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Abstract

The existing data envelopment analysis (DEA) models for measuring the relative efficiencies of a
set of decision making units (DMUSs) using various inputs to produce various outputs are limited
to crisp data. The notion of fuzziness has been introduced to deal with imprecise data. Fuzzy
DEA models are made more powerful for applications. This paper develops the measure of
efficiencies in input oriented of DMUs by envelopment form in fuzzy production possibility set
(FPPS) with constant return to scale.

Keywords: Data Envelopment Analysis; Fuzzy Number; o —cut.
MSC 2000; 41A30, 65L06

1. Introduction

Data Envelopment Analysis (DEA) was suggested with CCR model by Charnes et al. (1978) and
built on the idea of Farrell (1957) which is concerned with the estimation of technical efficiency
and efficient frontiers. Several models introduced
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for evaluating of efficiency such as Charnes et al. (1978) Banker et al. (1984) and Cooper et al.
(1999). Most of practical data in such situations economic evaluating, are imprecise. To deal
quantitatively with imprecision in decision progress, Bellman et al. (1970) introduce the notion of
fuzziness. Some researchers have proposed several fuzzy models to evaluate DMUs with fuzzy
data, without access to FPPS (see Chiang et al. (2000) Lertworasirikul et al. (2003) Wang et al.
(2005) Tanaka et al. (2001), Jahanshahloo et al. (2004) Leon et al. (2003) Kao et al. (2003)).
Unfortunately, some of the existing techniques only provide crisp solution. S. Lertworasirikul et
al. (2003) provided fuzzy efficiency measures in multiple model. In fuzzy efficiency measures
with fuzzy production possibility set (FPPS) in constant return to scale with input oriented such
that satisfy the initial concept by crisp data is proposed. Data envelopment analysis and fuzzy
system are considered in section (2) and (3), respectively. Subsequently, production possibility
set (PPS), to extended by fuzzy data and then the proposed fuzzy efficiency measures in CCR
model, is brought in section(4). A numerical example is presented in section (5). Finally, we saw
concludes the paper in section (6).

2. Data Envelopment Analysis (DEA)

DEA utilizes a technique of mathematical programming for evaluate of n DMUs . Suppose there

are n DMUs: DMUl,DMUZ,...,DMUn. Let the input and output data for DMUJ- be

Xj :(xlj,...,xmj) and Yj :(ylj,...,ysj), respectively.

2.1 Production Possibility Set (PPS)

We will call a pair of input XeR™M and output Y e RS an activity and express them by the
notation (X,Y). The set of feasible activities is called the production possibility set (PPS) and is

denoted by P. We postulate the following properties of P:
1: The observed activities (Xj Yj)e P;j=1,..,n

2: If an activity (X,Y )eP, then the activity (tX,tY)eP forall t>0.
3: If an activity (X,Y)eP,then (X,Y)eP if X>X and Y<Y .
4: If activity (X, Y)eP and (X, Y )eP, then (AX+(1-1)X , AY+(1-1)Y )eP forall, 1<[0,1].

We show the set P as follow:
: l
_ n LV . n T/ - ) “r
P_{(x, y)‘ xzzjzl/ijxj, ygzj:lljyj , Ai>0 ,j—l,...,nj

2.2 The CCR Model

The CCR model proposed by Charnes et al. (1978) is as follow:

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8
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mino
n
Y= 2

7\,1 > 0 jzl,...,n

1)

The constructions of CCR model require the activity (6xq,Yg)€PPS , while the objective seeks
the min & that reduces the input vector x5 radially to &xy while remaining in PPS. In CCR
model, we are looking for an activity in PPS that guarantees at least the output level yO of

DMUj in all components while reducing the input vector xq proportionally (radially) to a value

as small as possible.
3. Fuzzy Systems
Let X be a nonempty set. A fuzzy set A in X is characterized by its membership function

u;\:x —[0,1] and y;\(x) is interpreted as the degree of membership of element X in fuzzy set

A for each xeX. A fuzzy set A is completely determined by the set of tuples
A={(x, uz (X)) [ xeX}.

Definition 1. An a-level set of a fuzzy A of X isa non-fuzzy set denoted by [,Z\]a and is

a laa ,ua
A

defined by [,Z\] =[A where Ala =min{x € X :y'&(x) >a} and

AU“:max{XeX:yA(x)Za}.

Definition 2. A fuzzy number Aisa fuzzy set of the real line with a normal, (fuzzy) convex and
continuous membership function of bounded support.

Definition 3. If [Al% AU9] and [B!? BY9] be a-levels of fuzzy numbers A and B
respectively and 4 € R then:

1- [Ala ,Aua] +[B|a’BUO{] =[A|a+B|a’Aua+Bua]

la ua .
2. /I[Ala ’ Aua] _ [ﬂA ,ﬂ.A I ] if A>0
[2AY% A A'%] if 2<0

3.1 Extension Principle

Let X be a Cartesian product of universes X = X1 X X2 X ... X Xr and
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Aly---’;‘r be I fuzzy setsin X, , X ,...,Xr respectively. f is a mapping

1'"°2
from X toauniverse Y , y=f (Xl""’ Xr) . Then the extension principle

allows us to define fuzzy set B in Y by:

B = (v g (]Y=F (g Xp), (4 X JEX 2K, |
Where

sup min {,uAl(xl),...,yAr (Xr)} f_l(Y)¢¢
tg () = 1 0gexp)ef )

0 otherwise

where f_l is the inverse of f .

4. Fuzzy Efficiency Measure

In this section we are going to obtain fuzzy efficiency measure in FPPS.

4.1 Fuzzy Production Possibility Set (FPPS)

Let the input and output data for DMUj (j=1, ..., n) be )?jz(ilj,...,imj )t and Yj =(%j - Vs ),
respectively, such as % (i=1...m) and ¥ (r=l...s) for j=1,..,n be (m+s)n fuzzy
numbers. We call set of feasible activities with fuzzy data is fuzzy production possibility set

(FPPS) and denote by P .
We define the fuzzy production possibility set (FPPS) as follow:

P={((X.).p5(X. ) | X eRM™ Y eRS} &)

where
X =(xl,...,xm) : (Xi"u)?i (Xi)) e)?i i=1..m 3)
Y= (YY) (yi’“yi (v;)) €¥; i=l.s (4)

Then with extension principle

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8
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~(X,Y) =max
s (X.Y)

st

such as ()Zj ,Vj) (j=1,2,....n)

: Fuzzy Efficiency Measure with Fuzzy Production Possibility Set

Allahviranloo et al.

Notation 2. We define FPPS'B as follow:

min {u e plg X ), A R 7 .
iy >0{/th1j 04 My j( mj uylj (y5) Hy. j(ysj)}
n
Xz ¥ AjX;
1= (5)
Y<§ A:Y
o
ﬂ,jZO,jZl,...,n
(Xj,Yj)esupp(Xj,Yj)
is observed activities.
Notation 1. Let S be set of vectors then X=minS ifandonlyif VX € S;X > X.
) (XN EP] o ©
Hp(XY)2p -

Fpps/f :{(X,Y)

The CCR model by fuzzy data require the activity (5)20,\70) to belong to P, while for any

((Xg.Yg).@)e(Xg.Yg) and

O<a<l that yls(XO,YO)z,B the objective seeks the minimum

6(0<0) that reduces input vector X radially to &Xy while (6')(0 ,YO) € supp 5'8. Hence CCR

model is proposed as follows:
min 6
st ]

(
But

(GXO,YO) e P if and onlyif

If [(6Xo.Yo)I*=[E{.E5] the

XO,Y

) (7)
0) eP
(X o o) I* <IP1?
O<axl
0<p<1

(X Yo)elP1P forany (Xo,Yg)el(Xo.Y)I?

n with (7) and notation 1 6"“ is the efficiency measure with

maximum input and minimum output, hence

Eg=min{(6X o Yo)l0<l01% X gl X% Yoel¥p 1% 3=(6' ¥ X § % ¥ %)

Published by Digital Commons @PVAMU, 2007
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Similarity, oY% is the efficiency measure with minimum input and maximum output, hence
Ep=max{tX o Yo)l0<01% X gel Xg1% YoelpI#3=(0"* X 2 v§i%)

Hence

(0% x4 Y|¥)e[P1P

(U x(® Yio)PY
O<a<l
0<p<1

(X§% ¥ )PP

(x{& YJ0)elPY

(HXO,YO) e P if and only if

Let, for any (X,,Y,) e [(ioyo)]a with AR [61(@B) gl (@.B) gula.p)y

such that x5 (6X,Yp)2/3 for all ocfo! (@) gu(a.f); (a€[0,1] is a membership function of
fuzzy DMU and €[ 0,1] is a membership function of production frontier)

Hence:
Ql(a’ﬂ): min 0
Ua n
st 6XO > § ﬂjxj

j=1

la n

Y0 < § /1ij (8)
j=1

ua n

X0 > § ijj
j=1

A > 0

]
- AL
J_l lllll n (XJYYJ)G[(XJYYJ)]

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8
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0 Y (@B)~  min 0

la n
j=1

Uar n

YO < % /1ij 9)
j=1

la n

XO > % /1ij
]=1

A > 0

J
i=1..n XY )el(X. V1P
j ( J J)6[( i J)]
The lowest and highest relative efficiency of DMU, is found by proposed models as follows:
o' @P)_ min 0

t Hg(a > ; A I)g ; U'B
S. 0 = %1 j jt g ,uJ ]
J =
I\?o < E A u\?B_ E IYﬂ'
< . + J7r
iz R A (10)
uax |5 ug
X0 2 Y A X+ Y i Xj
/‘tj >0 j=L1...,n
,uJZO J=1...n

ol @B min 0

lox n ug n 15
st QXOZ ZZ,JXJ—FZ ,UJXJ

j=1 J=1
Uor n 1B n Uﬂ
Yo < > A Y jt > U J
j=1 . j=1 ) (11)
la n up n |5
X02 X AjXjtY ujX]
j=1 j=1
/’LJ >0 j:].,...,n
ﬂjZO j=11'-'yn

Published by Digital Commons @PVAMU, 2007
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Theorem 1. Model (10) is feasible always if a > .
Theorem 2. Model (11) is feasible always if a > f.

Theorem 3. ' (@.F)_g1(a.f),

Proof: Let, Pﬁ(8) and Pﬁ(lo) are production possibility sets of models (8) and (10),

respectively. We show that production possibility set of model (8) is equal to production
possibility set of model (10).

n B n up )
XZleXJ‘+Z,uJ‘Xj : /1]20,]=1 ..... n
= =1
PP a0y = d(x v)
n us n 1B .
YSleYj+Z,quj : ,ujZO,j:l ..... n
j=1 j=1
n -
XZZ/Iij; /ljZO,J:l ..... n,
=1

PA(8)=d (X Y):

L B
Ys_zl/anj; (X Yjel(Xj.Yj)]
J:

PA (10)cP” (8) because if (X,Y)eP? (10) then

n I n up
X2 3 /11' Xiji+2 Hj Xj
R =
2
n us n 1B
YST Y Y ui Y
2 4 2 H]
J= J=
( n
X>y kJXJ
ﬂjzaj.kj J:n
If /1J+,UJ=kJ then 'uJ:kaJ:* YS%J-I(JY
a;+b;=1 =
1) (Xj,Yj)e[(Xj,Yj)]ﬂ,jzl,...,n

N\

hence (X,Y) e Pﬂ(8).

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8
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Let PP (8)zP?(10) then 3(X,Y):(X,Y)ePP(8) and (X,Y)eP#(10) hence one of the three
case is occurred:

15 n U,B |
n B n Uup
X<J§1’1]XJ+JZ“J j X2y AjXj+ 3 ujX]
YAl or J=1 J=1 or
JJY<;¢YﬁnIﬁ nUﬁnlﬂ
x4 J*Z“J j Y>z,1J N
: = j=1 =1
n 1B n upg
X<_Z/1ij+Z,uJ'Xj
n us n Ip
Y>Z/1ij+Zﬂij
j=1 j=1
[ n |ﬂ n Uﬂ
X<Zi +ZuJ j
j=1 j=1
Let, <
n Uﬂ n 1B
( n
X< kiX;:
= 1)
Ai=aiki j=1
IR ]
If /1j+,uj:kj then 'Llj:bjkj:* Y>.§1ijj
a;+h:=1 .{_~ ﬂ
I (XY el(X V1P j=1,.n

N\

hence (X,Y)g Pﬁ(lo) which regarding to assumption this isn’t correct. Hence proof is
completed.

Theorem 4. eu(a,ﬂ) = H'u(a,ﬁ).

Proof: Similar to proof of Theorem 1.

Lemma 1. If 81(%8) and 9U(%.5) pe optimal solution of models (10) and (11), respectively,

then G'I(a’ﬂ)selu(“’ﬂ). The equality is held when all component of DMU( generate from
fuzzy data to exact data.

Proof: Regarding to theorem 1 and theorem 2 and the models (8) and (9) proof is evident
(6?'“(“"8) is a feasible solution of model (8)).

Published by Digital Commons @PVAMU, 2007
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Lemma 2. If oq<cap then 01 (al’ﬂ)sell(az’ﬂ) and e'u(az,ﬂ)ge'u(al,ﬁ) for all Be(0,1] in

both models (10) and (11).
lg oo U Uap
Proof: If g is constant and oq < a5 then Yy < Yy and Xg > X hence regarding to model
] ] |6¥1 |C¥2
(10) o' (@B) W a2.8) Similarly, if B is constantand oy <@y then Xy < Xq and

Ua’l UO(Z

Yo = Yo hence regarding with model (11) gu(az,ﬁ)ggu(al,ﬁ).

Lemma 3. If B; < f3, then 0" @A) 1@ F2) qng U@ A gU(@F2) g g ae(01]
in both models (10) and (11).

Proof: If « is constant and B < B, then [()?j,\?j)]BZQ[()Zj,Vj)]ﬁl hence regarding to
theorem 1 and model (8) el(a’ﬂl)sel(a”gz). Similarly, if « is constant and B <p, then

[(ij,Vj)]ﬂZQ[(ij,Yj)]ﬂl hence regarding to theorem 2 and model (9)
Ju@B)_pu(apy)

Proposition 1. Model (10) is non-feasible iff (Xga,Ycl)“)eﬁ'B.
Proposition 2. Model (11) is non-feasible iff (X(I)a ,Y(l)m)¢5ﬂ.

Proposition 3. If both models (10) and (11) are feasible ([()?,V)]“gﬁﬂ)
then 01 (@A) <1 and gU(@ B

5. Numerical Example
A simple numerical example with fuzzy single-input and single-output was introduced by C. Kao

and S.T. Liu (2000). We will consider this example with its data listed in table 1. These DMUs
(A,B,C and D) are evaluated by proposed models in (10 ) and (11).

Table 1:
DMU Input a—cut Output a—cut
A (11,12,14) [11+a ,14-2 ] (10,10,10) [10,10]
B (30,30,30) [30,30] (12,13,14,16) [12+ ¢ ,16-2 ¢ ]
C (40,40,40) [40,40] (11,11,11) [11,11]
D (45,47,52,55) [45+2 o ,55-3 ¢ ] (12,15,19,22) [12+3 ¢ ,22-3 ¢ ]

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8 10
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The lower and upper bounds of («, 8 )-cut of 9~A is calculated as follows:

0\%P) = min 0 12)
st (14—2a)92(11+ﬁ)/11+3022+4013+(45+2,B)14+(14—2,B);11 +3049
+40.413+(55-35) 14y
10<104 +(16-28) Ay +1143+(22-38) Ay +10 4y +(12+ ) g +11 145
+(12+38) py
(14-20)2(11+ ) 4 +304, +4043+(45+2 ) A4 +(14-28) 1y +30 4
+40413+(55-3) 144

Aj 20, j=1..4 p 20, j=1..4

gx(a,ﬂ) =min o

st (L1+a)0 = (14-2) 1 +304,+4045+(55-38) A4 +(L1+B) 1
+30u5 +40,u3+(45+2 5) ,u4

1O£1021+(12+ﬁ)22+11/73+(12+3,B)i4+10;ﬁ+(16—2,b’),u2 (13)
+11,u3+(22—3,8),u4

(11+a)=(14-2p) 2 +304,+4045+(55-3 ) A4 +(11+ B) 1y + 3045
+40y3+(45+2,8)y4

/1j20,j:1,...,4, u. >0, j=1 ..,4

The lower and upper bounds of («,f)- cuts of 9~B’§C and §D can be solved similarly. The
results are showed in table 2 and table 3 for «#=0.0,.1,.2,....1 and £=3 and .7. In DEA, we
consider that (Xq , Yg)ePPS and then we want to find the ming where (6xy, yg)ePPS. In

table 2 for « = 0.0,.1,.2. (X L\a ,Y:\a) ¢I5'3 hence the model is infeasible (inf) and also in table

3 for ¢=0.0,.1,.2,...,.6 (Xk“,YKa)eﬁj. Hence the model is infeasible (inf) (see Proposition
1,2).

Published by Digital Commons @PVAMU, 2007



Applications and Applied Mathematics: An International Journal (AAM), Vol. 2 [2007], Iss. 2, Art. 8

AAM: Intern. J., Vol. 2, Issue 2 (December 2007) [Previously Vol. 2 No. 2]

Table 2: («, .3) - cuts of efficiency measures

a | r | r | r Il ,r
[Oa.04] [0 .0R] [HC , QC 1 | [¢p.¢p]
0.0 *[.81,inf] [.45,.60] [.31,.31] [.25,.55]
2 *[.83,inf] [.46,.59] [.31,.31] [.26,.53]
.3 [.84,1.0] [.46,.58] [.31,.31] [.27,.52]
4 [.86,.99] [.47,.57] [.31,.31] [.28,.51]
5 [.87,.98] [.47,.56] [.31,.31] [.29,.49]
.6 [.88,.97] [.47,.56] [.31,.31] [.29,.50]
g [.90,.97] [.48,.55] [.31,.31] [.30,.48]
.8 [.91,.96] [.48,.54] [.31,.31] [.31,.48]
9 [.93,.95] [.49,.53] [.31,.31] [.33,.46]
1.0 [.94,.94] [.49,.53] [.31,.31] [.32,.47]
[=0 -] -l [
(=0 I E-1 k- L
(=T (% = E] -
[ =1 | [ -1 B Lh | Eo

Figure 1: (0, ###),(0g xxx),(0c AAA) and (0p ooo)

https://digitalcommons.pvamu.edu/aam/vol2/iss2/8
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Table 3: (a,.7) - cuts of efficiency measures

Allahviranloo et al.

a I r N I r | r
0.0, | log.05) | 195 .0c] [ 105.0]

00 | *[.84inf] |[47.62] |[32.32] |[.26,57]
1 «[.85,inf] | [47,62] |[32.32] |[26,56]
2 «[.86,inf] |[48,61] |[32.32] |[27,55]
3 «[.87,inf] | [48,60] |[32.32] |[28,54]
4 «[89,inf] | [48,59] |[32.32] |[29.53]
5 «[.90,inf] | [49,58] |[32.32] |[30,52]
6 «[.9L,inf] | [49,58] |[32.32] |[30,51]
7 [9310] |[50,57] |[32.32] |[.31.50]
8 [94,99] |[50.56] |[32.32] |[.32,.49]
9 [96,.98] |[50,.55] |[.32,32] |[.33,.48]
1.0 [97,97] |[51,55] |[32.32] |[.34.47]

i

[ O 0 = =

(=} i e £

ot % [ ] Y

i [+ =4 B "

=X [ Y S =

oL -H I & [ K

o L - = i ] ¥

o3 & = = E

=N 0 & B n] =

oz I:I.'!ll.l (= 3 (= E-] (= aT (=1 (= -

Figure 2: (0, *#+),(0g xxx),(0c AAA) and (Op ooo)
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6. Conclusions

In the real world there are many problems which have fuzzy parameters. In this paper, we
proposed input oriented CCR model, for evaluation of relative efficiency of DMUs in fuzzy
production possibility set by considering initial concepts of DEA. This model can be extended to
the other topics and models of DEA.
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