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We propose a postselecting parity-swap amplifier for Schrédinger cat states that does not require
the amplified state to be known a priori. The device is based on a previously-implemented state
comparison amplifier for coherent states. It consumes only Gaussian resource states, which provides
an advantage over some cat state amplifiers. It requires simple Geiger-mode photodetectors and
works with high fidelity and approximately twofold gain.

I. INTRODUCTION

Schrédinger cat states, superpositions of two coherent
states with coherent amplitudes of the same magnitude
but different phases, have been widely studied for the
significant role they could play in quantum information
[1-5], computation [6, 7] and in fundamental tests [8—11]
as resource states. For example Ralph et al. [3] showed
that cat states can be used to implement qubit gates in
an all optical quantum computation scheme, where the
logical qubits are encoded in the phase of the coherent
state complex amplitude and Jeong [3] considered the
possibility of testing the Bell inequalities using cat-like
states as resources.

The nongaussian character of cat states renders them
both challenging to engineer and fragile. Traditionally
they have been generated using a combination of linear
optics and measurement postselection techniques [12-19].
One simple implementation relies on subtracting a pho-
ton from a squeezed vacuum state. This generates a state
close to an odd cat state, but only for small coherent am-
plitudes (a < 1.2)[20]. However, some quantum compu-
tation schemes require as resources cat states of higher
coherent amplitude [3, 6]. One way of increasing the am-
plitude to meet this need relies on the process of cat state
“breeding” [ ], whereby small amplitude “kittens”
are mixed coherently at a beam splitter and a postselec-
tion measurement projects one of the two outputs into
an increased amplitude state based on the constructive
interference of the two input modes. This can be done
recursively and, in principle, it can produce cat states of
arbitrary size. There is, however, an unfavourable scal-
ing of both the output quality and the success probability
with increased “breeding seasons”. Also, the smaller am-
plitude nongaussian cat states are themselves consumed
at each recursion to make larger amplitude states. Given
that cat states are expensive quantum resources this is
not a particularly desirable state of affairs.

Recently, there has been a renewed interest in the
amplification of cat states [24, 25]. Here we intro-
duce an optical amplifier for Schrédinger cat states that
works without requiring prior knowledge of the input
state, that relies on Gaussian resources, beamsplitters
and Geiger mode detectors and offers a reasonably high
gain and high output quality for a range of low ampli-

tude cat states. The proposed scheme is inspired by the
so called state comparison amplifier (SCAMP) [26-31]
a non-deterministic amplifier that has been shown to
achieve high gain and high output quality for discrete
sets of input coherent states of light.

The article is organised as follows: in Section II we in-
troduce the Schrodinger cat states, in particular the even
and odd cats. Section III reviews the state comparison
amplifier for coherent states. In Section IV we introduce
the Parity-Swap Amplifier for cat states and we bench-
mark the performance of the scheme based on the fidelity
and the success probability.

II. SCHRODINGER CAT STATES

Optical coherent states are superpositions of all photon
numbers,
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where a is a complex number known as the coherent
amplitude [32]. The states therefore have photon num-
ber probabilities that satisfy a Poisson distribution with
mean |a|?. Different coherent states are not orthogonal
and so cannot be distinguished perfectly and determin-
istically by any measurement . They approach orthog-
onality if their coherent amplitudes are sufficiently far
apart and the states can be distinguished in this limit.
Coherent states of low mean photon number naturally
do not have very different amplitudes and their indistin-
guishability is the only quantum property that can be
measured. For this reason coherent states are often de-
scribed as the most classical of quantum states.

Optical Schrodinger cat states are superpositions of
two coherent states with coherent amplitudes of the same
magnitude but different phases, typically opposite,
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For high values of the mean photon number |a|? cat
states are superpositions of states that can be dis-
tinguished macroscopically. This is in analogy with
Schrodinger’s original gedanken experiment, which was



introduced [33] in order to advocate the difficulties in
applying quantum mechanics to the macroscopic world.

Typically we set § = {0,7}, obtaining the so called
even and odd cat states
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so the even cat state |ag) = |y ) contains only even pho-
ton numbers and conversely the odd state |a,) = |a_)
only has odd photon numbers. The even and odd states
are mutually orthogonal and, despite the fact that they
are superpostions of almost classical states, the gaps in
the photon number distribution are a signature of non-
classicality, whatever the value of |a|. They are also non-
gaussian, as attested by the negativity of their Wigner
function, another widely accepted measure of nonclassi-
cality [34].

III. STATE COMPARISON AMPLIFIER

As previously mentioned, the state comparison ampli-
fier (SCAMP) is a nondeterministic amplifier for coherent
states that works with high gain, provides high-quality
output and requires only classical resources. The back-
bone of the amplifier (Fig. 1) is the mature technique
of state comparison [35], which has been used in the set-
ting of multiple phase encoding quantum receivers [3(—

]. In our scheme the coherent state to be amplified
is drawn uniformly at random from a discrete set, say
{| +a),| — a)} and is mixed with a guess coherent state
drawn from the set {| + §),| — §)} on a beamsplitter
with transmission and reflection coefficients ¢; and r; re-
spectively. Here we assume that the reflection and trans-
mission coefficients are real, so the light incident on the
lower input arm picks up a 7 phase shift upon reflection.
The beamsplitter relates the output mode annihilation
operators to those for the input mode as follows
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is the beamsplitter transformation matrix with real
transmission and reflection coefficients.

Then if the input states chosen are |a) and |3) the
state after the beamsplitter is

Ugsla, B) — [tia — 718,118 + 1) (6)
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FIG. 1: State Comparison Amplifier comprised of a
comparison stage and a subtraction stage.

From eq. 6 it is not difficult to see that the amplitude
in the mode in the detector arm vanishes if t;a = 13, i.e
when the guess state amplitude is § = t;a The detector
cannot fire. We choose this amplitude for [ and use the
non-firing of the detector as an indication of the success of
the amplification process and accept the output whenever
it occurs.

If, however, the input and guess states are oppositely-
phased, say a and tlf light leaks into the detector
arm and the detector can fire, in which case the output
state is rejected. The detector may not fire, however, be-
cause the coherent Statg is not orthogonal to the vacuum,
(a]0) = (—|0) = e~ . The detector not firing is there-
fore an imperfect indication that the correct guess state
has been chosen. This can limit how well the output
state mimics to the nominal amplified output. Condi-
tioned on the detector not registering an event, the out-
put of SCAMP after the comparison state is a mixture of
the nominal correctly amplified state |ga) = |a/r1) and
another, lower amplitude coherent state, with their re-
spective probabilities biased towards the amplified state.

We use the quantum fidelity, F, of the output state to
the nominal amplified state as a measure of the output

quality [39]. As one of the states is pure, here the fidelity
is given by
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where in the second line the fidelity is written in terms
of the characteristic functions of the nominal and actual
output states. The symmetrically ordered characteristic
function of a general state p is defined by

Xp(€) = Tr[pD(€)] 9)



in which € is a complex parameter, D(€) = exp(£al—&*a)
is the displacement operator [10]. The characteristic
function is in one-to-one correspondence with the den-
sity operator as it contains all of the information neces-
sary to reconstruct the state. We employ this formalism
throughout the paper leaving calculational details for the
Appendix.

The fidelity can be increased after the comparison
stage by using another mature technique known as pho-
ton subtraction [11], a filtration process that is im-
plemented by allowing the output from the compari-
son beamsplitter to fall on a second highly transmitting
(t2 ~ 1) beamsplitter, with vacuum input in the second
mode. The reflected mode contains a Geiger mode detec-
tor and this time the output is accepted whenever this
second detector fires, an event signifying that the signal
contained at least one photon. The higher the mean pho-
ton number of the input the more likely the detector is
to fire, so this filters out states with lower mean photon
numbers. The improvement in the output quality comes
at the cost of a lower success probability of the overall
scheme. If the comparison beamsplitter is 50:50 the in-
correct output of the comparison stage is the vacuum, so
all of the incorrect output is filtered by subtraction leav-
ing only the amplified state |+ ga) = | £1/2a), a perfect
twofold gain.

IV. SCAMP FOR SCHRODINGER CAT STATES

Motivated by the high gain and fidelity of the SCAMP
for sets of individual coherent states, we investigate a
modified SCAMP system for the amplification of cat
states. In the first subsection we will introduce an up-
dated SCAMP scheme for the amplification of cat states
which only utilises Gaussian resources, beamsplitters and
Geiger-mode detectors. In the second we will present the
results.

A. Amplification Scheme

The amplification scheme, as one can see in Fig. 2
is an updated SCAMP in which the input state is a
cat state chosen uniformly at random from the set of
states {|ay),|a—)} while the guess state this time is the
squeezed vacuum |¢) state given by:
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where ¢ = e"s, 0 < s < 0o and 0 < # < 2. Note that
the “guess” state is always |() irrespective of the input
state. This particular choice is motivated by the fact that
the squeezed vacuum state |(), similarly to an even cat
state, is a superposition of even photon numbers only,
and has a high overlap with |a.), given by
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FIG. 2: State Comparison Amplifier for Cat States
comprising of a comparison stage (50 : 50 beamsplitter)
and a subtraction stage.
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for values of coherent amplitude up to a = 1 (See Fig.3
(b)).

On the other hand, the overlap of |{) with |a_) is zero
as the latter is a state that contains only superpositions of
odd photon numbers in the photon number basis. One
perhaps would expect that such a mixing of odd and
even photon numbers in a beamsplitter would cause the
quality of the output state to deteriorate but, as we show
in the appendix, in this case such a mixing process, in
conjunction with postselection in the detector arm on no
counts, acts as a quantum channel that evolves the input
states into squeezed states at the output. In Fig. 3 we
plot the squeezing magnitudes that maximise the fidelity
of |ay) to |¢) for different values of coherent amplitude
a and also the fidelity of |¢) with |« ). The squeezing
values that maximise the fidelity for a given coherent
amplitude admit a simple expression when we consider
the coherent amplitude « to be real,

B sinh ™ (2a?)
—

(12)

The amplification protocol then proceeds as follows

1. The input cat state to be amplified and the
squeezed vacuum state are mixed at a 50 : 50 beam-
splitter and a Geiger mode detector monitors the
presence or absence of light in one of the output
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FIG. 3: (a) Optimal squeezing in dB as a function of
input coherent amplitude a, (sq, = —10log[e?*]) . The
inset plot shows the absolute value of the optimal
squeezing in terms of the squeezing parameter.

(b) Corresponding maximum fidelity as a function of
input a.

modes. If no event is registered, the output of this
comparison stage is passed to the next stage.

2. The output mode impinges on a second highly
transmissive beamsplitter whose other input is the
vacuum state. If the second detector registers a
click the amplification is considered successful and
the output is accepted. Otherwise it is discarded.

The condition for successful amplification then can be
formally given by

Ps=P(Dy =X,Dy = V) (13)

which is the joint probability of the second detector
clicking and the first detector not registering a click. We
show in the appendix that the comparison stage acts as
a quantum channel that evolves input states to squeezed
states. In the case of input cat states the output is
squeezed cat states,i.e states of the form S(¢)|a4) where

S (¢) is the squeezing operator. The photon subtraction

stage is needed to amplify the cat states. The details of
the computation have been left for the appendix.

Fig. 3 shows that the amount of squeezing required to
optimise the fidelity between the output and an ideal cat
state for a wide range of input cat state sizes is moderate.
For example, if |a|? = 1 the amount of squeezing required
is 6 dB - a factor of 4. Even for |a|? = 4 a squeezing of 12
db (|s| < 1.4) is required, which has been experimentally
generated in a doubly resonant, type I optical parametric
amplifier (OPA) operated below threshold [42].

B. Results

Here we present the results of fidelity, gain and proba-
bility of success to benchmark the amplifier. We provide
the derivation of these results in the Appendix. We have
assumed that the coherent amplitudes of both the out-
put states and the nominal states are real, without loss
of generality.

The performance of the amplifier is benchmarked us-
ing the fidelity F between the output state and an ideal
amplified cat state {|gay),|ga—)}. We note that pho-
ton subtraction changes the parity of the cat state [43].
To see why that is the case, consider applying the an-
nihilation operator, @, to the even cat state, |ay) ~
| + @) + | — a); coherent states are eigenstates of a satis-
fying |a) = afa) and thus we get

aloy) ~al+a)+al —a) =a|+a) - [-a))  (14)

The right hand side of the equation is an (un-normalised)
odd cat state |a_) ~ |+ a) — | — a). So for example if
we start with an even cat state, after photon subtraction
we obtain an odd cat state and this subtraction occurs
in the limit ¢t = 1. The application of a to states of even
photon number produces states of odd photon number
and vice versa.

In Fig. 4-6 we summarise results for the gain, max-
imum fidelity and probability of success for the output
state after the amplification process. In the following we
have assumed that the dark counts in the detection pro-
cess are negligible (they can be made so in pulsed systems
by time filtering around the pulse centre) and we have
considered two scenarios where the quantum efficiencies
for the two detectors are both ideal (11 = 72 = 1) or both
detectors are 80% efficient(n; = gy = 0.8).

Fig. 4 is a plot of the amplitude gain for different val-
ues of input cat state size. The curves shown are for
ideal detector efficiency as quantum efficiency does not
affect the gain of the amplifier. The gain does depend on
the transmission coefficient of the second beamsplitter as
this quantifies the quality of the photon subtraction. A
higher transmission coefficient leads to a higher gain as
the photon subtraction stage is more faithfully approxi-
mated as to & 1; this comes at the expense of the success
probability as in this limit there is hardly any light re-
flected to trigger the second detector. One can see that
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FIG. 4: (a) Optimal gain g as a function of the size a of
the input even cat state. (b) Same plot for an odd cat
state. The green line indicates v/2 gain.

there is an approximately twofold intensity gain for both
input cat states and for all values of coherent amplitude
considered here. This may seem counter-intuitive for the
case where the input is an odd cat state as the state has
vanishing overlap with the squeezed vacuum state, but
we should remark that the gain in this case, contrary
to the original proposal of SCAMP, is not provided by
the nullification of the signal in one output mode after
the comparison stage but is a combination of effects from
both the comparison and the photon subtraction stages
(see next section for details).

The fidelity (Fig. 5) depends both on the transmission
coefficient and the quantum efficiency of the detectors.
The higher both quantities are the better the fidelity of
the output with the corresponding ideal output cat state.
The fidelity also depends on the input cat state size and
it is near unity for small values of the input coherent
amplitude «. It is greater than 80 % for input a up
to a ~ 1.5 which corresponds to an output cat state
of amplitude S = 1.95 if the transmission coefficient is
to = v/0.95 and the detector efficiencies are n = 0.8.

Not surprisingly, the lower transmission coefficient of
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FIG. 5: (a) Optimal fidelity as a function of the size «
of the input even cat state.(b) Same plot for an odd cat
state.

the second beamsplitter (higher reflection coefficient) in-
creases the probability of success as the probability of
the second detector clicking depends on the amplitude
of the reflected light that impinges the detector. For
the same reason the success probability increases with
increasing cat input amplitude. Overall, the amplifier
works with a high fidelity and approximately two-fold
intensity gain for a range of input cat state sizes up to
a ~ 1.5 corresponding to an output cat state of size
B = 1.95. Considering, the most realistic implementa-
tion where (t2 = +/0.95,7 = 0.8) and keeping in mind
the practical requirement that input cat states of size
« > 1.2 are necessary, the Parity Swap SCAMP for Cat
States can provide an output state that has a fidelity of
87% with an ideal cat state of size 8 = 1.5, requiring an
input state of size @ = 1.1 with an overall success prob-
ability of ~ 3% without prior knowledge of the parity of
the input state. In other words, the amplifier transforms
an input cat state to an amplified output cat state of op-
posite parity of approximately double the mean photon
number of the input and works symmetrically on both
even and odd cat states.
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FIG. 6: (a) Corresponding success probability as a
function of the size « of the input even cat state. (b)
Same plot for an odd cat state.

The fidelity is one indication of the output quality but
it does not contain any information about certain fea-
tures of the quantum states, such as those contained in
the form of the Wigner function, of which one example
might be negativity - a signature of nonclassicality. It
is therefore instructive to plot the contour plots of the
output states after the amplification process and of the
equivalent ideal amplified cat states. In Figs. 7, 8 we
plot the Wigner functions of the output amplified state
when the inputs are an even and an odd cat state of size
a = 1 and alongside the Wigner functions of the ideal
amplified cat states. We choose the experimentally feasi-
ble parameters of to = +/0.95,7 = 0.8 where the fidelity
between the output and the ideal cat state in both cases
is 91%.

The main features of the cat states in phase space,
such as the distinguishability of the constituent coherent
states and the interference features of the superposition
are faithfully preserved. This provides a more qualitative
assessment of the output states which compliments the
quantitative benchmark of the fidelity metric. When the
input state to the device is an odd cat state, the negativ-
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FIG. 7: (a) Contour plot of the Wigner function of an
even cat state of size & = 1.31 (b) Same plot for the
output state of the swap parity cat scamp given an odd
cat state input of size o = 1.

ity of its Wigner function, compared to the negativity of
the Wigner function of the ideal amplified even cat state,
is lower (by approximately a factor of 2), but for an even
input cat state it is comparable.

V. THEORETICAL CONSIDERATIONS

To understand how SCAMP can be used to amplify
Schrodinger cat states we need to consider how photon
subtraction affects a squeezed cat state. A squeezed cat
state can be generated by applying the squeezing oper-
ator S(¢) to a cat state |oy). Photon subtraction then
leads to

aS(Q)|ax) =5(0)51(¢)as(¢)levs)
=5(¢)(cosh s d|ax) —sinh s af|ay)), (15)
which is a squeezed superposition of a photon subtracted

and a photon added cat state. While photon subtrac-
tion simply swaps the parity of the cat state, the photon
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FIG. 8: (a) Contour plot of the Wigner function of an
odd cat state of size o = 1.42 (b) Same plot for the
output state of the swap parity cat scamp given an even
cat state input of size o = 1.

addition swaps the parity and increases the amplitude of
the state [14]. One may wonder whether photon addition
alone would work but we should note that a photon added
even cat state is a vacuum removed state. Therefore, the
fidelity between an ideal even cat state and the photon
added cat state would be lower than the fidelity between
the output state of the cat SCAMP, which produces a
state that contains a vacuum component. The combined
effect of photon addition and photon subtraction, rather
than state comparison, is the main gain mechanism of
SCAMP for cat states. In principle we could undo the
squeezing by a local unitary operation and we would only
be left with a superposition of a photon subtracted and
a photon added cat state, but it may be challenging to
implement experimentally.

The overlap between an ideal cat state and the output

of the amplification scheme is

A _1
(BxlaS(Q)|ax) =Ni* [ZVSechs
e~ 18- /24 (=" +B"7)/2—tanh s(B* —v*)?/2
(v = (B* —~") tanh s)
+ 2V/'sech s

e~ 1B+71* /24 (B~ ") /2—tanh s(8" +77)? /2

(£y £ (8" +~") tanh s)] (16)
where v = acosh s — a* sinh s and Ny is given by

Ny =(2F 2¢2F)
{2la)?(1F e_2|a|2)(cosh s + sinh s?)
+ (24 2e7 20T
(sinh s* — 2 cosh s sinh sRe[a]?) } (17)

The fidelity is then simply F = [(8=]aS(¢)]a)|?.

The state after the comparison stage and upon posts-
election on zero clicks, assuming a perfect detector, is a
squeezed cat state of a scaled squeezing parameter and a
scaled coherent amplitude, both smaller than the equiv-
alent quantities of the input states. The squeezing pa-
rameter s’ is given by

cosh s + (1 —7?)sinh s
=1 : 18
s n\/coshs— (1 —r?)sinh s (18)

where s is the squeezing parameter of the input squeezed
vacuum state and 7; the reflection coefficient of the
beamsplitter of the comparison stage.

The scaled coherent amplitude, o’ of the state after
the comparison stage is given by

o — ryacosh s (19)
/(cosh 8)2 — (1 — r?)2(sinh 5)2

Then we can plot the ratio of the ideal cat size 3, which
maximises the fidelity to the photon subtracted squeezed
cat state, to the input cat size a as a function of the
input cat size a.
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FIG. 9: Ideal gain given by subtracting a photon from a
squeezed even cat state as a function of input cat size.

One can indeed verify that Fig. 4 (a) and Fig. 9 differ
marginally due to the fact that photon subtraction can
only be implemented approximately and is limited by
the transmission coefficient of the beamsplitter used to
perform the photon subtraction (which is always less than
unity, t2 = +/0.99 in this case).

In this section we have described the theoretical mech-
anism for the gain of our device. Physically it is based on
mean photon number matching between a resource state
(squeezed vacuum) and the input cat state after photon
subtraction conditioning. If the cat state has a signifi-
cantly higher photon number than the resource state the
output will effectively be a photon subtracted cat state.
If the resource state has a significantly higher photon
number than the cat state the output will be a photon
subtracted resource state. Only if they are comparable
in mean photon number does the significant state overlap
between the two give an amplified cat. The approximate
photon number matching of the two states is also the
reason for the approximate twofold gain.

VI. OTHER SCHEMES FOR AMPLIFICATION
OF SCHRODINGER CATS

Figure 9 suggests that we could amplify a Schrédinger
cat state reasonably well by first squeezing the cat state
and then subtracting a photon. The process amounts to
a slightly simpler theoretical scheme than ours. How-
ever, squeezing low amplitude non-vacuum states in a
controlled fashion is more difficult experimentally, par-
ticularly in the pulsed domain. Optical nonlinearities
are small and require high pump fields with a good mode
overlap with the signal. For these reasons we believe that
such a direct-drive scheme is a little less experimentally
practical than ours.

The state of the art experimental scheme of [23] which
utilises the cat “breeding” method produces an ampli-
fied cat state with amplitude o = 1.85 while consuming
two cat states of amplitude @ = 1.15 as resources. The
probability of success is P = 0.2 and the fidelity of the

produced state with an ideal cat state is F = 0.77. Seem-
ingly, SCAMP is on par with cat “breeding”’ schemes in
terms of fidelity and gain while it offers a lower probabil-
ity of success. One has though to take into account the
fact that cat “breeding” schemes consume two nongaus-
sian resource states, as opposed to just one for SCAMP,
that have a low success probability of production cur-
rently and therefore offset this advantage. If push-button
quantum state generation becomes a reality then the in-
trinsic advantages of cat “breeding” may be more easily
realised.

VII. CONCLUSIONS

In summary, we have presented a theoretical scheme
for the amplification of input Schrodinger cat states
based on a nondeterministic amplifier (SCAMP) com-
prised of the two mature techniques of state comparison
and photon subtraction. The device both amplifies and
swaps the parity of a state chosen from the set of odd
and even Schrodinger cat states. Hence we call it the
parity-swap cat state comparison amplifier.

The implementation of SCAMP for Schrédinger cat
states would require only a Gaussian resource state
(squeezed vacuum), linear optical components and
Geiger mode detectors, making it experimentally feasi-
ble. The resource state is not randomly chosen, as it is
in the standard SCAMP for coherent state amplification.
This, coupled with the fact that it is Gaussian gives a
significant advantage over other schemes. The SCAMP
itself provides the photon subtraction required to render
the output nongaussian. The parity-swap cat SCAMP
can work almost symmetrically for both even and odd
cat states without prior knowledge of the input state and
offers high fidelity and reasonably high gain for the range
of input cat state sizes of interest.

We have characterised the performance of the amplifier
via gain, fidelity and success probability. The intensity
gain is shown to be approximately twofold for both the
even and odd cat states for a wide range of mean input
photon numbers, reflecting the fact that the gain of a
standard SCAMP is approximately two for a 50/50 com-
parison beamsplitter. The fidelity of the output with an
ideal amplified cat state |ga+) depends on the transmis-
sion coeflicient, t9, of the beamsplitter used to perform
the photon subtraction stage. The fidelity remains high
(F > 81%)) for values of input « up to a & 1.5 in realis-
tic parameter ranges. As an example, one can amplify an
input cat state of size & = 1.1 which, after the amplifica-
tion, has a fidelity of 87% with a cat state of size 8 = 1.5
and the overall success probability is approximately 3%.
The probability of success is comparable with schemes
that consume non-Gaussian resources. However, when
one takes into account the overall experimental probabil-
ity of producing the non-Gaussian resources, which is sig-
nificantly lower compared to Gaussian ones, the scheme
presented here has a clear advantage.



There are a couple of limitations to the usefulness of
the scheme. The low success probability is a common
problem in the quantum regime for all schemes that rely
on photon subtraction. The original SCAMP for coher-
ent states has a similar success probability in this regime.
This is compensated for by running the experiment at
a high rate and the same technique would work here,
although the limiting speed may be the cat-state pro-
duction rate for the input states. Secondly, the resource
state, the squeezed vacuum, contains only even photon
numbers and so the parity-swap cat SCAMP can only
work for cat states of even or odd photon number. States
such as

|ati) = N (Je) i — ) (20)

do not satisfy this criterion and cannot be amplified in
this fashion. However, such states have never been pro-
duced in the laboratory and so are of limited interest.
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APPENDIX

In this appendix section we will use the formalism of
characteristic functions to sketch the method used to de-
rive all of the required results. We will see how the states
and operators can be represented under the formalism
and show how one can compute the benchmark metrics
considered in the main body of the text.

Characteristic Functions

A useful feature of the characteristic function formal-
ism is that the trace of operators can be evaluated as an
integral in phase space. More formally, the trace rule for
two operators O1 and Os is given by [15]

00104 = [ T, ©v0,-0 1)

and this formula gives us the fidelity F. States whose
characteristic function is a Gaussian are known as Gaus-
sian states and one such example we have already seen;
namely the coherent state |o)) whose characteristic func-
tion is

Xa(§) = exp(éa” — € a — [€]%/2) (22)

and the squeezed vacuum state whose characteristic func-
tion is

xe() =exp ( — €2 expl2s]/2+ Fexp[-25])  (23)

where &, and &; are the real and imaginary parts of the
complex variable &.

The cat states on the other hand are nongaussian states
as their characteristic functions are given by sums of
Gaussians:

Xay (§) =N3 [exp (60" — ag” — [¢2/2)

+exp (—€a” +ag* — [€]3/2)
+exp (—€a* — ag* —2|a)® — [€]*/2)

+exp (§a” +ag" — 20l ~ ¢2/2) | (24)

Ya_ (§) =N [ exp (€ — ag” — [¢/2)
+exp (—€a” + ag” — [¢/2)
—exp (~€a” — ag” = 2laf® — [¢/2)
—exp (" +ag" — 2ol ~ [¢/2) ] (25)

1

2 _
where N:l: = W.

Performance Benchmark

Typically the performance of amplifiers can be charac-
terised by the fidelity, F, and the probability of success,
P, of the amplifier. The fidelity metric quantifies the
closeness of two quantum states. In this case it quantifies
the closeness of the output state after the amplification
to an ideal output state. If the ideal output state is pure
then F has a simple form given by

F = Tr[p1p2] (26)

where p1, p2 are some general single mode states and at
least one of them is pure. In terms of characteristic func-
tions, as we have already seen, the fidelity is given by

= [T n©n-o 0

The probability of success metric on the other hand de-
pends on the working details of the amplifier. For the
SCAMP the probability of success is defined as the joint
probability of the second detector clicking given that the
first detector did not register a click, P, = P(D; =
X,Dy = V). The probability for a detector on Geiger
mode to not register a click is given by the Kelley-Kleiner
formula [16]

Px = Tr[pits] = Tr[p : exp(—na'a) ;] (28)



where 7 is the quantum efficiency of the detector and
the colons indicate normal ordering of the operators. In
terms of the characteristic function the no counts opera-
tor is given by

1 2—m .9
Xy (6) = 1 exp(= =5 i) (29)

and the probability of success is given by

d*¢
Fx= | —x()xa(&) (30)
The probability of success if a detector clicks on the other
hand is give by
P, = Tr[prt,] = Tr[p: 1 — exp(—na'a) ] (31)

The click operator, 7, in the characteristic function for-
malism is given by

2, (€) = m0@) () — 24, (€) (32)
and the probability of success is given by

r= [P © (39)

Output of Comparison Stage

Now that we have introduced the formalism of the
characteristic functions we can have a close look at what
happens when a coherent state |a) and a squeezed vac-
uum |¢) are incident on a beamsplitter and one of the
two output modes is projected onto the vacuum state.

The input to the beamsplitter is given by

Xin(€1,62) = Xa(§1)xc(&2) (34)

The output (global) state after the beamsplitter can be
found by transforming the arguments of the characteris-
tic function of the input as follows

Xout (§3,€4) = Xa(t1&s +m1&)xc (8184 — &) (35)

Postselection then on zero clicks, assuming a perfect de-
tector, leads to

() = = [ o6 &) (€

*{cosh s + (1 — r?) sinh
:expl_aj{c% s+ (1 —r7{)sinhs}

2(cosh s — (1 — r?)2sinh s2)
y*{cosh s — (1 — r?) sinh s}
2(cosh s — (1 — r?)2sinh s2)
(cosh s + (1 — r?)sinh s)
cosh s2 — (1 — r?)2 sinh 52
(coshs — (1 — r?)sinh s)
cosh s2 — (1 — r?)2sinh 52

— 2iryzImla] cosh s

+ 2iryyRela] cosh s (36)
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where Px is given by

Px = %// Xout (63, €4) Xar (€3)d*E3d?Ey

1
B \/(e—s + r?sinh s)(e® — rfsinh s) ’

e®(1 — r}) sinh sRe[a)?
exp | —
P e’ —r?sinh s

et :7’%)S,Qin.hsIm[Oz]2 (37)
e~% 4 risinhs

The characteristic function of a squeezed coherent
state, S(¢)|«) is given by

X¢a(€) = exp (—2%e* /2 —y?e™> /2
— 2ie*zIm[a] + 2ie”"Rela])  (38)

where £ =z + iy.

If we compare Eq. 36 to Eq.38 we can see that they
both represent the same state with the transformations
s — s, and a — o' given by

hs+ (1 —r})sinhs
F g S8 7 39
s n\/coshs(lr%)sinhs (39)
o — ryacosh s (40)

/(cosh 5)2 — (1 — r?)2(sinh 5)2

Then we can think of the comparison stage as a quantum
channel that transforms a coherent state to a squeezed
coherent state of squeezing parameter s’ and scaled co-
herent amplitude o’. The linearity of quantum mechan-
ics then implies that a linear superposition of coherent
states, such as cat states, are transformed in a similar
manner. Therefore, the comparison stage transforms cat
states into squeezed cat states of squeezing parameter s’
and cat size o’.
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