -10,-5,5,10)

20,27,29, 30, 36,37, 38, 39, 40

Blao = 10, 16, 18,24, 25, 34,35
gj‘—o (—86, —6, —6,24,74, —75, 5,35, 35) 17,19, 20, 26,27, 28,29, 30, 36, 37, 38, 39, 40
Bla1 = 9,10, 19, 20, 24, 28, 35, 36

2% (-33,-8,2,2,37,-20, -20, 15, 25) 27,29, 30, 34, 37, 38, 39, 40

Blaz = 7,8,17,18,27,28,34,36

7%(—112, —52,8,48,108, —15, —15, —15, 45) 9,10, 19,20, 29, 30, 37, 38, 39, 40

B1a3 = 7,14, 18,24,28,33,35

1
520 (=23,-18,2,7,32,-10, -5, =5, 20)

9.10, 17,19, 20,27, 29, 30, 34, 36, 37, 38, 39,40

Blas =

1
&oo (—88, —58,-28,72,102, —105, 25, 25, 55)

10,17, 18,27, 28, 34, 36

19,20, 29, 30, 37, 38, 39, 40
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B i such that a; € Zﬁ
i such that a; € Wﬁ
Blas = 9,17, 18,27, 28,33,35
335 (=36, ~16,~1,19,34, ~20, -5, -5, 30) 10, 19,20, 29, 30, 34, 36, 37, 38, 39, 40
Bla6 = 9,10, 17, 18,27,28, 34,35, 36
25 (-8,-3,2,2,7,-5,0,0,5) 19,20, 29, 30, 37, 38, 39, 40
Bla7 = 10,20, 26, 27,28, 29, 36, 37, 38, 39
%(—16,—1,—1.9,9.—5.—5.5,5) 30, 40
Brag = 10,20, 24,28, 33,35
745 (—82, —52,-2,28, 108, 75, ~75,35, 115) 27,29, 30, 34,36, 37, 38, 39, 40
Blag = 9,17, 18,26, 34,35
795 (—28, —8,2,12,22, 15, -5, 5, 15) 10, 19,20, 27, 28,29, 30, 36, 37, 38, 39, 40
B1so = 10, 19,27,28,33,35
2 (~8.-4.0,4.8,~7,-3,1.9) 20,29, 30, 34, 36, 37, 38, 39, 40
B1s51 = 10, 19, 24,26, 33,35
2 (=2.-1,0,1,2,-2,-1,1.2) 20,27, 28,29, 30, 34, 36, 37, 38, 39, 40
B152 = 10, 19,27, 28, 34, 36
o (—4.-2.0,2,4,-3,-1,1.3) 20,29, 30, 37, 38,39, 40
B153 = 10, 20, 27,28, 34,35
o5 (—88. —28,12,32,72, 45, —45,15.75) 29,30, 36, 37,38,39, 40
Bisa = 28,29, 30, 32, 33,34, 35, 36, 37
395 (—36, ~36,24,24,24, —85, 85,55, 115) 38, 39,40
Biss = 17, 19,20, 27,29, 30, 35, 36, 38
ﬁmso, 24,24,24,64, -85, 15, 15, 55) 37,39, 40
B156 = 20, 30, 34,37,39
355 (=76, ~76,-76,24,204, —85, =5, =5, 95) 40
B157 = 14,17, 19,24, 27,29, 33, 36, 38
735 (28, —28,-28,12,72, 105, 15, 15,75) 20,30, 34, 37,39, 40
Biss = 18, 19,20, 28, 29, 30, 35, 36, 37
ﬁ(—]36<4,44< 44,44, -85, 15, 15, 55) 38, 39,40
B159 = 24,27,29,30, 31,32, 33,35, 36, 38
75 (—4, —4,—4, 4,16, 65, —65,55,75) 34,37,39,40
Bleo = 17,19, 20, 24, 35, 36, 38
a5 (=7.—2.-2,-2,13,-20,0,5,15) 27,29, 30, 34, 37,39, 40
Bie1 = 20,30,31,32,35
a5 (=32, -32,-32,48, 48, —145, -5, =5, 155) 33,34, 36,37, 38,39, 40
Bz = 31,32, 33, 34,35, 36, 37, 38,39, 40
£00,0,0,0,0,~1,-1,-1,3) B
Ble3 = 30, 33, 34,36, 37,38, 39
335 (=56, —56,—56,84, 84, —85, -85, 15, 155) 40
Biea = 23,24,26,27,28,29, 33, 34,36, 37, 38,39
25 (4. —4,—4,6,6,—15,~15,15,15) 30,40
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B i such that a; € Zg
i such that a; € Wg
Bles = 26,27,28,29,33,34,35
7ag (—24.—4,—4,16,16, 165, 165, 155,175) 30, 36,37, 38,39, 40
Ble6 = 20,28, 29, 33,34, 36,37
o (—104. —104, ~24, 116, 116, —165, 65,75, 155) 30, 38,39, 40
Ble1 = 29,30, 34,37,38
735 (48, —48,12,12,72, 55, =55, 25,85) 39,40
Bleg = 27,28, 34,35,36
g (—32,—12,8,8,28, 95, 95,85, 105) 29,30, 37, 38, 39, 40
Bley = 20,30, 34,37,38
2%(—48, —48,-28,52,72, 55, —15, — 15, 85) 39,40
B170 = 19, 20, 29, 30, 34, 37, 38
ﬁ(—m. —64, 16, 16,96, —65, —5, —5,75) 39,40
B171 = 17,28,34,35,36
g (—46. —6.4,4,44, 855,35, 45) 19, 20,27, 29,30, 37, 38, 39, 40
Bi72 = 20, 30,33, 34,35
5 (— 168, —28,-28, 112, 112, —205, —25, —25,255) 36,37, 38,39, 40
B173 = 20,23,24,25,33,34,35
395 (—48. —8, —8,32,32, -205, 15, 95,95) 26,27, 28, 29,30, 36,37, 38, 39, 40
Bi74 = 19, 20, 29, 30, 34, 35, 36
g (—164, —24.16,16, 156, —165, -5, =5, 175) 37,38,39,40
B175 = 20,24,27,29,34,37,39
3345 (—56. =56, —56. ~36,204, —85. 15,35, 35) 30,40
B176 = 18, 19, 20, 28, 29, 30, 31
55 (—12,-12,8.8.8. ~145,35,35,75) 32,33,34,35, 36,37, 38,39, 40
B177 = 20,24,27,28,34,37,38
o (—104, —104, —24,76,156, —165, —65, 115, 115) 29,30, 39,40
Bi78 = 17,19, 24, 26,28, 34, 36, 38
795 (~28. =8, 8, 12,32, -55.5,25,25) 20,27.29, 30,37, 39,40
Bi79 = 14,17, 18,24,27,28, 34,37, 38
135 (48, —48,12,12,72, 105, 35,35, 35) 19,20, 29, 30, 39, 40
B1go = 9,10, 19, 20, 29, 30, 35, 36
25 (=8,0,2,2,4,~1,~1,-1,3) 37,38,39,40
B181 = 9, 10, 19, 20, 29, 30, 37
35 (— 136, —36,—16, 16,204, -5, -5, 5, 15) 39,40
Big2 = 9, 10, 19, 20, 29, 30, 38
45 (—136, 136,84, 84, 104, -5, —5, 5, 15) 39,40
B1g3 = 4,7,14,17,24,27,38
sap (=52, —52, —12, ~12,128, -25, -25, 25, 75) 9,10, 19, 20, 29, 30, 34, 37,39, 40
Blgs = 10,17, 19,27, 29, 36, 38
g (—264,16,16,76, 156, =65, -5, —5,75) 20,30,37,39, 40
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i suchthata; € Zg

i such that a; € Wg

B185 =
1
560 (—264, —24,56, 116, 116, =65, =5, —5,75)

10, 18, 19, 28, 29, 36, 37

20, 30, 38, 39,40

B1ge = 7.9, 16, 18,26, 28, 34
%uzo, —8,-8,16,20, -5, —1,-1,7) 10, 17, 19, 20, 27, 29, 30, 36, 37, 38, 39, 40
B137 = 19,20, 28, 34,37
%(—148. —148,52,52,192, —205, —45, 95, 155) 29,30, 38, 39, 40
B188 = 19, 20,27, 34,38

1
m(—‘)Z, —32,8,8,108, —95, —15,25,85)

29,30, 37,39,40

B1g9 =

1
m(‘ﬁ“- —4,16, 16, 36, —365, 95, 115, 155)

17,18,25,26,34

19,20, 27,28, 29, 30, 35, 36, 37, 38, 39, 40

B190 = 19,24,27,28,33,36
e 1‘40 (—96, —96, —36, 84, 144, —285, 35,95, 155) 20,29, 30, 34,37, 38, 39, 40
Bro1 = 20,23,24,26,27,32,35

o (—28. —28, 8,32, 32, —205. 15,75, 115)

28,29, 30, 33, 34, 36, 37, 38, 39, 40

Bro2 = 10, 20, 30, 37,39
1

35 (— 136, =56, —56, 44,204, 25, ~25, -25,75) 40

B193 = 10,20, 29, 34,37
]

795 (—48, —48, —28, 8,132, —15, — 15,5, 25) 30,39, 40

Bio4 = 9,10, 17,27,38

1
gop (=328, 32,52, 52,192, —45, —25, —25,95)

19,20, 29, 30, 37, 39, 40

B195 =
1
520 (—148, —148, —28, 132, 192, —125, —125,95, 155)

10, 20, 28, 34, 37

29,30, 38,39,40

B196 =
1
g (—46, —46,4,4, 84, -45,5,5,35)

9,10, 14,17,24,27,38

19,20, 29, 30, 34,37, 39,40

Br97 =
1
a5 (—12,-12,4,4,16,-7,-7,5,9)

9,10, 19,20, 28, 34, 37

29,30, 38,39,40

Brog = 20,27,29,33,35
% (=52, 12, —12,28,48, —95, —15, 25, 85) 30, 34, 36,37, 38, 39, 40
Bro9 = 9,10, 18,28,37

1
m(—328, —28,112,112, 132, —45, =25, —25,95)

19, 20, 29, 30, 38, 39, 40

B200 =
1
70(—4.0.0.1,3,-3,0,1,2)

10, 16, 18, 25, 34

17, 19,20, 26, 27, 28, 29, 30, 35, 36, 37, 38, 39, 40

B201 = 10, 17,19, 24, 36, 38
T (— 136, —96, 96, 84,244, 185, -5, 35, 155) 20,27, 29, 30, 34,37, 39, 40
Boo2 = 10, 18, 19, 28, 29, 33, 34, 36, 37

1
180 (—32, —32,8,28,28, -25, -5, -5, 35)

20, 30, 38,39, 40

B203 =

T (— 136, —16,4,4, 144, 285, 5, 135, 155)

19,20, 24,28, 35,36

27,29, 30, 34,37, 38, 39,40

Br04 =

1
m(—lf&& —136,24, 124,124, =25, =25, =25, 75)

10, 20, 30, 38, 39

40
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i such that a; € Zﬁ

i such that a; € Wﬁ

B205 = 10,20, 23,24, 35
75 (=32, —12,-12,28,28, —35, —35,25,45) 26,27, 28,29, 30, 33, 34, 36, 37, 38, 39, 40
B206 = 9,10, 18,24,35,36

1
m(724, -20,12, 12,20, -21,-13,15.19)

19,20, 27,28, 29, 30, 34, 37, 38, 39, 40

B207 =
1
Toop (88, 12, 12,32, 32, 45, —45, =5, 95)

10,20, 25,31, 32

26,27, 28,29, 30,33, 34, 35, 36, 37, 38, 39, 40

$208 = 7,9,17,19, 24,36, 38
5 (—108, —28, —28, 8,172, —65, —65, 15, 115) 10,20,27,29, 30, 34,37, 39, 40
B209 = 9,19,24,27,33,36

245 (~18, 18, -8,2,42, ~15, ~15, —5,35) 10, 20,29, 30, 34, 37,38, 39, 40
Ba10 = 10,20, 30,32, 35

1
330 (=92, -92, 48, 68, 68, —45, —45, —45,135)

33,34,36,37,38,39,40

A1 = 17,18,27,28, 34,36
ﬁ (—136, —76, — 16, 84, 144, —285,75, 75, 135) 19,20, 29, 30, 37, 38, 39, 40
P12 = 10,17, 24,28, 34,38

ﬁ (—176, —136, — 16, 84, 244, —185, 35,75, 75) 19,20, 27,29, 30, 37, 39, 40
Br13 = 9,17,18,27,28,33

|
a5 (—24, =20, -8.20,32, —13, ~1, ~1,15)

10, 19, 20, 29, 30, 34, 36, 37, 38, 39, 40

P14 =
1
i (—96,-76,24,24,124, -5, -5, -5, 15)

7,8,17,18,27,28,34

9,10, 19, 20, 29, 30, 37, 38, 39, 40

Pa1s = 7,17,24,28, 34,38
735 (=38, -8,2,2,42, 15, 15,15, 15) 9.10,19,20,27, 29, 30,37, 39, 40
bai6 = 20,26,27.28,29, 36,37, 38,39

1
ﬁ(—& 0,0,4,4,-5,-1,3,3)

30,40

Ba17 = 19, 20,27, 28, 34,35, 36

T35 (32, -12,8,8,28, ~45, 5, 15,35) 29,30, 37, 38,39, 40

B218 = 10, 20, 30, 36, 37, 38, 39
1

Tap (—56, —16, 16,44, 44, —15, —15, —15,45) 40

B219 = 10,20, 29, 37, 38

2—&0 (=104, —44, 16, 36, 96, —25, —25, —5,55)

30, 39,40

B0 =
ks (—92, —32, —32,48, 108, —55, —55, 25, 85)

10,20, 27,29, 34,36, 38

30,37, 39,40

P21 =

1
%0 (—24,4,4,8,8,-3,-3,1,5)

10, 20, 26, 27, 28, 29, 35

30, 36, 37, 38,39, 40

B222 =

1
1260 (=224, —64, —4, 36,256, —125, —125, 95, 155)

9,19,24,28, 36

10, 20,27, 29, 30, 34,37, 38, 39, 40

B223 =

ﬁ (36, 16,4, 4,44, —15, —15,5,25)

9,10, 19, 20,27, 34,38

29, 30, 37, 39,40

B4 =

|
545 (~32,-12,8.8,28, ~25, 25, -5, 55)

9,10, 19,20, 27, 28, 31

29,30, 32, 33, 34, 35, 36, 37, 38, 39, 40
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i such that a; € Wg

B225 =
1
50 (—16,—4,0,4,16,~7,-3,-3,13)

10, 19,29, 34, 36

20, 30, 37, 38, 39, 40

Baoe =
1
a5 (—48, —28, —8,32,52, 25, =5, 15, 15)

9,17,18,24,26,34,36

10, 19, 20, 27, 28, 29, 30, 37, 38, 39, 40

Bao7 =
1
T4 (~26,—6,4,4,24, 15, -5,5,15)

9,10, 17,28, 34, 35,36

19,20, 27,29, 30, 37, 38, 39,40

B228 =
1
3gg (52, —32.8,28,48, 15, ~15,5,25)

8,18,27,34,36

9,10, 19, 20, 28, 29, 30, 37, 38, 39, 40

B229 = 10, 20, 30, 34, 35

745 (—196, —16, —16, 64, 164, —65, —65, —65, 195) 36,37, 38, 39,40

B230 = 10,20, 24, 33,35

Tagg (—124, —64, 64, —4,256, ~125, —125, -5, 255) 27,29, 30, 34,36, 37, 38,39, 40
Ba31 = 10, 20, 28,29, 33, 34, 35
T4 (—72. —52,28,48, 48, —35, =35, ~ 15, 85) 30, 36, 37, 38,39, 40
oz = 10,17, 19,27,29,33,35
5 (=16, -6, —6,4,24, 15, -5, -5,25) 20,30, 34, 36,37, 38,39, 40
B33 = 34,37, 39,40

2]—0(—3‘ —3,-3,-3,12, -5, -5, -5, 15) B

B34 = 30,34, 37,39

2 (—4.—4,-4,0,12,-5,-5,3.7) 40

B35 = 30,31,32,35

% (=2,-2,-2,3,3,-20, =20, 15, 25) 33,34, 36, 37, 38, 39, 40
B236 = 33,34,36,37,38,39

&5 (—4.~4,-4.6,6,—15, 15, —15,45) 40

P37 = 28,29, 33, 34,36,37
45 (~16.-16,4.14, 14, —35, -35,25,45) 30, 38,39, 40

Ba3g = 30,34,37,38

25 (4 —4,-2,4,6,=5,-5,1,9) 39,40

B39 = 30,33, 34,35

ﬁ(fﬁ,—1,—1.4,4.—10,—10,5. 15)

36,37, 38,39,40

B240 =
1
0 (—24, —4, —4,—4,36, —15, 15,15, 15)

27,29, 30,37,39,40

Bra1 = 28,29, 30, 38, 39, 40
1

a5 (—24,-24,16,16,16, 15, -15,15, 15) -

Boaz = 24,27,28,34,37,38
45 (~16.-16,4.4,24, -35, -35,35,35) 29, 30,39, 40

B4z = 19,20, 29, 30, 39, 40
1

a5 (—24,—24,6,6,36,-15,5,5,5) -

Boag = 19,20, 29, 30,35, 36
T4 (=56,4,14,14,24,-35,5,5,25) 37,38,39, 40




36

K. TAJIMA and A. YUKIE

B i such that a; € Zﬁ
i such that a; € Wﬁ
Boas = 24,27,29,30, 34,37, 39, 40
1
55(—3,—3,-3,-3,12,-5,-5,5,5) B
Brae = 29,30,37,38
1
20 (=8 -2,2,2,6,-5,-5,3,7) 39,40
Bra7 = 20, 30, 37,39
1
35 (—8,—3,-3,2,12,-5,0,0,5) 40

Brag =
1
5g(—4 =4, —2,-2,12,-5,1,1,3)

19, 20, 29, 30, 34, 37

39,40

Prag = 19,20,27,28,37,38
%(—]6,—],4,4,9,—10,0.5,5) 29,30, 39,40
Bas0 = 20,28, 34,37
ﬁ (—44, —44, —4,36, 56, —65, —25, 35, 55) 29,30, 38,39, 40
Bas1 = 20, 30, 38,39
1
75(—8,-8,2,7,7,-5,0,0,5) 40
B2s52 = 20,23,24,35
% (~16, —6, —6, 14, 14, -85, 5, 35, 45) 26,27, 28,29, 30, 33, 34, 36, 37, 38, 39, 40
B2s53 = 17,19,24, 36,38

1
760 (—24,—14,—-14,6,46, —65,5,15,45)

20,27, 29, 30, 34, 37, 39, 40

Bass = 18. 19, 20,28, 29, 30, 32, 33, 34, 35. 36, 37
A (-3.-3,2,2,2,-5,0,0,5) 38,39, 40
Bas5 = 17,24,28,34,38

1
760 (—34,-24,6,6,46, —65, 15,25, 25)

19,20, 27,29, 30, 37, 39, 40

Base =
1
75(—8:2,2,2,2,-5,-5,5,5)

o

25,26, 27,28,29,30, 35, 36,

w

7,38,39,40

Bas57 = 20, 30, 36, 37, 38, 39
25(=8,-2,-2,6,6,=5,~1,-1,7) 40

B2s58 = 19,20, 29, 30, 37, 38
25(=8,-3,2,2,7,-5,0,0,5) 39,40

B259 = 20, 27,29, 34, 36,38

a5 (—14,—4,-4,6,16, -15,-5,5,15) 30,37, 39,40

Ba60 = 20,30, 34,35

75 (—64. —4,~4,16,56, =65, 5. 5, 75) 36,37, 38,39, 40

P61 = 10,20, 30, 40
$(-2,-2,-2,3,3,0,0,0,0) B

Ba62 = 10,20, 30, 39

o (~8.-8,0.4,12,~1, -1, -1.3) 40

B263 = 10,20, 30, 35

55 (~32,3.3,13,13, -5, -5, -5, 15) 36,37, 38,39, 40

Boes = 9,10, 19, 20, 29, 30, 39, 40

1
5 (~4,-4,1,1,6,0,0,0,0)
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B i such that a; € Zﬁ
i such that a; € Wﬁ
Baes5 = 10,20,27,29,37,39
1
2 (=8, =2,-2,0,12,—1,—1,1, 1) 30,40
Bae66 = 10,20, 28,29, 38, 39
1
70 (—8 —8,4.6,6,-1,-1,1,1) 30,40
Br67 = 10, 19,29, 36
ﬁ (—104, —4, 16, 36, 56, —25, =5, =5, 35) 20, 30,37, 38,39, 40
Br68 = 7,17,24,38
345 (—46, —16,-6, 6,74, ~25, 25,5, 45) 9,10, 19,20, 27,29, 30, 34, 37, 39, 40
P69 = 8,18,24,27,34,37

1
180 (—22,-22,8,8,28,-5,-5,5,5)

9,10, 19, 20, 28, 29, 30, 38, 39, 40

Ba70 = 4,7,9,10, 14,17, 19, 20, 24, 27, 29, 30, 34, 37, 39, 40
3

ﬁ(—],—l,—l.—l.A,0.0,0.0) -

P71 = 9,10, 19,20, 27, 28,37, 38

%(—24, —4,6,6,16,—5,-5,5,5)

29, 30, 39, 40

Pa12 = 10, 14,17,24,27,38
755 (—28, 28, =8, 12,52, =35,5,5,25) 19,20,29, 30, 34,37, 39, 40
P73 = 8,9, 10,18, 19,20, 28,29, 30, 31

1
o (=6, —6,4,4,4,-5,-5,-5,15)

32,33, 34, 35,36,37,38,39,40

Br74 = 37,39, 40
1

g0 (—24, —4, —4,—4,36, 15,15, -15,45) .

Ba1s = 38,39,40
1

50 (—24.—24,16,16, 16, — 15, —15, —15,45) .

P16 = 34,37,38

i (16, —16,4,4,24, =35, =35, =35, 105) 39,40

B277 = 30,37,39
1

Tag (—56. —16, — 16,4, 84, =35, —35,25,45) 40

B278 = 30, 38,39

% (=56, —56, 24,44, 44, —35, —35, 25, 45) 40

B279 = 28, 34,37

2—%(—28, —28,12, 12,32, =55, =55, 45, 65)

29, 30, 38, 39,40

Bago = 30, 36, 37,38, 39
5 (=24, —4,-4,16,16,-15,-15,5,25) 40

Bag1 = 27,29, 30, 34, 35, 36, 38
2(~4.0,0,0,4,-5,-5,3,7) 37.39,40

Bagr = 20, 30, 40

25 (=24, -24,-24,36,36, ~15,5,5.5) B

Bag3 = 20, 30,39

T4 (=56, —56,4.24, 84, -35,5,5,25) 40

Baga = 20, 30, 35

75 (=88, 12,12, 32,32, -55,5,5, 45)

36,37, 38, 39,40
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i such thata; € Z,g

isuch thata; € W/;

Bogs =
1
a0 (—24 —4,—4,-4,36,-15,5,5,5)

17,19, 20, 27,29, 30, 37. 39, 40

Bage =
&(724, —24,16, 16, 16, —15,5,5,5)

18,19, 20, 28, 29, 30, 38, 39,40

Brg7 =
1
2 (—2.-2,0,0,4,-5,1,1,3)

14,17,24,27,38

19,20, 29, 30, 34,37, 39,40

Bagg =
|
76(=8.—8.2,2,12,-5, -5, -5,15)

39,40

1
%(—8. —8,-8,12,12, -5, -5, -5, 15)

Bagg = 35,36, 37, 38,39,40
25(—8,2.2,2,2,-5,-5,-5,15) B

B290 = 30,40
25(~8.—8,-8,12,12,-5,-5,5,5) B

P11 = 29,30, 39, 40
25(~8.—8.2.2,12,-5,-5.5.5) B

Bron = 40

9. Output for the case (4)

In this section we list the output of our programming for the case (4). Let t’ be the
Weyl chamber and a, . . ., ase the coordinate vectors both defined in Section 3. The set ‘B

consists of ;s in the following table.

i such that a; € Zﬂ

isuchthata; € Wﬂ

12,13,14,15,16,17, 18, 19,20, 21, 27, 28, 29, 30, 31,

6 (—13,-5,-5,3,3,3,3,11)

A= 32,33, 34, 35,36,37,38,39,40,41, 42,43, 44, 45, 46

%(75. -5,-5,3,3,3,3,3) 47,48, 49, 50,51, 52,53, 54,55, 56

By = 15,18, 20,21,26,27,28,29,31,32,34,37, 38,39, 41,42, 44
1

30, 33, 35, 36, 40,43, 45,46,47,48, 49,50, 51, 52, 53, 54,55, 56

B3 =
3 (-7,-7.1,1,1,1,1,9)
w7 LLLL L

11,15, 18, 20, 21, 26, 30, 33, 35, 36, 37, 38, 39,41, 42, 44,47, 48, 50, 53

40,43,45,46,49,51,52,54,55,56

1
m(—i -5,-5,-5,3,3.3.11)

By = 19,20, 21,24,25,26,28,29,30,31, 32,33, 38,39, 40, 41,42, 43,47, 48, 49
5]_6(_5' —1,-1,-1,-1,3,3,3) 34,35,36,44,45,46,50,51, 52,53, 54,55, 56
Bs = 6,11,15,16,17,19,26,30,31, 32, 34,40, 41,42, 44,47, 48, 50

18,20, 21, 33,35,36,43,45,46,49, 51, 52, 53, 54, 55, 56

Bo =
2(=3,-3,-3,1,1,1,1,5)
2 (-3,-3.-3. 11,11,

15,18, 20, 21, 30, 33, 35, 36, 40, 43, 45, 46, 47, 48, 50, 53

49,51,52,54,55,56

5.6,10,11, 14,15,17, 18, 19, 20, 25, 26, 29, 30, 32, 33,

%(75, —5,-5,-5,3,3,3,11)

7 = 34,35,39,40,42,43,44, 45,48, 49, 50,51, 53, 54
ﬁ(—l,—l.—l.—l.—l.—l,S,S) 21, 36,46, 52,55, 56
Bg = 18,20, 21, 33,35,36,43,45,46,49, 51,52, 53

54,55,56




On the GIT Stratification of Prehomogeneous Vector Spaces I

39

i such that a; € Zﬁ

i such that a; € Wﬂ

o = 40,4147, .44, 45,46, 47,45,49, 50,31 32,53, 5. 55.56
7111511 _

1o = 19,20, 21, 34, 35,36, 44, 45, 46,50, 51, 52, 53, 54, 55

5. —3.-3.-3,-3,5,5.5) 56

Bi1 = 21,25,26,29, 30,32, 33,34, 35,39, 40, 42, 43, 44, 45,48, 49, 50, 51, 53, 54
o7 (9. ~1. =1, -1,-1,-1,7.7) 36,46, 52, 55,56

Bla = 19,20, 21, 34, 35,36, 38, 39, 40, 41, 42, 43, 47, 48, 49

393 (=9,-9.~1,~1,~1,7,7.7) 44,45,46,50, 51,52, 53, 54,55, 56

iz = 18,20, 21,26, 30, 31, 32, 34, 40, 41, 42, 44, 47, 48, 50
(=311 —-1,1,1,1,3) 33,35,36,43,45,46,49, 51,52, 53,54, 55, 56

Bra = 11,15, 18,19, 26, 30, 33, 34, 38, 39, 41, 42, 47, 48

oo (=5, =5, =1, =1, ~1,3,3.7) 20,21, 35, 36,40, 43, 44, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56

Bis = 18,20, 21, 26, 30, 40, 53

93 (~13.-5,-5,-5.3,3.3,19) 33,35,36,43,45, 46,49, 51,52, 54,55, 56

Ble = 21,36,46,48,49, 50, 51,53, 54

Ay (<7.-7.-7.1,1,1,9,9) 52,5556

Bi7 = 20,21, 26,30, 33, 34,37

g (-23,-15,1,1,1,9,9,17) 35,36, 38, 39,40, 41,42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56
Big = 18,20, 21, 26, 30, 31, 32, 34,37, 38,39

7 (-9.-5,-1,-1,3,3,3,7) 33,35,36,40, 41,42, 43,44, 45, 46,47, 48, 49, 50, 51, 52, 53, 54, 55, 56
Blo = 15, 18, 19, 30, 33, 34, 40, 43, 44, 47, 48

525 (=9,-9,-9,-1,-1,7,7,15) 20,21, 35, 36,45, 46, 49, 50, 51, 52, 53, 54, 55, 56

oo = 15, 18,20, 26, 29,32, 34, 39, 42, 44, 47

743 (=15,-7,-7,1,1,1,9,17) 21,30, 33, 35,36, 40, 43, 45, 46, 48, 49, 50, 51,52, 53, 54, 55, 56

Ba1 = 21,25,26,29, 30,32, 33,34, 35, 37,38, 41,47

235 (=15.-7.1,1,1,1,9,9) 36,39, 40, 42,43, 44, 45,46, 48, 49, 50, 51, 52, 53, 54, 55, 56

By = 20,21, 26,30, 33,34, 40, 43, 44, 49, 50, 53

g (=11, -3,-3,-3,-3,5,5,13) 35,36, 45,46, 51,52, 54,55, 56

B3 = 20,21,26,30,33,34, 38,39, 41, 42, 47, 48

55 (=17.-9,~1,—1,-1.7,7,15) 35,36, 40,43, 44, 45, 46,49, 50, 51,52, 53, 54,55, 56

Bos = 17, 18, 19, 20, 25,26, 29, 30, 31, 39, 40, 41, 47

7 (—=13,-5,-5,-5,3,3,11,11) 21,32,33, 34,35, 36,42, 43,44, 45,46, 48, 49, 50, 51, 52, 53, 54, 55, 56
o5 = 18,19, 26,30, 31,32, 40, 41,42, 47, 48

ga7 (—15.-7,-7,-7,1,9,9,17) 20,21,33, 34,35, 36,43, 44,45, 46,49, 50, 51,52, 53, 54, 55, 56

Brg = 6,11,26,47,48,50,53

3
2357771 1,1,1,17)

15, 18,20, 21, 30, 33, 35, 36, 40, 43,45, 46, 49, 51, 52, 54, 55, 56

Br7 = 6,11,15,18, 20,21, 26, 30, 33, 35, 36, 40, 43, 45, 46, 49, 51, 52, 54, 55, 56
5

g (-1, -1.-1.-1,-1,-1,-1,7) -

Borg = 21,26,29,32,34,39,42, 44,47

3
m(—lL—},—}. 1,1,1,5,9)

30, 33, 35, 36,40, 43, 45, 46,48, 49, 50, 51, 52, 53, 54, 55, 56
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Bag =

13
35(—9,-9,—9,-1,-1,7,7,15)

20,21, 35, 36,45, 46, 49, 50, 53

51,52,54,55,56

B30 = 21,36,39,40,42,43, 44, 45,47
%(713, —13,-5,3,3,3, 11, 11) 46,48, 49,50, 51, 52, 53, 54,55, 56
B3 = 20,21, 35,36,40,43,44,47,48

-9%2(—]5,—15,—7. 1,1,9,9,17)

45,46,49,50,51,52,53,54,55,56

16,17, 18, 19,20, 21, 31, 32, 33, 34,35, 36, 41,42, 43,44,

P32 = 45,46,47,48,49, 50, 51,52
%(71,71,71.71.1,1.1,1) 53,54,55,56

B33 = 21,29, 30,32, 33, 34, 35, 39, 40, 42, 43, 44, 45, 47
%(4 -3,-3,1,1,1,5,5) 36,46, 48,49, 50,51, 52, 53, 54, 55, 56

B34 = 20,21,33,34,40, 41,42, 47,48

&(7214 —13,-5,-5,3,11,11,19) 35,36, 43,44, 45,46, 49,50, 51,52, 53, 54, 55, 56

B35 =
315 (=9,-5,-5.~1,-1,3,7.11)

15,18, 19,26, 29,32,39,42,47

20,21, 30, 33, 34, 35, 36, 40, 43, 44, 45,

46, 48,49, 50, 51, 52, 53, 54, 55, 56

B36 = 11,15,17.19, 26, 30,32, 34,39, 41,47
ﬁ(—l& —13,-5,-5,3,3,11,19) 18,20, 21, 33, 35, 36, 40, 42,43, 44, 45, 46, 48, 49, 50, 51, 52, 53, 54, 55, 56
B37 = 14,15,17, 18,19, 20, 29, 30, 32, 33, 34, 35, 39,40, 42, 43, 44, 45,47

o (-7.-7,-7.1,1,1,9,9)

21,36, 46, 48,49, 50, 51,52, 53, 54, 55,

56

B3g =
1
760 (—21,—5,-5.3,3,3, 11, 1)

21,25,26,27,28,31,37,38,41

29,30, 32, 33,34, 35, 36, 39,40, 42,43,

49,50,51, 52,53, 54,55, 56

44,45,46, 47,48,

B39 = 21,32,33,34,35,39,40, 41,47
%(—194 —11,-3,-3,5,5,13,13) 36,42,43,44,45,46, 48, 49,50, 51,52, 53, 54, 55, 56
Bao = 17,18, 19,20, 32, 33, 34, 35,39, 40,41, 47

|
453, -3,-1,-1,1,1,3,3)

21,36,42,43,44, 45,46, 48,49, 50, 51,

52,53, 54, 55,56

B =

o (~21, =13, -13,-5,3,3,19,27)

3

15,17, 19,26,29,39, 4
18,20, 21, 30, 32, 33, 34, 35,
49,50, 51, 52,53, 54,55, 56

36,40, 42,

43,44,45, 46,48,

Bay = 21,26,30,32,34,39,41,47
ﬁ(—ﬂ —11,-3,-3,5,5,13,21) 33,35,36,40, 42,43, 44, 45, 46,48, 49, 50, 51, 52, 53, 54, 55, 56
P43 = 15,18,26,34,44,47,48

ﬁ(—n, -9,-9,—1,-1,7,7,23) 20,21, 30,33, 35, 36, 40, 43, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56
Bag = 18, 19, 26, 30, 31, 32, 38, 39

b (=21, -13, -5, 5,3, 11, 11, 19)

20,21, 33,34,35,36,40,41,42,43,44,

50,51, 52,53,54,55,56

45,46,47,48, 49,

ﬁ (=23,-15,-7,-7.1,9,17,25)

18,19, 26, 30, 32, 39,41, 47

20,21, 33,34,35,36,40,42,43,44,45,

46, 48,49, 50,51, 52,53, 54, 55,56

Bae =
S (—1,-1,—1,-1,-1,-1,3,3)

21,36, 46,52, 55,56

Ba7 =

3
—0(—5,—1.—1. 1,1,1,1,3)

30,33, 35,36,40,43, 45, 46,47, 48, 50,

49,51,52,54,55,56
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Bag = 21,36, 46, 52,53, 54
o (=3.-3,-3,-3,1,1,5,5) 55,56

Bag = 16,17, 18, 19,20, 21, 31, 32,33, 34, 35, 36, 37, 38, 39, 40
a5 (=5, -5, -1,-1,3,3,3,3) 41,42,43,44,45, 46,47, 48,49, 50, 51,52, 53, 54, 55,56
Bso = 6,11, 15,18, 19,26, 30, 33, 34, 40, 43, 44, 49, 50, 53

20,21, 35,36,45,46,51, 52, 54,55, 56

Bs1 = 18,20, 21, 33,35, 36, 43, 45, 46, 47, 48, 50
15(=2,-2,-2,0,1,1,1,3) 49,51,52,53,54,55,56

Bsp = 18,20, 21, 33,35, 36, 43, 45, 46, 49, 51, 52
1

2 (=3,-3,-3,-3,-1,-1,-1,15) 54,55, 56

Bs3 = 20,21,35, 36,45, 46, 51,52, 54,55
45(=7.-7,-7,-7,-7,5,5,25) 56

Bsa = 21,30, 33, 35,40, 43, 45, 48, 50, 53
25(=9,-5.-5,1,1,1,5,11) 36,46,49, 51,52, 54,55, 56

Bss = 34,35,36, 38,39, 40, 41,42, 43, 47, 48, 49

1
ﬂ(_9’0'1’1'1’2'2’2>

44,45,46,50,51,52,53,54,55,56

Bs6 =
1
§(-1,-1,-1,0,0,1,1,1)

19,20, 21, 34, 35, 36, 44, 45, 46,47, 48, 49

50,51, 52,53,54,55,56

=

a

N
Il

151111155

25,26, 29,30,32,33,34,35,39,40,42, 43, 44,45, 48,49, 50, 51, 53, 54

36,46, 52, 55,56

Bsg = 18, 20, 26, 30, 32, 34, 40, 42, 44, 48, 50
25(=2.—1,-1,-1,0,0,2,3) 21,33,35,36,43,45,46,49, 51,52, 53, 54, 55, 56
Bsg = 21,36,46,49,51,54

52,55,56

1
m(*%, —45,—45,-5,11,11,51,67)

21,36, 46,49, 51,53

52,54,55,56

Bo1 =

1
m(—]l —13,-13,-5,-5,3,19,27)

15,18, 19, 30, 33, 34,40, 43,44, 48

20,21, 35, 36,45, 46,49, 50, 51, 52,53, 54,55, 56

Be2 =
45 (=5, —1,—1,-1,1,1,3,3)

21,25,26,29,30,31,39,40,41,47

32,33,34,35,36,42,43,44,45,46,48, 49,50, 51, 52, 53, 54, 55, 56

Be3 =
(=9, -1, -1.-1,—1,—1,-1,15)

26, 30, 33, 35,36, 40,43, 45,46,49,51, 52, 54,55, 56

Bea =

1
m(_47’ —15,-15,-15,-3,17,17,61)

20,21, 26, 30,40, 53

33,35,36,43,45,46,49, 51,52, 54,55,56

Bes =

3
F(_7’_3’_3‘ 1,1,1,1,9)

15,18, 20,21, 26,47, 48, 50, 53

30,33, 35,36,40,43,45,46,49, 51,52, 54,55, 56

Be6 =
|
25(=15,-1,1,1,3,3,3,5)

33,35,36,40,41,42,44, 47,48, 50

43,45,46,49,51,52,53,54,55,56

Be7 =
T (=29, =5, =5, -5, -5,3,19,27)

21,26, 30, 33, 34,40, 43, 44,49, 50, 53

35,36, 45, 46,51, 52, 54,55, 56
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Bes =

1
W(_ZS’ -17,-9,-9,-9,-1,31,39)

20,26, 30, 33,34, 39,42, 48

21,35,36,40,43, 44,45, 46,49, 50,51, 52, 53, 54, 55, 56

1
136 (—19.—19,-3,-3,-3,13,17,17)

Beo = 21,36,37,38,41,47

5 (=7.-7.1,1,1,1,5.5) 39,40, 42,43, 44,45, 46,48, 49, 50, 51,52, 53, 54,55, 56
B0 = 34,35,36, 44,45, 46,50, 51,52, 53, 54, 55

%(—9, —3,-3,-3,-3,7,7.7) 56

71 = 18,20, 21, 26, 30, 41, 42, 44, 47, 48, 50
25(=5.-4.0,0,1,1,1,6) 33,35,36, 40,43, 45, 46,49, 51,52, 53, 54, 55, 56

Bra = 19,20, 34, 35,39, 40, 42, 43, 48, 49

21,36, 44, 45,46, 50, 51,52, 53, 54,55, 56

%(713,75,75‘75.3,3. 11,11)

B3 = 21,25,26,29, 30,32, 33,38, 41,47
& (~5,-2,0,0,0,1,3,3) 34,35,36,39, 40,42, 43,44, 45,46, 48, 49, 50, 51, 52, 53, 54, 55, 56
B4 = 11,15, 18,20, 26, 30, 33, 35, 39, 42, 44, 48, 50, 53
%(794 —9,—1,—1,-1,-1,7,15) 21,36, 40,43, 45,46, 49,51, 52,54, 55, 56
Brs = 6.11,19,26,34,44,47,48
1 15, 18, 20, 21, 30, 33, 35, 36, 40, 43, 45, 46, 49, 50, 51, 52,
716 (> -5 -5 -1 -1L.3.3.1D 53,54,55,56
Br6 = 18,20, 21, 33, 35, 36, 40, 53
%(734 —3,—1,—1,1,1,1,5) 43,45, 46,49, 51,52, 54,55, 56
B17 = 20,21, 35,36,45,46,49,53
&(7174717,717.713,74 11,11,35) 51,52, 54,55, 56
Brg = 36,39, 40,42, 43,44, 45,47
%6(—&—1.0, 1,1,1,2,2) 46,48, 49, 50,51, 52,53, 54,55, 56
B9 = 21,36, 44,45, 50,51, 53, 54
& (—11,-11,-9,-9,-9,15,17,17) 46,52,55,56
Bgo = 20,21, 30, 33, 40, 43, 50, 53
ﬁ(—w, —15,-15,3,3,7,7,29) 35,36,45,46,49,51, 52,54, 55,56
Bg1 = 21,32,33,34,35,42, 43,44, 45,48, 49, 50, 51

36,46, 52,53,54,55,56

Bgr =

ﬁ(—ﬂ, ~9,-5,-5,-1,-1,27,31)

21,33,35.40,42, 44, 48,50

36,43,45,46,49,51,52, 53, 54, 55,56

Bg3 =
i3 (—25,-25,-17,-9,11,19,19,27)

20,21,35.36,43,44,47,48

45,46,49,50,51, 52,53, 54,55,56

Bg4 =
1
15(=2,-1,-1,0,0,1,1,2)

20,21, 30, 33, 34,40,43,44,47,48

35,36, 45,46,49,50,51, 52,53, 54,55,56

Bgs =
1
3 (=21,-11,-11,3,3,3,17,17)

36,46, 48, 49,50, 51, 53,54

52,55,56

fge =
7(=39.3,3,5.5.7.7.9)

30,33, 34,40,43,44,47,48

35,36, 45,46,49,50, 51, 52,53, 54,55, 56

Bg7 =
1
2 (—4,-3,-1,0,0,2,3,3)

21,34, 35,39,40,42,43,47

36,44, 45, 46,48, 49, 50, 51, 52, 53, 54, 55, 56
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Bgg = 15,18, 19,30, 33, 34, 38, 39, 41, 42
ﬁ(fs, -5,-3,1,1,3,3,5) 20,21, 35,36,40, 43, 44,45, 46, 47,48, 49, 50, 51, 52, 53, 54, 55, 56
Bgo = 21, 36,45, 49, 50, 53
2 (—13,-13,-9,-1,-1,7,11,19) 46,51,52,54,55,56
Bog = 21,36, 40,43, 44,47
ﬁ (=69, —69, =29, 11, 11,27,51,67) 45,46, 48,49, 50, 51,52, 53,54, 55,56
Bo1 = 20,21, 30,33, 34,37
l'ﬂ(—ﬁ, -5,-3,2,2,3,3,4) 35,36, 38,39, 40, 41,42, 43, 44,45, 46, 47, 48,49, 50, 51, 52, 53, 54, 55, 56
Boy = 18, 19,33, 34,40, 42,48
47(-3,-3,-2,-2,-1,0,5,6) 20,21,35,36,43, 44, 45,46, 49, 50, 51, 52, 53, 54, 55, 56
Bo3 = 20,21,33,34,43, 44,49, 50
95 (—17,-9,-9,-9,3,11,11,19) 35,36,45,46, 51,52, 53,54,55,56
fog = 20,21,26,34,44,47,48
25(=3,-1,-1,0,0.1,1,3) 30,33, 35,36, 40, 43, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56
Bos = 21,36,39,40,42, 43, 44,45, 48,49, 50, 51, 53, 54
§(=1,-1,0,0,0.0.1,1) 46,52, 55,56
Bog = 21,35, 40,43, 44,48
é(m{w. —5,—1,—1,3,15,19) 36,45, 46,49, 50, 51,52, 53, 54, 55, 56
o7 = 21,26,34,39,42,47
ﬁ(fsa —15,-7,1,1,9,17,33) 30,33, 35,36, 40, 43, 44, 45, 46, 48,49, 50, 51, 52, 53, 54, 55, 56
Bog = 37,38,39,40, 41,42, 43,44, 45, 46,47, 48, 49, 50, 51, 52, 53, 54, 55, 56
23301110 B
Bog = 15,18, 19,26,47,48
5 (=5.-3,-3,-1,-1.3,3,7) 20,21, 30,33, 34, 35,36, 40, 43, 44, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56
B100 = 21,36,39,40,41,47
%(—9, -9,-1,-1,3,3,7,7) 42,43,44,45, 46,48, 49,50, 51, 52,53, 54, 55,56
Bro1 = 21,33,35,39,41,47
%(—13, —9,—1,-1,3,3,7,11) 36,40, 42,43, 44,45, 46, 48,49, 50, 51, 52, 53, 54, 55, 56
Bro2 = 18,30, 34,40, 44, 47, 48
%(79, —6,—6,-2,1,5.5,12) 20,21, 33,35, 36,43, 45,46, 49, 50, 51, 52, 53, 54, 55, 56
B1o3 = 21,25,26,29,30,31,37,38
ﬁ(713475,71.71,343,747) ggzgi23:221zi:22:;12,41,42,43,44.45.46,47.43.49,
Bloa = 18, 19,30, 31, 32,40, 41,42
& (=5,-3,-3,-1,1,3,3,5) 223 ;;22 35,36, 43,44, 45, 46, 47, 48,49, 50, 51, 52,
B1os = 20,33, 34,40, 42,48
Tog (-23,-15,-7,-7,1,9,17,25) 21,35,36,43, 44,45, 46,49, 50, 51, 52, 53, 54, 55, 56
Blo6 = 18,19, 33,34, 40,41, 42,47, 48
23‘—8(—7, ~7,-3,-3,1,5,5,9) 20,21,35,36,43, 44, 45,46, 49, 50, 51, 52, 53, 54, 55, 56
Bio7 = 20,30, 33,34, 39,42, 47
Sho (=20, 17, -5, 1, -1,11,15,27) 21,35,36,40,43, 44,45, 46, 48,49, 50, 51, 52, 53, 54,55, 56

248
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B i such that a; € Zﬁ
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Blog = 31,32,33,34,35,36, 41,42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52
(9. —1,—1,-1,3,3,3,3) 53,54,55,56
Blog = 18,20, 26, 30, 32, 34,39, 41,47
1 21,33, 35. 36, 40, 42, 43, 44, 45, 46, 48, 49, 50, 51, 52,53
L(=5,-3,-1,-1,1,1.3, : ] . .45, 46, »51,52,53,
72! L1135 54,55,56
Brio = 36,46, 52,55, 56
A5 (=15, -7,-7,-7,~7,-7,25,25) i
i = 21, 36,46, 52, 54
T (~23.-23,-23,-23,1,1,25,65) 55,56
Bz = 33,35, 36,43, 45,46, 47,48, 50
T4 (=51, —11,-11.5,13,13,13,29) 49,51,52,53,54,55,56
B113 = 20,21,35,36,45,46,47,48
45(7,-7,-7,1,1,5,5,9) 49,50, 51,52, 53,54,55,56
Blia = 21,36,46,51,54
T4 (=27, =27, -27,-19,-19, 13,21, 85) 52,55,56
Biis = 36,46, 52,53, 54
T3 (=51, -27,-27, 27,13, 13,53, 53) 55,56
Bli6 = 21,36,46,50,51,53,54
2 (—13,-13,-13,-5,-5,11,19,19) 52,55,56
Bri7 = 33,35,36,40, 53
L(=33,-9,-1,-1,7,7,7,23) 43,45,46,49, 51,52, 54,55, 56
88
Brig = 11,15, 18,26, 30, 33, 44, 50, 53
o5 (£15,-15,-7,-7,-7,9,9,33) 20,21, 35,36, 40, 43, 45, 46,49, 51, 52, 54, 55, 56
B119 = 36,46,49, 51, 54
g (=51, -19,-19,-3,-3,-3,13,85) 52,55.,56
B120 = 21, 26,30, 40,53
2 (=71, =15, =15, -15,1,1,41,73) 33,35,36.43, 45,46, 49, 51,52, 54, 55, 56
Bi21 = 34,35,36,44, 45,46, 47, 48,49
T4 (=51, —11,-11,5,5,21,21,21) 50,51,52,53,54,55,56
Biaz = 26,30, 33,34, 40, 43, 44,49, 50, 53
57 (=39.1,1,1,1,9,9,17) 35,36,45,46,51,52,54,55,56
B123 = 15, 18, 20, 26, 48, 50, 53
15 (=2.-1,-1,0,0,0,1,3) 21,30, 33,35, 36,40, 43, 45, 46, 49, 51, 52, 54, 55, 56
Bl24 = 19, 34,40, 43,49
343 (=31, =31,-7,-7,7,25,25,33) 20,21, 35,36,44, 45, 46,50, 51, 52,53, 54, 55, 56
B12s = 40, 43,45, 46,49, 51,52, 54,55, 56
25(=15,-15,1,1,1,1,1,25) B
B126 = 20,21,35,36,45, 46,49
T4 (=19, =19, —19, —11,~11,-3,-3,85) 51,52,54,55,56
Bia7 = 43,45,46,49,51,52,53
s (=17, -17,-1,-1,7,7.7.15) 54,55,56
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Blag = 35,36,45,46,51,52,53
ﬁ(—SI, —19,-19, —19, —11,37,37,45) 54,55,56
B129 = 21,33,35,43,45,48,50
ﬁ (=59, —35, 35, -3, 13, 13,37, 69) 36, 46,49, 51,52, 53,54,55,56
B130 = 47,48, 49,50, 51, 52, 53, 54, 55, 56

3
45(—5,—5.-5.3,3,3,3,3) B
B131 = 46,48, 49,50, 51,53, 54
g (=51, -51,-11,13,13,13,37.37) 52,55, 56
P32 = 19,20, 21, 34, 35, 36, 37
745 (<15, -15,1,1,1,9,9,9) 38,39,40,41,42, 43,44, 45,46, 47,48, 49, 50, 51, 52, 53, 54, 55, 56
B133 = 33,35, 40,42, 44,48, 50
557 (—99,-3,5,5,13,13,29,37) 36,43,45,46,49, 51,52, 53,54, 55,56
B134 = 21,34,35,44,45,48,49
57 (—59, -35,-35, -3, -3,29,53,53) 36,46,50,51,52,53,54,55,56
B135 = 20,21,35,36,45,46,51,52,53
a5 (-17,-17,-17,-17,-9,23,23,31) 54,55,56
B136 = 36,46,49,51,53
g5 (-33.-17,-17.-1,7,7.23,31) 52,54,55,56
B137 = 20,21, 33,43, 50
335 (—59, =51, -51,-3,21,29,29, 85) 35,36, 45, 46,49, 51,52, 53,54, 55, 56
B138 = 21,36,43,45,49,51,53

T3 (-23,-23,-15,-15,9,9,17,41) 46,52, 54,55, 56
B13g = 21,33,35,40,53

i3 (-33,-25,-9,-9,7,7,15,47) 36,43,45,46,49, 51,52, 54, 55, 56
Bra0 = 45,46, 49, 50,53

&(733, —33,-1,7,7,15,15,23) 51,52,54,55,56

141 = 36,39, 40,41,47

ﬁ(—nl —3,13,13,21,21,29,29) 42,43,44,45,46,48,49,50, 51, 52,53, 54, 55,56
Brap = 20,21, 34,44, 49

Té-g(—sq, —51,-51,-3,-3,53,53,61) 35,36, 45,46, 50, 51,52, 53, 54, 55, 56
Bla3 = 35, 36,45, 46,49, 50, 53

I‘ﬂ(—sg, —15,-15,1,1,17,17,33) 51,52,54,55,56
Blag = 35,36,40,43,44,47,48

1;—2(—57, —9,-1,7,7,15,15,23) 45,46,49,50, 51,52, 53,54, 55,56
Blas = 15,18, 30, 33, 44,47, 48

1;—6(—15, —15,-3,1,1,5,5,21) 20,21, 35,36,40, 43, 45,46, 49, 50, 51, 52, 53, 54, 55, 56
Blae = 21,36,42,43,44,45,47

%(—21, —21,-13,-5,11,11,19, 19) 46,48,49, 50, 51,52, 53, 54,55, 56
Blar = 20,26, 34,44, 48

L (—15,-7,-7,-3,-3,1,13,21) 21,30, 33,35, 36, 40, 43, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56

136
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i such thata; € Z/L;

i such that a; € Wg

Blag = 18,19,31,32,40

1 20,21, 33, 34, 35, 36, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
557 (=35, —27, —11,—11,13,21,21,29) 515253 54.55 56
Blag = 21,25,26,29,30,41,47

1 32,33, 34,35, 36, 39, 40, 42, 43, 44, 45, 46, 48, 49, 50, 51, 52,
335 (—35.—~11,-3,-3,5,5,21,21) 53.54.55.56
Bi50 = 20,21, 34,40,43,47, 48
15%(—25 —17,-9, -1, -1,15,15,23) 35,36, 44,45,46,49, 50, 51, 52, 53, 54, 55, 56
Bis1 = 18,30, 34, 40, 44, 48
ﬁ(—u, —27, 27,19, -3, 5,45, 69) 20,21, 33,35, 36,43, 45, 46, 49, 50, 51, 52, 53, 54, 55, 56
Bisy = 18,20, 21,33, 35, 36, 40, 41,42, 44, 47, 48, 50
%(—11,—11,—3‘—3.5,5 5,13) 43,45,46,49, 51,52, 53, 54,55, 56
Bi53 = 20,21,26,44,47,48

L(—SQ —43,-3,5,5,13,13,69)

30, 33, 35, 36,40, 43, 45, 46,49, 50, 51, 52, 53, 54, 55, 56

Bisa = 36,39, 40,42, 43, 44, 45,48, 49, 50, 51,53, 54
(15, -7.1,1,1,1,9.9) 46,52,55,56

Biss = 46,52, 55,56
%(73,73.71.71,71,715.5) B

Bis6 = 36, 46,52, 54

A5 (=15.-7,-7,-7,1,1,9,25) 55,56

Bi57 = 21,36,46,47

1
%(—3,—3,—3. 1,1,1,3,3)

48,49,50,51,52,53,54,55,56

B1ss = 53,54,55,56
3

g(—],—],—l.—l,],l,],l) -
B159 = 26, 30, 40, 53

15(-6.0,0,0.1,1,1,3)

33,35,36,43,45,46,49, 51,52, 54,55, 56

Bleo =
1
27 (=9, -9, —1,—1,-1,3,3,15)

45,46,51,52,54,55

Bie1 =
1
57(=9,-9,-9,3,3,7,7,7)

50,51,52,53,54,55

Bre2 =
1
56 (—21,—5,-5,3,3,7,7,11)

35,36,45,46,47,48

49,50,51,52,53,54,55,56

Bl63 =
|
§(=3. -1, —1,-1,-1,1,1,5)

35,36,45,46,51,52,54,55

Brea = 21,36,40,43,45,49, 51,54
45(=7.~7.-3,-3,-3,-3,1,25) 46,52, 55,56

Bles = 46,52,53,54
$(=3,-3,-1,-1,1,1,3,3) 55,56

Ble6 = 36,46, 50,51, 53, 54
|

25 (—15,-7,-7,-3,-3,9,13,13) 52.55.56

Ble1 = 46,49, 51,53

45 (-15.-15,-3,1,5,5,9,13) 52,54,55,56
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i such that a; € Zﬁ

i such that a; € Wﬂ

Bles =
$(-3.-1,0,0,0,1,1,2)

35,36, 40,43,44,49,50,53

45,46,51,52, 54,55, 56

Ble9 =
|
o7 (-23,-15,-15,1,1,9,17,25)

21,35,45,48

36,46, 49,50,51,52,53, 54,55, 56

B17
|
o (-11,-7,-7,-3,-3,5,5,21)

170 = 21,25,26,47
e 79,30, 32,33, 34, 35, 36, 39, 40, 42, 43, 44, 45, 46, 48, 19,
136 (—15 -3, -3, 1,1,1,9,9) 50.51,52.53.54.55. 56

| = 15, 18,26, 50, 53

20,21, 30, 33, 35,36, 40, 43,45,46,49, 51, 52, 54, 55, 56

1
@(—334 -9,-9,7,7,7,15,15)

B172 = 33,35,36,43,45,46,49,51,52,53
%(—3,—1,—1.—1.1,1.1,3 54,55,56
B173 = 20,21, 35,36, 40, 43, 44,49, 50, 53
ﬁ(-5,-5.-1.-1.-1,3,3,7> 45,46,51,52,54,55,56
B174 = 52,55,56
1
27(=9,-9,-9,—1,—1,-1,15,15) -
Bi75 = 54,55,56
1
54 (=9,-9,-9,-9,7,7,7,15) -
B176 = 46,52, 54
1
95 (—21,-21,-5,-5,3,3,11,35) 55,56
Bi177 = 52,53,54
1
55 (=21,-21,-21,3,11,11,19,19) 55,56
B178 = 36,46, 47

48,49,50, 51,52, 53,54, 55,56

5(73,73,73.73. 1,1,1,9)

B179 = 44,45,46,50,51,52,53,54,55
1

51 (=9, -9, —1,-1,-1,7,7,7) 56

B180 = 6,11, 15,26, 30,40, 53

18.20,21, 33,35,36,43,45,46,49, 51, 52, 54, 55, 56

Big1 =
$(=3,-3,-3,-3,1,1,5,5)

55,56

Big2 =
|
$(=3,-3,-3,1,1,1,1,5)

49,51,52,54,55,56

B1g3 =
$(-3,-3,-3,-3,-3,5,5,5)

56
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