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ABSTRACT

This paper presents a simple extension of Rolle’s Theorem. This ex-
tension allows determining the amount of numbers & in which (&) = Oina
given interval, using the characteristics of the function f in that interval. The
extension has been proved, and the geometric interpretation has been presen-
ted. Illustrative examples have also been developed for each case that can be
obtained by applying the extension. Finally, the study examines the relation
of this theorem with the problem of multiple internal rates of return (IRR).
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Una extension simple del teorema de Rolle y su relacion
con multiples tasas internas de retorno (TIR)

RESUMEN

En este articulo se presenta una extension simple del teorema de Rolle.
Esta extensién permite determinar la cantidad de nimeros & en los que
f'€&) = 0 en un intervalo dado utilizando las caracteristicas de la funcién f
en ese intervalo. La extensién ha sido probada y se presenta la interpretacién
geométrica. Se han desarrollado ejemplos ilustrativos para cada uno de los
casos que se pueden obtener aplicando la extension. Se presenta la relacion de
este teorema con el problema de las multiples tasas internas de retorno (TIR).

Palabras clave: miltiples tasas internas de retorno (TIR), teorema de
Rolle.
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Uma simples extensao do teorema de Rolle e sua relagao
com multiplas taxas internas de retorno (TIR)

RESUMO

Apresenta-se uma simples extensio do teorema de Rolle, a qual permite
determinar a quantidade de Ndmeros & em que f(§) = 0, num intervalo dado,
utiliza as caracteristicas da fungio nesse intervalo. A extensio foi testada e é
apresentada a interpretacio geométrica. Exemplos ilustrativos foram desenvol-
vidos para cada um dos casos que podem ser obtidos a partir da extensdo. Além
disso, é apresentada a relacio desse teorema com o problema das miiltiplas
taxas internas de retorno.

Palavras-chave: multiplas taxas internas de retorno (TIR), teorema
de Rolle.
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A SIMPLE EXTENSION OF ROLLE’'S THEOREM AND ITS RELATION WITH MULTIPLE INTERNAL RATES OF RETURN (IRR)

INTRODUCTION

Rolle’s theorem is attributed to Michel Rolle, and
named after this French mathematician. He was a
member of the French academy who studied the
theory of equations. He stated and proved a preli-
minary version of the theorem by studying methods
to locate and limit the roots of polynomials. Later,
Lagrange and Cauchy obtained their mean value
theorems applying Rolle’s theorem to appropriate
functions. Mean value theorems relate the values of
the function with its derivative or integral and are
importantin the proof of several calculus theorems.
Rolle’s theorem is now found in the development
of many introductory topics of differential calcu-
lus (Martinez de la Rosa, 2008; Pérez-Chavela &
Petakos, 2009; Tan, 2011).

The internal rate of return (IRR) is the discou-
ntrate that makes the net present value (NPV) of all
cash flows from a specific project equal to zero. IRR
is the root (or roots in a multiple case) of the NPV
expression. IRR is used in the financial decision pro-
cess to accept or refuse a project. If a specific project
has an IRR greater than the minimum required rate
of return, then the project should be accepted (the
project adds value). While if the IRR is less than the
minimum required rate of return, the project should
be refused. Multiple IRRs can be obtained in non-
conventional (also called non-normal) cash flows.
The non-conventional type is a cash flow pattern in
which cash flows change the sign more than once
(Cissell et al., 1990; Vélez Pareja, 2002).

This paper states and proves an extension
of Rolle’s theorem that determines the amount of
numbers & inwhich f” (é) = 0 inagiven interval,
using the characteristics of the function fin that
interval. This approach has been used to calculate
the amount of internal rates of return (IRR) in a
non-conventional cash flow.

A SIMPLE EXTENSION OF ROLLE’S
THEOREM

Let the function fbe:

i. Continuous on a closed interval [a, b].

ii. Continuously differentiable on the open
interval (a, b).

iii. The function f'is differentiable on the open
interval (a, b).

iv. f(a)= f(b) = ¢ (where cis a constant).

V. f(x)#k (where kis a constant).

vi. f(a)#0 and f (b)#0.

vii. There are n>0 points d, in the open interval
(a,b) suchthatf"(d,)=f"(d,)=..=f"(d )=
f"(d)) = 0 (where n is the number of points
d.in the open interval (a, b) such that /" (d )
=0).

viii. The derivative of fat the points d_is different
from zero, f'(d,)#0 (i=12,...,n—1,n).

ix. The signs of the derivatives of fat the points
d.alternate (for n > 2).

Then:

a. Thereexistn-1numbers ¢ in the open inter-
val (a, b) such that f'(§,) =f'(§,) =..= f'(§,.,)
=f'(§,..) =0, as long as:

a.1 The signs of the lateral right-hand deri-
vative evaluated at a, f, (a) and that of
the derivative evaluated at the first point
d, /'(d,)are the same, and

a.2 The signs of the derivative evaluated at

the last point d, f'(d, ) and that of the
lateral left-hand derivative evaluated at
b, /- (b)are the same.

b. There existn numbers &; in the open interval
(a, b) such that f'(§,) = (&) = .. = f,.,) =
f'(€,) =0, aslongas:

b.1.1 The signs of the lateral right-hand de-
rivative evaluated ata, f’ + (a) and that of
the derivative evaluated at the first point
d, f'(d,)are the same, and

b.2.1 The signs of the derivative evaluated at

the last point d, f'(dn) and that of the
lateral left-hand derivative evaluated at
b, f (b) are different, or

b.1.2 The signs of the lateral right-hand de-
rivative evaluated ata, f’ + (a) and that of
the derivative evaluated at the first point
d, f'(dl)are different, and
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b.2.2 The signs of the derivative evaluated at
the last pointd , f '(dn ) and that of the
lateral left-hand derivative evaluated at
b, f(b) are the same.

c. There exist n + 1 numbers & in the open in-
terval (a, b) such thatf'(§ ) =f"(§,) =.=f"(§)
=f'(€,.,) =0, as long as:

c.1 The signs of the lateral right-hand deri-
vative evaluated at a, f (a) and that of
the derivative evaluated at the first point
d, f'(d1 ) are different, and

c.2 The signs of the derivative evaluated at
the last point d, f'(d”) and that of the
lateral left-hand derivative evaluated at
b, f_' (b) are different.

Corollary

Let the function f be:
i. Continuous on a closed interval [a, b].
ii. Continuously differentiable on the open
interval (a, b).
iii. The function f"is differentiable on the open
interval (a, b).
iv. f(a) = f(b) = ¢ (where c is a constant).
v. f{x) # k (where k is a constant).
vi. n =0 there is no pointd in the open interval
(a, b) such that £"(d)=0,/"(x)=0, vxe
(a, b) (where n is the number of points d, in
the open interval (g, b) such that f"(d)) = 0)
Then, there exists one number £in the open
interval (g, b) such that /(&) =0.

PROOF OF THE SIMPLE EXTENSION OF
ROLLE'S THEOREM

Iff(x) =kforallxin [a, b],thenf'(x) =0forallx
in (a, b); thus, any number between a and b can be
considered as ¢. To obtain a finite number of points
& f(x)# k (condition v).

Since there are n points d. in the interval (a,
b) suchthatf"(d,)=f"(d,) =..= f"(d ) =f"(d)=0
(conditions iii and vii), n + 1 subintervals can be
established givenby [a,d ],[d,,d,],..,[d ,,d ],[d ,b]

172

in the interval [a, b], where:a<d, <d,<..<d  <d
<b.[d,d)] [d,d.],..[d ,d ,],[d ,d] aredenoted
as interior intervals (n - 1 subintervals) and [a, d ],
[d, b] as exterior intervals (2 subintervals). First,
the interior intervals are considered as follows.

As fis continuous on the interval [a, b] (con-
dition i), fis also continuous on the interior subin-
tervals [d, d,], [d,, d.],... [d ,d .],[d _,,d]. Then,
by the extreme value theorem, f has an absolute
maximum and minimum value in each interior su-
binterval [d,, d ], [d,, d,],...[d ., d .],[d _,,d]. The
derivative f’is continuous on the open interval (a, b)
since fis continuously differentiable on this interval
(condition ii). Thus, f'is continuous on each interior
subinterval [d , d,], [d,, d.],.. [d ,, d .1, [d , d].
Under these considerations, the intermediate value
theorem can be applied to each interior subinterval.
The corollary called Bolzano’s theorem is used in
this point. Since it is assumed that the signs of the
derivatives of fat the points d_ alternate (conditions
viii and ix), the continuous derivative " has values
of opposite sign evaluated at the extremes of the
interval dj and djﬂ, then the derivative " has a zero
(root) in the interval (d, d,,,) In addition, since
there are no points d, in each interior subinterval
(d,d), (d,d),..(d _,d ) (d_,d), the graph of
fis concave upward or concave downward in each
interval. Then, f has only one extreme value at ¢ in
each subinterval. Thus, there exist n-1 numbers ¢
in the n-1 subintervals (d ,d)), (d,, d.),.., (d . d ),
(d _,d) such thatf'({) =0 (Figure 1) (Tan, 2011;
Leithold, 1995).

On the other hand, the exterior intervals are
considered [a, d,], [d , b]. There are no points d, in
the subintervals (a, d,), (d, b) . The derivative f
is continuous on the open interval (a, b) since fis
continuously differentiable on this interval (con-
dition ii). Thus, f’ is continuous on each exterior
subinterval (a, d,], [d , b). The following situations
can be obtained.

Parta

Since there is no change in the sign of the
derivative on these intervals, there are no numbers
& in which f” (fl) = 0. Adding up the numbers ¢ of
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A SIMPLE EXTENSION OF ROLLE’'S THEOREM AND ITS RELATION WITH MULTIPLE INTERNAL RATES OF RETURN (IRR)

Figure 1.

n -1 numbers ¢ in the n - 1 subintervals (d, d, ), (d, d,),.., (d_,,d ) (d ,d ), suchtht f'(§)=0

y

Source: Authors' calculations.

Figure 2.

There are no numbers ¢, in the subintervals (a, d,), (d , b) such that f'(&) = 0

Source: Authors' calculations.

the interior and exterior intervals, there are obtai-
ned n -1+ 0=n-1numbers ¢ in the interval (a,
b) such that f'(t_fl) = 0 (Figure 2).

Parthb

Since there is no change in the sign of the
derivative on one of the two intervals, there is no
number ¢ in which f'(¢) = 0 in the aforementioned
interval. But if there is a change in the sign of the
derivative on the other interval (Bolzano’s theo-
rem), and since it is assumed that f+ (a) # (0 and
/- (b)#0 (condition vi), there is one number
in the interval such that f'(fl) = 0. Adding up the

numbers ¢ of the interior and exterior intervals,
there are obtained n—1+1=n numbers £ in the
interval (a, b) such that f '(é) = (0 (Figure 3).

Part c

Since there is a change in the sign of the
derivative on both of the intervals (Bolzano’s theo-
rem), and since it is assumed that f+ (a) #0 and
f (b) # 0 (condition vi), there is one number & in
each interval such that f'((fl) = 0. Adding up the
numbers ¢ of the interior and exterior intervals,
there are obtainedn-1+2=n+ 1 numbers ¢ in the
interval (a, b) such that f'(§) = 0 (Figure 4).
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Figure 3.

One number ¢, in the subintervals (a, d ), (d, b) such that f'(§)=0

Source: Authors' calculations.

Figure 4.

Two numbers ¢, in the subintervals (a, d ), (d , b) such that f'(§) =0

Source: Authors' calculations.

Corollary

Similarly, if f(x) =k for all x in [a, b]. Then,
f '(x) =0 for all x in (a, b); thus, any number bet-
ween a and b can be considered as ¢. To obtain a
finite number of points &, f(x) # k (condition v).
f (x) # c forany xin (a, b). Under this consi-
deration, there must be a number x in (a, b) where
f(x) >cor f(x) < c. Since fis continuous on [q,
b] (condition i), the extreme value theorem implies
that f attains an absolute maximum or minimum
value at some number ¢ in [a, b]. The number &
cannot be an endpoint because f(a)= f(b)=c

(condition iv), and it is assumed that f(x) >cor
f(x) < ¢ for some number x in (a, b). Therefore,
&must be in (g, b). Since f is differentiable on (g,
b) (condition ii), /"'(£) exists, and by Fermat’s
theorem f'(£) =0 (Tan, 2011). In addition, since
there is no point d in the interval (a, b) such that
f"(d) =0 (conditions iii and vi), the graph of fis
concave upward or concave downward in the inter-
val. Then, fhas only one extreme value at & Thus,
there exists one number £in the interval (a, b) such

that f'(£) = 0 (Figure 5).
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Figure 5.

One number §in the interval (a, b) such that f'(§) =0

Source: Authors' calculations.

The simple extension of Rolle’s theorem
and its corollary allow determining the amount of
points in which the derivative of a function is equal
to zero in a given interval, using the characteristics
of the function in that interval. The corollary is pro-
ved using a similar deduction to the theorem. The
corollary considers that there are no points in the
open interval such that the second derivative of the
function is zero. The main theorem only takes into
account cases where there exist points where the
values of the second derivative are equal to zero.
[llustrative examples of the different parts of the
main theorem and the corollary are presented in
the following sections. A special section is dedicated
to the relation of the theorem to multiple internal
rates of return (IRR).

ILLUSTRATIVE EXAMPLES

Part a
Let fbe:
f (x) = sinx
The derivative of fis:
f' (x) = cosx
The derivative of f"is:

f"(x)=—sinx

f'(x) and f"(x) exist and are continuous
for all values of x. fand f” are differentiable on the
interval (—o0,+) and therefore continuous on
(—o0,+90). Thus, the conditions (i), (ii) and (iii) of
the theorem are satisfied at any interval. Any
interval in which the condition (iv) is fulfilled is
determined as follows:

‘/—% = Sinx
x=sin" \/34

x:%+2ﬂnu2%+2ﬁn,neZ
Choosing a = 27% and b = 13%.

The condition (v) is satisfied. Since fis di-
fferentiable on the interval (—o0,+0), the lateral
derivatives evaluated at the extremes of the interval
of the condition (vi) are given by:

(A1) 15
25 o255
)
AR
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Therefore, the condition (vi) is fulfilled. From  Thesignsofthe derivatives offatthe pointsd alternate

the derivative of f": (condition (ix)).f"(r) <0,f'(2m)>0,f"(3m) <0,f (4m) >0
f”(x):—sinx Then, there exist 4-1=3 num-
Thepointsd inthe openinterval(z%,l3%) bers ¢ in the interval (2%,13%) such that

such that f”(dl.) =( are calculated: f’(§1) = f’(gz) = f’(é) = (), since:
0 . The signs of the lateral right-hand derivati-

= —sinx ,
. ve evaluated at 27/, f. 2”3 < 0 and that of the
0= sinx derivative evaluate3 at the first point 7z, f” (7z) <0
x=sin0 are the same, and

c=nrnel The signs of the derivative evaluated at the
S last point 47, f'(47z) > (0 and that of the lateral le-

dy=r,d,=2r,d;=3r,d, =4r. ft-hand derivative evaluated at13”3,ﬁ (13%) >0
Thus, there are n = 4 points d,in the interval  are the same.

(2%,13”3) (condition (vii)). The derivative at The three numbers ¢ in the interval
the points d. is determined as: (2%,13%) are given by:
f'(7)=f"(37) = cosm = cos3w =—1 f'(x)=cosx =0
f'(27) = f'(4rn) = cos2x = cos4n =1 x=cos'0
xX= A +nn,nel
The condition (viii) is satisfied since the de-
rivative of fat the points d, is different from zero, Thus, & = 3% 6, = 5% 6 = 7% .

f'(d)#0(=1,2,3,4).

Figure 6.

Graph of f (x) = sinx and the horizontal tangent lines at the points where & = 3% , & = 5%, &= 7%

f2: 5”/2
, <

§=31/y §= 7y

Source: Authors' calculations.
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A SIMPLE EXTENSION OF ROLLE’'S THEOREM AND ITS RELATION WITH MULTIPLE INTERNAL RATES OF RETURN (IRR)

Figure 6 shows the graph of f and the
horizontal tangent lines at the points where

& :37[2352 :5%753 :7%'

Parthb
Let fbe:

f()c):x3 —2x* —x+2
The derivative of fis:
f’(x) =3x" —4x-1
The derivative of f"is:
f" (x) =6x—4
f'(x) and f"(x) exist and are continuous
for all values of X*. fand f' are differentiable on
the interval (—OO,+OO) and therefore continuous
on (—o0,+00). Thus, the conditions (i), (ii) and (i)
of the theorem are satisfied at any interval. Any

interval in which the condition (iv) is fulfilled is
determined as follows:

_1/_ 3 _n,2_
A—x 2x°—x+2

— 3942 7
0=x"—-2x x+é

x, = -1.053,x, = 1.188,x, = 1.866

Choosing a=-1.053 and b = 1.188.

The condition (v) is satisfied. Since fis di-
fferentiable on the interval (—oo,+oo), the lateral
derivatives evaluated at the extremes of the interval
of the condition (vi) are given by:

£ (-1.053) = /7 (-1.053) = f'(-1.053)

f(-1.053)=3(~1.053)" —4(~1.053)~1=6.538
£1(1.188) = £1(1.188) = f'(1.188)
£7(1.188)=3(1.188)" —4(1.188)~1=-1.518

Therefore, the condition (vi) is fulfilled. From
the derivative of f"
f'x)=6x-4
The points d, in the open interval
(-1.053,1.188) such that f"(d ) = 0 are calculated:

0=6x-4

d = 2/ Thus, there is n = 1 point d in the
interval (-1.053,1.188) (condition (vii)). The deri-
vative at the point d is determined:

1(34)=3(34) -4(34)-1--23

The condition (viii) is satisfied since the
derivative of f at the point d is different from zero,

£1(d)20 (=1

d, :C% are both the first and the last point
d. The condition (ix) is not applicable.
Then, there exists one number ¢ in the in-
terval (-1.053,1.188) such that f’(.fl ) =0, since:
The signs of the lateral right-hand derivati-
ve evaluated at -1.053, f+ (—1.053) > ( and that
of the derivative evaluated at the first point %,

f’(%) < () are different, and

The signs of the derivative evaluated at the
last point % f '( % ) < (Qandthat of the lateral left-

hand derivative evaluated at 1.188, /" (1.188)<0
are the same.

The number ¢ in the interval (-1.053,1.188)
is given by:

f'(x)=3x"-4x-1=0

L_4xV16+12

6

x_4i2\/7_2i\/7

6 3
5 =2V 2
Thus, & =2_‘/74.

Figure 7 shows the graph of fand the horizon-
tal tangent line at the point where & = 2~ \/74 .

Partc
Let fbe:
f(x) =sinx
The derivative of fis:
f'(x) = cosx
The derivative of f'is:
f"(x) = -sinx
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Figure 7.

Graph of f(x) = x* -2x* -x + 2 and the horizontal tangent line at the point where & = 2- \/74

§=2-V73

=z

1,5

Source: Authors' calculations.

f'(x) and f"(x) exist and are continuous for all
values of x. fand f” are differentiable on the interval
(—oo,+oo) and therefore continuous on (—oo,+oo).
Thus, the conditions (i), (ii) and (iii) of the theo-
rem are satisfied at any interval. Any interval in
which the condition (iv) is fulfilled is determined
as follows:

0 = sinx
x = sin"'0
x=nrw,nel

Choosinga =0and b=4r.

The condition (v) is satisfied. Since f is di-
fferentiable on the interval (—OO,+OO), the lateral
derivatives evaluated at the extremes of the interval
of the condition (vi) are given by:

£:(0)=1-(0)=1"(0)
7'(0)=cos0=1
S (4x)=f.(4x)= /"(47)
f'(47) = cosdr =1
Therefore, the condition (vi) is fulfilled. From
the derivative of f™:
f"(x) = -sinx
The points d,in the open interval (O, 47[) such
that £"(d,) = 0 are calculated as:

0=—sinx

) =x3-2x*-x+2

0= sinx
x=sin"'0
x=nr.,nel
d =n,d,=2r,d,=3x. Thus, there are
n = 3 points d, in the interval (0, 47r) (condition
(vii)). The derivative at the points d, is determined

as follows:
f'(”) :f'(37r)=com =cos3rw =-1

f'(27)=cos27 =1

The condition (viii) is satisfied since the de-
rivative of f at the points d. is different from zero,
f'(d)#0(=12,3)

The signs of the derivatives of f at
the points d, alternate (condition (ix)).
f(m) <0,f(2m) > 0, f* (3m) < 0.

Then, exist 3 + 1 =4 numbers ¢ in the interval

(0, 4m) such that f'(¢) = f'(&,) = f(&) =f() =0,

since:

The signs of the lateral right-hand derivative
evaluated at 0, f, (O) > 0 and that of the derivative
evaluated at the first point 7, f’(;z') < ( are diffe-
rent, and

The signs of the derivative evaluated at the
last point 37, f'(37z) < (0 and that of the lateral
left-hand derivative evaluated at 47, f_ (47[) >0
are different.
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The 4 numbers ¢ in the interval (0, 47) are
given by:

f'(x)=cosx=0
x=cos 0

x=%+n7r,neZ

Thus,& =74, =37, & =57/ &, =17/,

Figure 8 shows the graph of f and the
horizontal tangent lines at the points where

51 :%952 :3%553 :5%a§4 :7%’

Corollary

Let fbe:
fx)=x*-5x+5
The derivative of fis:
f(x)=2x-5
The derivative of f'is:
fx)=2
f'(x) and f"'(x) exist and are continuous for all
values of x. fand f" are differentiable on the interval

(—o0,+00) and therefore continuous on (—oo, +0).
Thus, the conditions (i), (ii) and (iii) of the theorem

Figure 8.

are satisfied at any interval. Any interval in which
the condition (iv) is fulfilled is determined as
follows:

1=x*-—5x+5

0=x*—5x+4

L 5£\25-16

2
5+3
XxX=—"
2
x,=lx,=4

Choosinga=1and b = 4.
The condition (v) is satisfied. From the de-
rivative of f":
fx) =2
There is no point d in the open interval (1,
4) such that f"'(d) = 0. Therefore, the condition
(vi) is fulfilled. Then, there is only one num-
ber £ in the interval (1, 4) such that f’(f) =0.
To determine the value of , itis considered f'(x) = 0,
where the following is obtained:
0=2x-5
x=5/2
Figure 9 shows the graph of fand the horizon-
tal tangent line at the point where £ =5/ 2.

. . . ; - _3z 5z =1
Graph of f(x) = sinx and the horizontal tangent lines at the points where & = A,é = A,é = é,@ = é

§=1/;

, Z

=51/,

§=31/y

Source: Authors' calculations.
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Figure 9.

Graph of f(x) = x* - 5x + 5 and the horizontal tangent line at the point where £ =5/ 2

y
12

flx)=x*-5x+5

Source: Authors' calculations.

Additional illustrative example

In this example, a function is presented in which the
extension can or cannot be applicable according to
the interval choice.

Let fbe:

1
f(x) = Exz —CosX
The derivative of fis:
f'(x)=x+sinx
The derivative of fis:
f"(x) =1+ cosx

f'(x) and f"'(x) exist and are continuous for all
values of x. fand f” are differentiable on the interval
(—o0,+00) and therefore continuous on (—o0,+).
Thus, the conditions (i), (ii) and (iii) of the theo-
rem are satisfied at any interval. Any interval in
which the condition (iv) is fulfilled is determined
as follows:

f(a) = la2 —cosa
Setting b = -a
£(b)=1(-a)=(-a) ~cos(-a)
£(b)=1(~a) =%a2 —cosa
Thus, f{a) = f{-a), fis an even function.

252

Choosing any a and b = -q, f(a) = f(b)is
obtained.
Two cases are studied:

e, _Ir _Ir
Casel:aq = 9%andb— %
s

Case 2:q=—1 /andb=19” i

The condition (v) is satisfied. Since f is di-
fferentiable on the interval (—OO, +OO), the lateral
derivatives evaluated at the extremes of the interval
of the condition (vi) are given by:

Case 1:

AR AR
PR 7)=1%
+ Y= s 165
P71 07)=r (79
PI7)="% v =% 14

_Tr-3

=3.165

Case 2:

FE) o))
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Figure 10.

1
Graph off(x) = Exz —cosxand the horizontal tangent line at the point where &, = 0

y
20

fx) = %xz - cosx

Source: Authors' calculations.

f’(—19%)=—197f6+sin(—19%):

—19%+% - 3_;9” = -9.448
(7= (97) (%)
fr(19%) 197/ +Sin(19%) 197/ 1/

1973

=9.448

Therefore, the condition (vi) is fulfilled. From
the derivative of f":
f"(x)=1+cosx
The points d such thatf"(d) = 0 are calculated:
0 =1+ cosx
-1 = cosx
x=cos!(-1)
X =rr,r isodd.
Case 1: d, =—n,d, = 7. Thus, there are n =
2 points d. in the interval (_7%,7%).
Case 2: d,=-3n,d,=-n,d,=n,d, =37
Thus, there are n = 4 points d, in the interval

(_19%,19%).

The derivative at the points d. is determined:

3,5 5,5 x

Case 1:
f'(-n)=-r+sin—z=-x
f’(ﬂ) =T+SInT =7
The condition (viii) is satisfied since the de-
rivative of f at the points d, is different from zero,

f'(dl_);t() (i=1,2).

Case 2:
f'(—37z) =-3r+sin-37r=-37
f'(-7)=-m+sin—-w=-x
f'(ﬂ):ﬂ+sin7r:7r

f'(37) =3z +sin37 =37

The condition (viii) is satisfied since the de-
rivative of f at the points d, is different from zero,
f’(di)¢ 0(1=1234).

Case 1

The signs of the derivatives of fat the points
d alternate (condition (ix)). f'(-m) <0, f'() > 0.

Then, there exist 2 - 1 = 1 number El in the
interval (_77/ Tx ) suchthat #' =0, since:

(-77¢. 77 f(&)=0
The signs of the lateral right-hand deriva-

tive evaluated at — 77/, f (—777 <0 and that
o 6 6 :

of the derivative evaluated at the first point —7,

f'(—ﬂ) < (0 are the same, and
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The signs of the derivative evaluated at the
last point 7, £ '(71-) > 0 and that of the lateral left-

hand derivative evaluated at 7776 , ff (7%) >0
are the same (Part 2a).

. The number &, in the interval (— 7% , 7%)
is given by:
f(x)=x+sinx=0
-X = sinx
x=0
Thus, & = 0.
Figure 10 shows the graph of fand the hori-
zontal tangent line at the point where § = 0.

Case 2

The signs of the derivatives of fat the points
d. do not alternate (condition (ix)). f'(-3m) < 0,
f(-m)<0,f'(m) >0, f'(3m) > 0. The extension is not
applicable. Although there are four points d, there is
only one number & in the interval (— 1 977 , 1 977)

, ! 6 6

such that f (51 ) =0.

A SIMPLE EXTENSION OF ROLLE’S
THEOREM AND ITS RELATION WITH
MULTIPLE INTERNAL RATES OF RETURN
(IRR)

A company is considering to buy a new machine for
its production plant. The new machine will increase
the productivity of the company and reduce the
labor cost. The cost of the machine is distributed
in several years as follows (values in thousands of
currency units):

0 1 2 3

12 10 40 10

The associated benefits are summarized in
the following table:

1 2 3 4

45 10 5 13

The company’s management establishes a
minimum required rate of return of 8%. The pro-
ject of the new machine for the production plant is
evaluated using the internal rate of return (IRR).

The expected net cash flows are presen-
ted in Figure 11. The net present value (NPV) is

the difference between the present value of cash
inflows and outflows (Cissell et al., 1990; Vélez
Pareja, 2002). First, the net present value (NPV) is
calculated.

Cash flows are discounted at the discount
rate:

NPV (i)=-12+35(1+i)*-30(1+i)2-5(1+i)3
+13(1+i)*

Expressing the binomials with positive
exponents:

NPV (i)=—124-> 30 3

(1+1i; (1+i) (1+i)

Ty

Thus:
~12(1+4)" +35(1+i) =30(1+i)’
(1+i)’
—5(1+i)+13

NPV (i)=

Using the binomial theorem:
(1+z‘)4 =1+4i+6i" +4i° +i*
(1+i)3 =1+3i+3i° +i°
(1+i)2 =1+2i+i’

Thus:

—12(1+4i+6i2+4i3+i4)
NPV (i) =

+35(143i 4387 +77)=30(1+2i +i* )= 5(1+7) +13

1+4i+6i* +4i° +i'

Solving the grouping symbols:
—12-48i—72i* —48° —12i* +

NPV (i)=

35+105i+105i* +35i° = 30— 60i —30i*
1+4i+6i* +4i° +i*

—-5-5i+13
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Figure 11.

Cash flow diagram to calculate the net present value (NPV) and the internal rate of return (IRR).

35
A

Source: Authors' calculations.

Simplifying the expression:
1-8i+3i* —13i° —12i*
1+4i+6i° +4i° +i*

NPV (i) =

The internal rate of return (IRR) is a discount
rate that makes the net present value (NPV) of all
cash flows equal to zero (Cissell et al., 1990; Vélez
Pareja, 2002):
1-8i +3i* —13i° —12i*

0= NPV
(1)= 1+4i+6i* +4i +i*

Thus:

0=p(i)=1-8i+3i" -13;° -12i*

This simple extension of Rolle’s theorem
allows determining the amount of numbers § in
which f'(¢ ) = 0inagiven interval, using the cha-
racteristics of the function in that interval. So, the
number of roots of p(i) can be determined using
the characteristics of the function P(i). Where
P'() = p().

The function P(i) is calculated as follows:
P(i)=1[ p(i)]di=(1-8i+3i* =131’ ~12i*)di
Thus:
P(i)=i-4i"+7° —?i“ —%is +a

Where a is a constant. If a = 0, the following
is obtained:

1 12
P(i)=i—4i"+7° B 12

4 5
The derivative of p(i) is:

P"(i)=p'(i) =-8 + 6i - 39i? - 48i®

P'(i) and P"(i) exist and are continuous for all
values of i. Pand P'are differentiable on the interval
(—oo,+00) and therefore continuous on (—OO,+OO).
Thus, the conditions (i), (ii) and (iii) of the theo-
rem are satisfied at any interval. Any interval in
which the condition (iv) is fulfilled is determined
as follows:

13 .,

—6=i—4i*+i ——| —Eis
4

5

Two solutions are -1.903 and 0.937.

Choosing a =-1.903 and b = 0.937.

The condition (v) is satisfied. Since P is di-
fferentiable on the interval (—OO,+OO), the lateral
derivatives evaluated at the extremes of the interval
of the condition (vi) are given by:

( 1. 903) ( 1 903) ( 1.903)

P'(~1.903) =1-8(~1.903) +3(~1.903)’

~13(~1.903)’ ~12(~1.903)" = —40.697
P'(0.937)= P (0.937)= P'(0.937)
P'(0.937)=1-8(0.937)+3(0.937)°
~13(0.937)" ~12(0.937)" = -23.807
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Therefore, the condition (vi) is fulfilled. From
the derivative of P"
P"(i) =-8 + 6i - 39i* - 48;*
The points d, in the open interval
(-1.903,0.937) such that P"(d) = 0 are calculated:

0 =-8+6i-39i*-48;3
i=-1.074
d, =-1.074 Thus, there is n = 1 point d in the

interval (-1.903,0.937) (condition (vii)). The deri-
vative at the point d is determined as:

P'(~1.074)=1-8(~1.074) +3(~1.074)’
~13(-1.074)’ —12(~1.074)" =13.191

The condition (viii) is satisfied since the
derivative of P at the point d is different from zero,
P’(d,.) #0(=1).

d, =-1.074are both the firstand the last point
d. The condition (ix) is not applicable.

Then, there exist 1 + 1 = 2 numbers ¢ in the
interval (-1.903,0.937) such that P'(£ ) = P'(&,) =0
since:

The signs of the lateral right-hand derivative
evaluated at -1.903, P, (—1.903) <0 and that of

the derivative evaluated at the first point -1.074,
P'(-1.074) > 0 are different, and

The signs of the derivative evaluated at the
last point -1.074, P'(-1.074) > 0 and that of the
lateral left-hand derivative evaluated at 0.937,
P (0.937) < 0 are different.

The two numbers ¢ in the interval (-1.903,
0.937) are given by:

P'(i)= p(i) = 1-8i+ 31 -13/* -12i*= 0
i, =-1.546,1,=0.127
Thus, § = -1.546, § = 0.127.

Figure 12 shows the graph of P and the hori-
zontal tangent lines at the points where §, =-1.546,
§,=0.127.

Since P'(i) = p(i), there are two internal rates
of return (IRR) in the open interval (-1.903, 0.937),
IRR, = -1.546, IRR, = 0.127. Figure 13 shows the
graph of the net present value (NPV) and two in-
ternal rates of return (IRR) in the open interval
(-1.903, 0.937).

According to this result, the project of the new
machine for the production plant is acceptable since
the internal rate of return calculated for the project

Figure 12.
N o2 134 12 . . .
Graph ofP(z) =i-4i" +i’ ——1i ——1i" and the horizontal tangent lines at the points where £ = - 1.546,
§,=0127.
a” §,=0127
P(i)=i-4r+ -0 - 125 2 %
-1,5 -1 -0,5 0 ) 1 i

Source: Authors' calculations.
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Figure 13.

Graph of the net present value (NPV) and two internal rates of return (IRR) in the open interval (-1.903, 0.937).

IRR = -1.546

Z

) -1,5 -1 -0,5

Source: Authors' calculations.

(12.7%) is higher than the minimum required rate of
return (8%) (Cissell et al., 1990; Vélez Pareja, 2002).

CONCLUSIONS

This paper has stated and proved a simple extension
of Rolle’s theorem. It has also presented the geome-
tric interpretation of the theorem. This extension
allows determining the amount of numbers & in
which f'(§) = 0 in a given interval, using the charac-
teristics of the function fin that interval. lllustrative
examples have been solved for each case that can
be obtained to show the application of the theorem.
Financial evaluation indicates whether a project
will contribute to creating value and generating

NPV
20

1-8i+37-133 - 12i*
1-4i+67-47-i*

NPV(i) =
15

10

IRR =-0.127

-10

profit. The most widely used investment evaluation
techniques are net present value (NPV) and internal
rate of return (IRR).

This theorem has been used to calculate the
amount of [IRR in a non-conventional cash flow. The
NPV expression for the non-conventional cash flow
has also been determined. The characteristics of
the function P derived from the net present value
expression have allowed estimating the amount of
internal rates of return. The comparison of IRR with
the minimum required rate of return supports the
investment decision. If the internal rate of return
on a project is greater than the minimum required
rate of return, then the project should be accepted;
otherwise, the project should be rejected.
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