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NEWTON AND BOULIGAND DERIVATIVES OF THE SCALAR
PLAY AND STOP OPERATOR

MARTIN BROKATE"?*

Abstract. We prove that the play and the stop operator possess Newton and Bouligand derivatives,
and exhibit formulas for those derivatives. The remainder estimate is given in a strengthened form,
and a corresponding chain rule is developed. The construction of the Newton derivative ensures that
the mappings involved are measurable.
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1. INTRODUCTION

The aim of this paper is to show that the play and the stop operator possess Newton as well as Bouligand
derivatives, and to compute those derivatives. Newton derivatives are needed when one wants to solve equations

Fu)=0

for nonsmooth operators F' by Newton’s method with a better than linear convergence rate. Bouligand deriva-
tives are closely related to Newton derivatives, and can be used to provide sensitivity results as well as optimality
conditions for problems involving nonsmooth operators.

The scalar play operator and its twin, the scalar stop operator, act on functions w : [a,b] — R and yield
functions w = P,[u; z0] and z = S,[u; z] from [a,b] to R. The number zy plays the role of an initial condition.
Their formal definition, in the spirit of [11, 12], is given below in Section 6; alternatively, they arise as solution
operators of the evolution variational inequality

w(t) - (C—2(t)) <0, forall¢e[-rr] (1.1a)
Z(t) € [_Ta T]7 Z(a) =20 € [_T7 7‘], (11b)
w(t) + (1) = u(t). (L.10)
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2 M. BROKATE

The play and the stop operator are rate-independent; in fact, they constitute the simplest nontrivial examples
of rate-independent operators [4, 13, 14, 19] if one disregards relays whose nature is inherently discontinuous.
Due to (1.1¢), their mathematical properties are closely related.

A lot is known about the play and the stop. Viewed as operators between function spaces, their typical
regularity is Lipschitz (or less). In particular, they are not differentiable in the classical sense. The question
whether weaker derivatives (e.g., directional derivatives) exist was addressed, to the author’s knowledge, for the
first time in [3] where it was shown that the play and the stop are directionally differentiable from Cfa,b] to
L?(a,b) for p < oo. (This is not to be confused with the existence and form of time derivatives of functions like
t — P.[u; z0](t), for which there are many results available.)

The results below serve to narrow the gap between differentiability and non-differentiability of rate-
independent operators. Their proofs given here are based on the same idea as used in [3], namely, to locally
represent the play as a composition of operators whose main ingredient is the cumulated maximum.

It is natural to ask whether it is possible to prove weak differentiability of the play and the stop operator
in the framework of the variational formulation (1.1). Indeed, for elliptic variational inequalities, a large body
of literature is available, going back to [15]. In that case, the solution operator is closely linked to the metric
projection onto convex sets whose differentiability properties also have been analyzed for a long time. For
evolution variational inequalities of parabolic type, we refer to the recent contribution [5] and the literature
cited there. For rate independent variational inequalities, corresponding results do not seem to exist, not even
for the ODE case given in (1.1).

Our main results are given in Theorem 7.15 for Newton differentiability and Theorem 8.2 for Bouli-
gand differentiability of the play. They are based on corresponding results for the maximum functional
(Prop. 3.4) and the cumulated maximum operator (Prop. 4.8). The extension to the parametric play is given
in Proposition 9.5.

When attempting to prove Newton differentiability of the play, some issues arise which complicate matters and
are, at least in part, responsible for the length of this paper. First, the construction of the Newton derivative
of the play leads to a set-valued derivative in a natural manner. Its elements L should have the property
that the first order approximations dw = Ldu are measurable functions. Since Newton derivatives are not
obtained as limits, and we are dealing with operators between function spaces, measurability becomes an issue.
Second, with regard to the form of the remainder, we aim at a somewhat stronger result than standard Newton
differentiability, having in mind applications to partial differential equations. Third, we want to treat not only
a single play operator, but also a parametric family of play operators, having in mind problems where play
operators e.g. are distributed continuously over space. Again, the problem of measurability has to be solved.

The proofs of Newton and of Bouligand differentiability are rather similar; for Bouligand derivatives, some of
the problems mentioned above do not even arise. Nevertheless, we have chosen to elaborate the proofs for both
cases to some extent; the details are somewhat cumbersome and should not be placed too much as a burden on
the reader.

2. NOTIONS OF DERIVATIVES

We collect some established notions of derivatives for mappings
F:U—Y, UCX,

where X and Y are normed spaces, and U is an open subset of X . These notions are classical, but the terminology
is not uniform in the literature.
Definition 2.1. (i) The limit, if it exists,

F'(u; h) := lim Fu+ Ah) — F(u) ,
AL0 A

ueU,heX, (2.1)
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is called the directional derivative of F' at u in the direction h. It is an element of Y.
(ii) If the directional derivative satisfies

(s h) = lim L0 A T)) = F(w)

lim By (2.2)

for all functions r : (0, A\g) — X with 7(A\)/A — 0 as A — 0, it is called the Hadamard derivative of F' at u in
the direction h.
(iii) If the directional derivative exists for all h € X and satisfies

PGt h) — F(uw) - Push)]|
A Tl =0 (23)

it is called the Bouligand derivative of F' at u in the direction h.

(iv) If the Bouligand derivative has the form F’(u;h) = Lh for some linear continuous mapping L : X — Y,
then L is called the Fréchet derivative of F' at u and denoted as DF(u).

(v) The mapping F is called directionally (Hadamard, Bouligand, Fréchet, resp.) differentiable at u (in U, resp.),
if the corresponding derivative exists at u (for all u € U, resp.) for all directions h € X.

In the definition above, it is tacitly understood that the limits are taken in the sense “not equal 0”.
We have F'(u;Ah) = AF'(u;h) if A > 0. This as well as the following well-known facts are elementary
consequences of the above definitions.

Proposition 2.2. Let F be directionally differentiable and locally Lipschitz continuous at w € U. Then F is
Hadamard differentiable at w. Moreover, if ¢, is a local Lipschitz constant for F at u,

HF’(U; h1)—F’(u; hg)” Seuth —hg” vh17h2 e X. (24)
Consequently, if £ is a global Lipschitz constant for F,
|F(u+ h) — F(u) — F'(u; h)|| < 2¢||h]| VheX. (2.5)

Corollary 2.3. If I is locally Lipschitz, then directional and Hadamard differentiability at uw € U are equivalent,
and are implied by Bouligand differentiability at u.

In terms of a remainder function, the definition (2.3) of Bouligand differentiability at u is equivalent to
VF(u+ ) — F(u) — F(us )| < pu(l2]) - ], (2.6)
where p,(0) | 0 for § | 0. In view of (2.5), we may assume that p, is globally bounded,
pu <20 VuelU, (2.7)
if £ is a global Lipschitz constant for F'.

The notion of a Newton derivative is more recent. A mapping G : U — £(X,Y), the space of all linear and
continuous mappings from X to Y, is called a Newton derivative of F' in U, if

Lo IF () = F(u) = Glu+ h)hl|

0 2.8
h—0 I2|l (28)

holds for all w € U. It is never unique; for example, modifying G at a single point does not affect the validity of
(2.8) in U.
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It has turned out to be natural to allow Newton derivatives to be set-valued. For set-valued mappings we
write “f : X = Y instead of “f : X — P(Y)\ 0.

Definition 2.4. A mapping G : U = £L(X,Y) is called a Newton derivative of F in U, if

b sup PG ) — F(u) — Lh]
h=0 LeG(uth) [|A]]

0 (2.9)

holds for all uw € U. G is called locally bounded if for every u € U the sets {||L| : L € G(v), ||[v — u|| < ¢} are
bounded for some suitable § = §(u). G is called globally bounded if these bounds can be chosen independently
from wu.

Tt is well known that if F' is continuously Fréchet differentiable in U, then G(u) = {DF(u)} is a single-valued
Newton derivative of F' in U.
We write (2.9) in remainder form,

sup [|F(u+ h) — F(u) — Lh|| < pu([|R]]) - [[2]], (2.10)
LeG(u+h)

where p,,(0) } 0 as 6 | 0. If £ is a global Lipschitz constant for F' and c¢ is a global bound for the norms ||L|| of
the elements L € G(U), we may assume that p, is globally bounded,

pu <AL+ ca Vuel, (2.11)

as in the case of the Bouligand derivative.

IfG: U = L(X,Y) is a Newton derivative of F in U, then so is every G : U = L(X,Y) satisfying G(u) C G(u)
for all w € U. In particular, every selector S : U — L(X,Y) of G, that is, S(u) € G(u) for all u € U, yields a
single-valued Newton derivative of F' in U.

We now consider the following situation. The domain of definition U of F' can be represented as

U= U, (2.12)

neN
where U,, C U are open sets with U,, C U,,11 for all n, and Uy = . We want to obtain a Newton derivative of

F on U from Newton derivatives of F' on U,. This can be done in the following setting. Let V,, C U be open
sets with

Vi CUyNVpyy forallneN, [JV,=U. (2.13)
neN

Proposition 2.5. Let G,, be a Newton derivative of F' on U,, n € N, with the remainder p, . according to
(2.10). Then in the situation just described above, the definition

G(u) =Gn(u), fucV,\Vy, (2.14)
yields a Newton derivative G : U = L(X;Y) of F on U with the remainder

pu = max{pn u, Pntiu} fUuUEV,y\Vy_1. (2.15)
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Proof. By construction,

U= U Vn \Vn—lv
neN

the union being disjoint. Let u € U, assume that u € V,, \ V,,_1. We choose § > 0 such that Bs(u) = {v :
|lv — u|| < &} satisfies, see (2.13),

B5(’u)ﬂvn,1 :@, Bg(u) cU,NVig1.

Let he X, |h]| <8, let Le Glu+h). fu+heV,, thenu+heV,\V,_1,u+heU,and L € G,(u+ h),
S0

|1 F(u+ h) = F(u) = Lh[| < ppu([AIDIR]-
Ifu+h¢éV,, thenu+h€V, 1 \V, CU,i1 and L € Gryq(u+h), so
[ F'(u+ h) — F(u) — Lh[| < ppi1u([|RI)]|R] -

This proves the assertions. O

Remark 2.6. If we have G, (u) C Gp41(u) for all n and all u € U,,, we may dispense with the sets V,, and
simply define a Newton derivative G of F on U by

Glu)=Gp(u), ifueU,\Uy.

We refer to Remark 7.14 for a discussion of this issue in the context of the play operator.
The following result ([10], Lem. 8.11) shows that Bouligand and Newton derivatives are closely related.

Proposition 2.7. Let F : U — Y possess the single-valued Newton derivative DNF : U — L(X,Y). Then F
is Bouligand differentiable at w € U if and only if the limit limy o DY F(u + Ah)h exists uniformly w.r.t. h € X
with ||h|| = 1. In this case,

F'(u;h) = §%DNF(u+Ah)h. (2.16)

3. THE MAXIMUM FUNCTIONAL
We consider ¢ : Cla,b] — R,

p(u) = Jnax, u(s) . (3.1)

The functional ¢ is convex, positively 1-homogeneous and globally Lipschitz continuous with Lipschitz con-
stant 1, w.r.t. the maximum norm on C|a,b]. By convex analysis, it is directionally (and thus, Hadamard)
differentiable. An explicit formula for the directional derivative is given by (see e.g. [6] for a direct proof)

"(u;h) = h 3.2
¢’ (u; h) e (s), (3.2)

where

M(u) = {7 € [a,0], u(T) = ¢(u)} (3-3)
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is the set where u attains its maximum.
Let us denote the dual of Cla,b] by Cl[a,b]*; it consists of all signed regular Borel measures on [a,b]. The
subdifferential of ¢ is defined as usual as the set-valued mapping d¢ : Cla, b] = Cla, b]* given by

Op(u) ={u: ue Cla,b]*, p(v) — p(u) > (u,v —u) for all v € Ca,b]} . (3.4)
It is not difficult to check that

Op(u) = {p: p € Cla,b]", supp(u) € M(u), p =0, ||p| =1} (3-5)
In particular, if 4 has a unique maximum at r € [a, b], that is, M (u) = {r}, then Op(u) = {4, }, where §,. denotes
the Dirac delta at 7.

A side remark (we will not use this): the directional derivative is linked to the subdifferential by the “max
formula” (see [1], Thm. 17.19, for the Hilbert space case)

¢'(u;h) = max (u,h).
HEIp(u)

The subdifferential is a natural candidate for a Newton derivative of a convex functional. However, the subdif-
ferential of ¢ : Cla,b] — R is not a Newton derivative of ¢, and ¢ is not Bouligand differentiable. The following
example shows that this is true even if we restrict ¢ to W1(a,b).

Here and in the sequel we use the norm

b 1/p
Jullwss = futa)] + o'l = futa)] + ([ WPds)”", 1<p<ce.

Example 3.1. Consider u : [0,1] — R defined by u(s) =1 — s. We have p(u) = 1 and M (u) = {0}. Define
hy :[0,1] = R for A > 0 by

2s, s<A,
hals) = {2)\ s> A (3.6)

Then the function u + h) attains its maximum at s = A, and

lhallir =2X, @u+hy)=1+X, ¢'(ushy) = énﬁgi)hx(S):hA(O)ZO-

Consequently, [|hx][1,1 — 0 but

lp(u+ha) = (u) = @"(usha)| _ A

T ==z (3.7)
Thus, ¢ is not Bouligand differentiable at u on X = W11(0,1). Moreover, setting ® = (9p)|X we obtain
M(u+hy) ={A}, @(u+hy) ={0r}, @(u+hr)hy=nhy(A)=2A,
0
p(uthy) —p(u) —@uth)ha| _ A _ 1 (3.9)

A

11 21 2
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Thus, @ is not a Newton derivative of o on W1(0,1). As ||hy[lso = [|hxl1,1 (or due to the embedding W' — C),
the same is true on C[0,1].
We will show that @ is a Newton derivative of ¢ on C%%[a,b] for every a > 0, endowed with the norm

t) —
llu]|co.a = u(a)] + |ulcow, |u|lgo. = sup M
t,s€[a,b] |t - S|°‘
st

(3.9)

We set B, = (—¢,¢).

Lemma 3.2. The mapping M : Cla,b] = [a, ] is upper semicontinuous, that is, for every u € Cla,b] and every
€ > 0 there exists 6 > 0 such that for every h € Cla, b]

Ihlls <8 = M(u+h)C Mu)+ B.. (3.10)

Proof. By contradiction. Assume that u € Cla,b] and £ > 0 are such that for all n € N there exist h, €
Cla,b] with ||hy|lee < L and M (u+ h,) ¢ M(u) + B.. Let t, € M(u + h,) with d(t,, M(u)) > . Passing to a

n

subsequence we get t, — ¢ € [a,b], t ¢ M(u). On the other hand, u(t,) + hn(tn) = ¢(u + hy). Letting n — oo
yields u(t) = ¢(u), so t € M(u), a contradiction. O

For a function f: I — R, I being an interval, we denote its oscillation on I by
0§c(f):sup{|f(t)—f(s)| it,sel}, (3.11)
and its modulus of continuity by

wr(fie) =sup{|f(t) — f(s)]:t,s eI, |t —s| <e}. (3.12)

When I = [a,b], we simply write osc(f) and w(f;e).
Lemma 3.3. Let u,h € Cla,b], u € dp(u+ h). Then

¢'(ush) < p(u+h) —p(u) < (u,h). (3.13)
Let moreover be € > 0 such that
M(u+h) C M(u)+ Be. (3.14)
Then we have
(o) = @) S sup Jh(r) = ()] = wlhi). (3.15)

Proof. The first inequality in (3.13) holds since ¢ is convex; as ¢(u) — @(u+ h) > (u, —h), the second inequality
follows. Now assume that (3.14) holds. Recalling (3.5), given r € supp(u) C M(u + h) we find an s, € M(u)
with |r —s,.| <e¢, so

h(r) — ¢ (u;h) = h(r) — JDax h(s) < h(r) — h(s,) < w(h;e).

Integrating both sides of this inequality over r € [a, b] with respect to u yields (3.15). O



8 M. BROKATE
For the modulus of continuity, we have
w(h;€) < |h|coae®, w(hie) < ||h||Lret /7. (3.16)
Proposition 3.4. Let X = C%%[a,b] or X = WP (a,b), with 0 < a < 1 resp. 1 < p < oo. Then the set-valued
mapping ® = (0p)| X given in (3.5) is a globally bounded Newton derivative of the mazimum functional ¢ on

X. In particular, for every u € X there exists a nondecreasing and bounded p,, : Ry — Ry such that p,(§) — 0
as 6 — 0, py is bounded independently from u, and

pulllhlloc) Bl oo
[p(u+ h) — pu) — Lh| < (3.17)
pu(ll7lloo) 1P| e
respectively, for every h € X and every L € ®(u + h).
Moreover, ¢ is Bouligand differentiable on X, and for every u € X
Pu(lllloc)) ] co o
p(u+h) —p(u) — ' (u;h)| < (3.18)
pulllhllso) 1P| e

respectively, for every h € X.

Proof. We consider the case X = C%%[a,b]. Let u € X be given, let
€y () = inf{e : M(u+ Bs) C M(u) + B:}

for 6 > 0. Then ¢, is increasing. As M is upper semicontinous by Lemma 3.2, we have 0 < £,(J) — 0 as § — 0,
According to (3.13) and (3.15), for h € X and L = pp € ®(u+ h) we get

[p(u+h) = p(u) = Lh| <w(h;eu((lhlloo) < eulllhlloo)® - [Algo.e -
Setting py(0) = (£4,(9))%, (3.17) follows for the Holder case. Since || L||c—r = 1, we have || L||co.« sr < ¢q and
lp(u+h) = @(u) = Lh| < 2[|hlloc < 2¢allh]loc ,

where ¢, denotes the norm of the embedding C%® — C. Thus, c, is a global bound for ®, and 2c, furnishes a
global bound for p,.

The proof for the case X = WP (a,b) is analogous. (One might also refer to Morrey’s embedding theorem
which implies that W1?(a,b) is continuously embedded into C%*[a,b] for a« <1 —1/p.) O

Note that the estimates (3.17) and (3.18) are slightly stronger than required for Newton and Bouligand

differentiability (the factor p, (||h||x) instead of p, (|||l ), as well as the norms instead of the seminorms, would
suffice). This strenghtening is motivated by applications to partial differential equations.

4. THE CUMULATED MAXIMUM

We define the cumulated maximum of a function u € Cla, b as

o (u) = srélﬁfi} u(s), t€la,b]. (4.1)
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Setting
(Fu)(t) = ¢i(u) (4.2)
we obtain an operator
F:Cla,b] = Cla,b]. (4.3)
The function Fu is nondecreasing for every u € Cfa, b]. Since

loe(u) — pr(v)] < m[ax] |u(s) —v(s)|, for all u,v € Cla,b],
s€la,t

we have
|l Fu— Fvlcot < ||[u — V|0, forallu,ve Cla,b],tea,b]. (4.4)
Here and in the following we use the notation

l[ulloo,e = sup [u(s)]. (4.5)
s<t

For any fixed ¢ € [a, b], the directional derivative of ¢; : Cla, b] — R given in (3.2) yields that, for all u, h € CJa, b],

w+ A0))() - (Fu)(t)

FPP ;1) = tm LT AUN ~ luih) = max A(s). (4.6)
where
M(u,t) ={7:7 € la,t], u(r) = ps(u)} (4.7)

is the set where u attains its maximum on [a, t]. As in [3], we call pointwise directional derivative of F' the
function F©'P(u;h) : [a,b] — R obtained in this manner.

Example 4.3 in [3] shows that the function F¥'P(u;h) : [a,b] — R does not need to be continuous even
though u and h are; so F' : C[a,b] — C|[a, b] is not directionally differentiable. When this happens, the difference
quotients

F(u+ Ah) — Fu
A

do not converge uniformly to F¥? (u;h). They do, on the other hand, converge in L"(a,b) for every r < oo, as
they are uniformly bounded by ||||s. As a consequence, F' : Cla,b] — L"(a,b) is Hadamard differentiable ([3]).
In order to obtain Bouligand or Newton differentiability, as in the case of the maximum functional one has to
strengthen the norm in the domain space. Indeed, the functions from Example 3.1 can be used to show that F'
is not Bouligand differentiable on Cfa, b].

Bouligand differentiability of the cumulated maximum. Let again X stand for C%“[a,b] with 0 <
a < 1, or for WP(a,b) with 1 < p < co. We want to prove that F: X — L9(a,b) is Bouligand differentiable
for 1 < g < co with the improved remainder estimate as in Proposition 3.4. For this, we have to show that

_ —_ / . q
pE(8) ;= sup [F(uth) = Fu) = F(u Bl -0 asd—0. (4.8)
Il <o 1Rl
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Proposition 4.1. The cumulated mazimum F : X — L(a,b) is Bouligand differentiable for every ¢ < oo, and
F' = FPP . Moreover,

1F (u+h) = F(u) = F'(u; h)[[za < py ([Bllsc) - 1] (4.9)

and p¥(8) — 0 as § — 0. In addition, pL is bounded uniformly in u.

Proof. Assume that (4.8) does not hold. Then there exists ¢ > 0 and a sequence {h,} in X with ||h,||cc — O
and

b 1/q
lnllx < IF(u+ ha) = F(u) = FPP(u hy) | o = ( / dn<t>th> , (4.10)

where
dn(t) = |@e(u+ hn) — pe(u) — 4 (u; hy)| .

Setting p, = d,./||hn||x we have p, () — 0 pointwise, because ¢; : X — R is Bouligand differentiable for every ¢
by Proposition 3.4, with the remainder estimate (3.18). Since moreover {p, } is uniformly bounded, by dominated
convergence ||pp||L« — 0 which contradicts (4.10). Therefore F is Bouligand differentiable and F' = FFP. The
global bound on pf follows from the estimate ||[F(u+ h) — F(u) — F'(u; h)||o < 2||h|l combined with the
embedding constants. O

Newton differentiability of the cumulated maximum. A Newton derivative of the cumulated maximum
is constructed from the Newton derivative of the maximum functional given in the previous section. Its elements
L will have the form (Lh)(t) = (ut, h), where u* belongs to the Newton derivative ®' of ¢;. In order that Lh
becomes a measurable function, the measures u' are constructed from measurable selectors of the family {®'}.

We first analyze the mapping M : Cla, b] X [a,b] = [a,b]

Mu,t) ={7:7 € a,t], u(r) = vr(u)}. (4.11)

The sets M (u,t) are compact nonempty subsets of [a,b], and M (u,a) = {a}.
Lemma 4.2. The set-valued mapping M is upper semicontinuous and measurable.

Proof. To prove that M is upper semicontinuous according to Definition 10.1, let A C [a,b] be closed, and let
(un,tn) be a sequence in M~1(A) with w, — u € C[a,b] and t,, — t € [a,b]. In order to show that (u,t) €
M~Y(A), let 7, € A such that 7, € M(up,t,), thus u,(1,) = ¢4, (u,). Passing to a subsequence we have
Tn — T € A since A is closed. Moreover, 7 < t, u,(7,) — u(7) and

@, (un) = (pt, (un) — o1, (1) + @1, (1) = p1(u)

by (4.4) and since t — ¢¢(u) is continuous. Therefore u(r) = ¢r(u) and 7 € M(u,t). Thus M is upper
semicontinuous. It now follows from Proposition 6.2.3 in [16] that M is measurable. O

The set-valued mapping M possesses a dense sequence of measurable selectors.

Proposition 4.3. There exists a sequence {f,} of measurable selectors of M such that

M(u,t) = {fn(u,t) :n e N}, forallu e Cla,b], t € [a,b]. (4.12)

In particular max M (u,t) = sup,, fn(u,t) and min M (u,t) = inf,, f,(u,t) are measurable selectors of M.
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Proof. This is a consequence of Theorem 6.3.18 in [16], as [a, ] is a complete separable metric space. O

We consider the mapping ® : Cla, b] x [a,b] = C|[a, b]*,
O (u,t) ={v € Cla,b]* : supp(v) C M(u,t),v >0,||v| =1}. (4.13)

The following facts are well known. The closed unit ball K in Cla,b]*, endowed with the weak star topology,
is compact (hence complete), metrizable and separable. The sets ®(u,t) are nonempty convex and weak star

compact subsets of K (note that for v > 0 we have ||v|| = (v,1)). Moreover,
D(u,a) ={da}, (4.14)
M(u+c,t) = M(u,t), ®(u+c,t)=®(u,t) forall ceR, (4.15)
(®(u,t))(c) ={c} forallceR. (4.16)

Lemma 4.4. Let {uy}, {tn}, {vn} be sequences in Cla,b], [a,b] and Cla,b]* respectively, with w, — u, t, —t
and v, = v, let supp(v,) C M (up,t,) for all n € N. Then supp(v) C M (u,t).

Proof. Let f € C§°(R\ M(u,t)). We have to show that (v, f) = 0. Let
e =inf{|s — 7| : s € supp(f), 7 € M(u,t)}.

We have € > 0 because the sets supp(f) and M (u,t) are disjoint and compact. Since M is upper semicontin-
uous by Proposition 4.2, we may choose N € N such that M (uy,t,) C M(u,t) + B/, holds for all n > N.
Then supp(f) N M (uy,t,) = @ and thus (v,, f) =0 for all n > N. Passing to the limit n — oo we arrive at
(v, f) =0. O

Proposition 4.5. The mapping ® : Cla,b] X [a,b] = Cla,b]* defined in (4.13) is upper semicontinuous, thus
measurable.

Proof. Let A C Cla,b]* be weak star closed. We have to show that ®~!(A) is closed. To this end, let {(uy,,t,)}
be a sequence in ®~(A) with u,, — u in Cla,b] and ¢, — ¢ in [a,b]. Let v, € ®(up,t,), so v, € A as well as

U >0, ||vn| = 1 and supp(v,,) € M (up,t,) for all n € N. For some subsequence, we have v, — v with v > 0,
|v|| =1 and v € A. By Lemma 4.4, supp(v) C M (u,t). Thus, (u,t) € ®1(A) and the proof is complete. [

Proposition 4.6. There exists a sequence {u,} of measurable selectors of ® such that

D(u,t) = {pn(u,t) :n e N}, forallu € Cla,b], t € [a,b], (4.17)

the closure being taken w.r.t. the weak star topology.

Proof. This follows from Theorem 6.3.18 in [16], as the unit ball in Cla, b]* is a complete separable metrizable
space w.r.t. the weak star topology. O

Lemma 4.7. Let u be a measurable selector of ®. Then
(Lh)(t) = (p(u,t), h)
defines an element L € L(Cla,b]; L*(a,b)) with |L|| =1 and

HLhHoo,t < ||h||oo,t~ (4.18)
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Proof. For every u,h € Cla,b], the mapping ¢t — (u(u,t), h) is measurable and satisfies |(u(u, s), h)| < ||h]lco,t

for all s < ¢, since p(u, s) has support in [a, s]. Thus, L is well-defined, ||L|| < 1 and (4.18) holds. As x> 0 and

L(1) =1, we have ||L|| = 1. O
Let X again denote any one of the spaces C%%[a,b] for 0 < a <1 or W1P(a,b) for 1 < p < .

Proposition 4.8. Let Sg be the set of all measurable selectors of @, let q € [1,00). The set-valued mapping
G:X = L(X, L(a,b)),

G(u) =A{L: (Lh)(t) = (u(u,t),h), p € Sa} (4.19)
defines a Newton derivative of the cumulated maximum F : X — L%(a,b) with
IF (u+h) = F(u) = Lhllza < pd ([Pllo) - 1] . (4.20)

for all L € G(u+ h). Here, p$ : Ry — Ry is an increasing function with pS(§) — 0 as § — 0, bounded
independently from u.

Proof. Fix u € X. For h € X we define

d(h,t) = sup  [oi(u+h) — @(u) — (u', h)|.
pte®(u+th,t)

Let {ur} be a sequence of measurable selectors of ® according to Proposition 4.6, set
di(h,t) = [pe(u+ h) — i (u) = (pr(u+ h,t), h)|
Then d(h,t) = supy, di(h,t) by (4.17), and therefore the mapping ¢ — d(h,t) is measurable. Moreover,
b 1/q
sup  |F(u-+h) — F(u) — Lh|re = / dh,t)1dt ) = dS(n).
LeG(u+h) a
The remainder of the proof is analogous to that of Proposition 4.1. We define

d®(h)

G
P (0) = T
Ihllw<s IPlx

(4.21)

Assume that lims_,o p&(§) = 0 does not hold. Then there exist ¢ > 0 and a sequence {h,, } in X with ||A,|/cc — 0
and

b 1/4q
ellhnllx < (/ d(hn,t)th> . (4.22)

Since ®(-,t) is a Newton derivative of ¢, we have p,(t) = d(h,,t)/||h||x — 0 pointwise in t as n — oo.
Moreover, p,, is uniformly bounded. Applying dominated convergence, we arrive at a contradiction to (4.22).
The global boundedness of pG follows from the estimate ||F(u 4+ h) — F(u) — Lh|lso < 2hco- O

Proposition 4.10 below shows that the set Sg is large enough to approximate the whole range of ®.
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Lemma 4.9. Let f : Cla,b] X [a,b] — [a,b] be a measurable selector of M. Then

p(ust) = 6f(ut (4.23)

defines a measurable selector v : Cla,b] X [a,b] — Cla,b]* of ®.

Proof. For each v € Cla,b], the mapping s — v(s) = (ds,v) is continuous from [a, b] to R. Thus, the mapping
s+ ds is weak star continuous from [a, b] to C[a, b]*, and consequently (4.24) defines a measurable mapping. [

Proposition 4.10. Let {f,} be a sequence of measurable selectors of M such that

M(u,t) = {fn(u,t) :n € N}, forallu € Cla,b], t € [a,b]. (4.24)

Taking all rational conver combinations of the mappings (u,t) — 0y (u¢) we obtain a sequence {pn} of
measurable selectors of ® such that

D(u,t) = {un(u,t) : n € N}, for allu € Cla,bl], t € [a,b], (4.25)

the closure being taken w.r.t. the weak star topology.

Proof. Let u € Cla,b] and t € [a,b] be given. The set D = {f,(u,t) : n € N} is a countable dense subset of
M (u,t). The set of all convex combinations with rational coefficients of elements of the set {3, : 7 € D} then is
dense in ®(u,t) w.r.t. the weak star topology. O

5. THE CHAIN RULE

In the following sections we will see that the play operator can be represented as a finite composition of
cumulated maxima and positive part mappings. The Newton differentiability of these mappings will imply
Newton differentiability of the play, by virtue of the chain rule. It is a standard result that the chain rule is
valid for Newton derivatives, see Proposition A.1 in [7] for the single-valued and Proposition 3.8 in [18] for the
set-valued case.

As a result of investigating the maximum and the cumulated maximum, we have seen above that these
operators satisfy a slightly stronger version of Newton and Bouligand differentiability. For the cumulated max-
imum F : X — Y with X = WP (a,b) or C%%[a,b] and Y = L"(a,b), we have constructed a Newton derivative
G: X = L(X;Y) with a remainder estimate

sup [|[F(u+h) = F(u) = Lhlly < pu([|2ll ) - [A]lx (5.1)
LeG(u+h)

where X = C [a, b], endowed with the maximum norm. The purpose of this section is to extend the chain rule
to this situation, for Newton as well as for Bouligand derivatives.
We consider the following setting.

Assumption 5.1.

(i) X,Y, Z are normed spaces, U C X and V C Y are open. F; : U =Y and F» : V — Z with F;(U) C V are
locally Lipschitz.

(ii) X and Y are normed spaces with continuous embeddings X ¢ X and Y C Y.

(ili) G1 : U = L(X;Y) and Ga : V = L(Y; Z) satisty, for every u € U and v € V,

sup  [|[Fi(u+h) — Fi(u) = Lihlly < pru(([hlz) - [|2]lx (5:2)
Li1€G1(u+th)
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for every h € X withu+h € U,

sup ||[F2(v + k) — Fa(v) — Lokl z < p2o (Kl 5) - Ky (5.3)
Lo€Ga(v+k)

for every k € Y with v+ k € V, with functions ps 4, p2., : Ry — Ry satisfying p1,,(0) | 0 and p2 ,(6) 4 O for
510.

(iv) Fr = (U] - ll%) = (V, || - |ly+) is continuous.

(v) Gy is locally bounded on (V, || - [ly).

Since p1,u(||h]l ) < p1,u(cl|h] x) for some constant ¢, part (iii) of the assumption implies that G1 and G are
Newton derivatives for F7 in U and F3 in V, respectively. Note also that the assumption “G4 locally bounded”
already implies that F3 is locally Lipschitz.

In the special case X = X and Y =Y, (5.2) and (5.3) reduce to the standard remainder form (2.10), and
part (iv) of the assumption is implied by part (i); the following result then reduces to the standard chain rule
for Newton derivatives.

Proposition 5.2 (Refined Chain Rule, Newton Derivative).
Let Assumption 5.1 hold. Then

G:U=L(X;2)

5.4
G('LL) = {Lg oly:14 € Gl(u),Lz S GQ(Fl(U))} ( )

1s a Newton derivative of F' = Fy o Fy in U which satisfies, for every u € U,
sup |[F'(u+h) — F(u) = Lhllz < pu(|[h]l %) - [Pl x (5.5)

LeG(u+h)

for every h € X with u+ h € U, where p, : Ry — Ry is a function with p,(6) L 0 for § | 0.

Proof. Letue U, h € X withu+h e U,set k= F(u+h)— Fi(u). Let Ly € Gi(u+h), Ly € Go(Fi(u+h)) =
G2(Fi(u) + k). By the triangle inequality,

[(F2 0 F1)(u+h) — (F2 0 F1)(u) — (L2 0 L1)h| z

< |Fo(Fi(u) + k) — Fo(Fi(w)) — Lokllz + | Lk — Lih)| 2 (5.6)

Since Gy is locally bounded, there exists a C' > 0 such that for sufficiently small ||h||x we have || La] < C for
all Ly € Go(F1(u + h)). Consequently, for all such h and Lo, and for all L; € G1(u + h) we have by (5.2)

[L2(k — L1h)||z < C|[Fi(u+h) — Fi(u) — Lihlly < Cpru([hl5) - |A]lx - (5.7)
Moreover, by (5.3)
| Fo(Fy(u) + k) — Fo(Fi(u) — Lok||z < pa,m ) (IEll5) - 1By - (5.8)

Since F7 is locally Lipschitz, ||k||y < Ci]|h||x for small enough ||h]|x.
Now let us define p,, : Ry — Ry by

pu(A) = sup{[|[Fi(u+h) — Fi(u)lly : [|h] g < A} (5.9)
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By part (iv) of Assumption 5.1, p,(A) — 0 as A — 0. Putting together the estimates obtained so far, we get

||(F2 e} Fl)(u + h) — (F2 o Fl)(u) — (LQ o Ll)hHZ

B (5.10)
< (C1p2,7, ) (PullIPll %)) + Cpru(llbll %)) - IRl x
independent from the choice of L; and Lo, as long as ||| x is sufficiently small. Setting
pu(X) = C1p2 5y () (Pu(A) + Cp1u(N)
we have p,(A) — 0 as A — 0. Thus, it follows from (5.10) that (5.5) holds. O
In order to obtain the refined chain rule for Bouligand derivatives, we replace Assumption 5.1(iii) by
Fy and F, are Bouligand differentiable in U and V', respectively. For every u € U, v € V we have
[F1(u+ h) = Fi(u) = Fi(u; h)lly < pra(llbli) - I7]x .
|Fa(o + k) = Fo(v) = (i )llz < paalkllg) - Ikl (5.11)

for every h € X withu+h € U and every k € Y withv+k e V.

Lemma 5.3. If F; and Fy are Hadamard differentiable at u resp. Fy(u), then Fyo Fy is Hadamard differentiable
at u, and the chain rule

(Fy o 1) (us h) = Fy(Fy (w): F(us 1) (5.12)

holds for all h € X.
Proof. See e.g. [2], Proposition 2.47. O
Proposition 5.4 (Refined Chain Rule, Bouligand Derivative).
Let (i)-(iv) of Assumption 5.1 hold, with (iii) replaced by (5.11). Then F = Fy o Fy is Bouligand differentiable
m U, and
F'(u; h) = F3(Fy(u); Fi(u; h)) . (5.13)

Moreover, for every u € U and h € X withu+h €U

1F(u+ h) — F(u) — Fy(Fy(u); Fi(us b))z < pu(12ll )R] x (5.14)

for some p, : Ry — Ry with p,(6) 1 0 as § } 0.

Proof. By Lemma 5.3, F' is Hadamard differentiable and the chain rule holds. It remains to show (5.14) for the
remainder. Let u € U, h € X with u+ h € U, set k = F1(u+ h) — F(u). We have

Fy(Fy(u+ h)) — Fa(Fi(u)) — Fy(Fi(u); Fy(u; h))
= (Fa(Fi(u) + k) — Fo(Fi(u) — F3(Fi(u); k))) (5.15)
+ (Fy(Fu(u); k) — Fy(Fy(u); Fi (u; h))).

Let C; be local Lipschitz constants for F;. The inequality

Collk — Fi(u;h))||x < Capru(lhll)I1R]x
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yields an estimate for the second term on the right side of (5.15); the first term is estimated by

p2.r () (1Bl ) - IFlly -
Since || k|ly < Ci||h]|x, we argue as in the proof of Proposition 5.2 and obtain, with 5, defined as in (5.9),

[(F2 0 Fy)(u+ h) = (Fz o Fy)(u) = Fy(Fy(u); Fi (u; h))| 2
< (C1p2,r, ) (PulI0ll 2)) + C2prulllRll %)) - [I2]lx -

From this, the claim readily follows. O

6. THE SCALAR PLAY AND STOP OPERATORS

The original construction of the play and the stop operators in [11, 12] is based on piecewise monotone input
functions. A continuous function « : [a,b] — R is called piecewise monotone, if the restriction of u to each
interval [t;,¢;41] of a suitably chosen partition A = {t;}, a =tp < t; < -+ <ty = b, called a monotonicity
partition of u, is either nondecreasing or nonincreasing. By Cj,,,[a, b] we denote the space of all such functions.

For arbitrary r > 0, the play operator P, and the stop operator S, are constructed as follows. (For more
details, we refer to Sect. 2.3 of [4].) Given a function u € Cy,,[a, b] and an initial value zg € R, we define functions
w, z : [a,b] — R successively on the intervals [t;,t;11], 0 < i < N, of a monotonicity partition A of u by

z(a) = mp(20) := max{—r,min{r, z0}}, w(a)=wu(a)—z(a), (6.1)
and

w(t) = max{u(t) — r, min{u(t) + r,w(t;)}},
(1) = u(t) — w(t),

i <t <tiy. (6.2)
In this manner, we obtain operators
w="Prlu;z0|, z=38[uz], Pr,Sr:Cpmla,b] xR — Cpyla,b].
By construction,
u=w+z=Prlu; 20] + Srlu; o] - (6.3)
The play operator satisfies

[Pr[us o] = Pr[v; yol || < max{|ju —ll, [20 — yol} (6.4)

for all u,v € Cpp,[a, b] and all zg, yo € R. Therefore, P, and S, can be uniquely extended to Lipschitz continuous
operators

Pr, Sy : Cla,b] x R — Cla, b]

which satisfy (6.4) for all u,v € C[a,b] and all zg,yo € R.

In [3], Hadamard derivatives of P, and of S, have been obtained. We recall some of the terminology used
there, as it is also relevant for the present paper.

Let (u, z0) € Cla,b] x R be given, let w = P,[u; 20], z = Sy [u; 20] with r > 0. (For r = 0, P,.[u; 29] = u.) The
trajectories {(u(t),w(t)) : t € [a,b]} lie within the subset A = {|u — w| < 7} of the plane R? bounded by the



NEWTON AND BOULIGAND DERIVATIVES OF THE SCALAR PLAY AND STOP OPERATOR 17

straight lines u — w = +r. They consist of parts which belong to the interior, the right or the left boundary of
A. Correspondingly, the time interval [a, b] decomposes into the three disjoint sets

S
Il
—~
~
m
B
Sat
=
—~
~
~—
\
g
—~
~
=
Il

The set Ij is an open subset of [a, b], the sets I54 are compact. As Ip; and Iy_ are disjoint,
Oor:=min{|r —o|:7€lgr,0€Is_} >0. (6.5)

Because of this, there exists a finite partition A(u,zp) = {tx} of [a,b] such that on each partition interval
I, = [tg—1,tx]) we have z(t) > —r for all t € Ij, or z(t) < r for all ¢ € I, or both. In the former case, I}, is called
a plus interval; on [}, the trajectory stays away from the left boundary of A, and I}, C Iy U I4. In the latter
case, I is called a minus interval; the trajectory stays away from the right boundary of A, and I}, C Io U I5_.
Note that if I, C Iy, then I is a plus as well as a minus interval.

It has been proved in [3], Lemma 5.1, that on such intervals the play operator behaves like a cumulated
maximum resp. minimum. More precisely, on a plus interval Iy,

w(t) = Pprlu; 20](t) = max{w(tr—1), se%i}i,t](u(s) —r)} (6.6)

holds, no matter whether u is monotone on I or not. On a minus interval,

w(t) = Prlu; 20](t) = min{w(tr—1), min (u(s)+7r)}. (6.7)

SE[tr_1,t]

In particular, w(t) = w(tk—1) if I C Ip.

Due to (6.5) and the continuity of P, in this manner the play and the stop operator can locally be represented
by a finite composition of operators arising from the cumulated maximum resp. minimum. The following result
has been proved in [3], Lemma 5.2.

Proposition 6.1. For every (u, zg) € Cla,b] x R there exists a partition A(u, z0) = {tx}o<k<n of [a,b] and a
d > 0 such that every partition interval [tg—1,tx] of A is a plus interval for all (v,yo) € Us X R, or it is a minus
interval for all (v,y9) € Us x R. Here,

U5 = {(U7y0) : ||U - U‘HOO < 57 |y0 - ZO| < 67 v E C[a7b]7 Yo € R} (68)

is the d-neighbourhood of (u,zp) w.r.t the mazimum norm.

As a consequence, invoking the chain rule for Hadamard derivatives, it has been proved in [3] that P, and
S, are Hadamard differentiable on C[a,b] x R, if L(a,b) with ¢ < co is chosen as the range space.

7. NEWTON DERIVATIVE OF THE PLAY AND THE STOP

We want to use the approach outlined in the previous section in order to obtain a Newton derivative of P,.,
based on the Newton derivative of the cumulated maximum.

We want to construct the Newton derivative such that its dependence upon (u,zp) becomes measurable in
a suitable manner; for this, the local representation of the play obtained from Proposition 6.1 seems to be
of very limited value. Instead, we employ properties of the set-valued mappings involved when constructing
above the Newton derivative of the cumulated maximum. To this purpose, we turn around the approach of
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Proposition 6.1. Instead of finding a suitable partition A for a given (u, 2¢), for a given partition A we consider
sets of (u, zg) for which the play can be “decomposed” by A.

Throughout the following, the space X stands for C%%[a, b] or WP (a,b).

Let A = {tx} be a partition of [a,b], a =t; < -+ < tiy = b for some N € N. We set

I;,C = [tk—latk] 5 |A| = 1I<I}€a%XN |Ik| = 1I<I}€3‘<XN(tk - tk—l) .

We define
C® ={u:u e Cla,b], olsc(u) < r for all k},
k
XA=XnC*H, (7.1)
Z2 =C2 xR ={(u,2) :uecC? z cR}.

The sets C*, X2 and Z» are open subsets of C[a,b], X and C[a,b] x R, respectively.

The dynamics on an interval for small input oscillation.

It turns out below in Proposition 7.5 that an interval I C [a,b] is a plus or a minus interval for the play if
the oscillation of u on I is less than 7.

Let I = [t,,t*] C [a,b], u € C(I). We denote the cumulated maximum of « on I and the sets where it is
attained by

(Flu)(t) = max u(s), tel,
. sel,s<t , (72)
M (u,t) ={s:sel,s<tu(s)=(Fu(t)}.

As above, FI: C(I) — C(I), Flu is nondecreasing and F!(u + ¢) = FI(u) + c if c is a constant. Moreover,

O?C(FI’LL) = (Ffu)(t*) — (Flu)(t,) < 0§C(u), (7.3)
OSFIu—u§o§cu on I, (7.4)

and consequently
O?C(FIU —u) < oscu. (7.5)

The cumulated minimum of u on I can be written as

min_ u(s) = —(FI(—u))(t), tel. (7.6)

sel,s<t

The corresponding sets of minima are given by M?(—u,t).
For u € C(I), p € R and r > 0 we define the functions (here and in the following, the max and the min are
taken pointwise in )

wy = max{p, Fl(u—1)}, 2y =u—w,, .7
w_ =min{p, ~F!(—u—7r)}, 2. =u—w_. .

This corresponds to the operations in (6.6) and (6.7). We have wy,w_,z,z— € C(I). Obviously w_ < wy,
24 S zZ_.
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Since p <wy =u—2z4 and p > w_ =u — z_, we have
zy <u—p<z_. (7.8)
Lemma 7.1. Letue C(I), pe R, r > 0.

(i) We have zy <1 on I. If 2, (t) = r for some t € I, then u(t) = (Flu)(t) > p+r.
(ii) We have z2_ > —r on I. If z_(t) = —r for some t € I, then u(t) = —(FI(—u))(t) <p—r.

Proof. To obtain (i), we use the estimate
2y =u—wy =u—max{p, Fl(u—r)} <u—Fl(u—7r)<r.

If 2 (t) = r, equality holds everywhere, so F'/(u —r)(t) > p and u(t) = (F!u)(t). The proof of (ii) is analogous.

O
We consider inputs in C(I) whose oscillation is smaller than r. We define
z' = {(u,p) :u e C(),pe ]R,0§cu <r}
Zfr:{(u,p):uEC(I),pGR,0§cu<r,z+>—r on I'} (7.9)

zt :{(u,p):uEC(I),pGR,O?cu<r,2_ <ronl.}

The sets Z _{_ and Z! are open subsets of Z! in C(I) x R; we will see that they are related to plus and minus
intervals for the play.

Lemma 7.2.

(i) If (u,p) € ZL then FI(u —r —p) <0 and wy =p on I.

(it) If (u,p) € ZL then FI(—u—r+p) <0 and w_ =p on I.

(iti) If (u,p) € ZL N ZL thenwy =w_=p and zy =2 =u—p on L.

Proof. 1f (u,p) € ZL thenu—p—7r<z_—7r<0by (7.8),s0 Fl(u—7)—p <0, 50wy =p. If(u,jv)eZJIr then
—u+p—7r<-—2, —r<0by (7.8),50 FI(—u—7r)+p<0,s0w_ =p. O

Lemma 7.3. Let u € C(I), oscy(u) <r, p € R. Then
min{u —p,0} < z; <z_ < max{u —p,0}. (7.10)
Proof. We have
—zp =wy —u=max{p —u, F'(u) —r —u} < max{p —u,0},
since Fu —u < oscyu < r by (7.4). Analogously,
—z_ =w_ —u=min{p — u, —F(—u —r) —u} > min{p — u, 0},

since F7(—u) — (—u) < oscy(—u) < r by (7.4). O
Lemma 7.4. We have Z1 = ZJIr uzL.

Proof. Let (u,p) € Z', assume that (u,p) ¢ Z%. Then 2z (t) < —r for some t € I. By (7.10), u(t) —p < —r. As
oscr(u) < r, we have u —p < 0 on I. By (7.10), 2_ < 0on I, so (u,p) € Z~. O
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We define P{ : Z{ — C(I) and P! : Z! — C(I) by

P_,'I_(’U/,p) :p—|—maX{O,FI(u—r—p)},

! , (7.11)
P~ (u,p) = p—max{0, F' (-u—r+p)}.
Therefore, in view of (7.7),
u—Pl(u,p)=u—wy =2y >-r onl & (u,p)e€Z, (7.12)
u—Plu,p)=u—-w_=2_<r onl & (up) ez . (7.13)
On Zi N ZL both expressions simplify to P (u,p) = p by Lemma 7.2. Therefore,
P!(u,p) = PL(u,p), if (u,p) € Z} (7.14)

yields a well-defined Lipschitz continuous mapping P! : Z! — C(I).
The next result states that for u € C* the intervals I yield a decomposition of the play operator. This is
the analogue of Proposition 6.1.

Proposition 7.5. Let u € C* and 2y € R, set p = Py[u; 20](tx—_1), k > 1. Then

w(t) = Prlu; 20](t) = plx (u,p)(t), forallte Ij. (7.15)
Moreover,

Iy is a plus interval < (u,p) € Zi’“ , (7.16)
I, is a minus interval < (u,p) € Z'*. '

Proof. For u € C® and z € R, we set w = P,.[u; 20|, 2 = u — w, and denote by w etc. the functions defined in
(7.7) with I = I.

Let I be a plus interval. Thus, on I; we have u —w = z > —r and, by (6.6), w = Pfr’”’(u,p) = wy, SO
—r < u— w4 = z4. This shows that (7.15) holds and that (u,p) € Zi’“.

To prove the converse, we first assume that u is piecewise monotone on Ii. Let tp_1 =79 < -+ < 7y = t§ be
a monotonicity partition for u on Ij. It follows from (6.2) that

w(t) <max{u(t) —r, w(rj_1)}, te[r_1,75].

By induction, w < max{F'*(u —r),p} = w, on Ij. Therefore, z = u —w > u —wy = 24 > —r as (u,p) € Z},
so I, is a plus interval. If u is not piecewise monotone, let {u,} be a sequence in Cla, b] with w,, = u on [0, tx_1],
u,, piecewise monotone on [ and w, — u uniformly. Since z, y — z4 uniformly, for n large enough we have
(un,p) € ZJIF"'. By what we have just proved, z,, > z, 4+ > —r on I;. As 2z, — z uniformly, we have z > —r on
I, so Ij, is a plus interval.

By the above, we have shown the first equivalence in (7.16) and that (7.15) holds in this case. With an
analogous proof one obtains the second equivalence and that (7.15) holds in that case, too. Since Z/+ = Z JIF’“ Uz
by Lemma 7.4, all pairs (u, z9) € C® x R are covered and the proof is complete. O



NEWTON AND BOULIGAND DERIVATIVES OF THE SCALAR PLAY AND STOP OPERATOR 21

A Newton derivative on an interval of small input oscillation. We want to obtain a Newton derivative
for P': Z' N (X x R) — L%(I), where I = [t,,t*] C [a,b]. The mapping P{ decomposes into

P{(u,p) = p+ Fyp(F' (u,p)). (7.17)
Here, F!: Z'' N (X x R) — C(I) is defined as
Flu,p) = Fl(u—p—r), (7.18)
and F), denotes the positive part mapping
(Fppu)(t) = max{0,u(t)}. (7.19)

We first analyze the mapping FI. We expect to obtain a Newton derivative G! of F! if we choose elements
L € G'(u,p) of the form

(L(hym)(8) = (u' (ust) , h—=m) = (" (u, ), B) =1, (7.20)
where pf(u,t) are probability measures arising from the Newton derivative of the cumulated maximum on 1.
More precisely, let ®/ be the mapping defined in (4.13) with [a, b] and M replaced with I and M from (7.2),
that is,

&' (u,t) = {v € C(I)* : supp(v) € M (u,t),v >0, |v||=1}. (7.21)

Let SI be the set of all measurable selectors of ®/. We also consider mappings fi : Z! x I — (C(I) x R)* and
the set

SE = {p: p(u,p,t) = pf(u,t) omy — o, € SEY, (7.22)

where m; : C(I) x R = C(I) and 73 : C(I) x R — R denote the projections 71 (h,n) = h and ma(h,n) = 0.

(Actually, the elements of SL do not depend on p.) This enables us to rewrite (7.20) in the form
(L(h,m)(t) = (i(u, p,t), (h,n)) (7.23)
with i € S§.

Proposition 7.6. The elements of Sk are measurable functions i : ZIx I — (C(I)xR)*. For F1: Z' n(X x
R) — Li(I) with § < oo, a Newton derivative G! is given by

Gl ZIn(X xR) = L(X x R, LI(I))
GI(u,p) = {L : L has the form (7.20) with u* € SL} (7.24)
= {L : L has the form (7.23) with ji € S5} .

The elements L of C;'I(mp) satisfy

LRy lloo,t < [[lloo,t + Inl (7.25)
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forallh e C(I), n € R, t € I. Moreover, the remainder estimate

_sup IE(u+ h,p+n) — F'(u,p) = L(h,n) | Lo
LeGT (u+p,h+n) (726)

< ptup) (1Plloo + (0D (R )| x xR

holds. The remainder term p, py satisfies pyp)(0) 1 0 as 6 | 0 and is uniformly bounded in (u,p).

Proof. The elements of S'é, are measurable as compositions of measurable functions. As FT has a Newton
derivative given by Proposition 4.8 and F'(u,p) = F/'(u —p —r), setting X =Y = C(I) and Z = LI(I) we
check that the assumptions of the refined chain rule, Proposition 5.2, are satisfied. Therefore, G! is a Newton

derivative of F! and (7.26) holds. (7.25) is a consequence of (7.20) and (4.18). Since F' is globally Lipschitz
w.r.t. the maximum norm, together with (7.25) the final assertion follows. O

Since ®!(v,t,) = {d;,} for all v, by (7.22) we have for all ji € S}

<[L(u,p, t*)a (hﬂ?» = h(t*) -n (727)

for all (u,p) € Z! and all (h,n) € C(I) x I.
For functions u : I — R, we consider the positive part mapping £}, defined by

(Fppu)(t) = max{0,u(t)}, (7.28)

which maps L?(I) as well as C(I) into itself. Let H : R = R be the set-valued Heaviside function

0, <0,
H(z)=<¢1[0,1, z=0, (7.29)
1, z>0.
The mapping H is usc. By
Sy = {)\H : Ay selector of H, )\H(O) S Q} (7.30)

we define a countable family of measurable selectors of H whose values are dense in the range of H. We then
define

Gpp : Lq(I) = L(Lq(I)an(I))

(7.31)
Gpp(u) ={L:L(h)=(Agou)-h, Ay € Su}.
Lemma 7.7. The mapping G, is a Newton derivative of Fyy, : LY(I) — Li(I) for 1 < ¢ < ¢ < .
Proof. This is a well-known result, see Proposition 3.49 in [18] or Example 8.14 in [10]. O

We have now all ingredients to define a Newton derivative Gi of Pi. The elements of Gfr (u,p) involve the

composition of elements of G’ (u,p), given in (7.24), and of elements of Gpp(Fj(u,p)). Indeed, LY € GL (u,p)
is expected to have the form

LL(hyn)(t) = 0+ A (F (u, p)(8)) - (! (u,t), 2o — ) (7.32)
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with functions Ay € Sy and measures p! € SL. Again, we want to write this as
LY (h,n)(t) = (#(u,p,t) , (h,n)) (7.33)
with 7 : Z1 x I — (C(I) x R)*. This we achieve by setting
gf,p = {X: AMu,p, t) = A (FL(u,p)(t), Ay € Su} (7.34)
and
St ={p:(u,p,t) = m2 + ANu,p,t)iu,p,t), i € Sg, A€ )}, (7.35)

where again 79 : C(I) x R — R denotes the projection on the second component, wa(h,n) = 7.
Proposition 7.8. The set ST given in (7.35) consists of measurable functions v : Z1 x I — (C(I) x R)*. The
mapping
GL:ZLn(X xR) = L(X x R, LY))
GL (u,p) = {L : LY given by (7.32) with Ay € Sy, p' € S} (7.36)
={L% : L given by (7.33) with v € S%}

is a Newton derivative of P1 : ZL N (X x R) — L9(I) for every ¢ < oo. The elements Li of Gi_(u,p) satisfy,
for all (u,p) € ZL N (X x R),

ILL (o)l o.e < maxc{|[alloc,e, nl} (7.37)

for all h € C(I), n € R. Moreover, for all such (u,p) the remainder estimate

sup ||P-51-(U+hap+77)*Pi(U,p)*Li(h,U)”Lq(l)
L eG (uth,ptn) (7.38)
< Peup) (Ihllse + DIy m) [ x xR
holds for all h € X withu+h € ZL and alln € R. The remainder term p, p) satisfies pe, ) (8) 1 0 as § L 0 and

is uniformly bounded in (u,p).

Proof. The elements of SJIr are measurable as compositions, sums and products of measurable functions.

Due to Proposition 7.6 and Lemma 7.7, the assumptions of the refined chain rule, Proposition 5.2, are satisfied
with X = C(I), Y =Y = LI(I) for some 0o > § > q, Z = LI(I). This proves (7.38). The estimate (7.37) follows
from (7.32) and (4.18), as Ay takes values in [0, 1] and, setting A\, = Ay (F (u, p)(t)),

L (B n)(8) = (1= A+ Adpd (s ), 1)

Since Pf_ is global Lipschitz continuous w.r.t. the maximum norm, the final assertion, too, follows in view of
(7.37). O

We also need a variant of the preceding proposition. For I = [t., t*] we define

P_{_ﬁ* : Z_{_ — R, P_{_ﬁ*(u,p) = P_{_(u,p)(t*). (7.39)
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According to (7.32), setting
LY (hy) =L (h,y)(t*), L} € Gi(u,p), (7.40)

yields a well-defined element LY , € (C(I) x R)*.
Proposition 7.9. The mapping
GL,:ZLNn(X xR) = (X xR)*

, (7.41)
GL . (u,p) = {LL, : L1, given by (7.40)}

is a Newton derivative of PfD* : Z1 N (X xR) = R. The elements Lfﬁ* of G{h*(u,p) satisfy, for all (u,p) €
ZI N (X xR),

L4 o (hom)] < max{][|hl|oo,e-

nl} (7.42)

for all h € C(I), n € R. Moreover, for all such (u,p) the remainder estimate

Sup |PJIr,*(U+h7P+77) _Pf»,*(’uﬁp) _L{k,*(h7n)|
LY €GL  (uth,ptn) (7.43)

< Peup) Il + [nD (s 7) [l x xr

holds for all h € X withu+h € Zi and alln € R. The remainder term p(, p) satisfies pyp)(0) 1 0 as § | 0 and
is uniformly bounded in (u,p).

Proof. We proceed in a manner analogous to the proof of Proposition 7.8. We apply Proposition 5.2 to the
decomposition

Pl (u,p) = p-+ max{0, max(u —p — 1)}

The Newton derivative of the inner maximum satisfies the refined remainder estimate given in Proposition 3.4.
The outer maximum is just the positive part mapping on R. O

A Newton derivative GL of the mapping
PL(u,p) = p = Fpp(F' (—u, —p)) (7.44)
is obtained with analogous computations. Its elements L € G (u, p) have the form
LL(h,n)(t) = 0 = A (B! (—u, —p)(8)) - (' (=u,t), =h +1n) (7.45)

with functions Ay € Sy and measures p! € SL. The associated set ST of measurable mappings 7 : Z7 x I —
(C(I) x R)* is given by

ST =i v(u,p,t) = w9 + M—u, —p, t)i(—u, —p,t), i € Sk, X e S’ZI,p}. (7.46)
The analogue of Proposition 7.9 also holds on minus intervals.

We combine G4 and U4 into mappings G’ and W!. Indeed, on Z{ N Z!, we have F!(u,p) < 0 and
F!(—u,—p) < 0 by Lemma 7.2. Consequently, the argument of Ay in the representations (7.32) and (7.45)
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is negative, therefore L (h,n)(t) = n on I. As the sets Z1 are open subsets of Z!, from Proposition 7.8 and the
corresponding result for P we get the following result.

Proposition 7.10. The set

ST ={v:v(u,p,t) = vx(u,p,t) with vy € SL, (u,p,t) € ZL x I} (7.47)
consists of measurable mappings v : Z1 x I — (C(I) x R)*. The mapping GT : ZI N (X x R) = L(X x R, L(1))
given by G = GL on ZL N (X x R) is well-defined and is a Newton derivative of P : ZT N (X x R) — L4(I).

The estimates (7.37) and (7.38) hold with G*, P*, Z1 and L' in place of GL, PL,Z1 and L%, respectively. The
remainder term p(y p) satisfies pe, p)(6) L 0 as 0 L 0 and is uniformly bounded in (u,p).

The initial value. According to (6.1), the initial value of the play is given by
wo(u, z0) = u(a) — m-(20) = u(a) — max{—r,min{r, 20} } . (7.48)

It is well known that the mapping R : R = R,

0, |x] > r,
R(z)=<1[0,1], |z|=r, (7.49)
1, lz| <r

is a Newton derivative of 7, and that R is usc. Then
Sr = {Xo : Ao selector of R, A\g(£r) € Q} (7.50)

defines a countable family of measurable selectors of R.

Lemma 7.11. A Newton derivative of wy : Cla,b] x R — R is given by

Go : Cla,b] x R = (Cla,b] x R)",

7.51
ol 20) = 1L+ D{h,y) = h(a) ~ Do(z0)y Ao € Sx} (750
We have
IL(h, )| < [|h]lsc + Y] (7.52)
for all L € Go(u, z0) and all (u, z9) € Cla,b] x R.
Proof. Let L € Go(u, zp). Then for all (h,y) € Cla,b] x R we have
|wo(u + h, 20 +y) — wo(u, 20) — L(h,y)| =|(mr(20 + y) — 7r(20) — Ao(20)y)]
< olly)ly (7.53)
with some p(d) L 0 as § | 0, since R is a Newton derivative of m,. O

A Newton derivative on a partition for small input oscillations.

Let A = {tx}o<k<n be a partition of [a,b]. According to Proposition 7.5, on the set Z2 of small input
oscillations, see (7.1), the play can be written as a composition of the mappings P+ which belong to the partition
intervals Ij, = [ty_1,x]. Consequently, we obtain a Newton derivative of the play on Z2 as a composition of
the Newton derivatives of P! as follows.
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We define ws : Z2 — R and P2 : Z2 — C(I},), setting w§* = wp from (7.48), and for k > 1

ka(u’ ZO) = pl (uv ka—l(uv ZO))(tk) ’

P2 (u, 20)(t) = P (u, w0 | (u, 20))(t), t€ I (7.54)

Using Lemma 7.5 successively we see that P2 (u, zo) = Py[u; 20) on Ij.
Denoting by 7 the projection 7 : C[a,b] x R — C(I), 71 (u, 20) = u|l), we define the sets S5 = Sg,

SkA = {:ukA : :U’kA(uaZ()?t) = V(U,p, t) o (ﬂ-lnukA—l(u’ ZOvtk—l))a

7.55
ve S p=wd (uz2), ue, €Sk}, k>1. (7.55)
The elements of SX are measurable functions p : Z2 x I — (Cla,b] x R)*.
We define W§* = G and inductively for k > 1
WE : Z% = (Cla,b] x R)*,
A w w A . A A (756)
Wit (u, z0) = {L} : Ly = pg (u, 20, tg) with pi € Sg}.
The elements LY € W/ (u, zo) satisfy
L}cu(h’ay) = le(h7L}LcU—1(hay))(tk)a (7 57)
L' € GTr (u,wy—1 (u, 20)), LYy € W (u, 20) . ‘
We define G5 = Gy and inductively for k > 1
G2 : Z% = L(Cla, b x R, L (1)), (7.58)
G2 (u, 20) = {L2 : LY satisfies (7.59) for some g € S&}, '
LkA<h’ y)(t) = <MkA(u, z0,t) s (h,y)) - (7.59)
The mappings LkA satisfy
L2(h,y)(t) = LT (h, L¥_, (h,y))(¢),
K (hy)(t) (h, L1 (h, y))(t) (7.60)

LY e GP(u, w1 (u, 20)), LY, € WE(u,2).

Proposition 7.12. Let 0 < k< N, 1 < g < o0.

(i) The sets SK consist of measurable functions ug : Z» x I, — (Cla, b] x R)*.

(ii) The mapping W5 : Z2 N (X x R) = (Cla,b] x R)* is a Newton derivative of we : Z2 N (X x R) — R. The
elements L}’ of WkA satisfy the estimate

L5 (B )| < {[Plloot, + |yl (7.61)
for all h € Cla,b] and y € R, uniformly in (u,z9). Moreover, for all such (u,zy) the remainder estimate

sup |wit (u+ h, 20 + y) — wi (u, 20) — Ly (b, y)|
LY eWA (uth,zo+y) (7.62)

< Pluz0) (Illoo + TyD (s y) | x5
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holds for all h € X with u+ h € Z_{_ and all y € R. The remainder term p, .,y satisfies ey, z4)(6) 4 0 as 6 | 0
and is uniformly bounded in (u, zg).

(iii) The mapping G& : Z2 N (X x R) = L(X x R, LI(1y)) is a Newton derivative of P{. The elements L% of
G2 (u, 29) satisfy the estimate

L2 (hy)lloort < [1P]loo.t + ] (7.63)

for all h € Cla,b] and y € R, uniformly in (u,29). Moreover, for all such (u, zg) the remainder estimate

sup |P& (u+ h, 20 +y) — P (u, 20) — Li2 (B, y)|
LY eWA (uth,z0+y) (7.64)
< Plu,zo) (1Plloo + YD1 Ry ) [l x xr

holds for all h € X with u+ h € ZJIr and all y € R. The remainder term p(, .,) satisfies p(y, .,)(9) 1 0 as § L0
and is uniformly bounded in (u, 2g).

Proof. We proceed by induction over k. The case k = 0 is treated in Lemma 7.11. Now assume the result is
proved for k — 1.

(i) This follows immediately from the definition of S&.

(ii) We apply Proposition 5.2 to the decomposition

(u, 20) — (u,ka_l(u, 20)) — ka(u, 20)

given by the first equation in (7.54). Its assumptions are satisfied by the induction hypothesis and by
Proposition 7.9. (7.61) follows from the estimate

L ()| < LD (hy Ly (ho ) oo, < max{[lhfloo,t,s 1ol oc,en + [yl}
= [|hlloc,te + 1yl -

(iii) This follows as in (ii), using Proposition 7.10 instead of Proposition 7.9, as well as the estimate

1L (s )loc,e = 1L (B, Ly (B, 9))lloo,e < max{||hlloo,e, 2], + [yl}
= [[hllo,t + [yl -

O

From the Newton derivatives G£ of P2 we now obtain a Newton derivative G2 of the play on Z2 N (X x R).
We define the set S2 consisting of mappings p® : Z2 x [a,b] — (Cla, b] x R)* by
SA = {u® : p® = pf on Z2 X [to, 1],

7.65
p? = ps on Z2 X (tg_1,ty) for k> 1, u2 € S£}. (7.65)

We define

G2 : Z” = L(Cla,b] x R, L>®(a,b)),
G2 (u, 20) = {L2 : L2 (h,y) (1) = (™ (u, 20, ), (h, ) (7.66)
on [a,b] for some p® € S2}.
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Proposition 7.13. Let 1 < ¢ < oc.
The mapping G : ZA N (X xR) = L(X xR, Li(a, b)) is a Newton derivative of the play P, : Z> N (X x R) —
Li(a,b). The elements L™ of G®(u, zo) satisfy the estimate

L2 (B ) oot < [Plloot + |9l (7.67)
for all h € Cla,b] and y € R, uniformly in (u,zy). Moreover, for all such (u,zo) the remainder estimate

sup 1P+ 15 20 + ] — Pylus z0) = L2 (h y)l| Laca,p)
LAEGA (u+h,z0+Yy) (7.68)

< Pluyzo) (1Bl + Ty DI (R )l x <
holds for all h € X withu+h € Z_{_ and all y € R, where py .,)(6) 1 0 as § L 0 and p(y,.,) is uniformly bounded
in (u,z0).

Proof. Let (u,z0) € Z2N (X xR), (h,y) € X x R with ||h||x small enough, and L> € G*(u+ h, zo + ). Since
Prlu; 2] = P,f‘(u, z0) and Pplu+ h;zo + y] = P,cA(u + h, 2o +y) on I, we have in view of the definition of S*,
SA and G2

[Py Ju+ h; 20 + y) — Prlu; 20] — L2 (b, y)Hqu(a,b)

N
= S IPA(ut hozo+y) — PR z0) — LE(h9) 41
k=1

for some Ly € G2 (u+ h, 20 +y). As G£ is a Newton derivative of P2 by Proposition 7.12, (7.63) holds for L%,
and (7.64) holds for the remainder, the claim follows. O

A Newton derivative of the play on the whole space X X R.
Let {A,,} be a sequence of partitions of [a, b] such that |A,| — 0 as n — oo and that A, is obtained from
A, by adding a single point ¢ ¢ A,,, starting from A; = {a,b}. We have

Z8n C z8+ . Cla,b) xR =] 2% (7.69)
neN
and consequently
XxR=|J(Z% n(X xR)) = | J(X* xR). (7.70)
neN neN

We construct a Newton derivative Gr of the play P, on X x R from the Newton derivatives G~ obtained in
Proposition 7.13.

Remark 7.14. According to Remark 2.6, if G2 (u, 29) C G2+ (u, zo) would hold on the domain Z4» of GAn,
we might simply set G = G on Z%~ \ ZA»-1. This leads to the following problem. Let I = [t,,t*] be the
interval of A,, which is partitioned into I = I’ UI” in A, ;. If the inclusion holds, all functions p®~|I’ and
pAn I with y®» € SA» must be representable as p®»+1|I’ and p”n+1|I” for some p2n+1 € SA8n+1, While this
is true on I', it is a nontrivial question whether it is true on I”: the construction of S&»|I" directly refers
to S27|[0,t.], the construction of S4»+1|I" indirectly refers to SA"“HO,t*J = §%71(0,t,] via the detour over
SAn+1|I'; thus, the relations between the maximum sets M, M and M1 play a role. The author does not
know the answer but conjectures that it is “no” for certain pairs (u, zq).
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In order to utilize Proposition 2.5, we set
U=XxR, U,=X?xR.

Let 0 < r; < rg < ... be an increasing sequence of positive numbers with r,, < r for all n. Let {I, 1} be the
partition intervals of A,,. We define

Vo ={(u,20) :u € X, 20 €R, oscu <y for all k}. (7.71)
n.k

Since r, < rp41 <7, we have V,, C U,, N V,,41. Moreover, by (7.70)

LJVH:XXR:U7 because |A,| — 0 as n — oco.

Thus, all assumptions of Proposition 2.5 are satisfied.
We finally arrive at the main result.

Theorem 7.15. Let 1 < q < o0.
The mapping GT : X x R = L(X x R, Li(a,b)) defined by

GPT (uv ZO) = GAn (uv ZO) Zf (uv ZO) € vn \anl , (7.72)
is a Newton derivative of the play P, : X x R — L4(a,b) with the remainder estimate

sup 1Pr[u+ hs 20 + y] — Prlus z0] — L7 (R y) | Lo(ap)
LPreGPr(u+h,zo+y) (773)
< Pluzo) Ulloo + [yD Il (B, y) 1 x <=

where py,.,)(8) 1 0 as § L 0. The elements LT of G (u, 29) satisfy the estimate

1L By ) lloo,e < 1Blloo,t + 1] (7.74)
for all h € X and y € R, uniformly in (u,z9). They have the form
L7 (hyy)(t) = (1" (u, 20,1), (hyy)) st € (a,b), (7.75)
with
/JPT(U, 20,1) = ptn (u,z0,t) if (uy20) € Vi \ Vo1, i e §8n (7.76)
The functions pf : Cla,b] x R x [a,b] — (C[a,b] x R)* are measurable.
Proof. This follows from Proposition 2.5 and Proposition 7.13 when we choose
Puzo = MAX{ P z0s Prtlze b if (U, 20) € Vi \ Vit

with the remainder terms p, 4 ., belonging to GAn, O

Since the stop operator is related to the play operator by the formula S, [u; z0] = u — Pr[u; 20, it also has a
Newton derivative.



30 M. BROKATE

Corollary 7.16. The stop operator

S X xR —= Lia,b), 1<¢< o0, (7.77)
has a Newton derivative given by
G (u, z9) = m1 — G (u, 20) (7.78)
with elements
L5 (h,y) = h — LT (h,y) . (7.79)

Here, G and L™ have the form and properties described in Theorem 7.15, and w1 denotes the projection
7"-l(ha y) = h’

8. BOULIGAND DERIVATIVE OF THE PLAY AND THE STOP

We intend to prove that the play and the stop operator are Bouligand differentiable from X x R to L9,
1 < ¢ < oo. It suffices to show that P,, S, : X2 — L9(a,b) are Bouligand differentiable for arbitrary partitions
A, as the sets X» C X x R are open and their union covers X x R.

In the previous section we explained how, on X2, the play can be represented as a finite composition of the
positive part Fj,, the camulated maximum F! and continuous linear mappings. By virtue of the chain rule, it
therefore suffices to show that Fj, and F' I are Bouligand differentiable, and that the function spaces involved
in the composition are fitting.

The positive part mapping 8 : R — R, S(x) = max{x,0} has the directional (in fact, Bouligand) derivative

0, z<0orz=0,y<0,
6’(17;@/){ Y (8.1)

y, >0orz=0,y>0.

Lemma 8.1. Let I C [a,b] be a closed interval, 1 < q¢ < G < co. The mapping Fpp, : LI(I) — Li(I), Fpp(u) =
max{u, 0}, is Bouligand differentiable, and

Fpp(us h)(t) = B (u(t); (1)) - (8.2)

Proof. See Examples 8.12 and 8.14 in [10]. O

It has already be proved in Proposition 4.1 that the cumulated maximum F! : X — L9(I) is Bouligand
differentiable for every ¢ < oo, and that

(F1) (us h)(t) = s h(s). (8.3)

By the chain rule, the mapping P_f_ :ZTN (X x R) — LI(I),
P{(u,p) = p+ Fpp(F' (u—p—r))
has the Bouligand derivative

(PL) ((u, p); (hym)(t) = + 6’(Sg}i§t(U(5) ki OF seg}?();,t)(h(s) —n)- (8.4)
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An analogous formula holds for the Bouligand derivative of P!. Applying the chain rule to (7.54), we obtain
the Bouligand derivative of the play recursively as

(W) ((u, 20); (B, ) = (i)' ((w, wi—1(u, 20)); (, (wiy)' ((u, 20); (B 9)))) ()
I

’ 1 A/ (8'5)
Prllus zo]; [ yl)(1) = (Pe) ((w, wi—1(u, 20)); (R, (wi1)"((w, 20); (R, 9))))(E) -

We also obtain the refined remainder estimate.
Theorem 8.2. The Bouligand derivative of the play operator P, given in (8.5) satisfies, for all (u,zo) € X xR,
the remainder estimate

1Pr[w + h; 20 + y) — Pr[u; 20] — Prl[ws 20]; 75 9]l La(a.b)

(8.6)
< Puzo (1Plloo + YDA ) [ x xr

for allh € X, y € R. Here, p(y,-,)(6) L 0 as 0 L 0 and p(y 2, is uniformly bounded in (u, zo).

Proof. The proof is analogous to that for the Newton derivative, using Proposition 5.4 instead of Proposition 5.2.
O

9. THE PARAMETRIC PLAY OPERATOR

Instead of a single play operator acting on a function u = u(t), we now want to consider a family of play
operators acting on a function v = u(z,t), where x plays the role of a parameter. This has been developed in
[19] in order to solve boundary value problems for partial differential equations with hysteresis. Here, we are
concerned with parametrizing the Newton derivative of the play.

For a given measurable space ) (that is, a set Q equipped with a sigma algebra), we want to define the
parametric play operator P! by

P lu; zo)(x, 1) = Pyrlu(z, -); 20(2)) (1) (9-1)

for functions u : Q X [a,b] = R, zg : & — R. The parametric play operator thus represents a parametric family
of play operators.

For a given metric space X, equipped with the Borel sigma algebra, let M(2; X) denote the space of all
measurable functions from € to X.

Lemma 9.1. Formula (9.1) defines an operator
P M(Q; Cla, b)) x M(Q;R) — M(Q; Cla, b]) . (9.2)

Proof. The assignment x — (u(x,-), z0(x)) — Prlu(z, ), 2z0(z)] defines a mapping @ — Cla,b] x R — Cla,b]
which is measurable since P, is continuous. O

We define the parametric cumulated maximum (that is, the parametric family of cumulated maxima)
F$ for functions u : Q — C[a, b] by

(Fu)(z) = F(u(z,")), ze€Q. (9.3)

Lemma 9.2. We have

F? 1 M(; Cla, b)) = M(Q; Cla, b))

F . LP(Q;Cla,b]) — LP(Q;Cla, b)), 1<p<oo. 64
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Proof. Tt u : Q — C|[a, ] is measurable, the composition x — u(z, ) — F(u(x,-)) defines a measurable mapping

since F' : C[a,b] — Cla,b] is continuous. As ||(F®u)(z)||leo < |Ju(z,")]leo and because u(z, ) = v(z,-) a.e. in =
implies that F%u = F%v a.e. in z, the second assertion in (9.4) follows.

The corresponding set-valued mappings M and ®*? are given by
M (u,t,z) = M(u(z,-),t), ®%u,t,z)=d(u(z,-),1). (9.5)
For any given function u : Q — C|[a, b], these formulas define set-valued mappings

(z,t) = M(u(z,-),t) = M®(u,t,x), Qx[a,b] = [a,b],

o (9.6)
(z,t) = D(u(x,),t) = D (u,t,x), Qx[a,b] = Cla,b]*.
Lemma 9.3. Let u € M(Q;Cla,b]). Then the mappings defined in (9.6) are measurable.
Proof. The mappings arise as compositions
(z,t) — (u(z,-),t) = M(u(z,-),t), Qx]a,bl — Cla,b] x [a,b] = [a,b],
(x,t) — (u(z,-),t) = P(u(z,-),t), QxJ[a,b = Cla,b] x [a,b] = Cla,b]*.
Due to Propositions 4.2 and 4.5, the assertion follows. O

In Proposition 4.8, a Newton derivative G of the cumulated maximum F' has been constructed from measur-
able selectors p of ®. Any such u € S¢ defines an element of G(u(x,-)). More precisely, given u € M(; Cla, b))
and = € ) we set

[(L2(2))o](t) = (u(u(z, ), t),v), v e Clab. (9.7)

Proposition 9.4. Let u be a measurable selector of @, let u € M(Q; Cla,b]). Then (9.7) defines a mapping

L2 :Q — L(Cla,b); L (a, b)) (9.8)
with the property
L%(z) € G(u(x,-)) for allz € Q. (9.9)
Let moreover h € M(Q; C[a,b]). Then
(,8) = [(LY(@)h(z, ))(t) = (u(ulz, ),t), h(z, ")) (9.10)

defines a measurable function from Q x [a,b] to R.

Proof. Proposition 4.8 yields (9.8) and (9.9). The composition (z,t) — (u(x,-),t) — p(u(z,-),t) defines a mea-
surable mapping from Q x [a,b] to Cla,b]*, since p : Cla,b] x [a,b] — Cla,b]* is measurable. As the mapping
x +— h(x,-) is measurable and the mapping (v, v) — (v, v) is continuous, (9.10) defines a measurable function. O

We define

G+ M(; Cla, b]) = Map(Q; £(Cla, b]; L (a, b)))

Qry [T TR s (9.11)
G*(u) = {L* : L** satisfies (9.7) and (9.8) for some u € Sg},
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a parametric family of Newton derivatives of the parametric family of cumulated maxima F*. It is not a Newton
derivative of F!. (Here, Map(A; B) stands for the set of all mappings from a set A to a set B.)

For the parametric play P$! we proceed in the same manner. According to Theorem 7.15, the Newton
derivative G of P, constructed there has, when evaluated at (u, z9), elements of the form

L7 (h,y)(t) = (" (u, 20,1), (hy)) . t € (a,b), (9-12)
for some pfr as given in (7.76). We define

LY :Q — L(Cla,b] x R; L>(a,b))

9.13
HE2@) (0,30 (6) = (P (ula, ), 20(), 1), (v, 30)) O3

for (v,y0) € Cla,b] x R.
Proposition 9.5. Let u™ be as given in (7.76), let u € M(Q;Cla,b]) and 2o € M(Q;R). Then L as given
in (9.13) satisfies

LE(z) € GPr(u(x,-), 20(z))  for all z € Q. (9.14)
Let moreover h € M(Q; Cla,b]), y € M(;R). Then

(,t) = (L3 (@) (Rl ), y(@)](8) = (" (u(z, ), 20(2), 1), (h(z, ), y())) (9.15)
defines a measurable function from Q x [a,b] to R.
Proof. Analogous to that of Proposition 9.4. O
We may define G (u, 2) as the set of all such mappings LS} and view G as a parametric Newton derivative
of the parametric play PS.
10. APPENDIX: SET-VALUED MAPPINGS

In this section, we recall some basic terminology from set-valued analysis, given e.g. in [16].
Let ¥ : X = Y. We generally assume that ¥(u) # ) for every u € X.

Definition 10.1. Let X,Y be Hausdorff topological spaces, let ¥ : X = Y. We say that ¥ is upper
semicontinuous (or usc for short), if

U HA) ={u:ue X, Ulu)nA#D} (10.1)

is closed for every closed subset A of Y. We say that ¥ is measurable if ¥~!(V/) is measurable for all open
V CY. A mapping ¢ : X — Y is called a measurable selector of U if ¢ is measurable and 1 (u) € ¥(u) for
every u € X.

Lemma 10.2. Let X,Y be Hausdorff topological spaces. A mapping VU : X =Y is usc if and only if for every
u € X and every open set V with U(u) CV CY there exists an open set U C X withuw € U and ¥(U) C V.

Proof. See Proposition 6.1.3 in [16]. O

Obviously, a single-valued mapping is continuous in the usual sense if and only if it is usc in the sense above.
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