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NEW BIPARAMETRIC FAMILIES OF APOSTOL-FROBENIUS-EULER
POLYNOMIALS OF LEVEL In

D. Bedoya, M. Ortega, W. Ramirez, A. Urieles. New biparametric families of Apostol-Frobenius-
Euler polynomials of level m, Mat. Stud. 55 (2021), 10-23.

We introduce two biparametric families of Apostol-Frobenius-Euler polynomials of level-m.
We give some algebraic properties, as well as some other identities which connect these poly-
nomial class with the generalized A-Stirling type numbers of the second kind, the generalized
Apostol-Bernoulli polynomials, the generalized Apostol-Genocchi polynomials, the general-
ized Apostol-Euler polynomials and Jacobi polynomials. Finally, we will show the differential
properties of this new family of polynomials.

1. Introduction. Throughout this paper, we use the following standard notions:
N={1,2,...}, Ng = {0,1,2,...}, Z, R and C denotes the set of integers numbers, the set
of real numbers and the set of complex numbers, respectively. Furthermore, (\)g = 1 and
N = AXA+1)(A+2)...(A+k —1), where k € N, A € C. For the complex logarithm, we
consider the principal branch, and w = z“ we denote the single branch of the a multiple-
valued function w = 2% such that 1% = 1. We take also 0° =1 and 0" = 0 if n € N.

The generating functions for the special polynomials are important from different view
points and help in finding connection formulas, recursive relations, difference equations,
and in solving problems in combinatorics and encoding their solutions. In particular, the
Frobenius—Euler polynomials appear in the integral representation of differentiable periodic
functions since they are employed for approximating such functions in terms of polynomials
(see [10,13,16-20, 23]). Also, these polynomials play an important role in the number of
theories and classical analysis. In this paper, we focus our attention on introducing two
new biparametric class of Apostol-Frobenius—Euler polynomials of level-m considering the
works of [9,14]. Then, we can prove that such a new polynomial class preserves some similar
algebraic and differential properties as the generalized Apostol-type polynomials, that as an
immediate consequence, we recover many known algebraic and differential properties of such
polynomials.

For parameters \,u € C and a,b,c € R", with a # b, b > 1 and a > 1; the Apostol
type Frobenius-Euler polynomials H,(x;A;u), n > 0, and the generalized Apostol-type
Frobenius—Euler polynomials Hy) (x;a,b,c; A\ u), n > 0, are defined by means of the follo-
wing generating functions (see [1, p. 2, Definition 2|)

2010 Mathematics Subject Classification: 11B39, 11B68, 11B83, 05A19.

Keywords: generalized Apostol-type polynomials; Apostol-Frobennius-Euler polynomials; Apostol-Bernoulli
polynomials of higher order; Apostol-Genocchi polynomials of higher order; generaized A-Stirling numbers
of second kind.

doi:10.30970/ms.55.1.10-23

(© D. Bedoya, M. Ortega, W. Ramirez, A. Urieles, 2021


https://core.ac.uk/display/389359043?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NEW BIPARAMETRIC FAMILIES OF A-F-E POLYNOMIALS OF LEVEL-m 11

< L—u >e” = ZOHn(x; )\;u)z—y;, |z| < |ln (/\/u)|

Ae? — 1
and

(;;:Z) ZH(Q) x;a,b, c; \; u)—? 2| < ’lngiéu) ’ (1)

Observe thet if = 0 and a = 1 in (1), we get =% = > H,(a,b,c; \;u)Z;, where
H,(a,b, c;u; \) denotes the generalized Apostol-type Frobenius—Euler numbers (Cf [15]) Itis
well-known that H\* (z;u) := HS (231, e, e;1;u), |2| < |In(u)], is the generalized Frobenius-
Euler polynomial of the order «, where u € C\ {1} and « € Z. Observe that HT(LD<£L'; u) =
H,(x;u), denotes the classical Frobenius-Euler polynomials, H,(za)(O; u) = ae (u), denotes
the Frobenius-Euler numbers of the order «, and H,(z;—1) = E,(z) denotes the Euler
polynomials (see [3,6,11,12,24]).

For real parameters = and y the Taylor series representation in z = 0 of the following
functions €™ cos(yz) and e**sin(yz) are given by (see [7])

Fo(zxyy) = " cos(yz) ZCkxyk,, Fy(z2yy) = " sin(yz) ZSkrﬂyk,- (2)

The expressions Ci(z,y) and Sk(z,y) are given by

Ck(w;y)g(—l)j(;) Ry Sk(x;y)[i](—l)j(%il)w“jlij“.

Now, let us give some properties of the generalized Apostol-type Frobenius—Euler polyno-
mials and generalized Apostol-type Frobenius—Euler polynomials of order o with parameters
Ay a,b,c (cf. [6,8]).

Proposition 1. Let (H )(:U u)) and (H(a)(x u;a,b,c; \)) be the sequences of generalized
Apostol-type Frobenius—Fuler polynomials and generalized Frobenius—FEuler polynomials,
respectively. The following statements hold: 1. (Special values) HY (x;u) = 2" for n € Ny.

2. (Summation formulas) H'™ (z;u; a,b, c; \) = Z (Z) H,i“) (z;u;a,b,¢;\)(xlnc)"*,
k=0
H) (x4 y;usa,b, ¢ 0) = Z (Z)H,ia)(x u;a,b,c; )\)H A) L(ysusa, b, e ),

k=0
(x+y)lnc)" = Héa_)k(y; u;a,b,c /\)ng—a) (x;u;a,b,c;N),

HC) (25002, 0, 3 02) = Z (Z)H,i @y usa,b,c; NV H D (23 —usa, b, c; N).
k=0

Consider m € N, a, \,u € C and a,c € R,. The generalized Apostol-type Frobenius—-
Euler polynomials of the variable x, parameters a,b, A\, order @ and level m, are defined
through the following generating function (see [14, p. 397, equation (3.1)])

m—1 @

zlna o0 o
]:[m_l’a](z Tya;c; A\ u) prt = ZHT_L&]@%@,C; /\§U)H- (3)
n=0

ACF — um
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Let, a,b € Ry, A € C and a € Ny. The gerenalized \-Stirling type numbers of the second
kind S(n, a; a, b; A) are defined by means of the following function (see [15, p. 3, equation (1)])

fsalzia,b;\) = ()\b — ZS n,a;a, b; )\ (4)

The Jacobi polynomials of the degree n and order («, 3), with o, § > —1, the n-th Jacobi
polynomial p?) (z) may be defined through Rodrigues’ formula

(-1 a

(c,8) — (1 — )@ —B
P (o) = (1 —2) (1 + ) P

{1 =) (1 +a2)"}, ()

and the values at the end points of the interval [—1, 1] is given by
POy = ("), PR(—1) = (1) ().

n n

The relationship between the n-th monomial 2" and the n-th Jacobi polynomial pled) (x)
may be written as (see [14, p. 395 equation (21)])

S (ZJ_FZ)(—N (1+a+B+2k) A (1 - 2x). (6)
k=0

(I+a+B+k)nm

Let a, b, c € Ry (a # b) and n € Ny. Then the generalized Bernoulli polynomials
By (z:X;a,b,¢) of order € C are defined for z, |z| < | ] z € R, by the following
generating function (see [21, p. 254, equation (20)])

In( a/b

e ¢ - « z"
Fg(z;250,0, 050 0) = <m) ZB x; A a,b, c)m (7)

=0

Let a, b, c € Ry (a # b) and n € Ny. Then the generalized Apostol-Euler polynomials
A (x; A;a,b,c) of order « € C are defined for z, |z| < |ln (/0] ] z € R, by the following
generating function (see [22, p. 254, equation (23)])
£@ Z

x/\abc)n' (8)

n

Mg

(6% 2 “
Fe(zixia,b,c 0 a) = ()\bz—W) 2
Let a,b,c € R, (a#b) and n € Ny. Then the generalized Apostol Genocchi polynomials
Gl (x A;a,b,c) of order @ € C are defined for z, |z| < | | x € R, by the following

generating function (see [22, p. 300, equation (70)])

In a/b

2z « >
Fg(zim5a,b,c0 ) = (m) Z G\ (z; \;a,b, c) . (9)

2. Biparametric families of the m-level Apostol-Frobenius-Euler polynomials
fm=Lol (z;y;a; \;u) and HIE (s s A ). In view of the results in Section 1 and [9,14]
we focus our attention on introduce two new of the Biparametric Families m-level Apostol-

Frobenius-Euler polynomials.
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Definition 1. For m € N, a, \,u € C, ™ # X\ and a € R, the generalized Apostol-type
Frobenius—FEuler polynomials ( m_l’a}(x,y;a; Au)), ( LTS_LO‘} (z,y;a; A\;u)) in the variable
x and y, with parameters a, A, u order o and level m, are defined for z, |z| < |ln (u™/N)|,
through the following generating functions:

r @

—_

— (zlna)* P
fim—l,a](z; Ty a; )\7 U) _ i X —u ? cos yZ Z?—[[m 1 O‘] x , Y a; )\, U)_|7
= n.
L Ae? — ym i
(10)
[ (zlna)" m— i o
J:s[m_l’a}(z;x;y;a; /\)u> _ £ B! —u “sin yz Z’Hm la] g; , U a; )\,u)—'
=i n.
L Ae? — ym i

(11)

If in (10) y = 0, we obtain the generalized Apostol-Frobennius-Euler polynomials of
parameters \,u € C, a € R, order o € C and level m

Hm=Lel (2:0: a3 Ay u) = HI T (2 a5 A ).

According to Definition 1, with, m =1 and y = 0, we have
My (20 15 Xw) = HIY (A w), My (0015 X u) = H{P (230 0).
Theorem 1. Let ( chl’a}(x;y; a;)\;u)) and ( mﬁl’a](x;y; a;)\;u)) be the sequences of
biparametric Apostol-type Frobenius—FEuler polynomials of order o« and level m. Then for
m € N the following statements hold
1. For a, \,u € C and n € Ny a € Ry we have the relationship
Mt @ s as Au) = H N sy as du) A HTT @y a Aa). (12)

n n,c

2. (Addition theorem of the argument) For o, \,u € C and n,k € Ny a € R,

Hyr e gy as hiu) =) <Z> Ho s ys as )y, (13)
k=0
Hm_l’o‘}(x +yiy,a; A u) = Z (k’) Hgn klsa] (z3y;a,b; A u)y”, (14)
k=0
3,
'HEZ‘C_I’O‘} (r; 2+ 1y, a; \u) = (2/{:) 7—[7[:12; ?] (x; 25 a5 A, u)y%
k=0
=,
—i ) (2k+ 1>HTI’§A,S(%$; a; Xy u)y? (15)
k=0
ape
Ll (z;x + 1y, a; A\, u) (2]{:) Hgn;; ?] (x; 2505 A, u)y% —
k=0
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Proof of (12). From (10), we have

% n = (zlna)* " s zlna ’
> U @ iy, a; \u) = = | ez X
= n! h=0 h=0
) e —um Ae? — um
xe" [cos(yz) + isin(yz)] = > HITV (@5 y; a3 ;) +ZZHm bol(zsy; a /\;U)%
n=0 .

Proof of (1). Since cos((x + iy)z) = cos(zz) cosh(yz) — isin(zz) sinh(yz), we successively
obtain

. (zlna) m
ZH[m la(x v iy a u)z_' - Z n U e cos((x +iy)z) =

- h=0
n=
ez — ym

— Bl e"* cos(xz) cosh(yz)—

—1 h! e sin(zz) sinh(yz) =

o0 2n 2n n X 2n+1 .2n+1
2" z z
— E H[m Led (s 2y a; Aju) = E y_ =
n! 2n! n! (2n + 1)!
n=0 n=0 n=0

= n m—1,« 2"
=22 <2k) Moo (2 0 X w)y? = —

n.

n!

S 5 n
. n [m—1,a] S 2
—1 E - (2]{3 + 1> Hn_1_2k75(l’, T;a; )\7 u>y2 +1_‘

]

Theorem 2. For m € N, let ( ,[chl’a}(x;y; a;A;u)) and ( mﬁl’a](x;y;a;k;u)) be the
sequence of biparametric Apostol-type Frobenius—FEuler polynomials, whit parameters \, u €
C and a € Ry, of the order a € Ny and level m. Then the following statements hold

kZ:O (k>Ck(:v M 05 0; 0) a'Z( > ( —k o le )HL"Z b s a5 s u),

(17)

- [m—1,q] A [m—1,a]
Z<k>5k(x Y)H, . (0;a;05u) = a'Z() < —k,a,1,e; m )Hks (x;y; a5 \; u).

k=0

Proof of (17). From (2), (4) and (10) we obtain the following equality

m—1 @

Z zlna o

h=0

A
u™al fs o (z; 1;e; —> Fim=tal(ay:a; M w) [ F.(z;z;y).
um
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Of the above we have
m—1 (zlna)"
(‘Ua h= 01 nl
(_1)a um ZC Z; y

0 A n n
= a!ZS <n,a, 1,e; u_m) ';' Z’H[m Lel(z:y: a,b;)\;u)%.
n=0 '

n=0

Because of the above

ZHmlaloaou Z(J xy
=0

n=

n

:a!ZS(n a,l,e; um) o ZH’” bl (s a5 M u) =,
n=0

z
n!

X (7 Nagm—Lal. oo E

ZZ (k‘) Ck<xuy)Hn—k (070’7 07u>ﬁ -

n=0 k=0
:(—1)’0‘04!2 (Z)S( —k,a,1,¢; )H[m la(x;y;a;)\;u)%.
n=0 k=0
The proof of the second equality from Theorem 2 it is analogously. m

Theorem 3. For m € N, let ( fm=L.a] (z;y;a; \;u))  and {H moh CY](I; y;a,b; \;u)}  be
the sequence of biparametric Apostol-type Frobenius—FEuler polynomials, whit parameters
Au € Canda € Ry, of the order o, § € C and level m. Then the following statements hold

’}—[7[1”78*1’&*5](213; 2y, a; \;u) = 22 (Z) HE?:;,IC’Q} CHHERE U>Hm b (z y;a; A5u). (18)

Proof. The following equality is constructed from (10) and (11)
F etz 205 25 a3 A ) = 2F0 T (2 g as A ) FIH (2 g as A ).

Of the above we have

o0 n

m—1l,x m—1,x m— Z
Z/HL’S L +m(2x 2y; a; \;u) —QZ’H[ ! ] (x; y;a;)\;u oy ZH lﬁ] (x; y;a;)\;u)m =
n=0

- & m— 1a m—1, z
ZZ( >HL @y as N u)H m(x;y;a;A;u)H

=0 k=0
O
Theorem 4. For m € N, let ( [m 1a](m;y; a; /\;u)) and ( m_l’a}(m;y;a;/\;u)) be the
sequence of biparametric Apostol- type Frobenius—FEuler polynomials, wits parameters \,u €
C and a € Ry, of the order aw € C and level m. Then the following statements hold

—1l.a n m—1,a
HL"Z Lol (g a; u) = Z(—l)k <2k> ?—[7[%2,1 }(:17; a; A u)y?t (19)
k=0
5] i 1
Hm_l’o‘] (T;y;a; A\ u) = (—1)’“ <2k N 1)7—[?;;}1(% a; \; u)y%H. (20)
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Proof of (19). The following equality is constructed from (3) and (10).
Fr M ey hu) = FH (s a5 A u) cos(yz).

Of the above we have

o > 2n ,2n
m— 1a] [m—1,a] . nY Z
E H a:y,a)\u E H, (xa)\u)n' nE()( 1) on)l

Because of the above

ZH’” b y;a;A;U)%Zi

The proof of (20) is analogous to (19), using the fact that
Fr bz ey as du) = FHl (20 a, e A u) sin(y2)
from the relationships given in (3) and (11). O

Theorem 5. For m € N the biparametric Apostol-type Frobenius—FEuler polynomials
fm=Laf (z5y, a; \;u), fm=L.a] (ac, y;a; \;u) of level m are related with the generalized Apo-

stol-Bernoulli polynomials B (x; A\;a,c) by means of the following identities

H,[ﬁ;i’“] (739503 \u) = (21)
n (3]
(1) n el o A
= a‘(n) ‘ (_1)k 2k H[ 1 ]<O a;0; u)B( ( .u_m;CL’e)ka.
a/ j=0 k=0
%fﬁ;ﬁa] (259503 A u) = (22)
n 5] .
(=1)° n\( m—La o A
= a|(n) (_]‘)k ] 2k+1 HL—jl ](0) CL%O;U)BJ(-,)1,2k<$;u—m;a,e)y%H,
o/ j=0 k=0

Proof of (21). The following equality is constructed from (3) , (7) and (10)

m—1

(zlna)h» \
fc[mfl’a}(z; Ty a; A\ u) = hE% B u F5 (z; x;l,ee;—; a) cos(yz).
= um
2um
Of the above, we have
Z'H[m Lol (g a3 N u)z—‘ =
= (zIna) ’
m o0 n X 2n .2n
= |
c~ h ;%Bn x; a,e,e)— nzo( 1) G

z

z Z’H[m 10‘] (x; y;a;)\;u)n

n
n!
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m—1 h
(ZlIlCL) m peg e anZQn
— U
— _ 6% ' _ n
(—1) “~ h ZB ( ,a, e e) |ZO( 1) )
—ym n=
5 (ot -
o |
n=0
H[m 1,q] O O 2" = B z" . 1 ny2n22n
Z “ e “F; ( “’“)H;(_> @2n)!

[e.e]
RPN
n=0 j=0 k=0

n m—1,« [} /\ 2"
( )(2k)7{[ ](0 a;e; 0; u)BJ(._)%(x;u—m,a,e,e)y%H.

The proof of (22) is similar to (21), using the fact that

m—1 o

zlna

A
Flm=Lel (o a g a; A ) p Fp(z2;1, e u—m;a) sin(yz).

zum
O

Theorem 6. For m € N the biparametric Apostol-type Frobenius—FEuler polynomials of level
m H[m Lol (x y,a; \;u) and His Lol (x;y; a; \;u) are related with the generalized Apostol-

Genocchi polynomials G\ )(x, A;a,b,c) by means of the following identities

H L gy a M) = (23)
n 3] .
=2 '1n 2 (—1)F <n) (j )HK}LO‘](O;CL; e;O;u)Q](-f)% <x; —%;a,e,e)y%,
o (a) i 1) \2k U
I sy as hu) = (24)
— 9« '1n (‘Uk (”)( J >H[m 1,0 (O a; e: 0: u)g](a)l %(x —im;a,e, e>y2k+1.
a,(a) pr i j) \2k+1 U

Proof of (23). The following equalities is constructed from (3), (9) and (10)

(zlna)
_,m A
Flm=Lel (o asys a; \u) = Z h! “ fS(Z;x;l,e,e;——;Oz> cos(yz),
um

—2u™mz
2020 S ML (a0 ) =
’ n.
n=0

-y [m—l,al....z_"wm)(._i )Z_m_n?/z
Z?-[n (O,a,e,O,u)n'Zgn = a6 e ) Z( 1) on)l

n=0 " n=0 " n=0
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> (n) I (s g s M) =
o , n!
n=0
I %] n [m 1,0 (a). A 22"
nZ:OJ 3 2k 7—[ (O a; e; O U)gj gk( _U_maaveae)y ﬁ

The proof of (23) is similar to (24), using the fact that
. zlna :

A
Fim=Lol (2 vrys a3 Ay u) i F&(zyx;1,e,e; —; a) sin(yz).
= um

m—

—2umz

]

Theorem 7. For m € N the biparametric Apostol-type Frobenius—FEuler polynomials of level
m ?—l[m Lol (z;y,a; A, u) and Hps Lol (x;y; a; A\;u) are related with the generalized Apostol-

Euler polynomials gle (:1:, A a, b, c¢) by means of the following identities

Moo b @y a3 Au) = (25)
o & [%] k(T J [m—1,q] () A 2k
=2 2. ko(—l) <j) (Qk:)H”_j (05 a5 €;0;u)E; 7, <a:; — i e,e)y :
My b (@ ys a3 Au) = (26)
NN \
=27 ‘ (—1)k <j> (Qk L 1) ’Hgﬁ;l’a} (05 a;€;0; U)E;f)l_% (l’; 06 e)y%H.
j=0 k=0

Proof of (25). The following equalities is constructed from (3), (8) and (10)

m—1 @

zlna

A

Fim=bal (o ay:a; A w) hZO .Fg(z;$; l,e, e; ——;Oz> cos(yz),
= um

—2u™m

Z?’L

2‘“27—[["‘ la] (z; y;a,e;)\;u)—' =
n!

oo n X 2n ,2n
_ m=10)(0: v 0 0 1) 2 S~ £ (s — A AN YR
- ZHTL (01 a7 6?07/1'[/) n' Zg (x? um7a’7€7 e) n' Z( 1) (2n)| 9
n=0 n=0 n=0
- m=1,a]( .0 4. )- 2" _
ZHTLC («'vaa%)\au)_—
— " n!

oon%]
AP

n=0 j=0 k=0

n j mfl’a o )\ Zn
(j) (Qk) H N 0; a5 63 0; u)é’;_)zk <x; — e, e) kam‘

The proof of (26) is similar to (25), using the fact that
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m—1
zlna

A
FIm oz asysa A u) = | Fe(za51,e, 65— ) sin(yz).
= um

_Qum

O
Theorem 8. For m € N the generalized Apostol-type Frobenius—FEuler polynomials

[m—1,q]

ne | (z3y;a; A;u) and H[m Lol (x;y;a; A\;u) of level m are related with the Jacobi poly-

(@,

nomials P, )( ) by means of the identities

Hm=1el (x 4+ y;y;a; A\ u) = (27)

n,c

- +a (I4+a+842k)  m-1a o
k:O( Z] IlC ( —k ] <1+a+5+k)j+17{nfj,c (xvya a; 7“’)) k ( y)>

M e+ yiyias Au) = (28)

n,s

:ﬁé( kzylnc(j+a>(051+a+6+2@7&2?“%%mkwﬁﬂfmﬂ—2w.
k=0

J—k)\Jj)(1+a+5+k)jn

Proof. By substituting (6) into the right-hand side of (13) and using appropriate binomial
coefficient identities (see, for instance [2,4,5]), we have

—1l,«a - n m—1,a . n—i
%7[:@0 b }(l"i‘y;?/;%b; Asu) = Z (J)”HEC ! }(:L‘;y; a; \;u)(n — 7)!(Ine)" 7 x

j=0

— n—jta\ _(L+a+B+2k) as, LA .
% GJﬁ(n—j—k)(L+a+ﬁ+k%ijk (1-2)=> > (-1 (j)n_]ﬂx

k=0 §=0 k=0

=1l v (g (0T e\ (At at B+ 2k)
He e du)ing (n —j=k) T+ a+ B+ By
n n—k .
k N\ (nN—=J+a\, m-ta, . . : n—j
(—1) Z (j) (n e k)Hj’c (z;y;a; A u)(n— ) (Ine)" 7 x
k=0 7=0
I+a+p+2k) _wp
X P (1 —2y) (Inc)’
(I+a+B+k)nju1 " ( kzo Zj
jHa\ [(n\ Q+a+B8+2k) | m-1a 5
X H,_. sa, by A, P 1-2
o) O, a0 B2,
Therefore, (27) holds. The proof (28) is similar to (27). O

P(1 - 29) =

3. Partial Derivative biparametric Apostol-Frobenius-Euler polynomials
m_l’a] (x;y;a; \;u) and plm-Lel (x;y; a; A; u). In this section, by applying partial derivative
operator to equations (10) and (11), we give some derivative formulae and finite combinatorial

sums for the two biparametric Apostol-Frobenius-Euler polynomials.

Theorem 9. Let ( m_l’a}(x;y;a;/\;u)) and ( Jns 1’O‘]($;y; a; )\;u)) be the sequence of
biparametric Apostol-type Frobenius—FEuler polynomials, wits parameters \,u € C and a €
R, , of the order o € C and level m. Then for n,m,k € N the following identities hold

a¢{HW1“CuwmAﬂ0}:
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= J m— >\ m o=
= (=" (n> (t)ﬂirl’k](o; a, e; 0;u) B (—;17676)7%1[ 0 @ yias A, (29)
, J um
0

p {HI o sy a5 M u) ) =

= (=1 (n) (;)H[m 4(0; a5 €5 0;u) B (i@?e,e)%?[m];a U@ yras Aw). (30)

Proof. Applying derivate in (10) on x, we have

9ok {H[ ~b (x;y;a;/\;u)}mz
n=0
_ k
g 1(zlna)h m | o \ n
_(_1\k —u (k) [mlak Yo\
=(-1) e~ Ml Zan ( i1 e, €>n,Z"H xy,a,)\,u)n!.
—um n=

Therefore,

Z@xk Ul g0 hw)} = =

n n

kZ%[m 1k](0a60u%23k< ’17(36) .Z%[m La— k]xy;a;)\;u)%:
m= Zn N - /\ m—1,a— 2"
kZ%[ H1(0;a, ¢ 0;) P ( ) (um;1,€,€>%2_]~,if U@y 0; Nu)— =
n=0 j=
A o o
m lk m—1,a—k
kZZZ( >< ) 10y, €5 0;u)B® <u_717676>H1[n_j7c Na:ysa; )\;u)m,

n=0 r=0 j=0

By uniquenes of the series we have the first affirmation of the Theorem 9 is proved. The
proof of (30) is similar. O

Theorem 10. Let ( mﬁl’a](x;y; a; A;u)) and ( mﬁl’a](x;y;a;)\;u)) be the sequences
of biparametric Apostol-type Frobenius—FEuler polynomials wits parameters \,u € C and
a € R, of the order a € C and level m. Then for n,m, k € N the following identities hold

axk {H[m bl ysa; A u)} = (31)
1\ = (7 (7 i1k &) ([ A [m—1,0—k]
= 5 . anr (07 a, e; 07 U)gj (ja ]-7 ¢, 6)7‘[,, Jc (ZL’, Y a; )\7 U),
r=0 j=0 " J u
axk {H[m Ml (s ysas \u) = (32)

1 k n T — A S
= (§> (:) <;>Hi_rl’k](0;a, e;O;U)QJ(k)(—_um;l,e,e)HL 5wy as X ).



NEW BIPARAMETRIC FAMILIES OF A-F-E POLYNOMIALS OF LEVEL-m 21

Proof. Applying derivate in ( 0), on x, we have
8 2"
[m Lal( e npe 4e ) —
— <x7yva’7>\7u)} n| -

mll
ZIlCL n

(k m—1,a— k] o). Z_
P Zg —1,e, e) ZH xy,a,)\,u)n!.

_2um

Therefore,

[m_1704 . .« e . z _
E 8:5"’ {Hmc (z3y;0; M u) } = =
1 > A on
_ [m—1,k] (. .- (k) . m—1,a— k: LY. _
= 5% ;Hn (O,a,e,O,u)—' E g, (—_ m,l,e,e) E 7-[ (; y,a,/\7u)—n! =
1 n
_ - [m—1,k] /(. .0 [m—La—=kl, . = y. _
= o E HY (O,a,e,(),u oy g g ( ) ( —1,e, e)?—ln Cie (m,y,a,/\,u)—n! =

n=0 j=0
A z"
m—1,k m—1,a—k
~ ok ZZZ( )( >7'[[ ](0 a, €;0; “)g )(_—W;Le,@)HL—Jpc }(9559;@;)\%“)5-
n=0 r=0 j=0
By uniquenes of the series, we have the first affirmation of the Theorem 10 is proved. The
proof of (32) is similar. O

The following Theorem 11 is proved similarly to Theorem 10.

Theorem 11. Let (Hy, [m Ll (25 y; a3 A ), ( m_l’a](x;y;a; A;u)) be the sequences of bipa-
rametric Apostol-type Frobenius—Eu]er polynomials wits parameters \,u € C and a € R,
of the order a € C and level m. Then for n,m,k € N, n > k the following identities hold

1 k
n r n—=k r m— A i
X Z Z ( , > (j.)?-dl—rlvk](o; a, €; O;U)gﬁk)(__w; 1,6,@)7—[1[ kljc k}(x;y;a; M),

1

ak [ 1,0] k n
_ m—1l,x . . . . — - '
oxk {Hn,s (I,y,a, )\,U)} (2) k! (k‘) X (34)

n T . \ -
X (n> (T) ’HL_Ll,k](O; a,e; O;U)f,’](’f)(_; 1e, 6>H7[>ki’js By a Ao).
- T i —um 7

r=0 ]:0

Combining (29) and (31) with (33), we have the statement of following Theorem 12.

Theorem 12. Let ( mﬁl’a](x;y; a;)\;u)) be the sequence of biparametric Apostol-type
Frobenius—FEuler polynomials, wits parameters A\,u € C and a € R, , of the order o € C and
level m. Then for n,m,k € N, n > k the following identities hold

ZZ( )( ) ;a0 U)B(k (uim;l’e’ewﬂm;ia sy a; du) =

7"0]0

A
- (=2)F Z < )( ) Mo lk]«) a0 u)g(’“ (—u 1e e)HLmy};a k](x;y;a;A;u),
0

=0 j=
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B ) n m >\ m o=
E ( )( ) 1k](O a, e; 0; u)B(k <—;1,€,€>7‘[1[n Ji k](x;y;a;)\;u) =
T um
=0

r=0 j
g [m 1@ YR [m—La—kl . . .y.
_ (O a, €; O u)S <—71767€>Hr—k—jc (:c,y,a, )‘au)a
T —um ’
=0

n) "
2)
r=0j
n T /\ e

(”)( )'HE%““(O a,6;0;u) G (s e e )M P s s Asw) =

r=0 j=

n T 3 A B -
= k! (Z) (r> (D H (050, ¢;0;w)E (—_um; Le, e)?—[kﬁki’ﬁ‘c sy a; ).

r=0 j=

>
a5

<

Combining (30) and (32) with (34), we obtain the statement of Theorem 13.
Theorem 13. Let ( [m 1a](m;y; a; )\;u)) be the sequence of biparametric Apostol-type

Frobenius—FEuler polynom1a]s, wits parameters A\,u € C and a € R, of the order o € C and
level m. Then for n,m,k € N, n > k the following identities hold

ZZ( )( > i 1k](0 a,¢;0; U)B§k)<u%;1’6’B)H%Q?Q%](x;y;a;)\; u) =

r=0 j=0
= 1 N (7 (7 ,H[mfl,k} 0: -0: g(k) A 1 /H[mfl,afk} s\
= (72)]9 Z r ] n—r ( ya, €5 ;u) ] <7um, ,6,6) T—j,S ([,U’y’ a; ,U),
r=0 j=0
n o r . \ o
Z :) <T>H£L— 1k](0 a, e;0; U)B](k)(ufmﬂ&, 6)7'[7["_]-;’ k](x;y;a;)\; u) =
r=0 j=0 J
_ k! n i " /n\ (T ,H[m lk}(o 0; )g(@(i,l )H[m—l,a—k]( s as \s )
- (_2)k‘ k r ] n—r a, €; U j _um7 ,€,€ r—k—j,s T3Ysa; AsuU),
r=0 j=0
n T - )\ - -
ZZ (Z) <T>7'l£l le}(O a,e;0; u)gk(T,l,e e)?—[,[ J; k](l‘ ysa; \ju) =
r=0 =0 J
= k! (Z (:) C) He M (05 a, e O;U)Sf(i_zm; Le, 6) ’HLmklfs sy a5 0 ).
r=0 j=0
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