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Featured Application: The paper allows the fracture behavior of biopolymers containing notches
to be better understood.

Abstract: This paper analyzes the notch effect on the fracture behavior of two biomaterials (a brittle
bone cement and a ductile dental material) under mode I loading. U-notched Brazilian disk (UNBD)
specimens of both materials were tested under remote compression, determining the corresponding
fracture loads and load-displacement curves. Additionally, cracked rectangular and semicircular
bend (SCB) specimens were tested under symmetric three-point bending in order to determine the
fracture toughness of the two materials. Then, fracture loads were derived theoretically by applying
the maximum tangential stress (MTS) and the mean stress (MS) criteria. Due to the brittle linear
elastic behavior of the bone cement material, the MTS and MS criteria were directly applied to this
material; however, given the significant nonlinear behavior of the dental material, the two fracture
criteria were combined with the Equivalent Material Concept (EMC) for the fracture analyses of
the dental material specimens. The results reveal a very good accuracy of both the MTS and the
MS criteria for the fracture analysis of bone cement notched specimens. In the case of the dental
material, very good results are also obtained when combining the MTS and the MS criteria with the
EMC. The proposed approach can be useful for the fracture analysis of a wide range of biopolymers,
from brittle to ductile behavior.

Keywords: biomaterial; notch effect; brittle fracture; ductile fracture; equivalent material
concept (EMC)

1. Introduction

Polymeric biomaterials are generally categorized, as many other families of materials, into three
different groups, depending on their fracture behavior: brittle, quasi-brittle, and ductile. Fracture in
brittle biomaterials usually takes place suddenly, with no plastic deformation from the pre-existing
defect (crack or notch) tip. The fracture process in quasi-brittle biomaterials is still abrupt, but a small
plastic zone is developed around the crack/notch tip at the fracture onset. Finally, ductile biomaterials
usually exhibit elastic–plastic stress–strain behavior, and fracture normally occurs with an intermediate
or large plastic zone in the vicinity of the crack/notch tip.

Bone cement is a well-known type of biomaterial. Bone cements are used in clinical applications
for fixing joint prostheses in the hip and knee joints. Depending on the implant shape, notches of
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various shapes (e.g., U-shaped notches) can form in the bone cement. Due to the stress concentration
around the notch tip and the corresponding reduction of the load-carrying capacity of the notched
bone cement, prostheses may fail prematurely. Thus, the fracture behavior of notched biomaterials,
particularly bone cements, should be carefully analyzed.

Polymer-based bone cement is the oldest and most well-known type of bone cement.
Polymeric bone cements generally consist of two main components: the solid component,
which is usually a Polymethyl-methacrylate powder, and the liquid component, frequently
made of a methyl-methacrylate monomer [1]. Additionally, bone cements include additives to
increase biocompatibility. In 1970, Charnley used bone cement material for orthopedic applications,
with subsequent extensive research on this material [2]. In 1984, Saha et al. [3] widely investigated the
mechanical properties of bone cement, including tensile strength, compression strength, viscoelastic
behavior, fatigue response, impact strength, and fracture toughness [3]. Other works analyzing the
properties of bone cements may be found in [4–7].

Low compatibility with body tissues and high heat generation during polymerization are the
main issues of bone cement materials [8]. Ayatollahi et al. [9] investigated the fracture behavior of
bone cement. They found that by adding nano-hydroxyapatite particles, the heat problem during
the polymerization reaction could be reduced and the mechanical properties of the material could
be increased [9]. Furthermore, Khandaker et al. [10] studied the fracture resistance, elastic modulus,
and Poisson’s ratio of PMMA containing micro and nano MgO particles. They revealed that by adding
nanoparticles to PMMA, the resulting mechanical properties could be improved considerably [10].
Kim et al. [11] and Gandomkarzadeh et al. [12] studied the fracture properties of bone cement materials
by adding vancomycin. They measured the four-point bending strength, compressive strength,
and fracture toughness of these materials [11,12]. Likewise, Tavakoli et al. [13] investigated the effect
of adding the CS/Go optimized nanocomposite with different weight percentages to bone cement on
mechanical properties of this material. They found that the addition of this nanocomposite (25 wt.%)
could improve the mechanical, physical, and biological properties [13].

Concerning some of the latest advances in stress-based fracture criteria, Ayatollahi et al. [14]
have recently investigated the fracture properties of three different dental biomaterials under mixed
mode loading. They concluded that the use of T-stress in the generalized maximum tangential
strain (GMTSN) criterion could improve the agreement between the theoretical predictions and the
experimental results [14]. Previously, Taylor et al. [15] successfully predicted the fracture load of
bone cement in presence of U-shaped notches under mode I loading by using the theory of critical
distances (TCD). Not directly on biopolymers, but obtaining relevant engineering findings, Ayatollahi
and Torabi [16] estimated the fracture initiation angles (FIAs) of polymeric materials weakened by
V-shaped notches under mixed mode loading conditions by applying the maximum tangential stress
(MTS) criterion. Furthermore, Ren et al. [17] validated the application of the MTS criterion to the
analysis of fracture specimens under mixed mode loading. Bahrami et al. [18] combined Digital Image
Correlation (DIC) with the MTS criterion to predict fracture loads in notched specimens. More recently,
Hatami et al. [19] made use of two stress-based criteria to study the fracture resistance of notched
components subjected to tension and out-of-plane deformation. Again, Bahrami et al. [20] evaluated
the effect of layer orientation on the fracture properties of 3D printed polycarbonate specimens
using the generalized MTS (GMTS) criterion. Kuruppu and Chong [21] investigated the fracture
toughness of brittle materials in the presence of straight and chevron notches by using GMTS criterion.
Torabi et al. [22] estimated the fracture toughness of notched graphite samples in mode I loading by
using the mean stress (MS) and point stress (PS) criteria. Similarly, the brittle fracture under mode I
loading of notched samples made of PMMA and polycrystalline graphite was analyzed using the MS
criterion [23,24].

Moreover, with the aim of extending linear-elastic approaches to nonlinear situations, Torabi [25]
was the first author who proposed the Equivalent Material Concept (EMC) for equating a real ductile
material having elastic–plastic behavior with a virtual brittle material having perfectly linear-elastic
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behavior. By means of EMC in combination with PS and MS criteria, Torabi et al. [26,27] could estimate
accurately the load-carrying capacity (LCC) of ductile U-notched Al 6061-T6 and Al 7075-T6 thin
plates. Several works focused on the suitability of the EMC for analyzing fracture processes in ductile
materials containing notches or cracks have recently been published (e.g., [28–30]).

In this work, the fracture loads of U-notched Brazilian disk (UNBD) specimens made of two
different polymeric biomaterials (with linear and nonlinear behaviors) are numerically estimated under
the opening mode loading using MTS and MS criteria. For the biomaterial with linear elastic behavior
(bone cement), the two criteria are employed in their original forms (i.e., directly). For the biomaterial
with nonlinear behavior (dental material), both the MTS and MS criteria are coupled with the EMC for
the estimation of critical loads. In the two situations, very good consistency is obtained between the
experimental results and the numerical predictions.

2. Materials and Methods

2.1. Materials, Testing Specimens, and Experimental Results

In total, 3 groups of experiments were performed in the present investigation. The first group
dealt with the standard tensile tests, aiming to obtain the stress-strain curves of the two biomaterials
being analyzed. The second group, however, corresponded to fracture tests on cracked specimens,
aiming to measure the corresponding fracture toughness. The last group corresponded to fracture
tests on notched specimens, aiming to experimentally investigate the weakening effects of stress
concentrations on the fracture behavior of the two materials, particularly their load carrying capacity.

The two materials used in this research are referred to as BC (bone cement) and DM (dental material).
BC required 40 g of sterile powder (composed of Polymethyl-methacrylate 83.9%, Benzoyl peroxide
2.8%, Barium sulfate 9.6%, Gentamicin sulfate 3.8%) per 16.4 gr of sterile liquid (composed of
Methyl-methacrylate 85.3%, Butyl-methacrylate 13.2%, N,N-dimethyl-p-toluidine (max 1.5%) and
Hydroquinone (20 ppm)), the supplier being Groupe Lépine (France). DM was generated by combining
500 g of Polymethyl-methacrylate powder per 250 mL of liquid Methyl-methacrylate (supplier:
Acropars Pharmaceutical Industry, Tehran, Iran).

In order to generate the two biomaterials, there are two common methods. In the first method,
the powder and the liquid are manually mixed for 60 s at 23 ◦C. In the second method, known as the
vacuum mixing method, powder and liquid are poured in molds and mixed in a vacuum chamber
pressurized at 0.7 bar [31]. In the current study, the second method was used due to its ability to
minimize the porosity of the material. It consists of three stages: during the first 15 s, the material was
pressurized without any mixing; in the next 30 s, mixing and pressurizing were applied simultaneously;
finally, during the last 15 s, the material was left out under constant pressure without mixing. To avoid
bubble generation, the mixing process was performed in the vacuum chamber. After the mixing process,
the samples were subjected to room temperature for 20 min for the curing process to be completed.
Finally, the specimens were removed from the molds. These molds had been previously made of Poly
Lactic Acid by 3D printing, with the required geometries to obtain Brazilian disk (BD), rectangular
(DM), and semicircular bend (SCB) specimens (BC material). In the final stage of specimen generation,
computer numerical control (CNC) machining was used to introduce U-notches with 1, 2, and 4 mm
radii to BD samples. Sharp cracks were also introduced to the rectangular and the SCB specimens
using a razor blade, with the aim of measuring the fracture toughness of the two biomaterials.

The geometry of the resulting specimens is shown in Figure 1. The thickness of the UNBD
specimens, the cracked rectangular samples, and the cracked SCB specimens was equal to 6 mm,
3 mm, and 6 mm, respectively. The tip-to-tip length of the central slot of the UNBD specimens was
25 mm, and the crack lengths of the rectangular and SCB samples were 8 mm and 10 mm, respectively.
Additionally, and according to ASTM-D638-IV [32], 3 specimens (per material) were manufactured
with the geometry described in Figure 1d, with the purpose of conducting standard tensile tests,
which were performed with a displacement rate of 0.5 mm/min.
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Figure 1. Geometries of the different specimens. (a) U-notched Brazilian disk (UNBD) specimen; (b) 

cracked rectangular specimen (dental material, DM); (c) semicircular bend (SCB) specimen (bone 

cement (BC) material); (d) standard tensile test specimen. 

During the tensile tests, digital image correlation (DIC) was used to measure the displacements, 

and a 10 kN load cell was used to measure the loads. A summary of the tensile test results is given in 

Table 1, while Figure 2 shows two examples of the obtained load-displacement curves. These reveal 

linear-elastic behavior in the BC material and evident nonlinear behavior in the DM. 

Table 1. Mechanical properties (tensile and fracture) of BC material and DM. 

Material Property BC DM 

Elastic modulus, E (GPa) 3.02 2.80 

Poisson’s ratio, υ 0.3 0.3 

Ultimate tensile strength, σu (MPa) 36.6 48.7 

Yield strength, σy (MPa) N/A 34.7 

Fracture toughness, KIC (MPa.m0.5) 1.2 1.32 

Figure 1. Geometries of the different specimens. (a) U-notched Brazilian disk (UNBD) specimen;
(b) cracked rectangular specimen (dental material, DM); (c) semicircular bend (SCB) specimen (bone
cement (BC) material); (d) standard tensile test specimen.

During the tensile tests, digital image correlation (DIC) was used to measure the displacements,
and a 10 kN load cell was used to measure the loads. A summary of the tensile test results is given in
Table 1, while Figure 2 shows two examples of the obtained load-displacement curves. These reveal
linear-elastic behavior in the BC material and evident nonlinear behavior in the DM.

Table 1. Mechanical properties (tensile and fracture) of BC material and DM.

Material Property BC DM

Elastic modulus, E (GPa) 3.02 2.80
Poisson’s ratio, υ 0.3 0.3

Ultimate tensile strength, σu (MPa) 36.6 48.7
Yield strength, σy (MPa) N/A 34.7

Fracture toughness, KIC (MPa.m0.5) 1.2 1.32Appl. Sci. 2020, 10, x FOR PEER REVIEW 5 of 16 
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Three point bending (3PB) fracture tests were also performed on the SCB (BC) and cracked
rectangular (DM) specimens in order to determine the fracture toughness. This conversion can be
made by calculating the value of the mode I stress intensity factor (SIF) associated with the critical
load using the finite element (FE) analysis, which is actually equal to the fracture toughness of the
material. The fracture loads of the BC material (UNBD and cracked SCB specimens) and the DM
(UNBD and cracked rectangular specimens) are gathered in Table 2. In these tables, C indicates the
compression tests on the UNBD specimens. Meanwhile, SCB and R denote the bending tests performed
on the cracked specimens. Further, the numbers 1, 2, and 4 correspond to the radius of the notch tip,
and numbers 8 and 10 indicate the length of the pre-existing cracks. Finally, Pi (i = 1, 2, 3) and Pm

denote the fracture loads of the different tests performed and the resulting mean values. Beyond the
fracture analyses performed below on the notched specimens, Table 1 gathers the resulting values of
fracture toughness (KIC) derived from the bending tests (SCB-10 and R-8).

Table 2. Mechanical properties (tensile and fracture) of BC material and DM.

Material Specimen P1 (N) P2 (N) P3 (N) Pm (N)

BC

C-1 1850 1880 - 1865
C-2 1740 1760 - 1750
C-4 1710 1730 - 1720

SCB-10 336 330 - 333

DM

C-1 2690 2723 2645 2686
C-2 3280 3220 3226 3242
C-4 3265 3243 3257 3255
R-8 144 150 141 145

As an example, the load-displacement curves of 2 tests performed on UNBD specimens are shown
in Figure 3.

It can be seen that, regardless of the brittle or ductile behavior observed in the tensile tests,
the fracture curves in both materials are basically linear up to the final fracture. In other words,
no significant nonlinear portion is observed in the curves of the cracked and UNBD specimens made
of DM, in contrast to the tensile curve of this material (see Figure 2b). This is caused by the fact
that the plastic deformations in the notch/crack tip vicinity are localized, while the displacement
shown in the curve corresponds to the cross-head of the test machine, which is not very sensitive
to moderate amounts of plasticity located at the defect tip. Accordingly, the displacement of the
cross-head cannot capture properly the localized plastic deformations of the notch/crack tip. However,
in the tensile specimens without stress concentration, the displacement of the cross-head is almost the
same as that of the gage length and hence, it is directly affected by the bulk plastic deformations in
the whole cross-section. Consequently, it should be noticed that a linear load-displacement curve in
a cracked/notched specimen does not necessarily mean that the material of the specimen is developing
perfectly linear elastic behavior, unless the measured displacement corresponds to a point affected by
the crack/notch tip ductile behavior (if any).
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2.2. Stress-Based Fracture Criteria and the Equivalent Material Concept

The maximum tangential stress (MTS) and the mean stress (MS) criteria are described in this
section, as two well-known linear-elastic fracture criteria that are used here to estimate the critical loads
of the tested UNBD specimens. For the BC material specimens, the 2 criteria were applied in their
original forms due to the linear-elastic behavior of the specimens. However, for the DM specimens,
these criteria were coupled with the Equivalent Material Concept (EMC) [25] because of their nonlinear
behavior developed around the corresponding notch tip.

2.2.1. Maximum Tangential Stress (MTS) Criterion

In 1963, Erdogan and Sih [33] proposed the MTS criterion for estimating brittle failure loads
in structures containing sharp cracks under mixed mode I/II loading. In 2009 and 2010, Ayatollahi
and Torabi [16,34] extended the MTS criterion to U-notched and round-tip V-notched structures,
respectively. A schematic of the failure concept of MTS criterion for U-notches is shown in Figure 4.
Based on MTS criterion, fracture in a brittle material takes place when the tangential stress (σθθ)
at a particular critical distance in front of the notch tip (rc) reaches the material critical stress (σc).
The MTS criterion also assumes that the overall geometry of the notched component and the loading
conditions do not affect the critical stress and the critical distance, and hence, rc and σc are assumed to
be the material properties. According to the literature (e.g., [35–37]), the critical stress for brittle and
quasi-brittle materials may be assumed to be equal to the material ultimate tensile strength.

Moreover, the critical distance (rc) can be calculated from Equation (1) [34]:

rc = (1/2π) × (KIC/σc)2, (1)

where KIC is the material fracture toughness.
With the aim of estimating the fracture load of biomaterial cracked specimens considering the size

effects, Akbardoost et al. [38] proposed the modified MTS (MMTS) criterion. A size-dependent critical
distance was proposed in that study to be used in the MTS criterion.Appl. Sci. 2020, 10, x FOR PEER REVIEW 7 of 16 
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2.2.2. Mean Stress (MS) Criterion

The mean stress (MS) criterion states that (brittle) fracture occurs when the average value of the
tangential stress over a specific critical distance from the notch tip (dc) reaches the critical stress of
the material (σc). The specific critical distance dc is also assumed to be a material property. It can be
derived from Equation (2) [39]:

dc = 4 × rc = (2/π) × (KIC/σc)2, (2)
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A schematic of the MS criterion would be analogous to that shown in Figure 4 for the MTS
criterion, but substituting rc by dc, and averaging the stress over dc, instead of determining the stress
at rc.

2.2.3. The Equivalent Material Concept

The Equivalent Material Concept (EMC) [25] enables a ductile material with K-based valid fracture
toughness to be treated as a virtual brittle material with a different tensile strength (σf*) and the same
fracture toughness and elastic modulus. According to the EMC, obtaining the tensile strength of the
equivalent material requires some assumptions regarding the necking in the real ductile material and
the onset of sudden fracture in the virtual brittle material.

The strain energy density (SED) required for initiation of necking in the real ductile material
shown in Figure 5a is assumed to be equal to the SED required for sudden fracture in the virtual brittle
material illustrated (Figure 5b). These SED values can be derived from the shaded areas in Figure 5a,b.
The analysis of the elastic–plastic fracture of a notched ductile material can be replaced by the analysis
of the brittle fracture of the corresponding virtual notched material. With all this, the EMC makes it
possible to predict the fracture load in notched ductile components by using brittle fracture criteria.

The grey area in Figure 5b indicating the SED absorption of the equivalent brittle material until
fracture (SEDf) can be written as:

SEDb = (1/2) × σf
*
× εf

* = σf
*2/2E, (3)

By taking into consideration the main assumption of EMC in the equivalence of the SED values of
the brittle and ductile materials (SEDb = SEDd), the tensile strength of the equivalent material (σf*) can
be computed as follows:

SEDd = σf
*2/2E⇒ σf

* = (2E × SEDd)0.5, (4)

where E is the elastic modulus (identical for the real and the virtual material) and SEDd is the SED
value of the ductile material until necking (shaded area in Figure 5a). Once the tensile strength (σf

*),
elastic modulus (E), and fracture toughness (KIC) of the equivalent material are known, they can be
used in both the MTS and MS criteria to estimate the load-carrying capacity (LCC) of the nonlinear
material (as is the case below for the DM UNBD specimens).
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2.3. Finite Element Analyses

At this point, fracture mechanics analysis of cracked specimens is needed to convert the
experimentally achieved fracture loads into the associated values of fracture toughness of the two
biopolymers. This is usually done by means of finite element (FE) simulations and performing
linear–elastic analysis. Moreover, as it is evident from Sections 2.2.1 and 2.2.2, the application of both
the MTS and the MS fracture criteria to predict the LCC of UNBD samples, requires the linear–elastic
stress distribution around the U-notches to be determined. Hence, in this subsection, the FE simulation
and analysis of the cracked and notched specimens utilized in the experimental program is performed.

The UNBD, cracked rectangular, and cracked SCB specimens were analyzed by finite element
method using eight-node plane-stress quadratic elements. Regarding the boundary conditions,
it should be explained that for the cracked rectangular and cracked SCB specimens tested under
three-point bending, the displacements of the specimens at the bottom supports were set equal to
zero in vertical direction, and the load was applied to the specimen at the top of the specimen as
a concentrated compressive nodal force. For the UNBD specimens, however, the lowest node sticking
to the bottom horizontal plate was fully fixed, and the concentrated compressive nodal force was
applied at the opposite node located at the top of the specimen. Here, it should be noticed that, because
of significant stress gradient at the crack and the notch tips, refined meshes were required to achieve
accurate numerical results. In order to find the largest mesh size below which the numerical results are
independent of the mesh size, a mesh sensitivity analysis was performed: the model was continuously
refined until reaching a mesh size below which the numerical results are not affected by the mesh
size. In this case, the final mesh size was fixed at 0.02 mm. A sample mesh pattern for the cracked
rectangular and SCB specimens is shown in Figure 6.
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Figure 6. Examples of mesh patterns. (a) cracked rectangular specimens (DM); (b) cracked SCB
specimens (BC material).

To obtain the fracture toughness of the two biomaterials, both the cracked rectangular and SCB
specimens (two well-known accepted fracture toughness specimens) were simulated in the FE software
under three-point bend loading. The experimentally achieved critical loads (average values) of the
cracked specimens reported in Table 2 (145 N and 333 N for the rectangular and the SCB samples,
respectively) were applied to the corresponding FE models. Then, the value of the mode I stress
intensity factor (SIF) KI for each specimen was directly computed from the FE models. These values
correspond to the fracture toughness of the two materials being analyzed, with 1.2 MPa.m0.5 for the BC
material and 1.32 MPa.m0.5 for the DM. As shown in Figure 2, the BC material has a brittle behavior
with negligible capacity for developing plastic deformations. Therefore, the value of 1.2 MPa.m0.5

is considered here as the final value of its fracture toughness for this material. The DM, however,
due to its capacity to develop elastic–plastic behavior (see Figure 2), experiences non-negligible plastic
deformations at the crack tip neighborhood. Thus, the virtual crack extension method (VCEM) was
used to modify the value of the initial fracture toughness by considering the impact of the plastic area
around the crack tip. With this aim, the length of the initial crack was virtually extended. According to
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this method, the radius of the plastic area around the crack tip at the crack growth onset, rp, should first
be calculated and secondly added to the initial length a0 to obtain the virtual crack length. The modified
crack length (am) can be calculated as follows:

am = a0 + rp, (5)

Therefore, the cracked rectangular specimen was simulated with the modified crack length and
the new value of KI was computed by using the average fracture load of the cracked rectangular
specimens (i.e., 145 N). As previously mentioned, this value is equal to the modified fracture toughness
of the DM. The value of rp was estimated by using the Irwin’s theory [40] presented in Equation (6):

rp = (1/π) × (KIC/σy)2, (6)

The fracture toughness KIC and the yield strength σy are equal to 1.32 MPa.m0.5 and 34.7 MPa,
respectively, resulting in an rp value of 0.46 mm. Finally, the simulation of a rectangular sample with
an 8.46 mm initial crack length (the resulting value of am), provides a modified fracture toughness
(KIC*) for the DM equal to = 1.41 MPa.m0.5.

Considering the values of KIC (1.2 MPa.m0.5) and σu (36.6 MPa) of the BC material, and using
Equations (1) and (2), the values of rc and dc are 0.17 mm and 0.68 mm, respectively. Likewise,
considering the values of KIC (1.32 MPa.m0.5) and σu (48.7 MPa) for the DM, the values of the critical
distances rc and dc are 0.12 mm and 0.48 mm, respectively. With all this, an arbitrary external load of
100 N was applied to the FE models of UNBD specimens, and the linear elastic tangential stress (σθθ)
at the critical distance in front of the notch tip (i.e., rc = 0.17 mm for BC material and rc = 0.12 mm
for the DM), was computed. After that, by using the failure concept of the MTS fracture criterion,
the fracture loads of the UNBD specimens were theoretically estimated. At fracture, the tangential
stress at the critical distance for the BC and DM specimens should reach 36.6 MPa and 48.7 MPa,
respectively. Therefore, it is possible to simply estimate the fracture loads (Pf) of the UNBD specimens
using Equations (7) and (8):

Pf = (36.6/σθθ) × 100 N for BC material, (7)

Pf = (48.7/σθθ) × 100 N for DM, (8)

The fracture loads can also be predicted according to the MS criterion. The difference is that the
mean value of tangential stress over the critical distance dc ((σθθmean) must be used, leading to:

Pf = (36.6/σθθ
mean) × 100 N for BC material, (9)

Pf = (48.7/σθθ
mean) × 100 N for DM, (10)

Equations (8) and (10) present the fracture load predictions of the DM UNBD specimens assuming
that the behavior of this material is linear elastic. However, due to the elastic–plastic behavior of
the DM, such Equations should be modified using the EMC. This means that the critical distances rc

and dc should be recalculated, and also that the critical stress value (σc) should equate to the tensile
strength of the equivalent elastic material (σf*), instead of using the ultimate tensile strength of the
real material (DM). The area under the true stress-strain curve until necking (i.e., the SED value
derived from Figure 2b) was equal to 1.33 MPa. Using Equation (4), the value of σf* was 87.4 MPa.
Thus, using KIC* = 1.41 MPa.m0.5 and σf* = 87.4 MPa in Equations (1) and (2), the rc and dc values
for the EMC-MTS and EMC-MS coupled criteria were 0.04 mm and 0.16 mm, respectively. Finally,
the fracture loads by the EMC-MTS and EMC-MS criteria can be calculated according to Equations
(11) and (12). Equation (11), for the MTS criterion, includes the tangential stress at a critical distance
of 0.04 mm from the notch tip (σθθ) and for an arbitrary load of 100 N. Analogously, Equation (12),
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for the MS criterion and for the same arbitrary load of 100 N, includes the mean value of the tangential
stress over the critical distance of 0.16 mm from the notch tip (σθθmean).

Pf = (87.4/σθθ) × 100 N for DM, (11)

Pf = (87.4/σθθ
mean) × 100 N for DM, (12)

3. Results and Discussion

Figure 7a shows the variations of the load-carrying capacity (LCC) of the BC UNBD specimens
versus the notch tip radius for MTS and MS criteria as well as for the experiments. Analogously,
Figure 7b also represents the results of MTS, MS, EMC-MTS and EMC-MS criteria for the DM UNBD
specimens together with those of the fracture tests. Moreover, Table 3 presents the discrepancies
(%) between the theoretical and experimental results. Negative values mean that the predictions
underestimate the experimental critical loads, whereas positive values imply overestimations of the
load-carrying capacity.

According to Figure 7a and Table 3, when predicting fracture loads in the BC material, the MS
criterion provides more accurate results than those obtained with the MTS criterion. Concerning the
DM, Figure 7b and Table 3 show that both the EMC-MTS and the EMC-MS coupled criteria provide
more accurate predictions than those provided by the MTS and MS criteria. This is because both
coupled criteria consider the nonlinear behavior of the DM. The accuracy of both coupled criteria is
similar, and since it is easier to apply the EMC-MTS criterion and it seems more conservative, this latter
option is recommended here to analyze biomaterials with similar levels of nonlinear behavior.

Figure 8 illustrates the variations of linear elastic tangential stress versus the notch tip radius at
different distances (0 mm to 1 mm) from the notch tip, for an arbitrary load of 100 N. As mentioned
before, for the DM UNBD specimens, the critical distance rc of EMC-MTS criterion is found equal to
0.04 mm. In Figure 8a it is observed that, at a distance of 0.04 mm, the stress significantly decreases
when comparing specimens of notch radii 1 mm and 2 mm, and develops a much smaller decrease
when comparing 2 mm and 4 mm radii. This implies that the fracture load increases considerably
from UNBD specimens with 1 mm notch radius to UNBD specimens with 2 mm notch radius, and has
a subsequent slight increase for UNBD specimens with 4 mm notch radius.
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Table 3. Discrepancies (%) between experimental results and analytical predictions.

Material Specimen MTS MS EMC-MTS EMC-MS

BC
C-1 −17 +1 - -
C-2 −15 0 - -
C-4 −19 −9 - -

DM C-1 −32 −19 0 10
C-2 −43 −35 −9 4
C-4 −45 −40 −7 −4

However, in the BC material, rc is equal to 0.17 mm. Figure 8b shows the stress at similar distances
from the notch tip for different notch radii in UNBD specimens (again, for an arbitrary load of 100 N).
In this particular case of rc values and specimen geometry, it can be observed that the higher the notch
radius the higher the resulting stress, which implies that critical loads decrease with the notch radius.
This result justifies not only the evolution of the critical load estimations, but also the evolution of the
experimental results (which are in agreement).

However, when applying the MTS (or the MS) criterion to the DM, it can be observed that the
predictions generally reveal a decrease in the load-carrying capacity when the notch radius increases,
something which is quite different from the experimental observations (see Figure 7b). This is because
of the effects of the plastic zone that forms around the notch tip during loading. Figure 9 shows
an example of elastic–plastic finite element (FE) analysis, that demonstrates that the size of the plastic
zone at the onset of fracture increases by increasing the notch tip radius, and also that this size is
not negligible if compared to other relevant dimensions (e.g., rc). These plastic zones lead to the
development of larger amounts of energy before fracture, and then to increases in the load-carrying
capacity. As a consequence, the MTS criterion, which does not take into account the influence of the
plastic deformations on fracture, is not an appropriate criterion for fracture load predictions of DM
UNBD specimens. In other words, the plastic zone in the notch tip vicinity plays a vital role in assessing
the fracture behavior of UNBD specimens with elastic–plastic behavior, and purely linear–elastic
criteria, such as the MTS and the MS, do not provide accurate predictions.
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(b) Distances of interest (D) for BC material (rc = 0.17 mm).
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Figure 9. Tangential stress distributions (MPa) around a U-notch together with the effective plastic
zone size (EPZS). (a) Notch tip radius = 1 mm; (b) notch tip radius = 4 mm.

In order to determine the effective plastic zone size (EPZS) at fracture onset for the DM UNBD
specimens, three elastoplastic FE analyses were carried out, in which the true stress-strain curve of
the DM is used as the material property. Figure 9 shows two examples of the contours of tangential
stresses (at fracture onset) in UNBD specimens with notch tip radii of 1 and 4 mm, together with
their corresponding EPZSs, which were calculated as 0.6, 0.9, and 1.6 mm for notch radii of 1, 2, and
4 mm respectively.

To determine the type of ductile failure regime in the UNBD polymeric specimens tested, the
EPZS should be compared with the effective ligament size (ELS), which is that part of the ligament
encountering tensile stresses (i.e., 6 mm). The ELS can be simply obtained from a linear elastic FE
analysis, and for the cases being analyzed is equal to (about) 6 mm from the notch tip. From the values
obtained, it is obvious that for the notch tip radii 1, 2, and 4 mm, the plastic zone occupies 10%, 15%,
and 27% of the ELS. It is then proposed that the fracture regime for the 1 mm notch tip radius is the
small-scale yielding (SSY) regime, while for the notch tip radii 2 and 4 mm, it is the moderate-scale
yielding (MSY) regime. This is directly related with the fact that, although the two linear–elastic criteria
(MTS and MS) provide inaccurate results for the DM predictions, the accuracy becomes lower when
the notch radius (and then, the EPZS) becomes larger.

At the end of this section, it should be underlined that some fracture models other than the
MTS and MS criteria, which are both based on the Theory of Critical Distances (TCD), have been
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recently proposed in literature. One of them is the phase-field fracture model [41]. In this model,
the fracture problem is described by a phase-field method and by using the Bayesian inversion,
the problem can be solved on a rather coarse mesh and the corresponding parameters can be fitted.
The possibility of applying the phase-field fracture model to the notch fracture problems investigated
in the present contribution can be an interesting topic for future investigations. In parallel, one may
want to obtain the numerical FE results from a specific computational code rather than directly from
the ABAQUS software. In this regard, different FE approaches can be employed to prepare the code
(see for instance [42]).

4. Conclusions

Fracture tests were carried out on U-notched Brazilian disk (UNBD) specimens with various notch
tip radii made of two different biomaterials with different fracture behavior: linear elastic (bone cement
material, BC) and elastic–plastic (dental material, DM). While the behavior of the DM in tensile tests
was clearly elastic–plastic, its behavior in UNBD tests did not present any evident nonlinear zone in
the load-displacement curves before the critical point, given that the plastic zone around the notch is
very localized in the notch tip vicinity.

While maximum tangential stress (MTS) and mean stress (MS) criteria were shown to be effective
in the fracture prediction of BC UNBD specimens (particularly the MS criterion), they were not effective
in the fracture analysis of DM UNBD specimens, given that they ignore the DM nonlinear behavior.
For this material (DM), MTS and MS criteria were coupled with the Equivalent Material Concept
(EMC), leading to the EMC-MTS and the EMC-MS coupled criteria, which provided good agreement
with the experimental results.

Concerning the DM, and by means of elastic–plastic finite element (FE) analysis, the plastic zone
around the notch tip at the fracture onset was evaluated for different notch tip radii. It was found that
the failure regime for the notch tip radius of 1 mm is the small-scale yielding (SSY) regime, while that
for the notch tip radii of 2 mm and 4 mm is the moderate-scale yielding (MSY) regime.

The procedure proposed in this paper can be useful for the analysis of fracture processes in
notched biopolymers with a wide range of nonlinearity.
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