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Abstract

An SIS age-structured epidemic model for a vertically as well as horizontally
transmitted disease is investigated when the fertility, mortality and cure rates depend on
age and the force of infection of proportionate mixing assumption type. We determine
the steady states and prove the global stability for the endemic equilibriums.
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1. Introduction

Several recent papers and books have dealt with SIS age-structured epidemic models.
In Busenberg, et al. (1988), (1991), (1993a,b) SIS age-structured epidemic models are
studied and global stability results are proved. In lannelli, et al. (1992), some of the
previously mentioned works are extended to obtain explicitly computable thresholds
and to obtain numerical results. In EI-Doma (1999) an SIS age-structured epidemic
model is considered and explicitly computable thresholds, stability results as well as
the time dependent solutions are given. In EI-Doma (2003) the previous stability results
are improved and the uniform weak disease persistence is proved. In Busenberg et al.
(1996) as well as Langlais et al. (1997) SIS age-structured epidemic models with
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dispersal and seasonal periodicities are considered. In lannelli et al. (1999) an SIS age-
structured epidemic model with vital rates which depend on age as well as the population
size is considered. In Zhou el al. (2002) an SIS epidemic model with age and infection
age is considered. In Inaba (2002), (2001), (1998) an SIS of Pease's evolutionary
epidemic model for type A influenza is considered. In Feng et al. (2005) an SIS age-
structured epidemic model in a population with multiple groups is considered. For
general references see Anderson et al. (1999), Diekmann et al. (2000) and lannelli
(1995).

In this paper, we study an SIS age-structured epidemic model. The disease causes so few
fatalities that they can be neglected and is horizontally as well as vertically transmitted.
Horizontal transmission of infection is the transfer of infection through some direct or
indirect contact with infected individuals, for example, malaria, influenza, gonorrhea and
tuberculosis are horizontally transmitted. A particular form of horizontal transmission
known as proportionate mixing is assumed in this paper. Vertical transmission of
infection is the passing of infection to offspring of infected parentage, for example,
AIDS, chagas and hepatitis B are vertically (as well as horizontally) transmitted diseases.
This form of transmission plays an important role in maintaining some diseases, for
example, see Busenberg et al. (1993b). We note that some infectious diseases such as
malaria, influenza, gonorrhea and tuberculosis are of SIS type.

We determine the steady states of the model, under the assumption that the total
population has already reached its steady state distribution, and prove global stability

results and show that if qj'ﬂ(a)ﬂz(a)da;tl, see sections 2, 4 for definitions, then the
0

endemic equilibrium is globally stable. We also show that if qj'ﬂ(a)ﬂz(a)dazl, then
0

either a unique endemic equilibrium exists, and we prove that this endemic equilibrium
is globally stable, or the model gives rise to a continuum of endemic equilibriums, in the
case of non-fertile infectibles, i.e., if individuals are susceptible only after the end of their
reproductive period.

We note that the local stability of the endemic equilibrium as well as the global stability
of the disease-free equilibrium are reported in EI-Doma (2003), (1999).

The global stability results that we obtain are under very general conditions, and, in fact,
we do not require any condition other than the existence of a unique endemic
equilibrium. Our results generalize those given in Busenberg, et al. (1988) and also
partially improve those given in lannelli, et al. (1992).

The organization of this paper is as follows: in section 2 we describe the model and
obtain the model equations; in section 3 we present preliminary analysis of the model; in
section 4 we determine the steady states; in section 5 we prove global stability results; in
section 6 we conclude our results.
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2. The Model

We consider an age-structured population of variable size exposed to a communicable
disease. The disease is vertically as well as horizontally transmitted and causes so few
fatalities that they can be neglected. We assume the following.

1. s(a,t) and i(a,t) respectively, denote the age-density for susceptible and infective of
age aat time t. Then

)

Is(a,t)da = total number of susceptible at time t of ages between a, and a,,
3

a

j i(a,t)dt = total number of infective at time t of ages between a, and a,.

8

We assume that the total population consists entirely of susceptible and infective.

2. Let k(a,a’)denote the probability per unit of time that a susceptible individual of age a
is infected by an infective of age a'. We further assume that, k(a,a’) =k (a).k,(a") which

is known as the "proportionate mixing assumption”, see Dietz, et al. (1985). Therefore,
the horizontal transmission of the disease occurs at the following rate:

k,(a)s(a, t)T k,(a"i(a’,t)da’,

where k;(a) and k,(a) are bounded, nonnegative, continuous functions of a. The term
kl(a)]o k,(a")i(a',t)da’,
0
is called "force of infection™ and we let
Alt) = T k,(a)i(a,t)da
0

3. The fertility rate g(a) is a nonnegative, continuous function, with compact support
[0, A],(A>0). The number of births of susceptible per unit of time is given by

s(0,1) :jﬂ(a)[s(a,t)+(1—q)i(a,t)]da, q[0,1], where q is the probability of vertically
0
transmitting the disease. Accordingly all newborns from susceptible parents are

susceptible but a portion q of newborns from infected parents are infective, i.e., they
acquire the disease via birth (vertical transmission) and therefore,

i1(0,t) = qTﬁ(a)i(a,t) da.

Published by Digital Commons @PVAMU, 2007
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4. The death rate, u(a), is the same for susceptible and infective and u(a) is a non-negative,
continuous  function and Ja,e [O,oo) such that u(a)>u>0,va>a, and
u(a,) >u(a),Va,>a >a,.

5. The cure rate y(a) is a bounded, nonnegative, continuous function of a. And the cure
does not give immunity.

6. The initial age distributions s(a,0) =s,(a)andi(a,0) =i,(a) are continuous nonnegative
and integrable functions of a e [0,oo) .

These assumptions lead to the following system of nonlinear integro-partial differential
equations with non-local boundary conditions, which describes the dynamics of the
transmission of the disease.

os(a,t) N as(a:,t) +u(a)s(a,t) =k (a)s(a, t)A(t) + y(a)i(a,t), a>0,t >0,

oa 0
aig;'t) ' ai(;’t) Fu@)i(a,t) =k, (2)s(a, D A1) - 7(a)i(a,t), a>0,t >0,

s(0,t) = Tﬂ(a) [s(a,t)+(1-q)i(at)]dt, t>0,
0 (2.2)

i(0,t) = qTﬂ(a)i(a,t) da, t >0,

A() :Tkz (a)i(a,t)da, t>0,

s(a,0)=S,(a),i(a,0)=i,(a), a=0.

We note that problem (2.1) is an SIS age-structured epidemic model that has been studied in
El-Doma (2003), (1999), where the steady states are determined and the local asymptotic
stability of the endemic equilibrium and the disease-free equilibrium as well as the global
stability of the disease-free equilibrium and the time dependent solutions are reported. The
same model but with different force of infection term is studied in Busenberg, et al. (1988),
(1993), lannelli, et al. (1992), and the same model, but with g = 0, the case of no vertical
transmission, is studied in Busenberg, et al. (1991).

In what follows, we determine the steady states of the model and prove the global stability of

the endemic equilibrium when qfﬂ(a)rrz(a)da;tl. We also show that if
0

qjﬁ(a)ﬂ2 (a)da =1, then either a unique endemic equilibrium exists, and we prove that this
0

endemic equilibrium is globally stable, or problem (2.1) gives rise to a continuum of endemic
equilibriums in the case of non-fertile infectibles.

3. Reduction of the Model

https://digitalcommons.pvamu.edu/aam/vol2/iss1/4
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In this section, we develop some preliminary formal analysis of problem (2.1). We define
p(a,t) by p(a,t)=s(a,t)+i(a,t) . Then from (2.1), by adding the equations, we find that
p(a,t) satisfies the following McKendrick- VVon Forester equation:

op(at)  p@b)
oa ot

p(0,t) =B(t) = T,B(a) p(a,t)da, t>0, (3.1)

+u(a)p(a,t)=0, a>0,t>0,

p(a,0) = p,(a) =s,(a) +iy(a), a=0.

Note that problem (3.1) has a unique solution that exists for all time, see Bellman, et al.
(1963), Feller (1941) and Hoppensteadt (1975). The unique solution is given by

p,(a-t)z(a)/ z(a—t), a>t
pat)=4 " (3.2)
B(t—a) z(a), a<t
where z(a) is given by
—j‘u(r)dr
z(a)=e°
and B(t) has the following asymptotic behavior as t — o
B(t) =[c+6(t)]e™ (3.3)

where p” is the unique real number which satisfies the following characteristic equation:

T Ba)r(a)e? da=1 (3.4)

@(t) is a function such that 4(t) -0 as t —» o and c is a constant.
We note that the well posedness of problem (2.1) can be established via the same method as
in EI- Doma (2005).

4. The Steady States

In this section, we look at the steady state solution of problem (2.1), under the assumption
that the total population has already reached its steady state distribution p_(a)=cxz(a), i.e.,

we assume that the characteristic equation (3.4) is satisfied with p” =0, see, for example,
Busenberg, et al. (1988).

Published by Digital Commons @PVAMU, 2007
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A steady state s”(a),i (a) and 2~ must satisfy the following equations:

%jt u(@)s’(a) =—k,(a)s (@4 +y(a)i'(a), a>0 @.1)
s (0)=c—i(0),
@4— [u@@)+7r(a)]i'(a) =k (a)s (a)A", a>0
. (4.2)
"(0) = af A(2)i"(a)da,
and
2" = [k, (a)i" (a)da (4.3)

Anticipating our future needs, we define threshold parameter R, and is given by

—|r(z)dr

R, = cT j: k. (c)k,(a)z(a)e / doda

caf | ﬂ(aw(a)kl(a)e_ywdrdadaﬁ (@), (a)da} (4.4)
+ 00 0
[1— af p@)r, (a)da}
where 7,(a) is defined by
—j‘ﬂf)dr
7T, (a)=~r(a)e ° (4.5)

Here, we note that the threshold parameter Ro, usually called the basic reproduction number,
and is interpreted as the expected number of secondary cases produced, in a lifetime, by an
infective, in a totally susceptible population.

In the following result, we determine the steady state solution of problem (2.1).

Theorem 4.1:
(1) If R,>1 and qJ'ﬁ(a)ﬂ2 (a)da=1 then A" =0and A" >0 are possible steady states. A
0

steady state with 4" >0 is unique when it exists and satisfies

-[[r @+ (@) ]dr

1= cﬁ'k1 (o)k,(a)z(a)e - doda

https://digitalcommons.pvamu.edu/aam/vol2/iss1/4
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a

[y % (r) |dz © —l*jkl(r)dr

cqj j B@)x(a)e - k,(c)doda j k,(a)r,(a)e °  da
+ - 0 . (4.6)

-;fjkl(f)dr

1—qTﬂ(a)7z2(a)e ° da

In this case s"(a) and i"(a) are given by

s'(a)=cz(a)-i"(a), (4.7)

—Z*akl(r)dr }[W)M k(7) Jdz

i"(a) =i (0)7,(a)e ° +cM(a)jk(a)ea do, (4.8)

where i"(0) satisfies

a

- [y(f)u*kl(r)}dr

g’ j B(@)z(a)k (o)e * doda

O'—.S

(4.9)

i"(0) =

@ —/1*Tk1(z)dz
1- q_[,B(a)fzz(a)e ° da
0
(2) If R, <1, then the disease-free equilibrium, A" =0, is the only steady state, i.e.,

s'(a)=cx(a) and i"(a) =0

a
2" |k (r)dz

3) If qjﬁ(a)nz(a)dazl, and qjﬁ(a)nz(a)e 0 da =1 then 3 a unique endemic
0 0

equilibrium.

o —ﬂ*akl(r)
4) If qjﬂ(a);rz(a)e ° da=1, then problem (2.1) gives rise to a continuum of endemic
0

equilibriums.
Proof:

We note that the proofs of (1)- (2) are given in EI-Doma (1999). To prove (3), we note that
when qjﬂ(a)ﬂz(a)da 1, then _[,B(a);rz(a)da 1, and accordingly, R, is not defined. But if

Published by Digital Commons @PVAMU, 2007
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s —A*akl(r)dr
we assume that qJ'ﬂ(a)yr2 (@e ° da =1, then using equations (4.8)-(4.9), and equation
0

(4.3), we obtain the characteristic equation (4.6). We notice that in such case the right-hand
side of the characteristic equation (4.6) increases to +o as A~ — 0, and decreases to zero as

A~ — 400, accordingly, 3 a unique A" >0, which satisfies the characteristic equation (4.6)
and gives rise to a unique endemic equilibrium.

a
-2k (2)dr

To prove (4), we note that if qjﬂ(a)ﬂz(a)e 0 da=1, then we first use equation (4.8)
0

and equation (4.2) to obtain the following:

a

a
2" |k (r)dr —[{ 7(2)+2 Kk (z) |dr

i"(0)= 1—qTﬁ(a)7z2 (a)e ° da |= cqfﬁﬂ(a)zz(a)e 4 k (c)doda (4.10)

From equation (4.10) it is easy to see that i (0) is undetermined, and therefore, we use
equations (4.3) and (4.8) to obtain the following:

a a

~[[r@+2 (@ Jar -2 [l (e)de

A 1—cﬁkl(a)k2(a)7z(a)e v doda :i*(O)Tkz(a)ﬁz(a)e 0 da (4.11)

We note that for a fixed i (0) e (O,C] the left-hand side of equation (4.11) equals zero when
A =0, and increases to +oo when A" — +oo. Also, the right-hand side of equation (4.11)
assumes a positive value when A" =0, and decreases to zero as A~ — +o . Accordingly, for
each fixed i"(0) € (0,c], we can see that equation (4.11) gives rise to an endemic equilibrium,
and hence problem (2.1) gives rise to a continuum of endemic equilibriums in this special
case .

Here, we note that the disease will die out if R, <1 and persists if R, >1. The effect of
vertical transmission via its parameter q is seen, since the right-hand side of equation (4.4) is
an increasing function of g and therefore, a contributing factor for an endemic disease to
occur.

5. Global Stability Results

In this section, we prove the global stability of the endemic equilibriums for problem
(2.1). We consider the following transformation, called the age profile of infective:

i(a,t)

p.(a@)’

and note that s(a,t) = p,(a)—i(a,t), since we are assuming that the total population has
already reached its steady state distribution p_(a)=cxz(a). Therefore, from (2.1),v(a,t)
satisfies the following:

v(a,t) =

https://digitalcommons.pvamu.edu/aam/vol2/iss1/4
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+y@v(at) =k (a)[l-v(at)]A(t), a>0,t>0,

ov(a,t) N ov(a,t)
oa ot

v(0,t) = qT,B(a);r(a)v(a, t)da, t>0,

v(a,0)=v,(a)=i,(a)/ p,(a), a=0

At) = CT k,(a)r(a)v(a,t)da, t>0

M. ElI-Doma

(5.1)

By integrating (5.1) along characteristic lines t-a = const. We find v(a,t) satisfies

_j[[y(a—t+r)+kl(a—t+r)i(z)]dr

Vo(a—-t)e®

t —j[y(a—t+r)+k1(a—t+r)/1(r)]dr
+[k(a-t+o)e - Ao)d(o), ast,

v(at)y ° )
-[r@k (2 -an)]de

v(0,t—a)e °

a —F[7(1)+k1(r)i(t—a+r)]dr
+k (o)At -a+o)e - do, a<t.

0

(5.2)

From (5.1),v(0,t) = qjﬁ(a)zz(a)v(a,t)da, then using equation (5.2) and changing the order
0

of integration several times and making appropriate changes of variables yields

[+ (@at-a+n)]dr

Jt'ﬂ(a)zz(a)v(o, t—a)e ° da
t o - T [7(2)+ky () A(t-a+7)]d7
v(0,t)=q + j j B(a)r(a)k, (a—o)Alt—o)e = dado

t
—J'[y(a—t+r)+k1(a—t+r)/1(r)]dr

+[ @@ (a-te

da

(5.3)

Also, from (5.1) /I(t):cjkz(a)ﬂ(a)v(a,t)da, then using equation (5.2) and changing the
0

order of integration several times and making appropriate changes of variables yields

Published by Digital Commons @PVAMU, 2007
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j.[}’(T)+k1(r)/l(t a+7)]dr

Ik (a)z(a)v(0,t—a)e ° da
:“[ [¥(z)+k (z) A(t-a+7)]dr
At)=c{ + j j k,(a)k, (a—o)z(@)A(t—o)e * dade 5.4
l[}’(a t+7)+k; (a—t+7) A(7)]dr
+ I k,(a)7(a)v, (a—t)e * da

Note that by Assumptions 2, 4-6 of section 2 and the Dominated Convergence Theorem,
we obtain

t
[ (a—t+7)+k (a— t+r)ﬂ(r)]

jk (a)z(a)v,(a—t)e ® da—>0,ast— .

Also, by similar reasoning as above,

t
[}/(a t+7)+k, (a— t+r)ﬂ(r)]

Iﬁ(a)fr(a)v (a—te ° da >0, as t .

Therefore, setting v(0,t) =u(t), u(t) and A(t)satisfy the following limiting equations (see
Busenberg, et al. (1988)):

j.[y(r)+k1(r)/1(t a+7)]dr

ut)=q j B(a)z(a)u(t—a)e ° da
(5.5)
J[y(z)+k1(z)/1(t a+r)]dr
+ j j Ba)r(a)k (a—o)Alt—o)e = dado b,
J.[;/(T)Jrkl(r)l(t a+r)|dr
Alt)=c j k,(a)z(a)u(t—a)e ° da
(5.6)

a

J'[ (7)+k () A(t-a+7)]dz

+ j j k,(a)k (a—o)z(a)A(t—o)e = dado

We integrate equations (5.5)-(5.6) to obtain the following:

https://digitalcommons.pvamu.edu/aam/vol2/iss1/4
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a

—|k (r)A(t-a+7)dr

u(t) =q j B(a)r,(@)u(t—a)e ° da

a

-[lrr+ (D) at-a+0)]de

+ j p@)z(a)|1-e* da

a

-[[r()+ (D) A(t-a+0)]de

- j j B(a)z(a)e 7 y(c)dodat,

a

[kl(r)),(t a+‘r)]

Alt)=c j k,(a)7,(a)u(t—a)e ° da

a

j[y(r)+k1(r)/1(t a+r)|dr

+ j k,(a)z(a)|1—e ® da

j‘.[}/(T)Jrkl(T)l(th:Hz')]dr
k,(a) z(a)e - y(o)doda b,

O'—-S
O

Now, we set w(t) and g(t) to satisfy the following:
w(t) =u(t)—u’,

g(t)=A(t) -4,

M. ElI-Doma

(5.7)

(5.8)

* * O
where 4 ,u =——+ ( ) , are defined as in section 4. Then after some computations, we obtain

that w(t) and g(t) satisfy the following:

2 [k (r)dr —Ikl(r)g(t—a+r)dr

w(t)=q T,B(a)zrz(a)e 0 w(t—-a)e° da

- [k (r)dz —Ikl(r)g(t—a+r)dr

+[1—u*]T,8(a)7z2(a)e 0 1-e0© da

a

~[[r@+2 k(@) Jar —ikl(r)g(t—aw)

p(a)z(a)e y(o)|1-e~

+
O ey 8
O

Published by Digital Commons @PVAMU, 2007
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- [k (r)dz —jkl(r)g(t—a+r)dr

g(t)=c Tkz(a)zzz(a)e 0 w(t—a)e ° da

2" [k (r)dr —Ikl(r)g(t—a+r)dr

+[1—u*ﬁk2(a)7r2 (a)e °© 1-e?® da (5.10)

a

~[[r@+2k (@) Jor —j‘kl(r)g (t-a+r)

+Tik2(a)7z(a)e d y(o)|1-e - doda;.

In the following lemma, we give a condition under which u”is strictly less than one, and two
conditions under which u”is equal to one. As we see later, these facts will help us determine
some inequalities which in turn will help us determine the global stability of the endemic
equilibriums.

Lemmab5.1. If qj'ﬁ(a)zzda;tl, then u” <1, and if qjﬂ(a)ﬁzdazl and
0 0

a

-2k (2)d7

qjﬂ(a)ﬂz(a)e 0 da =1 then u” =1.
0

Proof: We note that from equation (4.9), u” satisfies the following:

a

2k (r)dr - [y(r)wkl(r)]dr

l—qT,B(a);r2 (@e ° da—qﬁ*ﬁﬂ(a)ﬂ(a)e iy k,(c)doda

7/1*Tk1(1)dr

1—qT,B(a)7r2(a)e 0 da

a

alval [ p@e@e " o) doda

1)+ prntae

- k T (5.11)
2" |k (z)dr

1—qTﬁ(a)ﬂ2(a)e 0 da
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We note that if QI,B(&)EZ (a)da=1, then from the characteristic equation (3.4) and p =0,
0
either q =1, or the support of y(a) does not lie to the right of the support of A(a), hence

from equation (5.11), u” <1. We also note that if qjﬁ(a)nz(a)dazl, then from the
0

characteristic equation (3.4) and p =0, we deduce that q=1 and the support of y(a) lies to
the right of the support of 3(a), and accordingly, from equation (5.11), u” =1.

In order to facilitate our future calculations, we state the following lemma, the proof of which
is by using equation (5.11), lemma 5.1, and straightforward but tedious computation, and
therefore, we omit the details of the proof.

Lemmab.2:

Suppose that qJ',B(a)ﬂ2 (a)da=1. Then
0

o a —fakl(‘r)dr
D=c[1-u"|[[k @)z, (a)e * k(o) doda
00 a (5.12)
waa - [;/(T)Jrl*kl(r)]dr
+c j j j k,(a)rz(a)e 7 k,(c)y(c)dcdo da
000
cq j k;(a)7, (a) da I

+

. [1—u*]ﬁ p@r,@e °  k(o)doda
{1—q | ﬂ(a)ﬂz(a)da} °°

a

- [y(r)m*kl(f)]dr

T I p@jr(ae - k,(c)7 (o) dedo da}

—+

O ey 8

a
A" |k (2)d7

=1+ cﬁ*[u*ﬁ k,(@)z,(a)e -  k/(o)k(c)dodcda

O Ly, O

- [y(r)wl*kl(r) dr

_Tijk2 (a)z(ae - k,(c)k, (o) do dcda]
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coi [@m@da s
; } {[“ ]{

p@r,(ae ° k,(o)k,(c)dodcda

+

Oy
O =y O

{PQT,B(&I)%(a)da

a

- [7(T)+;fk1(r)}dr

ﬁﬂ(a)ﬂ(a)e ’ k,(c)k,(c) dodcda] <1

O'—.S

In the following theorem, we prove the global stability of the endemic equilibrium when

qjﬂ(a)ﬂ2 (a)da =1. We note that by Lemma 5.1, this condition implies that u™ <1.
0

Theorem 5.3: If qjﬂ(a)ﬂz(a)da;tl, then the unique endemic equilibrium, given by
0
Theorem 4.1 (1), is globally stable.

Proof:
Let |w|°°:!irgsup |w(t)|and|g|°°:!imsup|g(t)|. Then if we wuse the fact that

—Tkl(r)g(t—a+1)dr o
l-e° kal(r)g(t—a+r)dr and then use Fatou's Lemma in equations (5.9),
0

(5.10), we obtain that

N — alg [1—u*]ﬁ ,B(a)zzz(a)e_f“kl(r)drkl(a)dada
{1— af pa)z, (a)da} o
0 (5.13)
10 ﬂ(a)n(a)eﬂw el K (0)7(o) drdodal,
9" <c|w[* Ik (a)ﬂz(a)da+{ 1 u ﬁkz(a);rz(a)e_fOkl(T)dil(a)doda
o (5.14)

a a
~|7(x)+2" [k (z) |dz

+T,T k,(a)z(a)e i ’ } k/(r)y(c)drdodagclg|”.

Q —y

Now, using inequality (5.13) in (5.14), we obtain that
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lo|" <D|g|". (5.15)

And hence, by Lemma 5.2, |g|"=0. And then using inequality (5.13), we obtain that

\w|” =0. Therefore, the endemic equilibrium is globally stable.

In the following lemma, we prove that the constant D, given in Lemma 5.2, is strictly less
than one when the following two conditions are satisfied:

o] pam(a)da =1 (5.16)

a
2" |k (r)dzr

qT[f(a);r2 (@e ° da =1. (5.17)

We note that., if condition (5.16) is satisfied thenR, is not. defined, and in this case either

there exists a unique endemic equilibrium when condition (5.17) is also satisfied, which is
globally stable, or problem (2.1) gives rise to a continuum of endemic equilibriums, in the
case of non-fertile infectibles ( i.e. when the support of k (a) lies to the right of the support

of j(a)).

Lemma 5.4:
Suppose that conditions (5.16), (5.17) are satisfied, then the constant D satisfies the
following:

a

2"k (z)dz

0<D<1+cA" j [[k@m,@e = k(o)k(c)dodeda
000

a

—[{ 7(2)+2 Kk (z) |dz

~[[ % (@) (a)e - k,(o)k, (c) dodc da]
000
© 7l*jfk1(f)d‘[
C-[ K (2)m,(a)e % a 7 flar
i a [[s@m,@e *  k(o)doda
-2 [la(e)de 00

1- q]g,B(a)zr2 (@e ° da

-T[y(rm*lq(r)]dr

[ pa)r(@e (o) doda | <1.

O ey 8

Proof:

We note that by first assuming thatq =1, and straightforward computations using equations
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(5.11), (5.16), (4.6), and condition (5.17), and then letting g — 1, we obtain

a
2" |k (z)d7

0<D :1—cﬁk2(a)7r2(a)e 0 k,(c)doda
00 (5.18)

a

7J' 7(2)+ A7k (2) dr

jkz(a)n(a)e 4 k,(o)k,(c)dodcda

- c/l*T
0

O ey

kS —/fj.kl(r)dr
c[k@mn@e © da [,
e a [[s@m,@e =  Kk(o)doda
00

—A*J‘kl(r)dr

1—Tﬁ(a)7z2 (e ° da

a

7I y(0)+ 47k (z) Jdr

[ p@y@e (o) do da]

O"—;S

a

71. k1(z')d2'

AT p@r,(a)e ° k,(c)doda

a
0
{ ) Ikl(r)dr

a
-2 ki ()

X cﬁkz(a)ﬂz(a)e > k/(o)doda |.

p@r,(a)e °©  da

Now, we notice that by equation (5.11) and Lemma 5.1,

a
2"k (r)dr

AT p@)r,(a)e ° k,(c)doda

a
0
|: ) Ikl(r)dr

<1,
j B@r,(ae ° da

and accordingly the conclusion of the Lemma follows from (5.18).

In the following theorem, we will prove that the endemic equilibrium, given by Theorem
4.1 (3), is globally stable.

Theorem 5.5: Suppose that conditions (5.16), (5.17) are satisfied. Then the endemic
equilibrium, given by Theorem 4.1 (8), is globally stable.

Proof:
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We note that from Lemma 5.4, we obtain that |g|” <D|g|” <|g|”, and hence,|g|” =0 Now,

using |g|” =0 in inequality (5.13), we obtain that w|” = 0. Accordingly, we obtain the global
stability for the endemic equilibrium.

6. Conclusion

We studied an SIS age-structured epidemic model when the disease is vertically as well as
horizontally transmitted and the force of infection of proportionate mixing assumption type.
The mortality, fertility and cure rates are age-dependent. We note that malaria, influenza,
gonorrhea and tuberculosis are examples of SIS epidemics. We determined the steady
states of the model and proved global stability results for the endemic equilibriums. If

qjﬁ(a)nz(a)da¢l, then the endemic equilibrium is globally stable. And if
0

q.[ﬁ’(a)zz2 (a)da =1, then either a unique endemic equilibrium exists, and we proved that this
0

endemic equilibrium is globally stable, or the model gives rise to a continuum of endemic
equilibriums, if individuals are susceptible only after the end of their reproductive period.

The global stability results that we obtained are under very general conditions, and, in
fact, we did not require any condition other than the existence of a unique endemic
equilibrium. Our results generalized those given in Busenberg, et al. (1988) and also
partially improved those given in lannelli, et al. (1992).
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