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Abstract. We present some applications of the Banach limit in the study
of the stability of the linear functional equation in a single variable.
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1. Introduction

Let us recall that the Banach limit is a linear functional LIM defined on the
space £*° of all bounded real sequences, satisfying the following conditions:

inf{a, : n € N} <LIM(a,) < sup{a, : n € N} (1)
and
LIM(ay,+x) = LIM(ay,), (2)

for all (a,,) € £°° and k € N (positive integers).

The question about stability of the functional equation of group homo-
morphisms, formulated by S. Ulam in 1940, initiated investigations of the
stability of functional equations. Currently, many studies have been published
on this subject (see monographs [8,11,12] or survey papers [1,7]), where the
reader can learn more about this issue. The problem of stability of a given
functional equation is the question whether a function satisfying that equa-
tion with a certain accuracy is close to a solution of it. In this work, we focus
our attention on various forms of stability of the linear functional equation

O(f(x)) = g(x)®(x) + h(x), (3)
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where f, g, h are given functions and @ is the unknown function. Special cases
of (3) are the gamma functional equation

D(x+1) =ad(x),
the Schroder functional equation
?(f(x)) = sP(x),
and the Abel functional equation
(f(x)) = B(x) + 1.

More information on Eq. (3) can be found in [14,15].

In this paper we consider in particular the so called iterative stability
of Eq. (3) (cf. Turdza [18]). That concept of stability was introduced in 1970
by Brydak [6], who was motivated by some difficulties that he encountered
in proving the classical Hyers—Ulam type stability for the equation. We show
that the Banach limit technique allows us to obtain significant generalizations
of Brydak’s outcomes, as well as some modifications of other results. Thus we
want to advertise that proof technique, which has been promoted by Badora
[2,3] for years.

There are known transfers of the concept of the Banach limit to the vector
case (see Sofi [16]), but wishing to remain legible and to relate our results to
some previously proven theorems, we remain in the scalar case.

Let us yet mention that the first classical stability result for (3) was
proved by Baker [4] (with a technique based on the Banach fixed point the-
orem). Generalizations of Baker’s outcome have been provided by Kim [13,
Theorems 2.1 and 3.1] (for a simplified version of (3)) and next improved by
Trif [17, Theorem 2.1] (see also [9] for some related considerations).

In the sequel X always denotes a nonempty set and f : X — X, g,h :
X — R are given functions, unless clearly stated otherwise.

2. Ulam Stability

In this section, we first show that by the Banach limit method we can obtain a
modification of the Trif outcome [17, Theorem 2.1]. Next we provide a slightly
simplified version of the original proof of [17, Theorem 2.1]. We also state some
observations concerning existence of solutions to (3) (see Remark 2).

As we have already mentioned, to be more readable, we confine ourselves
to the case where functions only take the scalar values.

We start with the following generalization of [17, Theorem 2.1].

Theorem 1. Let g(X) C (0,00), 1,62 : X — R and

LS alf@) \
() ;onz:og(fi(x)) W
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be finite for all x € X and k = 1,2. Suppose that ¢ : X — R satisfies

e1(z) < ¢(f(2)) — g(x)o(x) — h(z) <ez(x), ze€X. (5)
Then there exists a unique solution @ : X — R of Fq. (3) such that
n(z) < (z) — d(x) < 72(x), zeX. (6)

Proof. Let us write the assumed inequality (5) as

e1(x) + g(@)p(x) + h(z) < ¢(f(2)) < e2(x) + g(@)p(2) + h(z), x€ X (7)
We will show inductively that

- _a((@) o @) 2 h(fi)
5 H]ZOHZ 0 9(fi(z)) = 170 9(fi(x)) Jz;)Hl 09(fi(x))

= e(fi(x)
SO T W)

for all x € X and n € N (positive integers).

To this end observe first that the case n = 1 is just (7). So, assuming that
inequalities hold for n, we are to prove that they are true for n + 1. Putting
f"(x) instead of = in (7) we get

e1(f"(2)) + g(f"(@)o(f" (2)) + h(f"(2)) < o(f*(x))
< ea(f" (@) +g(f" () o(f" () + h(f" (2)),
which when divided by [T, g(f*(z)) > 0 gives
el(f"(@) | (f"(x)) L _Mr@) e (@)
[Looo(fi(@) [T o(fite)  Tlimog(fi() ~ Tling9(f(2))
__aUt@) L eure) b))
T lsoe(F1@) Iy 9(fie)  Thmo9(f* (@)

for all x € X. Using the assumed estimates for the expression

(8)

(f"(x))

M g(fi(@)’ e

conclude that the inequalities are true for n + 1.

For =« € X the sequences (Z?;Ol %) N and
i=0 z ne

(Z?:_ol %) as convergent are bounded. So, (8) means that the
i=0 neN

sequence
< S(f"(2)) —Z h(f*(x)) )
5 9(fi(@) = ea(F @) ),

is bounded for all x € X and we can define the function @ : X — R by

6(/"(x)) = h(f*@) )
&(x) = LIM _ —_— , x€eX,
) ((H? S 9(fi(x) gn?:ogwm) ) ©
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where LIM is the Banach limit.
It is well known that conditions (1) and (2) of the LIM functional imply
that

o(f" (=

. ) = h(fF@)

lim inf — D(x
Wm<mmmﬂ));:W (fi )S()
f

=0 =0 9(f7(2))
@mw<j$@>"lﬁmm )
n=se \I[iZ0 9(f'(2) = [T 9(F ()

for all z € X, whence inequality (8) makes the function @ fulfill (6). Next,
using shift-invariance (2), the linearity of the Banach limit and condition (1)
we get

¢(fn+1 CC)) n
®(f(z)) = LIM
(f(x)) ((HZ L9(fi(z)) z:: i1 f(x))>neN)

o™ () "hW@)>
— g(z)LIM . L — , h(z
9(z) (GLMﬂm Mmmwm»%J+()

= g(2)@(x) + h(z), weX,

which means that & is a solution to (3).
For the proof of the uniqueness of @ suppose that &y : X — R is such

that
Po(f(2)) = g(x)Po(x) + h(z), z€X, (9)
and
7(2) < Po(2) — d(2) < 12(z), 2z€X. (10)
Then
71(2) = 72(7) < Po(x) — P(2) = (Po(z) — ¢(2)) + (d(z) — P(2))
<v(z) —mz), zeX,
whence

Po(z) = (z)] < 72(x) = n(z), zeX (11)
We show by induction that, for each n € Ny := N U {0},

bo(z) — P(x - e2(fi(x)) - e1(/f7(x)) ze X. (12
o) =S 2w T e

Clearly, the case n = 0 is just (11). So, assume that (12) holds for a fixed
n € Ny. Then replacing « by f(«) in (11), by (3) and (9), for each x € X we
obtain
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2(f7(2)) — e (£ (2))

z)| |Po(x) — P(x)| = | z)) —P(f(x y
l9(2)[|®o(x) — D(2)] = |Po(f(x)) — D(f(2))] < ) T U @)

)

i

J

which implies that
fJ 1 7&‘1 fj L g9 fj:c — &1 fja:

|Po(x) — D(x)] < = : :
P Hi*& 9(f (@) T TR le(Fi@)]
Thus we have proved that (12) is valid for each n € Ny, whence letting
n — oo we obtain &y = @, which ends the proof. O

Note that a very particular case of Theorem 1 (with e; = &3) is the
following simple observation.

Corollary 1. Let g(X) C (0,00), ¢ : X — R and
i J
Gy =3 =) e x (13)
= Iizo l9(f* ()]
Then a function ¢ : X — R satisfies
o(f(x)) = g(x)p(x) + h(z) +e(z), =€X,
if and only if there exists a solution ® : X — R of Eq. (3) such that

o(x) = P(x) —v(x), =zeX.

Proof. The necessary condition of the statement follows from Theorem 1 with
€1 = €9 = ¢. The converse is easy to verify. O

If &1 = —&5 in Theorem 1, then we get the scalar version of [17, Theorem
2.1], i.e., the next theorem (but only in the case g(X) C (0,00)). We prove
Theorem 2 in a somewhat different way than in [17], i.e., by the Banach limit
method. Note that the assumption g(X) C (0, 00) has been replaced in Theo-
rem 2 by 0 € g(X); moreover, the uniqueness statement has been strengthened
a bit.

Theorem 2. Let 0 ¢ g(X) ande : X — [0,00) be such that (13) holds. Suppose
that ¢ : X — R satisfies

[0(f(2)) — g(x)¢(x) — h(z)| < e(x), z€X. (14)
Then there exists a unique solution ® : X — R of Fq. (3) with
D(x) = p(z)] <v(x), zeX. (15)

Moreover, @ is given by

(e n—1 k T
B(x) = LIM (IM M)

I U S , x€ X, (16
izo 9(fi(z)) k—onf—og(fj(x))>nel\l e
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where LIM denotes the Banach limit and it is the only solution to (3) such
that

&(x) —

@) ~ 6(a) )

sup ——————— < 00.
reX 7(17)

Proof. First we show inductively that
n—1 n—1
‘ M)y S _hU@) | @) g

o) 2 T, la(F (@)

H:l olg(fz( ) k=0 H?:og(fj(x))
forallz € X and n > 1.

Clearly, the case n = 1 is just (14) divided by |g(z)|. So, assume that the
inequality is valid for a fixed n > 1. We are to prove that this is the case for
n+ 1.

Replacing by f™(x) in (14) and dividing by Hz 09(f {(z)) # 0 we get

o(f" (@) (" (2) h(f"(z)) e(f"(x))

T o9(fi(@)  TIda(fi)  Tioe(file)| = T lg(fi(2))]’

whence and by the assumed inequality (18), for all x € X we get

S@) e (@)
’Hl NI kz_onfogm(x»‘

rze X

o) | et @)
“ sy % )’+HL NPIEO]

«  e(fi@) (@) N~ (@)
]ZO T l9(7 (@) | T 9 (@))] ; [T lo(/* @)

Thus we have proved that (18) holds for every n € N, which means that,
for every x € X,

IN

o @) g h(fHa)
S o(F @) &= Ty o(fi (@)

and consequently the sequence
( o(f"(x) Z h(f* (@) )
H? 01 g(fl( )) k=0 Hfzog(fj(x)) neN
is bounded.

So, we can define the function ¢ : X — R by (16).
The normalization condition (1) of the LIM functional and inequalities
(19) make the function @ fulfill (15).

< o(x) +(x)  (19)

—y(x) + o(x) <
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Next, using the linearity of the Banach limit, condition (1) and finally
the shift-invariance (2), we get

n 1 n
B(f(2)) = LIV (ﬁ’(f; i) 2 <>>>
i—1 k=1 = x neN
_ oo @)~ i) z
= g(z)LIM (H?_Og(fi(x)) kz_ol'[fog(fj(w))>nm o

= g(z)®(x) + h(z), z€X, (20)

which means that & is a solution to (3).
It remains to show the uniqueness of ®. So, assume that also ¥ : X — R
satisfies the equation

¥ (f(x) = g(@)¥(x) + h(z), =z€X, (21)
and there is a p > 0 such that

U(r) —
sup 2@ — @] _ (22)
reX ’}/(ZL')
Then
|P(x) — ¥(2)] < poy(z), =z€X, (23)
where 1o := p+ 1. We show by induction that, for each n € N,
|P(x) = ¥(x)| < po z€X. (24)
ZL o Ig fl( NI

Clearly, the case n = 0 is just (23). Assume that (24) holds for a fixed n € Ny.
Then replacing = by f(x) in (24), by (21), we obtain

1
l9(@)|[6(2) — ()] = [B(f(2)) — #(F(@)] < o Z f—‘f” e X,
which implies that
fi+(2)) S e(f? (=)
|D(x) —¥(2)| < po —. = o —
Z T lg(fi()] j:zn;rl [T} l9(fi(2))]

Thus we have proved that (24) is valid for each n € Ny, whence letting

n — oo we obtain ¢ = ¥. This ends the proof. O

Remark 1. The statement on the uniqueness of @ in Theorem 2 can be
strengthened a bit. Namely, @ is the only solution to (3) satisfying the inequal-

ity

<n(x), zelX, (25)
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with some function 7 : X — [0, 00) such that the sequence (n(f"(x)))neNo is
bounded for each z € X. It is very easy to modify the end of Theorem 2 proof
accordingly [in particular, replacing po by n(f™(z)) in (24)].

The following observation concerning solutions to Eq. (3) can be easily
deduced from the proof of Theorem 2. It shows further advantages of using
the Banach limit (see also Remark 4).

Remark 2. Let 0 ¢ g(X) and ¢ : X — R be such that the sequence

o) N~ (@)

TL( ) = n— . - . ’
S ) 2 s )
is bounded. Then we can define a function @ : X — R by (16) and (20) shows
that @ is a solution to (3).

On the other hand, (18) with £(z) = 0 shows that every solution of
& : X — R of (3) fulfils the condition

n n—1
o(f"(z) 3 h(f*(x))
n—1 ; : ; 4
[T 9(F' @) (5 Mo 9(f7())
Thus we obtain a conclusion that Eq. (3) has at least one solution if and only

if there exists a function ¢ : X — R such that the sequence (K, (x))nen is
bounded for each z € X.

n €N, (26)

reX

P(x) =

The next two remarks show that assumption (13) of Theorem 2 cannot
be omitted.

Remark 3. If X C R, f(z) = z and g(x) =1 for x € X, and h is a non-zero
bounded function, then for every function ¢ : X — R we have

6(2) — 6(2) — h(z)| <o, T EX,
where €9 = sup,c x |h(x)|, but the set of solutions of the equation
D(x) =P(x)+h(z), z€X
is empty.
Remark 4. Assume that 0 ¢ g(X) and there is an zo € X such that

o) =z gleo) =2, g(f(o)) =5, lz)h(f(zo) > 0. (27)
Every function ¢ : X — R satisfies
[0(f(2)) — g(x)p(z) — h(z)| < e(z), weX,

with e(z) = [¢(f(z)) — g(x)¢(x) — h(z)].

On the other hand, according to (27), H?:o g(fi(xo)) € {1,2} for all k €
N and the sequence (¢(f™(x0)))nen is bounded for each function ¢ : X — R.
Consequently

lim |kp(z0)| = 00,

n—oo



Banach Limit in the Stability Problem of a Linear Page 9 of 17 51
for every ¢ : X — R, where s, (z) is defined by (26). This means that Eq. (3)
does not have any solution ¢ : X — R (see the conclusion of Remark 2).

The next remark provides an example of a very simple application of
Theorem 2.

Remark 5. If a € (1,00) and g(x) = a for x € X, then

Sl 1 =1 1
W(HJ)ZZHWZ 7 a1 re X,

§=01i=0 j=1

and, by Theorem 2, for every function ¢ : X — R fulfilling
0(f(2)) —ad(x)| <&, weX

there exists a unique solution @ : X — R of the equation

P(f(x)) = ad(x)
such that
€
3 < — c X.
6@) - B(@) < ——. =

As Forti [10] noted, in the case where (X, +) is a commutative semigroup,
a = 2 and f(x) = 2z, this result allows us to obtain the classical stability
result for the Cauchy equation (see also [5, pp. 11-14]). Analogously, we may
obtain the stability of the quadratic functional equation and several other
similar equations.

3. Iterative Stability

As we have already mentioned, Brydak [6] introduced the concept of stability,
which was later referred to as iterative stability (see Turdza [18]). Below we
show that the Banach limit method allows to prove the following two general-
izations of Brydak’s theorem (but without the regularity properties).

Theorem 3. Assume that f is bijective and 0 &€ g(X). If a function ¢ : X — R
satisfies inequality

& A(fi (@)

91" (a) = Gule)ola) = Gule) 3 G O < (29)
for all x € X and n € N, where
Gule) = [[97@), € X, neN, (29

then there exists a solution @ : X — R of Eq. (3) such that
[0(z) — ¢(z)| <e, z€EX (30)
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Proof. First we observe that, for all x € X and n € N,

fi=@) _ fi(z) G )h(fnfl(x))
Gl+1(.1‘ GH_l(x Gr(x)
Z_: 1:[ g(f? (x)) + h(f" (),
=0 Jj=i1+1
whence by our assumption (28),
S@) - Cul@)o(@) = S b @) ] 9P @) = (2w <.
i=0 j=i+1

If we replace in the last inequality = by f~"(z), then we obtain

n—1
—¢(z) + o(f () [T 9(F " (=)
=0

EY R ] o @) A @) < @)

i=0 j=i+1

for all x € X and n € N. But, for all z € X and n € N,

-1

> Al @) y 1T st th"*l I sF@)

J=i+1 ]——n+i+1
= Z h(f () H 9(f7 (@),

whence (31) can be rewritten as

—¢(x) + o(f " (2)) Hg(f_ (z))

#3 R @) o0 @) + bt~ )| <
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for all z € X and n € N, which means that the sequence (a,(z))nen defined,
for a fixed x € X, by

() = (@) [J ot~ @) + Y b~ @) [T ot + (@),

is bounded (belongs to the space £°°).
So, we may define a function @ : X — R by the following formulae

B(z) = LIM((an(x))neN>, e X.

Clearly, @ satisfies inequality (30). Next, observe that, for all z € X and n € N,

an(f (&) =0(F~ D (@) [ o/~ ()
=1

+ > h(f T (@ Hg O () 4 12 (@)
=2

_¢ f (n+1 ﬁg (E
+ > (@) [T o7 @) + h(f 2 ()
i=2 =2
o (n+1 n+1 z

n+1

+ Z h(f~' () H 9(f 7 (@) + h(f 2 (x))

(n 1) n+1 - ™
¢(f - H g(f 7 (2) + Z h(f H g(f
+ (2 (@)g(f (@) + h(f (@) — E Exii

1

B T
= 57 (@ = Sy )

Thus, by the linearity and the invariance (2) of LIM, we get

o~ (@) = LIM((an(fl(I)))n€N>

S R N Vit )
= @) “M<( 1) @) )>
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1 h(f ! (x))

- P(z) - L T

@ @)
Now, replacing x by f(z) we see that the function @ satisfies Eq. (3), which
ends the proof. O

Remark 6. There arises a natural question concerning the uniqueness of @ in
Theorem 3. In the general case, without any additional assumptions, there is
no uniqueness. For instance, if g(z) = 1 and h(z) = 0, then every function
¢ : X — [0,¢] satisfies inequality (28) for all x € X and n € N and every
constant function ¢ : X — [0, €] is a solution to Eq. (3) such that (30) holds.

The situation is somewhat different if g(X) # {1}. Namely, assume that
the assumptions of Theorem 3 are valid and ¢,¥ : X — R are solutions of (3).
Then

2(f(z)) =¥ (f(z))]
l9()] ’
|@(2) = @(2)] = lg(fT @D (@) —¥(fT (@), zeX.

It is easy to show by induction that

|P(x) — ¥ (z)| = ze X, g(x)#0,

|D(x) — ¥ ()| = @(fn(;”lg;(g'(fn(m))', zeX, neN, G,(z)#0, (32)

|D(2) — ¥ (2)| = [Gn(a)|[@(f"(2)) —@(f" ()], ze€X, neN,(33)

Now suppose that
6(z) —B(@)| <c, |oa)— W) <e weEX.
Then
|D(z) —¥(2)] <2, ze€lX.

Consequently, for every x € X with sup, oy |Gn(2)] = 0o and G (x) # 0 for
all n € N, by (32) we have () = ¥(z). The same is true, in view of (33), for
every x € X with inf,,en |G_,(z)] = 0.

Theorem 4. Let 0 & g(X), e: X — [0,+00), G, be given by (29), and
I'(z) :=liminf |G, (z)| >0, z€ X.
n—oo
If a function ¢ : X — R satisfies the following inequality

) G (Vo) — () S REED |
") = Gulw)ol@) = Gulw) 3 Gy < =) (34)
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for all x € X and n € N, then there is a solution @ : X — R of Eq. (3) such
that

(@) — d(a) < 2T pex. (35)

Proof. Write I'y(x) := inf, ey |Gpar(2)| for x € X and k € Ny. Note that
Iy(z) >0, xe€X,ke N,

because I'(z) > 0 and G,,(z) #0 for all x € X and n € N,
By our assumption

o(f"(x)) e(x)
) Z e Rreet
for all x € X and n € N. For n € N we define qbn : X — R as follows
fn n—- 1

on) =~ Z GM , zeX. (36)

Then
e(x) £(x)
|pntr(x) — @(z)] < G () < L) € X,neNkeN,
which means that
) = ik < onin(o) S 00a) + s, wEX, mEN, hENy  (30)

Therefore, for any = € X and k € Ny the sequence (¢, (2))nen is bounded.
Let @ : X — R be defined by

®(z) = LIM(¢,(z)), z € X.

Since LIM<(¢n($))n€N> = LIM((¢n+k($))n€N) for all z € X and k € N [see
(1)], by (37), we get

re X, keN.
Hence

|&(x) — ¢(x)] < m7 T € X, (38)

which yields (35) (because I'(x) = liminf,, . |G (2)| = supgey, L% (7))-
Moreover, for every x € X and n € N, we have

On(f(2)) = 9(x)Pni1(2) + h(x),

whence
O(f (@) = LIM((6a(F(@))) 011 ) = EIM( (9(@)911(2) + 1()) )
— 9(@)P(@) + h(w),
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which ends the proof. O

Remark 7. If in Theorem 4 we have k := sup,¢ x ﬁ < 00, then (35) implies
that |@(x) — ¢(z)| < ke(z) for € X, which corresponds to the conclusion of
Brydak’s theorem.

The reasoning of Remark 6 concerning the uniqueness of @ in Theorem
3 also can be applied to Theorem 4.

Remark 8. If (X, p) is a metric space and for every a € X and every € > 0 there
exist N € N and § > 0 such that for every n > N and every x € X fulfilling
plx,a) < 6 we have |¢,(z) — ¢n(a)| < €, then the function @ is continuous.
Indeed, for a € X and € > 0 we get

—€ < PnynN(T) — Pnyn(a) <e,
for every n € N and = € X satisfying p(z,a) < 0. Hence,
—e < P(x) —P(a) <,
for x € X fulfilling p(z,a) < 0.

Remark 9. If functions ¢,, satisfy the Lipschitz condition with a constant «,
then the fact that LIM is a continuous functional with a norm equal to 1
implies that the function @ satisfies the Lipschitz condition with a constant a.

We end the paper with the subsequent very simple observation showing
one more application of the Banach limit.

Theorem 5. Let 0 & g(X), G, be given by (29) ¢: X —R and
o(f"(x))
en(x) = , zeX,neN. 39
(2) = =5 (x) Z Gm (39)
Assume that

t(z) :=liminfe, () > —o0, o(x):=limsupe,(z) <oo, =z € X.

Then there is a solution ® : X — R of Eq. (3) such that
z) <P(x) — p(x) < o(x), ze€X. (40)

Proof. Write i, () := sup, ey entr(x) and ki(x) := inf,eneppr(x) for z € X
and k € Ny. By the assumption

O (@) NN R (@)

<\ AR St

e s MDD e
which means that the sequence

¢<f“+k "

n+k: i—0 GH—

¢n+k (CC) =
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is bounded for every x € X and k € Ny. Define @ : X — R by
o(z) = LIM((d)n(x))neN), ze X.

Since LIM((¢)n(x))n€N) = LIM((¢n+k(m))n€N) for all x € X and k € N [see
(1)], we have

rk(r) + o) < P(x) < o) +(x), =€ X, keNo,
and consequently

v(x) = sup ki(x) < P(x) — ¢(z) < inf yw(x)=0(z), ze€X. (41)

keNy keNg
In the same way as at the end of the proof of Theorem 4 we show that @ is a
solution to Eq. (3). This completes the proof. O
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