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Shintani descent, simple groups and spread

Scott Harper

The spread of a group G, written s(G), is the largest k such that for any nontrivial
elements x1,...,x; € G there exists y € G such that G = (x;,y) for all i. Burness,
Guralnick and Harper recently classified the finite groups G such that s(G) > 0,
which involved a reduction to almost simple groups. In this paper, we prove
an asymptotic result that determines exactly when s(G,) — oo for a sequence
of almost simple groups (G, ). We apply probabilistic and geometric ideas, but
the key tool is Shintani descent, a technique from the theory of algebraic groups
that provides a bijection, the Shintani map, between conjugacy classes of almost
simple groups. We provide a self-contained presentation of a general version
of Shintani descent, and we prove that the Shintani map preserves information
about maximal overgroups. This is suited to further applications. Indeed, we
also use it to study u(G), the minimal number of maximal overgroups of an
element of G. We show that if G is almost simple, then 4#(G) < 3 when G has an
alternating or sporadic socle, but in general, unlike when G is simple, y(G) can
be arbitrarily large.

1 Introduction

Generation questions about finite groups, especially finite simple groups, have attracted
much attention for many years, and asymptotic behaviour has been an important theme. For
example, a landmark result of Liebeck and Shalev [36] asserts that if (G;) is a sequence of
finite simple groups satisfying |G;| — oo, then the probability that two randomly chosen
elements generate G; tends to 1, which proves Dixon’s conjecture of 1969 [18].

A recent programme of research [3, 4, 9, 10, 24, 27, 28, 29] has focussed on spread, a notion
that captures how generating pairs are distributed across a 2-generated group (this notion is
related to the generating graph and the product replacement graph, both of which have been the
subject of recent research, see the discussion before [10, Corollaries 6 and 7].)

Definition. Let G be a finite noncyclic group.

(i) The spread of G, denoted s(G), is the largest integer k such that for any nontrivial
elements x1, ..., x; in G, there exists y € G with G = (x;,y) for all i.

(ii) The uniform spread of G, denoted u(G), is the largest integer k such that there is a
conjugacy class C of G with the property that for any nontrivial elements x1, ..., xy,
there exists y € C with G = (x;,y) for all i. Here we say that C witnesses u(G) > k.

Observe that s(G) > 0 if and only if every nontrivial element of G is contained in a
generating pair (a property known as 3-generation). It is easy to see that if s(G) > 0 then
every proper quotient of G is cyclic. Recently, Burness, Guralnick and Harper [10] settled a
conjecture of Breuer, Guralnick and Kantor [4], by proving that the converse is true. In fact,
they proved that if every proper quotient of G is cyclic, then s(G) > 2. The proof involves
reducing to almost simple groups. If G is simple, then s(G) > 2 was proved in [4], but the
almost simple groups pose further challenges and the series of papers [9, 10, 28, 29] are
dedicated to proving s(G) > 2 in this case.
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In [27], Guralnick and Shalev determined exactly when a sequence of simple groups (G;)
satisfies s(G;) — oco. However, the asymptotic behaviour of the spread of almost simple
groups is not yet known. By [10, Corollary 9], the unsettled case involves sequences of groups
of Lie type defined over a field of fixed size. We settle this in our first main theorem. Here,
and in Corollary 3, we use the term graph automorphism in the sense of [22, Definition 2.5.13].

Theorem 1. Fix a prime power q. Let (G;) be a sequence of almost simple groups of Lie type defined
over 'y such that G;/ soc(G;) is cyclic and |G;| — oo. Write G; = (soc(G;), x;). Then the following
are equivalent

(i) s(Gj) — o0
(i) u(Gj) — o0
(iii) (Gj) has no infinite subsequence where one of the following holds

(@) soc(G;) € {Spy,, (q) (9 even), Qo 41(q)}
(b) soc(G;j) € {PSL;‘mi +1(q), PQE—Lmi (q)} and a power of x; is a graph automorphism.

Remark 2. There is a geometric characterisation of the exceptions in Theorem 1(iii). Roughly,
if G = (T, x) is an almost simple classical group, then the exceptions in Theorem 1 are the
groups where every element of Tx fixes a 1-dimensional subspace of the natural module for
T (or a closely related module), see Theorem 5.8 and Remark 5.12 for precise statements.

Combining Theorem 1 with [10, Corollary 9] gives a complete characterisation of when
the spread or uniform spread of a sequence of almost simple groups diverges to infinity.

Corollary 3. Let (G;) be a sequence of almost simple groups such that G/soc(G;) is cyclic and
|Gi| — oo. Write G; = (soc(G;), x;). Then the following are equivalent

(i) s(Gj) = o0
(i) u(Gj) — oo
(iii) (G;) has no infinite subsequence where one of the following holds

(a) G; = Ay, where n; is divisible by a fixed prime
(b) Gi = Sn,
() s0c(Gi) € {Spy,, () (q even), Qop,11(q)} for fixed g

(d) soc(Gj) € {PSL;Emi +1(q), PQZim]_ (q)} for fixed g, and x; powers to a graph automorphism.

The key tool in the proof of Theorem 1 is a general form of Shintani descent. This technique
from algebraic groups has played an important role in the character theory of almost simple
groups over several decades, beginning with the work of Shintani and Kawanaka (see
[13, 16,17, 31, 37] for example). More recently, Shintani descent has been useful in studying
the almost simple groups themselves, especially in the context of spread [9, 10, 28, 29].

Let us introduce the key idea of Shintani descent. Let X be a connected algebraic group
and let 07 and 0, be commuting Steinberg endomorphisms of X. Then there exists a bijection
F, called the Shintani map of (X, 01,02), between the conjugacy classes in the cosets X, 0»
and X,,01, where X, is set of fixed points of X under o;.

Previous applications of Shintani descent to group theoretic problems have assumed that
op = 03, and, as we explain in Remark 2.21, this makes some almost simple groups not
amenable to this technique. Therefore, we take the opportunity in Section 3 to demonstrate
how all almost simple groups can be studied in a uniform manner using this more general
version of Shintani descent.



To use Shintani descent effectively, we must understand what is preserved by the Shintani
map F, and for our applications, we are particularly interested in how the maximal over-
groups of g in (X,,,02) relate to the maximal overgroups of go in (X, 1) if F(g%n) = g())( 2.
When o = 05, partial information is given by [29, Lemma 3.3.2], namely if Y < X is a closed
connected (01, 02)-stable subgroup such that Nx, (Yo,) = Y, then the (X, 02)-conjugates
of (Yy,, 0») that contain g correspond to the (X,,, o1 )-conjugates of (Yy,,01) that contain go.

To prove Theorem 1, we need to be able to study maximal overgroups that arise from
disconnected subgroups Y < X. Our next main result allows us to do this. Here for a closed
oi-stable subgroup Y < X, we fix a set R;(Y) C X such that for all x € X the subgroup (Y*),,
is Xy,-conjugate to (Y"),, for exactly one r € R;(Y) (see Remark 2.7 for details).

Theorem 4. Let X be connected, let o1 and o0, be commuting Steinberg endomorphisms of X and
let F be the Shintani map of (X,01,02). Let Y < X be a closed (01, 02)-stable subgroup satisfying

Nx,, (Ye,) = Nx(Y°)se, forall s € Nx(Y?). IfF(g%1) = gé%, then the overgroups of g in
(Y, 02)")%, | ¥ € Ri(Y) and x € (Xoy,02)}
are in bijection with the overgroups of go in

{(Y,01)")5, | r € Ro(Y) and x € (Xo,,01) }-

To prove Theorem 4 we require the more general version of Shintani descent in Section 2,
which is based on Deshpande’s approach [16] that does not assume that X is connected. In
fact, our version is even more general since we do not assume that &7 and ¢, commute.

Let us now highlight the important roles that Theorem 4 plays in our proof of Theorem 1.
Let G = (T, x) be an almost simple classical group with socle T.

As suggested by Remark 2, upper bounds on the spread of classical groups G featured in
part (iii) will arise from studying the subspaces of the natural module for T that are stabilised
by elements of G (see Corollary 5.5). To do this, we will apply Theorem 4 in the case where
X is a simple classical group and Y is a subspace stabiliser (which may be disconnected).

To obtain lower bounds on uniform spread, we apply the probabilistic method introduced
by Guralnick and Kantor [24]. Here, the idea is to identify an element s € G such that the set
M(G, s) of maximal subgroups of G that contain s is small, because if

|xC N H| 1

HeM(Gs) |x€] k

then s© witnesses u(G) > k (see Lemma 5.11). Without loss of generality, if s© witnesses
u(G) = k > 0, then s € Tx. Shintani descent is then the crucial tool for understanding the
conjugacy classes in Tx. Roughly, we find a Shintani map F that puts the classes in Tx in
bijection with the classes in another coset Tyxy that is easier to understand. We choose an
element s € Tx by specifying its image sg € Toxp under F, and we use Theorem 4 to deduce
M(G, s) from information about s.

Shintani descent has had applications to other problems in group theory (for example, in
[21, 23]) and we anticipate the general version in this paper will be useful in future. Indeed,
in Section 4, we give some additional applications of Theorem 4, which we now discuss.

Motivated by the uniform domination number (an invariant related to uniform spread),
Burness and Harper [11], defined y(G) as the minimal number of maximal overgroups



of an element of G. They showed yu(G) < 3 if G is simple, with four exceptions where
4 < u(G) < 7, and they determined y(G) exactly when G is alternating or sporadic.

The following theorem summarises our results on j(G) for almost simple groups G.
Theorem 5. The following hold.

() If G is an almost simple group with alternating or sporadic socle, then u(G) < 3.
(ii) There is no constant ¢ such that for all almost simple groups G we have u(G) < c.
(iii) There are infinitely many nonsimple almost simple groups of Lie type G such that u(G) = 1.

Remark 6. Let us comment on Theorem 5.

(i) Proposition 4.1 gives the value of y(G) when soc(G) is alternating or sporadic, so we
determine when these groups contain an element with a unique maximal overgroup.
(ii) In Proposition 4.2, we fix k > 1 and give an almost simple group G with socle PSL,(2/)
such that |[M(G, g)| > k for each ¢ € G (we choose f so it has c distinct prime factors).
Therefore, 1 (G) is even unbounded for almost simple groups G of bounded rank.
(iif) In Proposition 4.5, we will see that for all m > 8, there exists f > 1 such that Qjm (2f ).f
has an element with a unique maximal overgroup (of type O5,(2/) x O, (2/)).

Organisation. Section 2 introduces a general version of Shintani descent and features
a proof of Theorem 4. In Section 3, we apply Shintani descent systematically to all almost
simple groups of Lie type, and we use this to study their maximal subgroups in Section 4,
thus proving Theorem 5. Section 5 sees the proof of Theorem 1.

Notation. Our notation for algebraic groups and groups of Lie type follows [22, 32]. Let
us highlight that SL; (7) = SL,(¢q) and SL;, (7) = SU,(q), and that O3, (F),) is the connected
component O, (F,)°. For a group G and a prime p, we write O” (G) for the subgroup
generated by the p-elements of G. We write (a, b) for the greatest common divisor of 4 and b.

Acknowledgements. The author is grateful to the Isaac Newton Institute for Mathematical
Sciences for support and hospitality during the programme Groups, Representations and Appli-
cations: New perspectives, when some work on this paper was undertaken. The author thanks
Jean Michel for helpful comments he made on the author’s talk during that programme.
The author also thanks Tim Burness, Gunter Malle and an anonymous referee for useful
feedback on previous versions of this paper. This work was supported by EPSRC grant
number EP/R014604/1.

2 Shintani descent

2.1 Introduction

Let us introduce the general version of Shintani descent that is at the heart of the remainder
of the paper. Throughout Section 2, let p be prime and X be a linear algebraic group over F,,
which from now on we simply refer to as an algebraic group.

We fix some notation. For a Steinberg endomorphism o of X, write X, = {x € X | x” = x}.
For an automorphism « of a group G, we say that g,h € G are a-conjugate if gn and ha are
conjugate in the semidirect product G:{«), and we call the a-conjugacy classes a-classes.

In our first main theorem, we introduce a general version of Shintani descent. In the proof
we argue as Deshpande does in [16], but our setup is slightly more general since we define a
Shintani map for an arbitrary pair of Steinberg endomorphisms, which need not commute.
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Theorem 2.1. Let X be an algebraic group and let oy and o, be Steinberg endomorphisms of X. Let
X; be a set of o;-class representatives of X. Then the Shintani map of (X, 01, 02)

E: U {g% | g € (X2)ser } — U {h¥e | h € (X011, }

seXy teXp

defined as F(g%1) = hXw if and only if (g,501)%X = (ton, h)X is a well-defined bijection. Moreover,
if‘F(gXSUl) = hXtQ’ then CXsal (g) = CXWZ (h)

Proof. Write R = {(g,h) € Xo» x Xo1 | [g,h] = 1} and let R/ X be the set of orbits of the
conjugation action of X on R. If i € X, then h is X-conjugate to xsoy for some x € X° and
s € X1, and by the Lang-Steinberg theorem, xscy is X°-conjugate to soq, so

R/X = | {(g501)" | g € (X02)sr }.

seXy

Observe that the distinct elements of {(g,s01)X | ¢ € (X02)ss, } correspond to the distinct
X0, -class representatives g in (X073 )s0, - Similarly, we deduce that

R/X = |J{(tor, ))* | h € (X01)ter},
teXp

with distinct elements of {(tos,h)* | h € (Xo1)s,} corresponding to distinct Xj,,-class
representatives / in (Xoy)¢,,. Therefore,

U {(g501)* | g € (Xo2)se, } = R/X = |J {(ton, )™ | h € (X1)icr},

seXq teXo
and we obtain the bijection F in the statement.
If we fix g € (X°toy)sy, and h € (X°507)4y, such that F(g%«1) = h¥ie2, then we may write
(g,501) = (top, h)” for some a € X, whence
Cx,, (§) ={x € X[ (g,501)" = (g,501)} = {x € X | (top, h)* = (tor, h)}" = Cx,, (h)".

This completes the proof. O

We can give an explicit definition of the Shintani map.

Lemma 2.2. Let F be the Shintani map of (X,01,02), and let s,t € X with [soq,ton] = 1. If
F(g%n1) = h¥Xe2, then there exists a € X° such that ¢ = aa~ (%) "ty and h = a~1als") " so.

Proof. If F(g%«n) = h¥, then (g,s01) = (top, h)? for some a € X°, which implies that
g= aa_(t‘TZ)_lt(Tz and h = a‘la(wl)_lsol, as required. ]

Remark 2.3. For our applications to finite groups, we will be interested in not the infinite
order Steinberg endomorphisms ¢ and o>, but their finite order restrictions to finite fixed
point subgroups; however, this makes no substantive change to the claims made in this
section. In particular, if X is connected and [c7, 02] = 1, then for the restrictions o7 = o1 Xy
and 0, = 03| Xoy 7 the Shintani map F of (X, 01, 02) gives a well-defined bijection

{(x02)%1 | x € Xp, } = {(y1)*2 |y € X5}
(x'&z)x”l — (y&l)X"z < (x0, (71)X = (az,y(71)x.

We will harmlessly identify this bijection with F, but we will adopt the notation 01 = 01]x,,
and 0, = 03| Xo, when convenient.



Remark 2.4. We often abuse notation and write the Shintani map of (X, o1, 02) as

F: |J (Xo2)so, = |J (X01)ts, where (x02,501)% = (ton, F(xon))X.
se€Xy teXy

In particular, if X is connected and [0, 02| = 1, we simply write F: Xp,017 — X4, 0.

Example 2.5. Let X = GL,, 1 S2 < GLyy,. Let ¢: X — X be the standard Frobenius endo-
morphism of X defined as (x;;) — (xfj), and let y: X — X be the restriction of the graph

automorphism of GL,;, defined as x x~ 7. Observe that @ and y commute.

Write X = X°:(s), where s € GLy, is an involution interchanging the two factors of
X° = GL, x GLj,. We choose s such that it commutes with ¢ and <. Here, X; = X, = {1,s}.

Write ¢ = p/ and let F be the Shintani map of (X, 79/, ¢). In the notation of Remark 2.4,
F: (GUn(9)152)9 U (GLi(4%):C2)9 — (GLu(p) 152)7¢" U (GLu(p*):C2) 19,
where, for example, GL,,(g?):Cy-classes in GL,,(q%)p = X;’ngo correspond to GL,(p) ¢ Sz-

classes in GL,,(p)?sy¢/ = X(‘;s'yq)f via a centraliser order preserving bijection.

2.2 Shintani descent and subgroups

For the remainder of Section 2, let X be a connected algebraic group and let 07 and o> be
commuting Steinberg endomorphisms of X. For {i,j} = {1,2}, write 0; = 0;| X and assume
that (0;) N Xy =1.Let F: X, 02 — Xg,01 be the Shintani map of (X, 01, 02).

Let us fix some notation.

Notation 2.6. Let Y be a closed o;-stable subgroup of X.
(i) Fix S; = S;(Y) as a set of 0j-class representatives of Nx(Y°).

(ii) For each s € X, by the Lang—Steinberg theorem (see [22, Theorem 2.1.1] for example),
fixs; € X such that [s; !,07!] =s.

Remark 2.7. Note that the set R;(Y) defined before Theorem 4 is {s; | s € S;(Y)}.

We will now give a strong version of Theorem 4, which is our main result on Shintani
descent and it captures how overgroups are preserved under the Shintani map.

Theorem 2.8. Let Y < X be a closed {01, 02)-stable subgroup satisfying Nx,, (Y,) = Nx(Y°)s,
foralls € Nx(Y°). Let g € Xy, 05.

(i) The total number of (Xy,, 02)-conjugates of ((Y,02)°1),,, as s ranges across S1(Y'), that contain
g equals the total number of (X,, 01 )-conjugates of ((Y,01)%),, as s ranges across Sy(Y), that
contain F(g).

(ii) Fors,t € Nx(Y°) satisfying [so1, ton] =1, the number of (X, , 02)-conjugates of ((Y°to2)*!),
that contain g equals the number of (X, 01 )-conjugates of ((Y°so1)"2), that contain F(g).

Proof. Fors,t € Y satisfying [so1, top] = 1, let m, ;) be the number of (X, 02)-conjugates of
the coset ((Y°t02)" )y, = (Yg,t02)™ that contain g and let n(, ;) be the number of (X,,,01)-
conjugates of the coset ((Y°s01)2)s, = (Y};,501)" that contain F(g).

Let us show that (i) is a consequence of (ii). Observe that Y°sc; for s € S; are representa-
tives of the Nx(Y°)-classes in Nx(Y°)o;/Y°. For t € Y, fix S;; such that Y°so; for s € S;; are
representatives of the Cy, (y¢) v (Y°toj)-classes in Cy, (v, /v- (Y°toj) where {i,j} = {1,2}.



Fors € Nx(Y), let m; be the number of (X,,, 02)-conjugates of ((Y,02)") e, = ((Y,02)se1)
that contain g, and for t € Y, let n; be the number of (X,,, 1 )-conjugates of ((Y,071)2),, =
((Y,02)1s,)" that contain F(g). Then

Mms = Z M and ny = Z M(ts)- (2.1)

tE€Sys SGSM

Notice that both ses, {(Y°so1, Y°ton) | t € Sos} and Uyes, { (Y501, Y°ton) | s € Sy} are
sets of orbit representatives for
{(YOSO'l, Yot(?'z) € Nx(YO)O'l/Yo X Nx(Yo)(TQ/YO ’ [YOSUl,YOf(Tz] = YO}
under the conjugation action of Nx(Y°)/Y®. For s,x € X we can, and will, assume that

(s¥); = s¥. Thus, for all x € X, we have (Y(sz)x(sﬁl)X)(tx)z = (Yg,501)", 50 n(y gy = Ny if

(s'oq, 'on) = (soy, to)*. Therefore,

Yood mus =) ). M 2.2)

SES] tESy t€Sy sE€Sy ¢

The conclusion of part (ii) is that m, ;) = n(, ) for all s, t € Y such that [so, top], and, in
light of (2.1) and (2.2), this implies that

Yome=) ) men=13 ) nug =) ) =)

SESy SES] tESy SES] tESy s t€Sy s€S tESy
which is the conclusion of part (i).

It remains to prove part (ii). Let s, t € Nx(Y*) such that [soy, ton] = 1. We have
C Hx € (Xo, @) | g € (Yo ton) Y] 1877 N (Ve 102)7 |Cix,, ) (8))]

m = — = =
(=) IN(x,, ) (Y, t02)*1)| IN(x,, i) (Y, t02)°1)]|
) N Y 102 [C o, ) (@) 1(851) % MY, 1] Cx,, (8)] 23)
’N<X5”1 ,&2> (YSOUl ta‘Z) | |NX501 (Ysotfl t/UV'Z) | . .
Similarly, 1y B
(F(g)"2 )™ N Yg,s01/|Cx,, (F(g))]
Tl(t s) = o = . (24)
’ |NXWZ (Ytﬂzsgl) ‘

Let y1, ...,y represent the Y, ~classes in Yg, top, and let I = {i | y; € (g "X1}. Then

1 o Ye, Yo |
(g ) NYgton| =Y |y, =) =7

—_— (2.5)
il i€l |CY§}1 (yi)|

Observe that _ -
I={ilyie (g )%} ={i| (ism)X = (g, 501)%}.
Applying the Shintani map F, we see
(¢%,501)% = (g,01)% = (02, F(g))X = (ton, F(g)"2)X.

Let E,y) be the Shintani map of (Y°,s01,t02). Then E( 4 (y1),-- -, E(s4) (yk) represent the
Yy, -classes in Y, 501, and (y;,501)" = (toa, (o (yi))", s0 (yi,s01)* = (ton, E(op(yi)) ™
Therefore,

I={i | (ton, Egoy (i) ¥ = (102, F(9))*} = {i | Eip (i) € (F(g)') ¥ ).



This implies that

N o YO|
F fz 1 sz ﬂ YO S& _ YWZ — | ton .
(F@)™ 0 Yiostil = Kl ™| = T o5 o )

(2.6)

By Theorem 2.1, [Cx, (8)| = |Cx,, (F(g))| and |CY5001 (yi)| = |CY&2(E(SJ) (yi))]. Therefore,
by combining (2.3)—(2.6), we obtain
m(s/t) B |I\[Xm2 (YtOQSij) : Yf(72| B ‘CNXW2 (Y[j,z)/Yt‘j,z (501)| B |C(NX(YO)/YO)t¢72 (50'1)’

Nis) Ny, (Yo t02) 1 Yo | |Co, (215, (£02)]  Cg(vey o, (02)]

.
50

We conclude that m ;) = n( ) since

[CNg (o) /Yo, (ST1) | = [Cvg(ve) /vo) (501) N Cnvgve) o) (E02) | = [Cinvg(vo) /vo),,, (E02)]-
This completes the proof. O

The following example not only highlights how we apply Theorem 2.8, but also introduces
an embedding that we will return to at the end of the paper.

Example 2.9. Let g = 2/. Let T = Sp,, (q) and g = ¢’ where i divides f. Let X be the simple
algebrgic group Sp,,, and let ¢ be the standard Frobenius endomorphism (x;;) (xlzj) Fix
o = ¢', and write 07 = ¢ and 0> = 0, where e = f/i. Then the Shintani map of (X, 01, 02) is
F: 8p,,,(4)8 = SPy(q0), where go = 2" and g = g = 2/.

Let Y = Oy, a maximal closed o-stable subgroup of X. Now Y° = (), and Y = Y°:(s)
where s is a transvection. Then {1, s} is a transversal of Y° in Y = Nx(Y°). Fix s1,5, € X
such that [s; !, 071 = s.

Both Y, = O3,,() and (Y*1)se = Y1 = O5,,(q) are maximal subgroups of X« = Sp,, (7),

and Y, = 03,,(q0) and (Y*2); = Y52 = O5,,(qo) are maximal subgroups of X, = Sp,,,(4o)-
We now apply Theorem 2.8.
(i) For all x € Sp,,,(g), the total number of maximal subgroups of G = (Sp,, (q), ') of

type O;,,(q) or O, (g) that contain x¢' equals the total number of maximal subgroups
of Gy = Sp,,,(q0) of type O3,,(90) or O,,,(q0) that contain F(x¢').

(ii) In fact, we have the following more detailed correspondences

{A € (05,(0)¢")" | x € A} «— {B € 0;,(q0)™ | F(x) € B}

{A € (0, (1)¢")" | x € A} «— {B € (Q3,(q0)s)™ | F(x) € B}
{A € (03,(9)s¢")° | x € A} < {B € (Q,,(q0)s°)™ | F(x) € B}
)

q)s¢
{A € (D, ()s")° | x € A} — {B € (0y,,(q0)s""")*" | F(x) € B}.

Remark 2.10. Example 2.9(i) was given by more indirect means in [28, Section 2.2.3] relying
on the isogeny SO, 1 — Sp,, in characteristic two and a bespoke geometric argument, but
the more detailed information given in Example 2.9(ii) was not available in that context.

By [19, Theorem 2], when p = 2, every element of Sp,, (q) is contained in a maximal
subgroup of type O3, (q) or O,,,(¢). Therefore, Example 2.9 implies the following.

Proposition 2.11. Let p = 2 and let PSp,, (q) < G < PI'Sp,,, (). Then every element of G is
contained in a maximal subgroup of the form Ng(H) where H is a maximal subgroup of PSp,, (q)
isomorphic to O3, (q) or O,,.(q).



2.3 Further properties

Continue to assume that X is a connected algebraic group, 71 and 0, are commuting Steinberg
endomorphisms of X and F is the Shintani map of (X, 01, 02).

We now present properties of Shintani descent, beginning with a general version of [29,
Lemma 3.2.2]. If an isogeny 71: X — Y has a (07, 02)-stable kernel, then ¢; induces a Steinberg
endomorphism ¢; y on Y such that 0; y o 7w = 71 0 0; and, by mapping o; — o; y, 7T extends to
an abstract group homomorphism 7v: (X, 0, 02) — (Y, 01y, 02y). We simply write o; for 0; y.

Lemma 2.12. Let 7t: X — Y be an isogeny with a (01, 02)-stable kernel. Let E be the Shintani map
of (Y,01,02). ThenEomt = moFand E-'omr = o F!

Proof. If (x02,01)% = (02, yo1)X then (71(x)02,01)Y = (02, (y)o1)Y,
E(r(x02)") = E((7(x)02) 1) = (7T(y)f71)y"2 = 7T((W )X”Z) = 7t(F(x02)),
E7N(m(yon) ') = E7H((ne(y)or)2) = (m(x)on) ' = 7t((x02) ") = m(F~ (yon)),

which proves the result. O

Corollary 2.13. Let 7t: X — Y be a bijective isogeny with a (o1, 02 )-stable kernel. Then to F o 7t~
is the Shintani map of (Y, 01, 02).

Corollary 2.14. Let 7r: X — Y be an isogeny with a (01, 02)-stable kernel. Let E be the Shintani
map of (Y,01,02). Then E restricts to a bijection

{(x02)"™ | x € (X))} = {(yo1) "2 | y € m(Xey) }-
Example 2.15. Let Y = PSL,, let ¢: Y — Y be Frobenius endomorphism (y;;) ~ (yfj) and
let v: Y — Y be the standard involutory graph automorphism y — (y~ ")/ where J is the
antidiagonal matrix with antidiagonal entries 1, -1,1, —1,..., (—1)”*1. Write g = pf and
let E: PGL,(q)v¢ — PGU,(p)7/ be the Shintani map of (Y, ¢/, y¢), noting that ¢ ly,, =
7 ly,,- For many applications, we will want to focus on the coset PSL,(q)y¢. Does this
coset correspond to PSUn(p)’yf under F? Yes. To see this, let r: SL, — PSL, be isogeny
given by taking the quotient of SL, by its centre. As 7t(Y,s) = 7(SL,(q)) = PSL,(q) and

¢
7(Yye) = m(SU,(p)) = PSU,(p), Corollary 2.14 implies that E restricts to the bijection

{(x@)P @ | x € PSLy(q)} — {(y")PU ) |y € PSUL(p)}-

When f is even this can also be proved via determinants, as in [9, Lemma 5.3], but this more
concrete approach does not apply when f is odd.

The application of Corollary 2.14 in Example 2.15 will be vastly generalised by the concept
of outer Shintani descent, which we introduce in Section 3.5.

The next lemma captures how powers and element orders behave under Shintani descent.

Lemma 2.16. Assume that there exist d,e > 1 such that d divides |01 |, de divides |05| and o8¢ = 4.

Forall x € Xg,, the following hold
(i) F(x02)® = E((x02)%), where E is the Shintani map of (X, 05¢, %)
(i) |x0o| = de|F(x07)].

Proof. Leto = ag and let E be the Shintani map of (X, 0¥, ¢). Fixa € X such that x = aa~% "
Then F(x?rz) = 0710 ' G. Now (x0»)? = aa~" ' and F(xfrz)d a~1a” ¢, so F(x02)4 =
E((x02)%). In particular, |(x62)%| = e|E((x02)%)| = |F(x0)“|. Since d divides |d2|, which

divides |x0>|, we conclude that |x0>| = d|(x02)4| = de|F(x7)"|. O
9



The following observation [10, Lemma 3.20] is an immediate consequence of Lemma 2.16.

Corollary 2.17. Let o be a Steinberg endomorphism of X, let e be a positive integer and let F be the
Shintani map of (X, 0°,0). Then |xo| = e|F(x0)| for all x € X,.

We use Corollary 2.17 to obtain the following result, which is important to Section 4.

Lemma 2.18. Let X be connected, let o be a Steinberg endomorphism of X and let e > 1. Let F be
the Shintani map of (X,0°,0). Let x € Xye and y € Xg satisfy F(x0) = y. Write G = (X, 7).
(i) Assume that e is a prime divisor of |y| and |y| does not properly divide the order of any element
of X, Then x7 is not contained in any G-conjugate of (X, 0).
(ii) Assume that e is coprime to |y| and y* N X, = y*. Then x7 is contained in a G-conjugate of
(Xyerx, 0) for every prime divisor k of e.

Proof. For part (i), suppose that xo € (X, 7)¢ for some ¢ € Xye. Then (x0)8 = ho € (X,,0),
thatis, h € X,. By Corollary 2.17, e|y| = |ho| = e|h|/ (e, |h|) = |h|, which is a contradiction
since we assumed that |y| does not properly divide the order of any element of X,.

For part (ii), fix d such that ed = —1 (mod |y|). Then y* € X, < X, and F((y%0)%*) =
(a1 (y?5)~a)Xs = (a"'ya)* for some a € X. Since yX N X, = y**, we know that a~lya
is X,-conjugate to y, so F((y?0)*#) = y*< and x¢ = (y?7)$ for some g € X,c. Now /7 €
(Xg,0) < (X, 0) for every prime divisor k of e, so x0 € (X e/, 0)8, as claimed. O

Our next result is a direct generalisation of [29, Lemma 3.3.4].

Lemma2.19. Letx € Xo, andlet H < G = (X, 02). Then x is contained in at most |Cx,, (F(x02))|
distinct G-conjugates of H.

Proof. By [29, Lemma 2.1.2] for example, the number of G-conjugates of H that contain x> is
Gl |(x®)°NH| _ |(x6)° N H||Co(xd2)| _ |(x02)¢ N HI[2||Cx,, (x72))|
ING(H)|  [(x02)°] |Ne(H) [Nc(H)|
_ [(6)¢ N H]||52]|Cx,, (F(x02))| |H|
[NG(H)| = [Ng(H)

+|Cx,, (F(x02))| < |Cx,, (F(x02))],
where the penultimate inequality holds since |(x02)¢ N H| < |H| /|72 O

Let us comment on the special case of Shintani descent that has previously been applied
to group theoretic problems (see [29, Chapter 3] for a general reference). The key is the
following immediate consequence of Lemma 2.2.

Lemma 2.20. Let X be connected, let o be a Frobenius endomorphism of X and let e > 1. Let F be the
Shintani map of (X, 0¢,0). Then F((x3)%#) = (a=Y(x&)¢a)*~ for a € X such that x = aa™" .

Hence, what is referred to in the literature as the Shintani map of (X, o, ¢) is the map

Fio {(x0)% [ x € Xoo} = {y |y € Xo}  F((x0)**) = (F(xo) )™,

where F is the Shintani map of (X, ¢°, 0). Therefore, previous applications of Shintani descent
are essentially the special case where X is connected and 07 = ¢5. Here, up to X-conjugacy,
the Shintani map F simply involves raising to the power —e, which is often useful.
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Remark 2.21. Our main application is to almost simple groups, where we have a finite
simple group of Lie type T and an automorphism g € Aut(T), which we study by writing
T = O (X,,) and g € X,,0» for a simple algebraic group X and two commuting Steinberg
endomorphisms ¢; and . However, we cannot always insist that o7 = ¢5. For example, if
T = PSL,(p/) for odd f and ¢ = 7@, then we choose (X, 01,02) = (PSL,, ¢/, v¢), but 0y is
not a power of 0, (see Example 2.5 for the definitions of ¢ and 7). A partial solution was
found in [28, Lemma 3.4.1], which allows us to work with some elements of T'¢ but does not
allow us to prove results about all elements of Tg, which we need to be able to do in order to
prove Theorem 1. The unified approach of this paper allows us to do this.

3 Shintani descent and finite groups of Lie type

In this section, we systematically apply Shintani descent to almost simple groups of Lie type,
and we begin by recalling some information about these groups in Sections 3.1-3.3.

3.1 Finite groups of Lie type

Let £ be the set of finite groups T such that T = O” (X,) for a simple algebraic group X of
adjoint type and a Steinberg endomorphism ¢ of X. Every group in £ other than

PSL,(2) = 3:2, PSL,(3) =223, PSU3(2) =3%:Qs, 2By(2) =5:4
PSp,(2) 2 Ss, Go(2) 2PIL3(3), 2Gy(3) 2 PTLy(8), 2Fi(2)
is a nonabelian simple group, and we will refer to these as the finite simple groups of Lie type.
(Note that by this definition, the Tits group 2F4(2)’ is not a finite simple group of Lie type.)
Let X be a simple algebraic group of adjoint type. Let us fix some notation:

¢ is the Frobenius endomorphism of X fixing ¥,

7 is the standard involutory graph automorphism of X € {PSL,,, PQy, E¢}

T is the standard triality graph automorphism of X = P()g

p is the graph-field endomorphism of X fixing I, if (X, p) € {(PSp,,2), (F4,2),(G2,3)}.
Write £(X) for the group generated by ¢, v, T, p when they are defined. Note that

v=2 [el=1 [7[=3 =7t [L9]=1 o' =¢.

For T = O (X,) € L, note that Aut(T) 2 Inndiag(T):X(T), where Inndiag(T) = X,
and X(T) = {g|x, | ¢ € (X) and g” = g} (see [22, Theorem 2.5.4]).
3.2 Classical groups
We say that a simple algebraic group is a classical group with natural module F; if it is one of
PSL, (n>2), PSp,(n=>4) PQ,(n=7),
where we omit reference to the field. Similarly, T € L is a classical group if it is one of
PSL,(q) (n>2), PSU,(q) (n>3), PSp,(q) (n>4), PQ5(q) (n>7),
and the natural module for T is Fj, where u = 2if T = PSU, (q9) and u = 1 otherwise.
If X is a simple classical algebraic group, then define Aut*(X) = X:X*(X) where

(X)) = (9,7) = Co x Co if X € {PSL, (n =3), POy}
| (9) =Co if X € {PSLy, PSp,,, PQyyi1}.
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Similarly, for classical T = OF (X,) € L, define *(T) = {g|x, | § € Z*(X) and g° = ¢}
and Aut*(T) = Inndiag(T):Z*(T), so Aut*(T) = Aut(T) unless T is PSp,(2/) or PQJ (q).

For T € Land g € X(T), say that (T, g) is classical if T is a classical group and g € X*(T).

3.3 Automorphisms
Let us now give a concrete description of the automorphism group of T.
For x € Aut(T), write ¥ = Tx, so
Out(T) = {i | x € Aut(T)} and Outdiag(T) = {% | x € Inndiag(T)}.

The group Out(T) is described in [22, Theorem 2.5.12]. If T # PQ, (q), then Outdiag(T) is
cyclic and we write Inndiag(T) = (T, ) if it is nontrivial. If T = PQ), (q), then we adopt
the notation from [32, Chapter 2] (see also [29, Section 5.2]) but we write z for rorx.

The following result gives a complete description of the conjugacy classes in Out(T).

Theorem 3.1. Let T = O¥' (X,,) € L defined over F, where q = p/.

(i) Let x € Aut(T). Then (&) is Out(T)-conjugate to (hg) for a unique ¢ = 02| inndiag(T) from
Table 1 and some h € Inndiag(T).

(ii) Let § = 02|indiag(T) for some o in Table 1. Then Outdiag(T) is trivial or the Out(T)-classes
in Outdiag(T)¢ are S where S is a set given in Table 2.

Proof. If T is classical, then this is a combination of [29, Proposition 5.2.15, Remark 5.2.17,
Proposition 6.2.6 and Remark 6.2.7]. If T is exceptional, then this is [10, Proposition 3.15]. [

3.4 Standard Shintani setups
We can now explain how to study the almost simple groups of Lie type via Shintani descent.

Let T € £ and g € X(T). A Shintani setup for (T,g) is a triple (X, 01,02), where X is
a simple algebraic group of adjoint type and where 07 and ¢, are commuting Steinberg
endomorphisms of X such that T = OF' (X, ) and (g) = (0| Xo, )-

T = OF”(X(H) and g = (TZIXU] for (X,0q,07) in Table 1, then (T, g) is a standard pair,
(X, 01, 02) is the Shintani setup of (T, g) and the Shintani map F of (X, 01, 02) is the Shintani
map of (T,g). Note that F: Inndiag(T)g — Inndiag(Ty)go where Ty € £ and gy € Aut(Tp)
are given in Table 1. In particular, (T, g) is classical if and only if Inndiag(Tp) is classical.

3.5 Outer Shintani descent

In this section, we explain how to restrict a Shintani map F: X, 0> — X,,01 to particu-
lar cosets of O (X,,). To do this we introduce an auxiliary bijection. This generalises the
observation in Example 2.15 to all almost simple groups of Lie type.

For a standard pair (T, g) with Shintani map F, define the outer Shintani map of (T, g) as
E: {(Txg)®T) | x € Inndiag(T)} — {(Toxog0) "™ | xo € Inndiag(T)}
P‘((Txg)Out(T)) _ (TOxOgO)Out(TO) — F((xg>lnndiag(T)) _ (x[)go)lnndiag(To)-

Theorem 3.2. The outer Shintani map F is a well-defined bijection, and if F((Txg)Outdi2s(T)) =
(Toxogo)O428(T0), then Coyidiag(r) (TX8) = Coutdiag(To) (ToX080)-

12



Table 1: Standard Shintani setups (i divides f and go = p’)

X o] T o f/i To g0 conditions
PSL, ¢/ PSL,(q) ¢ any PSL,(q0) 1
v¢' even PSU,(q0) 1
79’ odd  PSUu(q0)
19/ PSU.(q) ¢ odd PSUu(q0) 1
9" any PSL.(q0) 7
Poyi1 ¢ owra(q) @8 any  Qowia(qo) 1
PSp,, @/ PSpy(q) ¢ any PSp,,(q) 1
o' any  2Bx(qo) 1 m=p=2&iodd
of 2By (q) ol any  2By(qo) 1 m=p=2&fodd
Py ¢f  PQ(q) ¢ any PO (g) 1
79" even PO, (q0) 1
9 odd  PO,,(q0) v
¢' 3|e  3Da(qo) 1 m=4
¢ 3fe  3Du(qo) T m=4
¢/ PO,,(q) 19 odd PO, (g) 1
9" any POj.(q) 7
9/ 3Dy(q) Tgo_i 3te  3D4(qo) 1 m =4
¢ any PQJ(gq0) T! m =4
Es ¢/ E(q) ¢ any  Ee(qo) 1
v9' even  2Eq(qo) 1
v¢' odd  *E¢(q0) v
v¢/  *Es(q) ¢’ odd  ZEg(q) 1
¢' any  Ee(qo) gt
Er ¢/ Eq) ¢ any  Er(q) 1
Es ¢/ Es(q) ¢ any  Es(q0) 1
Fe ¢/ FR(q) ¢ any  Flq) 1
ol any  2F(qo) 1 p=2&iodd
o/ PR ' any ?RE(qp) 1  p=2&fodd
G2 ¢/ Gq) ¢ any  Go(qo) 1
ol any  2Ga(qo) 1 p=3&iodd
ol 2G(g) o any  *Ga(q) 1 p=3&fodd
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Table 2: Out(T)-classes in Outdiag(T)g

T o f/i the sets S conditions
PSL,(q) ¢ any {(5j,(5_j,.,,léfpf_ll(s—]'r’f_l}<(5pi—1>
vo' even {&/,67,.. .60, 5P (6P 1)
Y9! odd () (n,g —1) odd
(82, 6(6%) (n,g—1) even
PSU,(7) 7¢' odd {&1,..., 67 (5P
¢ any () (n,g+1) odd
(82), 6(6%) (n,g+1) even
Mouia(q) @' any {1}, {e} g odd
PSp,,(q) ¢ any {1}, {6} g odd
POy, (q) ¢ any {1}, {o} q" =3 (mod 4)
{1}, {z}, {6,206} p™ =1 (mod 4)
{1,z}, {6,z6} p™ =3 (mod 4) & f/ieven
v¢'  even {1}, {6} g" =3 (mod 4)
{1}, {z}, {6,20} p™ =3 (mod 4)
{1,z}, {6,z6} p™ =1 (mod 4)
v¢'  odd {1}, {6} g™ = 3 (mod 4)
{1,z}, {9,z6} g" =1 (mod 4)
¢ 3]e {1,6,2,z6} m =4 & g odd
PO, (9) 79 odd {1}, {0} 9" =1 (mod 4)
{1}, {z},{9,26} p™ = 3 (mod 4)
¢ any {1}, {6} g" =1 (mod 4)
{1,z}, {6,26} g" = 3 (mod 4)
Es(q) ¢ any {1}, {5,0%} p' =1 (mod 3)
{1,6,6%} p' =2 (mod 3) & f/i even
19! even {1}, {5,0%} p' =2 (mod 3)
{1,5,6%} p' =1 (mod 3)
v¢'  odd {1,6,6%} g =1 (mod 3)
’Ee(q)  v¢' odd {1}, {4,0%} g =2 (mod 3)
¢ any {1,5,6%} g =2 (mod 3)
E(q) ¢ any {1}, {6} qodd
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Before proving Theorem 3.2, let us recall some convenient notation for orthogonal groups
that was introduced in [29]. For a field K of characteristic p > 0, write

: _ ] 9,(K) ifp=2
DO (K) = { {g € GO5,,(K) | det(g) = t(g)™} otherwise.

Here 7: DO5,,(K) — K is the similarity map and det(g) = £7(g)" for all g € GO5,,(K) (see
[32, Lemmas 2.1.2 and 2.8.4]). As recorded in [29, (2.12)],

PDO3, (q) = DO, (q)/ Z(DO,,(q)) = Inndiag (PO, (q))-

Proof of Theorem 3.2. We assume that Inndiag(T) > T or Inndiag(Ty) > Ty since otherwise
Outdiag(T) and Outdiag(Tp) are trivial and F: {{¢}} — {{¢}}. We consider each nontrivial
case in turn, explicitly describing F and showing that it is a bijection, but leaving the reader
to verify the claim about centralisers, which is not difficult.

First assume that p # 2 and T € {PSp,,,(9), Qom+1(9), E7(9)}, so | Inndiag(T) : T| = 2.
Let X € {PSp,,,, P11, E7} be the corresponding simple algebraic group of adjoint type.
In this case, ¢ = ¢' for some i dividing f, go = 1 and | Inndiag(Ty) : To| = 2. Now the two
distinct Out(T)-classes in Outdiag(T)¢' are {¢'} and {6¢'} and the two distinct Out(Tp)-
classes in Outdiag(Ty) are {1} and {éy}. Let X*¢ be the simply connected version of X and let
7. X*¢ — X be the isogeny defined by taking the quotient of X*¢ by Z(X*¢) = C,. Applying
Corollary 2.14 to 7t establishes that

F: {(x¢")™i28(T) | x ¢ Inndiag(T)} — {x1¥*8™) | x; € Inndiag(Ty)}

restricts to Inndi Inndiag(Ty)
{ (x@")mndiag(T) |xe T} — {x, go!xOETO}

This proves that F({¢'}) = {1} and F({6¢'}) = {éo}. In particular, F is a bijection.

Next assume that p # 3 and T = E{(g). Write F: Inndiag(T)g — Inndiag(Tp)go with
To = E¢"(qo)- Note that | Inndiag(T) : T| = (3,9 — ¢) and | Inndiag(Tp) : T| = (3,40 — €0). If
Outdiag(T) and Outdiag(Tp) both consist of a unique Out(T)-class, then there is nothing to
prove. From Table 2, we note that Outdiag(T) has multiple Out(T)-classes (necessarily {§}
and {6¢,6%¢}) if and only if Outdiag(Tp) has multiple Out(Ty)-classes (necessarily {§} and
{b0g0, 6380 }) if and only if go = 1 and go = €p (mod 3) (which implies that 4 = ¢ (mod 3)).
Therefore, assume that go = 1 and g9 = &9 (mod 3). Then applying Corollary 2.14 to the
isogeny E3° — E¢ with kernel Z(E$) = Cs, shows that F restricts to

{(xg)mnieelBe@) | x € Eq(g)} — {(xogo)™ 8 Fe@)) | x € Eq(q0)},
establishing that F({¢}) = {0} and F({6¢,6%¢}) = {b0g0, 63&0}, so F is bijective.

Now assume that p # 2 and T = PQ$, (q). Write F: Inndiag(T)g — Inndiag(Ty)go
with Ty = PO, (q0). Now | Inndiag(T) : T| = (4,4™ — ¢) and {0¢, 26§} is an Out(T)-class
(possibly of size one) in Outdiag(T)¢, and similarly, | Inndiag(To) : To| = (4,4 — €0) and
{080, 200080} is an Out(Tp)-class in Outdiag(Tp)go. Applying Corollary 2.14 to the isogeny
SOz, — PSOyy, with kernel Z(SO,,,,) shows that F restricts to

{(xg)"™PO%n(1) | x € PSOS,,(9)} — {(x080) ™) | x0 € PSOS, (q0)}

and consequently that F({¢,2¢}) = {0, %050} and F({6¢,26¢}) = {dogo, Z0d0%0}. Now if ¢
and z§ are Out(T)-conjugate (perhaps even equal) and gy are Zpgo are Out(Ty)-conjugate,
then the proof that I is bijective is complete. Table 2 allows us to deduce that § and £¢ are not
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Out(T)-conjugate if and only if gy are Zp¢o are not Out(Ty)-conjugate if and only if go = 1
and g’ = g9 (mod 4) (which implies that 4" = & (mod 4)). Therefore, assume that gy = 1
and g = g9 (mod 4). Applying Corollary 2.14 to the isogeny Spin,, — PSO,,, with kernel
Z(Spin,,, ) shows that F restricts to the bijection

{(xg)"PO0) | x € POS, (9)} — {(x0g0)"PO5 ™) | xp € PO, (90)},
which implies that F({¢}) = {$o} and F({2¢}) = {Z0$0}. Therefore, F is a bijection.

Finally assume that T = PSL;(q). Write F: Inndiag(T)g — Inndiag(Ty)go with Ty =
PSL;?(go)- Note that | Inndiag(T) : T| = |§] = (n,q —¢) and |Inndiag(Ty) : T| = [5| =
(1,0 — €o). For now assume that go = 1,50 F: ()¢ = (b). Let x € PGL},(q). Then

det(F(xg)) = det((xg) ™) = det(x) @,

so F(8/¢") = &,” and F is bijective (this is an easy calculation, but see also [9, Lemmas 4.2
and 5.3] and [29, Lemma 6.4.2]). It remains to assume that go = -y. From Table 2, we note
that Outdiag(T) has multiple Out(T)-classes (necessarily (§)¢ and 6(6?)§) if and only if
Outdiag(Tp) has multiple Out(Tp)-classes (necessarily (63) o and 6y (52) o) if and only if n
is even and g is odd. If n is even and g is odd, then applying Corollary 2.14 to the isogeny
2.PSL, — PSL,, with kernel Z(2.PSL,) = C, shows that F restricts to

{(x)PH@ | x € L PGL(q)} — {(x080)"M ) | x0 € L PGL? (0)},
so F((62)§) = (6%)§o and F(6(02)§) = 60(d3) &0, as required. O

We will apply the following corollary of Theorem 3.2 in Proposition 5.6.

Corollary 3.3. Let F: Inndiag(T)g — Inndiag(Ty)go be the Shintani map of a standard pair
(T, g). Let P and Py be properties of elements of Aut(T) and Aut(Ty), respectively, that are preserved
by conjugation. Assume that h € Inndiag(T)g has P if and only if F(h) € Inndiag(Ty)go has Pp.
Then Tx contains an element with property P for all x € Inndiag(T)g if and only if Toxo contains
an element with property Py for all xo € Inndiag(Tp)go.

Proof. We prove the forward implication; the reverse is very similar. Let x € Inndiag(Tp)g.
By hypothesis, Ty F (x™428(T)) contains an element o with property Py. Let y € Inndiag(T)g
such that F (yIMdiég(T)) = yénndlag(T). By Theorem 3.2, F(jOu(T)) = 1j,Out(lo) — F(3Out(T))
thatis, vy € TxInndiag(T) 5o there exists an element in Tx with property P, as required. O

4

3.6 Maximal subgroups

We conclude this section, with a fundamental theorem, combining [34, Theorem 2] and [35,
Theorem 2], that describes the maximal subgroups of the almost simple groups of Lie type.

Theorem 3.4. Let G be an almost simple group of Lie type with socle T. Write T = OF (X,) for a
simple algebraic group X of adjoint type and a Steinberg endomorphism o of X. Let H be a maximal
subgroup of G not containing T. Then H is one of

(I) Nc(YyNT) for a maximal closed o-stable positive-dimensional subgroup Y of X

() Ng (X, NT) for a Steinberg endomorphism « of X such that o* = o for a prime k
(III) a local subgroup not in (1)
(IV) an almost simple group not in (1) or (1)

(V) the Borovik subgroup: HN'T = (As x Ag).2> with T = Eg(q) and p > 7.
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Table 3: Geometrically defined subgroups of classical algebraic groups

structure stabilised rough description in GL,
C1 subspace maximal parabolic
C pair of subspaces P,porGL, x GL, withn =a+b
C, V= EB§:1 Vi wheredimV; = a GL; ! Sy with n = ak
Cs tensor product V =V, ® V» GL, oGL, withn = ab
C; V=@~ ViwheredimV;=a (GL,o0---0GL,):S; withn = af
Cs nondegenerate classical form GSp,, or GO,

Remark 3.5. Let us comment on the subgroups arising in Theorem 3.4.
(i) Assume that X is classical with natural module FZ, o € Aut*(X) and G < Aut™(T).

(I) The subgroups Y < X are those in the union C; U C; U C, U C3 U C4 U Cg of classes
from [35] defined as stabilisers of geometric structures on ﬁ;, see Table 3. (Be
warned that C; notation is inconsistent with the notation for classes of geometric
subgroups of finite classical groups in [32], which we will not use in this paper.)

(IIT) The local subgroups are the symplectic-type normalisers from [32, Section 4.6].

(IV) Since H is not in (I) or (I), H is a member of the class S defined in [32, p.3]. In
particular, the action of H on the natural module for T is absolutely irreducible, not
realisable over a proper subfield and preserves no nondefining classical forms. The
subgroups H € S are not known in general, but they are given in [2] when n < 12.

Thus, in this case, Theorem 3.4 returns Aschbacher’s subgroup structure theorem [1].

The structure, conjugacy and maximality of the subgroups in (I)-(III) is given in [32]

when 1 > 12 (complete information on all maximal subgroups is in [2] when 1 < 12).

(ii) Assume that X is exceptional.
(I) Here either Y has maximal rank (see [33]) or Y is given in [34, Table II].
(IIT) The subgroups in this case are the exotic local subgroups [14].

(IV) To date, the almost simple subgroups that arise have been completely determined
when T € {?F,(q),%G2(q), G2(q) } (see [2] and the references therein).

(iii) Assume that X is PSp,(F,) or PQg(F,) and either ¢ ¢ Aut*(X) or G £ Aut*(T). Here,
T is PSp,(2f) or PQy () and G contains a graph-field or triality automorphism, or T is
2B, (2f) or 3Dy4(q). In each case, the maximal subgroups of G are in [2] (where original
references are given) and one sees that these subgroups fall into the classes (I)—~(IV).

Theorem 3.4 gives the following for the groups that are the main focus of this paper (recall
the definition of X(X) from Section 3.1).

Theorem 3.6. Let (T, g) be a standard classical pair with Shintani setup (X, 01,02). Write G =
(Xoy,02). Let H be a maximal subgroup of G not containing T. Then H is G-conjugate to one of

@) ((Y,02)")s, for some (o, 02)-stable subgroup

Y eCiUCTUC,UC3UCLUCs
and x € X such that [x "', o7 € Y

(I) (Xa, 02) for a Steinberg endomorphism o € Cyx)(02) such that ok = oy for some prime k
(II) a symplectic-type normaliser
(IV) an almost simple group in S.
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4 Applications of Shintani descent to maximal subgroups

In this section, we apply Shintani descent to study the question of which almost simple
groups contain elements with few maximal overgroups, motivated by the work on simple
groups by Burness and Harper [11]. Our aim is not to comprehensively study this question
but to shed light on what Shintani descent does, and does not, allow us to quickly deduce
about almost simple groups from existing information on simple groups. In particular, we
will prove Theorem 5.

For almost simple groups G, there are two natural pursuits: seeking elements contained
in few maximal subgroups and elements contained in few maximal subgroups, all of which
are core-free. For s € G, write

M(G,s) ={H < G | His maximal in G and s € H}.
Then we are interested in the following two invariants

#(G) = min|M(G,s)| and p*(G) = min | M(G,s)]

where G* is the set of elements of G that are not contained in any proper normal subgroup.
A specific motivation for p*(G) is that applications to generation often require core-free
maximal overgroups (see [11, Corollary 2.2] on uniform domination, for example).

If G is a nonabelian simple group, then y(G) = pu*(G), and in [11, Theorem 5], Burness
and Harper proved that ;(G) < 3, except for four groups of Lie type where 4 < u(G) < 7.
Moreover, they determined u(G) for alternating and sporadic G [11, Theorems 3.1 and 4.1].

Before we study the almost simple groups of Lie type via Shintani descent, let us first
observe that the methods in [11] are sufficient to completely determine y(G) and p*(G)
for almost simple groups G with alternating and sporadic socles; this will be of a different
flavour to the rest of the paper. It will be convenient to write

d_
H= {n eN|n= 1 11 for some prime power ¢ and integer d > 2} .

Proposition 4.1. Let G be an almost simple group whose socle is alternating, sporadic or 2Fy(2)".
Then u(G) < u*(G) < 3. Moreover, if G is not simple, then the following hold.
(i) If G = Somt1, then u(G) = u*(G) = 1 witnessed by an element of shape [m, m + 1].
(i) If G =S, forn =2m > 8, then u(G) = 2 witnessed by an element of shape [m — k, m + k],
where k = (m — 1,2). In addition, y*(G) = 3 witnessed by an element of shape
l—-1,1,1+1] ifn =23l
1—2,1+1,14+2] ifn=31+1
I—11+1,14+2] ifn=3142
unless m is prime and n ¢ H, in which case u*(G) = 2 witnessed by an n-cycle.

(iii) Otherwise, G appears in Table 4 and yu(G) = u*(G) = k witnessed by s.

Proof. Part (iii) can easily be obtained by employing the computational methods from [11]
that are documented in [12], where we describe s using ATLAS notation [15]. From now on
we will assume that G = S,, (with n # 6) and we argue as in the proof of [11, Theorem 3.1].

First assume that n = 2m + 1 is odd and s € G has shape [m, m + 1]. Then s is contained
in a unique maximal intransitive subgroup H = S, x S;,11 and no transitive imprimitive
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Table 4: The data for Proposition 4.1(iii), where u(G) = u*(G) = |M(G,s)| =k

G S¢ My PGL;(9) Mp2 Mp2 ]2 J32 HS2
kK 3 1 1 3 2 1 1 2
s 6A 8A 10A 12B 14A 14A 34A 20D

Suz2 McL2 He2 O'N2 Fip2 Fip2 HN2 2E(2)
1 1 2 1 2 2 1 2
28A 22A 24A 22A 42A 46A 42A 16E

subgroups (see [11, Lemma 3.4], for example). Moreover, since a power of s is an m-cycle, a
theorem of Marggraf (see [40, Theorem 13.5]) implies that no proper primitive subgroup of
S, contains s, noting that s is odd. Therefore, M(G,s) = {H} and u(G) = u*(G) = 1.

Now assume thatn > 8 is even. We begin with upper bounds on #(G) and u*(G). Arguing
as above, if s has shape [m — k, m + k|, then M(G,s) = {An, Sp—k X Smik}, and if s has shape
[a,b,c] as displayed in the statement, then M(G,s) = {S; X Sy—a, Sp X Sy—p, Sc X Su—c},
except when n = 10 where M (G, s) = {So, Sa X S, S5152},s0 1t(G) < 2 and pu*(G) < 3.

We now obtain lower bounds. Let s € G. If s has at least three cycles, then |[M(G,s)| > 3,
and if s has shape [4,b], then s € A, and s is contained in at least one maximal core-free
subgroup of G (of type S, x Spifa # band S, S; if a = b) so |[M(G,s)| > 2. Now assume
that s is an n-cycle. In this case, s is contained in S S;; and S, 1 So. If m is composite, say
m = ab, then s is also contained in S, ! Sy, and if n € H,say n = (g? —1)/(q — 1), then s
is contained in PTL;(gq). Therefore, |M(G,s)| > 3, unless m is prime and n ¢ #, in which
case, [30, Theorem 3] implies that | M (G, s)| = 2. We may now conclude that 4(G) > 2 and
1*(G) = 3 unless m is prime and n ¢ H, in which case y*(G) = 2, witnessed by an n-cycle.
This completes the proof. O

We now turn to almost simple groups of Lie type. We begin with a proposition highlight-
ing that, unlike for simple groups, there is no constant upper bound on y(G).

Proposition 4.2. There is no constant c such that for all almost simple groups G we have u(G) < c.

Before proving Proposition 4.2, let us record the following number theoretic result (the
author thanks Dan Fretwell for this).

Lemma 4.3. Let p be prime and let k,m > 1. Then there exist distinct primes r1,...,1x = p™ such
that for 1 < i < k the prime r; does not divide p™"1~7i-1"it1" Tk — 17,

Proof. For coprime a and b, let ord,(a) be the multiplicative order of a modulo b, and note
that b divides a° — 1 if and only if ord,(a) divides c. Therefore, we seek distinct primes
1,...,7c = p" such that ord,,(p) does not divide mry - - - r;_1#j4q - - - 1y for all i.

We proceed by induction on k. For k = 1, simply fix a prime r; > p™. Now assume
that k > 2 and that there exist primes p” < r; < --- < ry_; where ord,,(p) does not
divide the product mry - - - r;_17iy1 - - - r,—1. We claim that we may fix a prime r; > r_1 such
that r, — 1 is coprime to rq - - - r¢_1. Indeed, for a positive integer x, we know that x — 1 is
coprime to 71 . .. rx_1 if the congruence x = 2 (mod r;) is satisfied for all 7, but by the Chinese
Remainder Theorem, these congruences are equivalent to x = a (mod rq - - - 1) for some a
coprime to rq - - - 7, and by Dirichlet’s theorem on arithmetic progression, there are infinitely
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many prime solutions to this latter congruence, so we may choose 7y as a prime solution
greater than rx_;. Now ord,, (p) is coprime to r; - - - r¢_; since ord,, (p) divides ry — 1, and
ord,, (p) does not divide m since r, > p™ — 1, so we deduce that ord,, (p) does not divide
mry - - - 1. In addition, for 1 <7 < k — 1, ord,,(p) is coprime to i since ord,,(p) < r; < r,
and ord,,(p) does not divide mry - - -ri_17i41 - - - re—1 by hypothesis, so ord,,(p) does not
divide mry - - - ri_17i41 - - - 1. Therefore, ord,, (p) does not divide mry - - - r;_1#i4q - - - 1y for all
1 <i <k, as required. The proof is complete by induction. O

Proof of Proposition 4.2. Fix a positive integer k. We will exhibit an almost simple group G
such that 4(G) > k. By Lemma 4.3, we may fix k distinct primes rq, ..., 1, > 22 such that
each r; does not divide 22171741 "k — 1, Write f = r1 - - - 1. Let G = (PSLa(q), ¢) where
q = 2f. Note that r; does not divide | PGL,(g'/")| = q'/"i(¢*/" —1).

Let s € G. We claim that |[M(G,s)| > k. Replacing s by another generator of (s) if
necessary, we can write s = x@' where i divides f. Write e = f/i and g9 = 2'. Let
X = PSL; and o = ¢/, and let F: PGL,(q)¢' — PGL,(qo) be the Shintani map of (X, ¢, 7).
Write F(s) = y. Note that y"¢ N PGL,(q9) = y"“™(®), Since each r; does not divide
| PGL,(q'/"#)|, we deduce that (e, | PGL2(go)|) = 1 and consequently that (e, |y|) = 1. There-
fore, by Lemma 2.18(ii), s is contained in a maximal subgroup of type PGL,(g'/") for every
prime divisor r of e. Moreover, s € (PSLy(q), ¢") for every prime divisor r of i. Therefore, s is
contained in at least k maximal subgroups, as claimed. O

Remark 4.4. The proof of Proposition 4.2 shows that there does not even exist a constant c
such that y(G) < c for all almost simple groups with socle in {PSL,(2/) | f > 1}.

Despite the negative result in Proposition 4.2, there do exist nonsimple almost simple
groups of Lie type containing an element with a unique maximal overgroup.

Proposition 4.5. Let G = (Q} (2f), ¢') for m > 8 and a proper divisor i of f. Then there exists
s € G such that M(G,s) = {H} U My where H is the stabiliser of a plus-type subspace and
M (1) consists of subfield subgroups. Moreover, if f is a prime dividing 2K+ 1 0r 2K 4+ 1 for some
1 < k < v2m/4 coprime to m, then My, is empty and u(G) = p*(G) = 1.

Proof. Fix an integer 1 < k < v/2m /4 coprime to m. Write ¢ = ¢' and (qo,q) = (2/,2f). Let
(X,0¢, ) be the Shintani setup for (T,g) and let F: QF (7)g — Q3. (qo0) be the Shintani map
of (T,g). Write V = F%m and V) = IF%(’]” In addition, write Vy, = U; L U,, where U; and
U, are nondegenerate minus-type subspaces of dimensions 2k and 2m — 2k, respectively.
With respect to this decomposition, lety = y; L y» € QF (q0) where |y1| = gk + 1 and

2| = g% + 1. Let s € Tg satisfy F(s) = .

Let H € M(G,s).Observe T £ H since G/T = (Ts). By Theorem 3.6, H has type (I)~(IV).
Since (|y1], |y2]) = 1, a power of s has a 1-eigenspace of codimension 2k < max{2, v2m/2},
so [26, Theorem 7.1] implies that H € M) U My;), where M ;) and My are the sets of
type (I) geometric subgroups and type (II) subfield subgroups in M (G, s).

For now assume that H € M ;). That is, H is G-conjugate to ((Y, 7))y for a maximal
closed o-stable subgroup Y € C; UC, UC3UCy and s; € X such that [s; Lo=f] € Y (note
that C] and Cg are empty for X = ()y,,). To determine the possibilities for H we will consider
the maximal type (I) subgroups of X,; that contain y and then apply Shintani descent.
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Let Hy be a type (I) subgroup of Tj that contains y. The order of y is divisible by a primitive
prime divisor r of q%m_m‘ — 1, so by the main theorem of [25], Hy # Y, for Y € Co UC3UCy. In
addition, by Goursat’s lemma (see [29, Lemma 2.3.1] for example), y is contained in a unique
reducible subgroup of X, which has type O,,(q0) X O,,, ».(q0). Therefore, Hy = (Y*2),
for a closed o-stable subgroup Y of X of type Oy X Oyy,—2x and an element ¢, € X such
that [t;',071] € Y\ Y°. Moreover, since y has odd order, y € ((Y°)%),. Therefore, by
Theorem 2.8, M(G,s) = {H} U My where H = (Y,¢,7) of type O3, (q) x O3, _»(¢) (and s
is contained in the coset (Yo \ Y )0).

To complete the proof, assume that f is a prime dividing 2¥ + 1 or 2" % +1,s0i = 1. If
H € My, then H is G-conjugate to (X, §) = (Q3,,(2), ¢), so Lemma 2.18(i) implies that
s ¢ H, noting that f divides |y| and |y| does not properly divide the order of any element of
03,,(2). Therefore, My is empty, and p*(G) = u(G) = 1, as required. O

Observe that Theorem 5 is a combination of Propositions 4.1, 4.2 and 4.5.

We conclude by discussing exceptional groups. If T is a finite simple exceptional group
of Lie type, then apart from a few small exceptions, Weigel [39, Section 3] identifies an
element s € T contained in a unique maximal subgroup, unless T is F;(2f) or G»(3/), when
s has exactly two (isomorphic) maximal overgroups (see [11, Theorem 5.1] for a precise
statement). The following example indicates what we can and cannot conclude for almost
simple exceptional groups, highlighting that subfield subgroups are the principle obstacle.

Example 4.6. Let G be an almost simple group with socle T = Eg(g). Then G = (T, g) where
¢ = ¢ where i divides f. Let (X, 0%, ) be a Shintani setup for (T, g) with Shintani map
F: Eg(q)g — Es(qo)- Lety € Ty = Eg(qo) generate a maximal torus of order g5 + g7 — g3 —
496 — 93 4 9o + 1. Then Weigel proves in [39, Section 3(j)] that N7, ((y)) = (y).Cso is the unique
maximal overgroup of y in Tj.

Let t € T satisfy F(tg) = y and let H € M(G, tg). According to Theorem 3.4, H has
type (I)-(V). By [10, Proposition 5.1], H does not have type (IV), and since |y| does not divide
the order of the three possible subgroups of types (IlI) or (V), so H € My U M), where
the subgroups in M ;) and M ;) have type (I) and (II), respectively.

First assume that H € M;). Then H is G-conjugate to ((Y, 7))o for a maximal closed
o-stable positive-dimensional subgroup Y of X and s; € X such that [s;!,c¢] € Y. Since
(y):Csp is the unique maximal overgroup of y, by Theorem 4, | M )| = 1.

Therefore, to is contained in a unique maximal subgroup if and only if it is contained in
no type (IT) subgroups, that is, G-conjugates of Ng(Es(q'/¥)) for some prime divisor k of f.
Let us simply demonstrate that this may or may not be the case, by considering two different
possibilities for e. On the one hand, if ¢ is coprime to |y|, then since y* N Eg(qo) = y®), by
Lemma 2.18(ii), t7 is contained in a subgroup of type Es(q'/¥) for every prime divisor k of e,
so t0 is not contained in a unique maximal subgroup. On the other hand, if ¢ = f is a prime
divisor of |y|, then the only possibilities for H are subgroups of type X, = Es(p), and since
ly| does not properly divide the order of any element of Eg(p), by Lemma 2.18(i), tc is not
contained in any such subgroup, so |[M(G,t7)| =1and u(G) = p*(G) = 1.
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5 Asymptotics of spread and uniform spread

In this final section, we prove Theorem 1 on the asymptotic behaviour of the spread and
uniform spread of almost simple groups (recall the definition of these invariants from the
introduction).

5.1 Spread and subspace stabilisers

Let T be a finite simple classical group with natural module V' = ¥, where g = p/ and where
u =2if T =PSU,(q) and u = 1 otherwise. Recall the definition of Aut*(T) < Aut(T) from
Section 3.2, noting that Aut*(T) = Aut(T) unless T is PSp,(2f) or PQy (g). In this section,
we highlight a connection between the spread of T < G < Aut™(T) and the subspaces of V
stabilised by elements of G. This is captured by Corollary 5.5.

It is clear what we mean by an element of Inndiag(T) < PGL(V) stabilising a subspace
of V, but we will require a more general definition for arbitrary elements of Aut” (T).

Definition 5.1. Let x € Aut™(T).

(i) If x € PTL(V), then x stabilises a k-space if it normalises the stabiliser of a k-space in T.

(i) If T = PSL,(q) and x € Aut(T) \ PTL(V), then x stabilises a k-space if it normalises a
subgroup of T of type Py, or GLi(q) x GL,,_x(q).

(iif) We say that x is irreducible on V if it stabilises no proper nonzero subspaces of V.
The following geometric observation will be useful.

Lemma 5.2. Let U and V be two symplectic, orthogonal or unitary spaces. Assume that V is
nondegenerate and write U = Uy & Uy where Uy is nondegenerate and Uy = U N Ut. Then U is
isometric to a subspace of V' if and only if Uy is isometric to a subspace V, say Wy, and dim Uy is at
most the Witt index of Wit.

Proof. 1f U is isometric to a subspace V, say Wy, and dim Uy is at most the Witt index of WlL,
then Wy & W, is isometric to U for any totally singular subspace W, of W;- of dimension
dim Uy. Conversely, if U = U; & U, is isometric to a subspace W = W; @ W, < V, where W;
is isometric to U;, then V = W; & Wi, since W is nondegenerate, and W; is a totally singular
subspace of Wi, since Wy, = W N W+, so the Witt index of WlL is at least dim Wh. O

A straightforward application of Lemma 5.2 gives this corollary.

Corollary 5.3. Let U and V be two symplectic, orthogonal or unitary spaces. If V is a nondegenerate
2m-space, of plus-type if orthogonal, and dim U < m, then U is isometric to a subspace of V.

Proposition 5.4. Let T # PSL,(q) be a simple classical group with natural module V = F, and
let T < G < Aut*(T). Let 1 < d < n/2. Then there exists a subset S C T of size |S| < g** such
that for all elements y € G that stabilise a k-space of V for some 1 < k < d, there exists x € S such
that (x,y) # G.

Proof. Write V.= U L Ut where U = U; L U, for a nondegenerate 2-space U; and a
nondegenerate (2d — 2)-space U,. If T is orthogonal, then assume that U is minus-type and
U, is plus-type. Let Vj, . .., V; be the subspaces of U isometric to Uj, noting that s < q4“d . For
each 1 <i < s, let x; be a nontrivial element of T that centralises V; L V-, acting trivially on
V: (for example, let x; = [A,A7Y] L I,_, for A € IFEIX2 oforder (4 +1)/(2,9+1)).
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Let y € G be an element stabilising a k-space W of V for some 1 < k < d. Write
W = (wy,...,w) and Wy = (uy,...,u;) where w; = u; + v; with u; € U and v; € U+. Now
Wy is a subspace of U of dimension | < k < d. By Corollary 5.3, U, contains /-spaces of
each isometry type. Therefore, U is orthogonal to an /-space of U of each isometry type, so
every [-space of U is orthogonal to a subspace of U isometric to U;. In particular, we can
fix 1 < i < s such that Wy C V;. This implies that W C Wy & U+ C V;. Therefore, (x;, )
stabilises W, so (x;,y) # G, as required. O

Corollary 5.5. Let T be a finite simple classical group with natural module V. = K" and let
g € Aut™(T). Assume that T # PSL,(q). If every element of the coset Tg stabilises a k-space for
somel <k<d<n/2 thens((T,g)) < |K|*.

5.2 Elements stabilising subspaces

In light of Corollary 5.5, in order to prove Theorem 1, we should study how classical
groups act on their natural modules. Here our main result is Theorem 5.8, which may be of
independent interest.

We begin with the following crucial observation.
Proposition 5.6. Let X be a simple classical algebraic group, let o1, 05 € Aut” (X) be commuting

Steinberg endomorphisms of X and let F be the Shintani map of (X, 01,02). Then x5 € (Xy,, 02)
stabilises a k-space if and only if F(xo1) € (X,,, 01) stabilises a k-space.

Proof. This is an immediate consequence of Theorem 4 when Y is a (07, 02)-stable stabiliser
in X of a k-space (or if X = PSL,,, perhaps a subgroup of type Py, or GLy x GL,,_¢). O

Corollary 5.7. Let F: Inndiag(T)g — Inndiag(Ty)go be the Shintani map of a standard classical
pair (T, g). There exists y € Tx stabilising a k-space for all x € Inndiag(T)g if and only if there
exists yo € Toxo stabilising a k-space for all xo € Inndiag(Ty)go.

Proof. This is a combination of Corollary 3.3 and Proposition 5.6. O

We can now state our main result on irreducible elements of almost simple groups.

Theorem 5.8. Let T be a finite simple classical group and let x € Aut*(T).

(i) Every element of Tx is reducible on V if and only if x € Inndiag(T)g for (T, g) in Table 5 or 6.

(ii) Assume that x € PO5,,(q) if T = PO, (q). Then every element of Tx stabilises a 1-space of V
ifand only if x € Inndiag(T)g for (T, g) in Table 5.

(iii) If T = PO, (q) and x € PGO5,,(q) \ PO5,,(q), then every element of Tx stabilises a 1-space
or 2-space of V if and only if x € Inndiag(T)g for (T, g) in Table 5.

Before proving Theorem 5.8, we record a consequence of [29, Lemmas 5.3.2-5.3.4 & 6.3.2].

Lemma 5.9. There exist irreducible elements in
(i) every coset of SL,(q) in GLy,(q)
(ii) every coset of SUpp+1(q) in GUzpy1(q)

(iii) every coset of Sp,,,(q) in GSp,,,(q)
(iv) every coset of Q). (q) in DO,,,(q).
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Table 5: The cosets in Theorem 5.8 Table 6: The cosets in Theorem 5.8(i)

T g fli T § [/i
PSLoy+1(q) or PO (q) 'quqi odd PSLyy11(q) 'ygF even
PSUpy1(q) 0r POyo(q) § any PSUpr(q) 7§ odd

Qpi1(9) ¢’ any PO, (g) ¢ any

Proof of Theorem 5.8. Let x € Aut*(T). By Theorem 3.1, we may assume that x = hg where
(T, g) is standard and h € Inndiag(T). Let (X, 01, 02) be the Shintani setup for (T, g) with
Shintani map F: Inndiag(T)g — Tpgo. We consider several cases, where we always assume
that i divides f and go = p'.

Case 1. (T, g) is one of the following:

T PSLu(q) PSLaw+1(q) PSUnmi1(q) PSpy,(q) PQy,(q) PO,,(q)
§ ¢ 79’ 19 ¢’ 79’ 79’
f/i  any even odd any even odd

Consulting Table 1, we see that Ty € {PSL;,(q0), PSUz+1(q0), PSp,,,(90), PQ,,,(90) } and
go = 1. Lemma 5.9 implies that every coset of Ty in Inndiag(Tp) contains an irreducible
element, so by Corollary 5.7, Tx contains an irreducible element for every x € Inndiag(T)g.

Case 2. (T, g) is either (PSLyy,(q),v¢') for odd f /i or (PSU2u(q), ¢').

For T = PSL5,,(q), we have Inndiag(Ty)go = PGL5 (q0)7y with &g = —¢. By Theorem 3.1,

m
every element of PGLY’, (g0)7 is conjugate to an element of PSLy’ (go)xo where x is 7 or

2m
657 for £ = (n,q0 — €0)/(n, g0 — €0)2, where p is odd in the latter case. (Note that 557 is an
involution.) Therefore, by Corollary 5.7, it suffices to prove that Tox( contains an irreducible

element for these two choices of xj.
Case 2a. xg = 7y or m is even or gy # 3 (mod 4).

We consider only the case ¢g = +, since the result for ¢y = — follows immediately from
the result for ¢g = + and Proposition 5.6 via the Shintani map PGLy,,(90)y — PGU2,(q0)y
of (PSLay(q0), 7). If xo = 7y, then Cpg,,, (4,) (1) = PGSp,,,(90), so we may fix an irreducible
element y € Cpg,, (4,) (7) of 0odd order, but this implies that (y)* = y* is also irreducible,
so y7y € Ty is irreducible. If p is odd and xo = 5}, then CPGLon (0) (857) = PGO,,,(q0) (the
assumptions on m and g give the sign), so again there exists y € Cpgr,, (49) (65) such that
yég'y € Tyxg is irreducible.

Case 2b. xo = 6y and m is odd and gy = 3 (mod 4).
Here we consider only ey = —, since the result for ¢g = + will follow by Proposition 5.6.

Now Cpgu,, (g0) (857) = PGO,,(q0) and we fix an element y € CPGUy (0) (65) of odd order
that acts irreducibly on ]F%(’)” Although y? = (y6jv)? acts irreducibly on Fzén, we need to
show that it acts irreducibly on F;%m , the natural module for PGUy, (o). Observe that yd§y €
PGU2i(0)y = PGU2i(q0)¢" € PGLow(q5)¢". Let E: PGLow(q5)¢" — PGLaw(qo) be the
Shintani map of (PGLy,,, 9%, ¢'). Then E(yd,7) is PGLyy,-conjugate to y~2 (see Lemma 2.20),
which is irreducible on ]F%;", so by Proposition 5.6, yé,y € Tox is irreducible on F;{
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Case 3. (T,g) is in Table 6.

From Table 1, we see that g9 = 1 and Inndiag(Ty) € {PSUxu(q),PQ;,,(9)}. It is well
known that in this case, Inndiag(Tj) does not contain any irreducible elements but every
coset of Ty in Inndiag(Ty) does contain an element that does not stabilise any 1-spaces (nor
any 2-spaces if T = PO, (q), noting that 2m > 8 in this case). Therefore, as in Case 1,
applying Corollary 5.7, gives the same conclusion for Tx for every x € Inndiag(T).

Case 4. (T,g) is in Table 5.

By Corollary 5.7, we need to prove that every element of Inndiag(Tj)go stabilises a 1-space,
orif T = PO, (q) and x € PGO5,,(q) \ PO5,,(q), possibly a 2-space.

Case 4a. (T, g) = (Qom11(q), §')-

In this case, Inndiag(Tp)go = SOa2+1(q)- Since y is conjugate to y~ ', the eigenvalue
multiset of y is closed under inversion and therefore must include an odd (and hence
positive) number of roots of unity, which implies that y stabilises a 1-space.

Case 4b. (T, g) is either (PSLyy,41(q), ¥@') for odd f /i or (PSUpy41(q), ¢).

Writing T = PSL3,,,1(q), we have Inndiag(To)go = PGLY), ., ;(q0)y where ey = —e¢. Let

y € PGL3), ;(q0)7- We claim that y fixes a 1-space. The Shintani map of (PSLyy+1(q0), )
is E: PGLyy+1(q0)y — PGUzy41(q0)7, so by Proposition 5.6, it suffices to assume that
e = +. We can now apply the argument from the proofs of [9, Propositions 5.8 and 6.4].
By [20, Theorem 4.2], the eigenvalue multiset of y is closed under inversion, so, as in the
previous case, y2 stabilises a 1-space U of V. Let H be the stabiliser in PGLy,+1(q0) of U.
Then y normalises H N HY. Now HY is the stabiliser W of a (1 — 1)-space of V.If U C W,
then H N HY is a subgroup of type P;,_1; otherwise, V.= U ® W, so H N HY has type

GL1(g0) x GL,_1(qo0)- In either case, by definition, y stabilises a 1-space.
Case 4c. (T, g) is either (PQY. (q),v¢') for odd f/ior (PQ. (9), v¢").

Writing T = PQYS, (7), we have Inndiag(Ty)go = PDO3 (q0)7. Lety € PDO3. (g0)7. We
claim that y fixes a 1-space. If p = 2, then

PDO5, (90)y = Q5 (90)r = O, (q0) \ Q5. (q0),

and [38, Theorem 11.43] implies that y has an odd-dimensional 1-eigenspace, so it certainly
stabilises a 1-space. Now assume that p is odd. Recall that

PDO3,,(q0)7 = PGO3;, (40) \ PDO,(q0) = {g € PGO;, (q0) | T(g)™ = — det(g)}.

m m m 2m

Write « = T(y). Since y is conjugate to ay T, the eigenvalue multiset A of y is closed
under the map A — aA~!l. Therefore, A = Aj UA; where Ay = {A € A | A2 = a} and
Ap = {A,arit, o A ad '} Now det(y) = [Tyea A = «F[Tyea, A, which implies that
A1 is nonempty. If y € PO;?ﬂ(qo), then & = 1 and every eigenvalue in Ay is 1 or —1,s0y
stabilises a 1-space. Now we may assume that y € PGO3 (qo) \ PO (o). Since A consists

m
. . X o1
of square roots of «, y has an eigenvalue in Fq% \ F, soy stabilises a 2-space.

The proof is complete. O
Remark 5.10. Theorem 5.8 implies that there are finite simple classical groups T such that
Inndiag(T) contains no irreducible elements but Aut*(T) does. For example, every element

of PGO5, (q) actson V = IF%’” reducibly, but, by Theorem 5.8, there exist irreducible elements
in the coset PQ)J (q)y¢' if f/i is even.
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Table 7: The exceptions in Theorem 1(iii)

T 8

PSLay11(q) or PO, (9) 79" (f/iodd)
PSUzn11(q) or PO, (q) ¢
PSp,,,(q) (g even) or Opyui1(q) ¢’

5.3 Asymptotics of spread and uniform spread

We now turn to the proof of Theorem 1. To this end, let us outline the probabilistic method for
obtaining lower bounds on uniform spread, which was introduced by Guralnick and Kantor
in [24] and has been a key tool in the subsequent work of many authors [4, 9, 10, 28, 29].

Let G be a finite group. We fix some notation. For x,s € G, let P(x, s) be the probability
that x and a random conjugate of s do not generate G, that is,

_ Htes® ) #GYH

€1
For a subgroup H < G, the fixed point ratio of x € G in the action of G on G/H is

weG/H|wx=w x°NH
fpr(x,G/H) = 1 ]G/’H| Ho_ | 2] ’

Recall that M (G, s) is the set of maximal subgroups of G that contain s. The following key

P(x,s)

lemma combines [9, Lemmas 2.1 and 2.2].

Lemma 5.11. Let G be a finite group and let s € G.
() If P(z,s) < 1/k for all prime order elements z € G, then u(G) > k, witnessed by sC.

(ii) Forall z € G,
P(z,s) < Y., fpr(z,G/H).
HeM(G,s)

To apply Lemma 5.11 we need upper bounds on fixed point ratios for primitive actions of
almost simple groups. There is an extensive literature on these, motivated in part by their
use in probabilistic methods across group theory, and we will apply the main theorem of
[5, 6, 7, 8] together with bounds in [24]. We are now ready to prove Theorem 1.

Proof of Theorem 1. Observe that for a prime power ¢, an almost simple group G appears in
part (iii) if and only if G = (T, x) where x € Inndiag(T)g for (T, g) in Table 7 (we ignore
T = PSp,(q) with a graph-field automorphism g as there are finitely many such groups).

Clearly (ii) implies (i). We now show that (i) implies (iii). Let G be a group appearing in
part (iii), so we can write G = (T, x) with x € Inndiag(T) and (T, g) in Table 7. Let V = F,
be the natural module for T. We claim that s(G) is bounded above by a function of 4. If n < 7,
then s(G) < |G| < 4™, so we will assume that n > 8. For now assume that T # PSp,, (¢). By
Theorem 5.8, every element of Tx stabilises a 1-space or a 2-space (the latter only occurring
if T = PQS, (q)). Therefore, Corollary 5.5 implies that s(G) < ¢'¢, unless T = PSLy,,11(q), in
which case the argument of Guralnick in the proofs of [9, Propositions 5.8 and 6.4] uses the
fact that every element of Tx fixes a 1-space to show that s(G) < (g4 1)2. If T = PSp,, (q),
then s(G) < g, by [28, Theorem 4] (the proof of which also relies on every element of G
stabilising a 1-space of a particular module, see Remark 5.12 below). Therefore, if (G;) has
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Table 8: Decomposition for Case 1 in the proof of Theorem 1

To decomposition of Vj
PSL,(q0) k® (n—k)
PSU,(q0) k= L (n—k)=)"
PSp, (q0) kL (n—k)

PO (q0) k= L (n—k)*o

an infinite subsequence of groups in (iii), then s(G;) does not diverge to infinity, which gives
our desired implication.

It remains to show that (iii) implies (ii). Since |G;| — oo, we know that n;, — oo, where
IFZL is the natural module for T;. Fix i and write G = G; and n = n;. It suffices to show that
u(G) > f(n) for some function f that satisfies f(n) — oo as n — co.

We may assume that n > 20. In particular, by Theorem 3.1, G = (T, x) with x = hg
where (T, g) is a standard classical pair not in Table 7 and I € Inndiag(T). If ¢ = 1, then
G < Inndiag(T) and the result follows as in [24, Proposition 4.1] (compare with the proof of
[9, Theorem 3.1]), so we assume that ¢ # 1. In particular, g is ¢' or y¢' for a proper divisor i
of f, unless T = PSL5,,(q) and g = 1.

Case 1. (T, g) is neither (PSLyy,(q), y9') for odd f /i nor (PSUau(q), ¢')

Let (X, 01, 02) be the Shintani setup for (T, g) and let F be the Shintani map of (T, g),
so we have F: Inndiag(T)g — Inndiag(Tp)go. Consulting Table 1, we see that go = 1 and
To & {Qom+1(90), PSp,,,(90) (g0 even)} is a classical group with natural module V = IF'ZVO,

0
where ug = 2 if Ty = PSU, (q9) and up = 1 otherwise.

Fix1 < /n/4 < k < \/n/2. Moreover, assume that k is odd if Ty = PSL!’(go) and that k is
even and (n — k) /2 is odd otherwise. By combining [29, Lemmas 5.3.2-5.36, 6.3.2 and 6.3.4],
every coset of Ty in Inndiag(T)) contains an element y whose action on V) decomposes
according to Table 8. (Here d (or d™) refers to a nondegenerate (minus-type) d-subspace of Vj
on which y acts irreducibly, and d" refers to the direct sum of a dual pair of totally singular
%-spaces which y stabilises, acting irreducibly and nonisomorphically on both %-spaces.) By
Corollary 3.3, there is t € T such that the action of F(tx) = y decomposes as in Table 8.

Write M (G, tg) as the disjoint union M7 U M, where M is the set of reducible sub-
groups in M(G, tg), and write

.| n if To € {PSLu(q0), PSUs(q0)}
m if Ty € {PSp,, (q0), PO (q0)}-

By Goursat’s lemma (see [29, Lemma 2.3.1] for example), the proper nonzero subspaces
of V} stabilised by y are a k-space, an (n — k)-space and if Ty € {PSUp,11(q0), PQ,,,(90)},
also two (n — k) /2-spaces. Proposition 5.6 gives the analogous statement for tx on V. In
particular, | M| < 4 and tx stabilises no nonzero subspace of dimension less than /n/4.

Now let H € Mj. According to Theorem 3.6, H is of type (I)-(IV). Observe that the
Shintani setup (X, 01, 0») for (T, g) satisfies o5 = 0% for some e > 1, so in light of Lemma 2.20,
(tx)~¢is X-conjugate to y. A power of y (and therefore also tx) has 1-eigenspace of codimen-
sion k < \/n/2. Therefore, by [26, Theorem 7.1], H has type (I) with Y € C, UC3 U Cs (see
Remark 3.5(i) and Table 3) or type (II). It is easy to check that this gives 10a + 7 possible
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Table 9: Subcases for Case 2 in the proof of Theorem 1

T o] X 0 e p  conditions
PSLow(q) ¢/ 49" ¢’ odd v
byt Syt odd by p odd
PSUan(q) 79/ ¢ ¢ any v
0@ bp' even vy p odd
odd &y p odd

G-classes of type (I) subgroups and at most 2 + w(f) < 3+ 1log, f < 3 + log, log, g G-classes
of subfield subgroup, where w( f) is the number of distinct prime divisors of f (consult the ta-
bles in [32, Chapter 3] for example). Therefore, there are at most 10a + 10 + log, log, g choices
for H up to G-conjugacy. Moreover, by Lemma 2.19, M> contains at most |Ciyndiag(1y) (V)|
conjugates of any given H € M. Note that |Crondiag (1) ()| < 440

Let z € G have prime order. From the bounds in [24, Section 3], if H < G is the stabiliser
of a d-space of V, with d < n/3, then fpr(z, G/H) < 5q_d. By combining [9, Corollary 2.9],
[28, Proposition 3.2] and [29, Propositions 4.2.2 and 4.2.3], which apply the main result of [5],
if H < G isirreducible, then fpr(z, G/H) < 2q‘<”‘3). Therefore, by Lemma 5.11(ii), noting

that go < ql/ 2 we obtain

P(ztx) < ) fpr(z,G/H)+ )_ fpr(z,G/H)
HEM, HeM,
<457V + (10 +10 + log, log, ) - 4q5 - 29~
< 100n - g~ ("/475),

Lemma 5.11(i) gives u(G) > 35 - /475, and - - 9"/#7> — o0 as n — oo, as required.

Case 2. (T,g) is either (PSLyy,(q),v¢') for odd f /i or (PSUau(q), ¢')

Let X = PSLy,,. By Theorem 3.1, it is sufficient to consider the five cases we define in
Table 9 (here 6, = 6° where ¢ = (n,q —¢)/(n,q — €)2). In each case, fix the Steinberg endo-
morphisms o7 and 0, and the graph automorphism p. Notice that (X,,,02) = (Inndiag(T), x)
and 0§ = poy, so 05 = 01 = p. Let F: Inndiag(T)x — Xo,p be the Shintani map of (X, 01, 02).

Let Y = Cx(p)°. By [29, Propositions 6.4.7 and 6.6.2], p is an involution and commutes
with 0. Moreover, if p = v, then Y, = PGSp,,, (90), and if p = &>y, then Y,;, = PDOZm(qO)
where 11 = (—)%m(q_l)H.

Fix an even integer 1 < /n/4 < k < y/n/2 such that (n — k) /2 is odd. Using the notation
for decompositions from Case 1, if p = 7, then fix an odd order element y € PSp,, (70) < Yo,
such that the action of y on IF%” decomposes as k L (n — k), and if p = &>y, then fix an odd
order element y € PSO], (qo) < Y, actingon F5" as k™ L (n — k).

Let E be the Shintani map of (Y, 01,02). Fix t € Y,; < Inndiag(T) such that E(to2) = yoq,
so F(tx) = yp. Since (02|y)* = (po1)|y = 01y, by Lemma 2.20, E(toz|y,, ) is Y-conjugate to
(tozly, )¢, which implies that F(tx) is Y-conjugate to (fx)¢. By applying Theorem 3.2 to
E,if o = v, then t € PSp,, (q) since y € PSp,, (q0), and if p = 8,7, then t € PSO3;,(q) since
y € PSOJ (o). In particular, in both cases, tx € Tx.

We now proceed as in Case 1 and write M (G, tg) as the disjoint union M; U M, where
My is the set of reducible subgroups in M (G, tg).
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We claim that the only possible proper nonzero subspaces of the natural module V; of X,
stabilised by yp are a k-space, an (n — k)-space and two (n — k) /2-spaces. First assume that
T = PSUyu(q). Theny € X, i = PGLau(q0) and (yp)* = y* decomposes 7" as k L (n — k)
or k= L (n—k)™", so the claim is clear in this case. Now assume that T = PSLy,(q).
Here y € X, = PGUan(q0) < PGLyy,(g3) and we need to consider the action on the
natural module IF;%'” for PGUy,,(q0). We proceed as in Case 2b of the proof of Theorem 5.8.
Note'tha"c yp € Xopir = Xy ¢ C X poi @' and let D: X i ¢ — X be the Shintani map of
(X, ¢', 9*). Then D(yp) is X-conjugate to y~2, so the claim follows from the previous case
by Proposition 5.6 applied to D.

Therefore, by Proposition 5.6, |M;| < 4 and every nonzero subspace of V stabilised
by tx has dimension at least \/n/4. Since (tx) 2 is similar to y2, a power of tx has a 1-
eigenspace of dimension n — k > \/n/2, so [26, Theorem 7.1] implies that there are at most
10n + 10 + log, log, g choices for H € Mj up to G-conjugacy, and by Lemma 2.19, M,
contains at most |Cx,, (y0)| conjugates of any given H € M,. Since y has odd order, p is an
involution and y € Cx(p), we deduce that [Cx, (yp)| < [Cy,, (y)| < 444/2. Therefore, as in
Case 1, if z € G has prime order, then P(z, tx) < 1001 - g~ "/47% and u(G) > - - "/*~>.
This completes the proof. O

Remark 5.12. Let q be even. As Lemma 5.9 records, Sp,,, (7) has elements that act irreducibly
on 7. However, identifying Sp,,, () with Oz 41(q) gives a natural action of Sp,,,(q) on
F7"*+1 and from this perspective the subgroups of Sp,,, (9) of type O, (9) and O, (q) are the
stabilisers of particular types of 1-spaces. Therefore, Proposition 2.11 establishes that every
element of PI'Sp,,, (q) stabilises a 1-space of Fgmﬂ. In this light, by Theorem 5.8, we see that
all of the exceptions in Theorem 1 arise from the fact that every element of Tg stabilises a
1-space (or, in one special case, a 2-space).

References

[1] M. Aschbacher, On the maximal subgroups of the finite classical groups, Invent. Math. 76 (1984), 469-514.

[2] J.N. Bray, D. E. Holt and C. M. Roney-Dougal, The Maximal Subgroups of the Low-Dimensional Finite Classical
Groups, London Math. Soc. Lecture Notes Series, vol. 407, Cambridge University Press, 2013.

[3] J. L. Brenner and ]. Wiegold, Two generator groups, I, Michigan Math. J. 22 (1975), 53-64.

[4] T.Breuer, R. M. Guralnick and W. M. Kantor, Probabilistic generation of finite simple groups, II, . Algebra 320
(2008), 443-494.

[5] T.C.Burness, Fixed point ratios in actions of finite classical groups, I, ]. Algebra 309 (2007), 69-79.

[6] T.C.Burness, Fixed point ratios in actions of finite classical groups, 11, ]. Algebra 309 (2007), 80-138.
[7]1 T.C.Burness, Fixed point ratios in actions of finite classical groups, III, J. Algebra 314 (2007), 693-748.
[8] T.C.Burness, Fixed point ratios in actions of finite classical groups, 1V, ]. Algebra 314 (2007), 749-788.
[

9] T.C. Burness and S. Guest, On the uniform spread of almost simple linear groups, Nagoya Math. J. 209 (2013),
35-109.

[10] T.C. Burness, R. M. Guralnick and S. Harper, The spread of a finite group, Ann. of Math. 193 (2021), 619-687.

[11] T. C. Burness and S. Harper, On the uniform domination number of a finite simple group, Trans. Amer. Math.
Soc., 372 (2019), 545-583.

[12] T. C. Burness and S. Harper, Computations concerning the uniform domination number of a finite simple group at
http://seis.bristol.ac.uk/~tb13602/udncomp.pdf.

[13] M. Cabanes and B. Spéth, Descent equalities and the inductive McKay condition for types B and E, Adv. Math.
356 (2019), 106820.

29



[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]

[26]

[27]
(28]

[29]
[30]
[31]
[32]
(33]

[34]

[35]
[36]

[37]

(38]

[39]
[40]

A. M. Cohen, M. W. Liebeck, J. Saxl and G. M. Seitz, The local maximal subgroups of exceptional groups of Lie
type, Proc. Lond. Math. Soc. 64 (1992), 21-48.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas of Finite Groups, Oxford
University Press, 1985.

T. Deshpande, Shintani descent for algebraic groups and almost simple characters of unipotent groups, Compos.
Math. 152 (2016), 1697-1724.

F. Digne and J. Michel, Groupes réductifs non connexes, Ann. Sci. Ecole Norm. Sup. (4) 27 (1994), 345-406.
J. D. Dixon, The probability of generating the symmetric group, Math. Z. 110 (1969), 199-205.
R. H. Dye, Interrelations of symplectic and orthogonal groups in characteristic two, J. Algebra 59 (1979), 202-221.

J. Fulman and R. M. Guralnick, Conjugacy class properties of the extension of GL(n, q) generated by the inverse
transpose involution, J. Algebra 275 (2004), 356-396.

J. Fulman and R. M. Guralnick, Bounds on the number and sizes of conjugacy classes in finite Chevalley groups
with applications to derangements, Trans. Amer. Math. Soc. 364 (2012), 3023-3070.

D. Gorenstein, R. Lyons and R. Solomon, The Classification of the Finite Simple Groups, Number 3, Mathemati-
cal Surveys and Monographs, vol. 40, Amer. Math. Soc., 1998.

S. Guest, J. Morris, C. E. Praeger and P. Spiga, On the maximum orders of elements of finite almost simple groups
and primitive permutation groups, Trans. Amer. Math. Soc. 367 (2015), 7665-7694.

R. M. Guralnick and W. M. Kantor, Probabilistic generation of finite simple groups, J. Algebra 234 (2000),
743-792.

R. M. Guralnick, T. Penttila, C. E. Praeger and J. Saxl, Linear groups with orders having certain large prime
divisors, Proc. Lond. Math. Soc. 78 (1997), 167-214.

R. M. Guralnick and J. Saxl, Generation of finite almost simple groups by conjugates, J. Algebra 268 (2003),
519-571.

R. M. Guralnick and A. Shalev, On the spread of finite simple groups, Combinatorica 23 (2003), 73-87.

S. Harper, On the uniform spread of almost simple symplectic and orthogonal groups, J. Algebra 490 (2017),
330-371.

S. Harper, The spread of almost simple classical groups, Lecture Notes in Mathematics, vol. 2286, Springer, to

appear.
G. A. Jones, Cyclic regular subgroups of primitive permutation groups, J. Group Theory 5 (2002), 403—407.

N. Kawanaka, On the irreducible characters of the finite unitary groups, J. Math. Soc. Japan 29 (1977), 425-450.

P. B. Kleidman and M. W. Liebeck, The Subgroup Structure of the Finite Classical Groups, London Math. Soc.
Lecture Note Series, vol. 129, Cambridge University Press, 1990.

M. W. Liebeck, J. Saxl and G. M. Seitz, Subgroups of maximal rank in finite exceptional groups of Lie type, Proc.
Lond. Math. Soc. 65 (1992), 297-325.

M. W. Liebeck and G. M. Seitz, Maximal subgroups of exceptional groups of Lie type, finite and algebraic, Geom.
Dedicata 35 (1990), 353-387.

M. W. Liebeck and G. M. Seitz, On the subgroup structure of classical groups, Invent. Math. 134 (1998), 427-453.

M. W. Liebeck and A. Shalev, The probability of generating a finite simple group, Geom. Dedicata 56 (1995),
103-113.

T. Shintani, Two remarks on irreducible characters of finite general linear groups, J. Math. Soc. Japan 28 (1976),
396-414.

D. E. Taylor, The Geometry of the Classical Groups, Sigma Series in Pure Mathematics, vol. 9, Helderman
Verlag, 1992.

T. S. Weigel, Generation of exceptional groups of Lie-type, Geom. Dedicata 41 (1992), 63-87.
H. Wielandt, Finite Permutation Groups, Academic Press, 1964.

Scott Harper

School of Mathematics, University of Bristol, BS8 1UG, UK
Heilbronn Institute for Mathematical Research, Bristol, UK
scott.harper@bristol.ac.uk

30



