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Abstract

The increasing requirements for vehicle safety along with the impressive progress in
vehicle actuation technologies have motivated manufacturers to equip vehicles with mul-
tiple control actuations that enhance handling and stability. Moreover, multiple control
objectives arise in vehicle dynamics control problems, such as yaw rate control and rollover
prevention, therefore, vehicle control problems can be defined as multi-actuation multi-
objective vehicle control problems.

Recently, the importance of integrating vehicle control systems has been highlighted
in the literature. This integration allows us to prevent the potential conflicting control
commands that could be generated by individual controllers. Existing studies on multi-
actuated vehicle control offer a coordinated control design that shares the required control
effort between the actuations. However, they mostly lack an appropriate strategy for
considering the differences among vehicle actuations in their energy usage, capabilities,
and effectiveness in any given vehicle states. Therefore, it is very important to develop a
cost-performance strategy for optimally controlling multi-actuated vehicles.

In this thesis, a prioritization model predictive control design is proposed for multi-
actuated vehicles with multiple control objectives. The designed controller prioritizes the
control actuations and control objectives based on, respectively, their advantages and their
importance, and then combines the priorities such that a low priority actuation will not
kick in unless a high priority objective demands it. The proposed controller is employed for
several actuations, including electronic limited slip differential (ELSD), front/rear torque
shifting, and differential braking. In this design, differential braking is engaged only when
it is necessary, thus limiting or avoiding its disadvantages such as speed reduction and
maintenance.

In addition, the proposed control design includes a detailed analysis of the above-
mentioned actuations in terms of modelling, control, and constraints. A new vehicle pre-
diction model is designed for integrated lateral and roll dynamics that considers the force
coupling effect and allows for the optimal control of front/rear torque distribution. The
existing methods for ELSD control may result in chattering or unwanted oversteering yaw
moments. To resolve this problem, a dynamic model is first designed for the ELSD clutch to
properly estimate the clutch torque. This ELSD model is then used to design an intelligent
ELSD controller that resolves the issues mentioned above.
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Experimental tests with two different vehicles are also carried out to evaluate the per-
formance of the prioritization MPC controller in real-time. The results verify the capability
of the controller in properly activating the control actuations with the designed priorities
to improve vehicle handling and stability in different driving maneuvers. In addition, the
test results confirm the performance of the designed ELSD model in ELSD clutch torque
estimation and in enabling the controller to prevent unwanted oversteering yaw moments.

The designed stability controller is extended to use for emergency collision avoidance in
autonomous vehicles. This extension in fact addresses a local path planning/tracking prob-
lem with control objectives prioritized as: 1) collision avoidance, 2) vehicle stability, and
3) tracking the desired path. The controller combines a conservative form of torque/brake
vectoring with front steering to improve the lateral agility and responsiveness of the vehi-
cle in emergency collision avoidance scenarios. In addition, a contingency MPC controller
is designed with two parallel prediction horizons - a nominal horizon and a contingency
horizon - to maintain avoidance in identified road condition uncertainties.

The performance of the model predictive controllers is evaluated in software simulations
with high fidelity CarSim models, in which different sets of actuation configurations in
various driving and road conditions are assessed. In addition, the effectiveness of the
local path planning/tracking controller is evaluated in several emergency and contingency
collision avoidance scenarios.
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Nomenclature
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Chapter 1

Introduction

1.1 Motivation

Every year, many lives are lost in road accidents when drivers lose control of their vehicles.
These accidents mainly happen at high vehicle speeds, on low friction roads, or with sudden
changes in road conditions. Driver-assist technologies are aiming at eliminating driver
mistakes by introducing active safety systems that assist drivers in unfavorable driving
conditions and so improve vehicle stability.

Recent progress in vehicle actuation technologies has facilitated equipping modern vehi-
cles with multiple control actuations to improve vehicle handling and stability. In addition,
the vehicle dynamics control problem can include several control objectives such as yaw
rate control, sideslip control, and roll control. Therefore, a multi-actuation multi-objective
control problem can be defined for vehicle dynamics control. Each vehicle control actua-
tion may be employed for a specific control objective. For instance, active suspensions are
mainly used to control a vehicle’s vertical movement and improve ride quality [1]. Active
anti-roll bar systems are usually used to change the roll stiffness of the vehicle and prevent
potential roll-overs [2]. However, some control actuations can be effective for several con-
trol objectives. For instance, differential braking and torque distribution can contribute to
yaw control, sideslip control, wheel slip control, and roll motion control.

The multi-actuation multi-objective vehicle control problem needs an appropriate con-
trol technique. Generally, control techniques can be divided into two groups: model-free
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[3] and model-based [4] control methods. Model-free control techniques such as PID con-
trol [5, 6], learning-based control [7], and delayed feedback control ones [8] do not need
system model equations to obtain the control actions. On the other hand, model-based
control techniques such as sliding mode control [9, 10, 11], backstepping control [12], feed-
back linearization [13, 14], and model predictive control methods [15] require the governing
equations of the system. For vehicle dynamics control, despite potential uncertainties in
vehicle and tire model, the model predictive control (MPC) method is considered promising
due to its undeniable advantages.

The MPC control technique calculates an optimal solution for the control problem.
It is also capable of predicting system behavior in the future over a finite horizon. The
main reason for the popularity of model predictive control is related to its capability of
explicitly considering the actuator and state constraints within the control design and
prediction horizon. These capabilities of the MPC control method provide the desired
preventive measures such as keeping the yaw rate away from the instability margin or
preventing collisions in a path planning/tracking problem. A model predictive control
solves an optimization problem at each time step to determine the optimized sequence of
inputs that will minimize the objective function and satisfy the constraints over a specified
control time horizon. The first optimized input in the sequence is applied to the system
and the optimization problem is solved again for the next time step.

A model predictive control design can easily include multiple control actuations and
control objectives in its cost function; however, the best cost-performance strategy for
optimally controlling multi-actuated vehicles is yet to be determined. A good control
strategy should consider the priority of the control objectives at each time based on their
importance. The control strategy should also include the priority of the control actuations
based on their performance and energy use. Therefore, a high-level control structure is
needed to define the priority of the control actuations and control objectives.

Vehicle safety actuations are also used in autonomous vehicles, which have additional
control objectives such as avoiding collisions and tracking the desired path and speed.
Therefore, autonomous vehicle control can also be considered as a multi-actuation multi-
objective control problem. Many different control techniques have been proposed for colli-
sion avoidance in autonomous vehicles. Among these, the model predictive control design
can properly consider local path planning, path tracking, and collision avoidance objectives.
Therefore, the vehicle dynamics control objective can be integrated with the path plan-
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ning/tracking control objectives within one model predictive controller. However, these
control objectives may need different prediction horizons. For instance, the collision avoid-
ance objective needs a longer prediction horizon because the vehicle needs more reaction
time to deviate from its path and prevent a collision.

Road angles can significantly affect vehicle dynamics. A vehicle dynamic controller
designed for a flat road may fail to properly respond on a non-flat road. For instance,
vehicle rollover is more likely to happen in a banked road. The road angle can also affect
the performance of path planning and collision avoidance. A collision avoidance controller
plans a path based on vehicle dynamics. Therefore, an incorrect assumption of the future
road angle may result in a collision. Thus, the control design should include the effect of
road angles on vehicle dynamics.

1.2 Objectives

The first objective of this thesis is to develop an optimal controller for the multi-actuation
multi-objective vehicle control problem at handling limits by considering the priority of
control actuations and control objectives. In this control design, the engagement of each
control actuation is determined based on its priority among the control actuations and
the control objectives’ demands. A linear time-varying model predictive control technique
will be employed to properly include vehicle stability constraints, which are set as the
control objectives. This control design is implemented for several case studies with different
actuations and objectives.

The second objective is to design appropriate actuator models and vehicle prediction
models to use in the model predictive control design. The front/rear torque shifting ac-
tuation generates an indirect corrective yaw moment due to the longitudinal and lateral
force coupling effect, which necessitates a coupled force vehicle prediction design. The elec-
tronic limited slip differential (ELSD) actuation generates a left/right torque differential
by decreasing the wheel speed difference. The proper control of ELSD requires accurate
knowledge of the ELSD clutch torque direction and its capability. Therefore, a dynamic
model will be designed for ELSD to predict the ELSD clutch torque capability.

The third objective is to include the effect of road angles in the controller design because
road bank and grade angles can significantly affect the vehicle dynamics and increase the
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chance of instability modes. Therefore, the effect of road angles on vehicle dynamics will
be considered in the vehicle prediction model and state constraints.

The fourth objective is to extend the designed vehicle dynamics controller to an inte-
grated vehicle dynamics and path planning/tracking controller for autonomous vehicles.
To this end, the control objectives are expanded by including the collision avoidance and
path tracking objectives. The system modeling and prediction horizon will be designed
such that both the collision avoidance and vehicle stability objectives can be properly ad-
dressed in the controller. Direct yaw control actuations are incorporated to improve vehicle
responsiveness in emergency scenarios. In addition, the deterministic path planner will be
extended to a contingency path planner to properly handle uncertain road conditions.

Finally, the designed model predictive controller will be evaluated numerically as well
as experimentally. Ultimately, the controller should be able to run in real-time for imple-
mentation on the vehicles available in our lab.

1.3 Thesis Outline

The second chapter of this thesis reviews relevant literature on vehicle stability control and
autonomous vehicle path planning control. The vehicle control actuations are divided into
direct yaw control and indirect yaw control, and their contributions to vehicle handling
and stability control are discussed. The literature on multi-actuated vehicle control and
multi-objective vehicle control, vehicle roll control, autonomous vehicle collision avoidance
is also reviewed.

In the third chapter, a prioritization model predictive control design is developed
for multi-actuated vehicles with multiple control objectives. The actuations studied are
front/rear torque shifting, ELSD, and differential braking. A coupled force vehicle pre-
diction model is developed that considers the effect of longitudinal forces on lateral forces
and allows for optimally distributing the drive torque between the front and rear axles.
The vehicle model includes the lateral motion, yaw motion, and roll motion, and it also
considers the effect of road angles on vehicle dynamics. Next, an ELSD model is designed
to properly estimate the ELSD clutch torque distribution and support the intelligent con-
trol of ELSD. Next, the actuator constraints and state constraints are illustrated. The
constraints on the vehicle yaw rate, sideslip, and roll index define the control objectives.
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Next, a prioritization structure is defined for the control objectives and control actuations,
and then implemented for three case studies.

Chapter four presents numerical and experimental results for vehicle performance in
the three case studies. Software simulations are performed using the MATLAB/Simulink
and CarSim software packages. Real-time validation is achieved by implementing the con-
troller on dSpace Autobox and testing it on two different vehicles. The closed-loop vehicle
response is compared with the uncontrolled vehicle response in a variety of driving maneu-
vers and on different road surfaces. The simulations as well as experiments demonstrate
the effectiveness of the proposed control strategy in all driving conditions.

In Chapter five, the controller is extended to deal with the integrated collision avoidance
and stabilization of autonomous vehicles. A short prediction horizon for vehicle stability
and a long prediction horizon for local path planning/tracking are considered in the model
predictive controller. Next, conservative differential braking is integrated with the front
steering to improve the vehicle’s lateral agility in emergency collision avoidance scenarios.
In addition, a contingency MPC controller is designed to maintain avoidance in contingency
scenarios. Simulations are performed to evaluate the controllers’ performance at handling
limits.

Chapter six highlights the conclusions and contributions of this thesis research. In
addition, some possible directions for future work are suggested.
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Chapter 2

Literature Review

This chapter presents a review on the literature of vehicle control actuations and multi-
actuated vehicle control. The vehicle control actuations are divided into two categories:
direct yaw control and indirect yaw control methods. This review includes different vehicle
control objectives such as lateral stability, yaw stability, and rollover prevention. The
literature of path planning/tracking control of autonomous vehicles, with emphasis on
emergency collision avoidance control is also studied.

2.1 Direct Yaw Control

The direct yaw moment control (DYC) refers to the corrective yaw moments achieved by
torque/brake vectoring. In other words, the DYC method controls the vehicle yaw rate by
direct effect of longitudinal forces. Differential braking is one of the DYC methods which
has received the most attention from researchers and manufacturers from among all the
vehicle stability control actuations. Differential braking generates a corrective yaw moment
in the desired direction by applying braking action on the wheels on one side of the vehicle
(both axles).

The contribution of differential braking on vehicle control has been investigated in many
studies in the literature. For instance, a Linear Parametric Varying (LPV) robust controller
was proposed in [16] for vehicle yaw control using differential braking. The controller used
gain scheduling and considered the effect of load transfer during braking. In [17], a fuzzy
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logic-based control algorithm was designed for vehicle stabilization using a brake-by-wire
differential braking system. The control design used a nonlinear vehicle model including
both lateral dynamics and wheel dynamics. It was assumed that the yaw rate is always
within a reasonable range such that the driver can respond to the yaw rate disturbances
quick enough to avoid instability.

In [18], a model predictive controller was designed for stabilizing tractor-trailer vehicles
using differential braking. The controller’s performance was evaluated comparatively when
differential braking is applied only to the tractor and only to the trailer. The corrective
yaw moment was constrained by considering the remaining capacity of the tires, which was
obtained using the friction circle.

The electrification of the automotive powertrain provides an effective approach to im-
prove the vehicle’s handling and stability by controlling the torque distribution of individual
wheels in an axle (torque differential) [19]. While differential braking reduces the vehicle
speed, torque vectoring does not affect it. Therefore, torque vectoring is more advantageous
than differential braking. Active torque distribution systems distribute the torque between
the wheels via electric motors and active differentials respectively in electric vehicles and
conventional vehicles.

In [20], a generalized integrated control strategy was proposed for vehicle control using
an optimal torque vectoring control approach. The controller generated optimal adjust-
ments in tire forces and yaw moment by applying individual wheel torques to keep the
vehicle on a target path. The control method was subjected to constraints on the applica-
ble differential torque, resulting in a constrained optimization problem for vehicle control
applications.

In [21], a modular optimal control design was proposed for integrated longitudinal
and lateral vehicle control by controlling torque at individual wheels. A high-level MPC
controller was used to determine the longitudinal force and yaw moment adjustments
required for minimizing the tracking error of the vehicle’s longitudinal and lateral states.
A low-level controller was employed to optimally regulate torque at each wheel based on
the control actions calculated in the high-level controller.

In [22], an integrated model predictive control of vehicle stability and wheel traction
was developed by controlling wheel torques at individual wheels. The control objective
was tracking the desired yaw rate while maintaining tire slip ratios and lateral velocity
within predefined safe regions. The controller achieved the lateral stability of the vehicle
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indirectly by adjusting the reference yaw rate. This technique reduced the size of the
prediction model and consequently computational complexity.

In [23], a combined second-order sliding mode controller with the backstepping method
was proposed to improve the maneuverability and stability of a vehicle using torque vec-
toring. In [24], a real-time nonlinear MPC was proposed for stabilization of an electric
vehicle at the limits of handling. Rear axle torque vectoring was used as control actuation
and three MPC strategies were designed for vehicle stability, compared against each other.

An alternative for torque distribution by individual electric motors is to use active
differentials to control torque transfer and create torque differential when needed. There are
two main types of active differentials: the electronic limited-slip differential (ELSD) [25, 26]
and the torque vectoring differential (TVD) [27, 28]. Electronic limited slip differentials
are much simpler and less expensive than active torque vectoring differentials, but they
can control only the magnitude of the torque transfer, not its direction. The limited slip
differentials are usually used to improve wheel stability and traction. When one wheel
loses traction, a clutch transfers additional torque to the wheel having the most traction
so that the vehicle can maintain longitudinal motion [25]. However, this torque bias may
cause undesired yaw motion and eventually degrade the lateral dynamics of the vehicle if
it is not controlled properly. When the differential is controlled properly, it significantly
improves the vehicle yaw stability.

In [29], a stability-enhanced traction control system was proposed to improve vehicle
stability in slippery conditions. A PI controller was used to calculate the ELSD clutch
torque required for yaw damping. A simple ON-OFF switch, triggered by the vehicle’s yaw
rate, was used to lock the ELSD clutch whenever there is too much yaw rate overshoot to
transfer torque from the outer wheel to the inner wheel and produce an understeering yaw
moment.

In [30], two torque biasing components were used to improve vehicle stability and
handling performance in a four-wheel drive vehicle. The vehicle driveline included an
electronically controlled center coupler that allows for torque transfer from the front wheels
to the rear wheels and a rear electronically limited slip differential. An upper controller
was used to determine the required yaw moment, and a lower controller provided the
torque biasing level. A proportional controller was used to transfer torque from front to
rear wheels when the vehicle is understeering, and another proportional controller was
used to bias torque at the rear ELSD when the vehicle was oversteering. In [31], a model
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predictive controller was designed for yaw stability control using an electronic limited slip
differential on the rear axle. The controller generated the differential torque command
using a Coulomb friction model. The control objective was defined as tracking the desired
yaw rate and sideslip angle, calculated based on steady-state cornering.

Lateral torque-vectoring differentials consist of two slip clutches, one for torque vector-
ing from right to left and the other one for torque vectoring from left to right, differential
gears, and some planetary gears which generate the differential speeds of the slip clutches.
In [28], the maximum acceptable differential speed ratio was introduced as a design pa-
rameter to analyze the lateral torque-vectoring differentials. The differential speed ratio
caused by vehicle cornering was shown to be proportional to the inverse of the cornering
radius.

2.2 Indirect Yaw Control

The indirect yaw moment control refers to the corrective yaw moments achieved by control
of lateral forces. Active steering control is an indirect yaw moment control method, and it
can enhance lateral vehicle dynamics and steerability by directly adjusting tire slip angles
and thus the lateral tire forces. Active steering can be used both in the front axle (active
front steering) and in the rear axle (active rear steering). Active front steering is used to
provide an additive steering angle that is added to the driver’s steering input at the front
wheels to achieve the desired performance. Active rear steering is used to turn the rear
wheels of a vehicle to improve high-speed stability and low-speed agility. The authority of
active steering is limited by tire saturation. When the lateral tire force saturates, further
increase in the wheel slip angle does not generate additional lateral force. In addition,
steering systems are usually constrained to a few amounts of adjustability [32].

In [33], a pulse active steering system was developed for improving vehicle yaw stability.
The pulse signals were sent to the steerable rear wheels whenever the yaw rate tracking
error was more than a predefined threshold. In [34], a feedforward and feedback H-infinite
controller was developed for vehicle handling improvement. The controller used a linear
vehicle model including the yaw motion and disturbance input with speed and road adhe-
sion variations. The applied control action was an additional steering angle based on the
feedback of the yaw rate and the driver input.
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In [35], a vehicle stability controller was proposed using active front steering system by
applying the stable handling envelope in a model predictive control design. The proposed
control method penalized exits from the safe envelope, deviation from the desired trajec-
tory, and disruptive interventions. Although envelope control is a simple control method
for vehicle stability, it requires the knowledge of friction coefficient, making a challenge for
actual applications.

In [36], a Lyapunov based control allocation algorithm was proposed for vehicle yaw
stabilization using active steering and adaptive braking systems. The control structure
included three levels: high level, intermediate level, and low level. The high-level module
generated the yaw rate reference for the vehicle motion control objective and tracking. The
intermediate-level module was responsible for generating the longitudinal slip reference and
commanding the front wheel steering angle corrections. Finally, the braking control for
each wheel including the longitudinal slip control and maximal tire-road friction estimation
was handled in the low-level module.

Another technique for indirect yaw moment control is torque shifting between the front
and rear axles. Although left/right torque vectoring is an effective approach to improve the
handling and stability of a vehicle, manufacturers may not use this actuation to decrease
the cost, weight, and complexity for mass production. For instance, in all-wheel-drive
electric vehicles, they may decide to equip the vehicle with an electric motor and an open
differential per axle. In an open differential, torque is distributed equally between the left
and right wheels, and therefore there is no torque vectoring. However, a significant yaw
moment can be produced by controlling torque distribution between the front and rear
axles, because of the indirect effect of the longitudinal forces on the lateral forces. This
indirect effect arises from the longitudinal and lateral tire force coupling. Although the
corrective yaw moment produced by the front/rear torque distribution is less than that of
torque vectoring, it can considerably enhance the vehicle’s handling response and stability.

While torque vectoring and differential braking have been studied extensively in the
literature, fewer studies have investigated the contribution of the torque distribution be-
tween the front and rear axles in vehicle handling performance. The front/rear torque
distribution has been investigated in both feedforward and feedback control schemes. In
[37], a feedforward strategy was presented for front/rear torque distribution to improve the
vehicle’s lateral grip at handling limits. A quasi steady-state vehicle dynamic was used to
saturate the front and rear axles at the same time by properly adjusting the torque distri-
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bution. The study used the dynamic square method for evaluating the effect of front/rear
torque distribution on the lateral grip margin. In [38] and [39], a yaw moment analysis was
performed to identify the contributions of the longitudinal and lateral forces on the vehicle’s
handling characteristics for front-wheel-drive, rear-wheel-drive, and all-wheel-drive archi-
tectures. It was shown that the handling characteristics vary with the vehicle speed and
front-to-rear wheel torque distribution. In [40], the capability of front/rear torque shifting
in producing the vehicle body yaw moment was investigated. The effectiveness and the
capacity of the yaw moment produced for different values of longitudinal acceleration were
also examined in the study.

In [30], a simple strategy was used to overcome the vehicle’s understeer behavior by
transferring torque to the rear axle to provide indirect oversteering yaw moment. A similar
strategy was used in [41] and [42] to improve yaw rate tracking using a simple PI controller.
The controller shifted the torque to the front axle whenever the yaw rate response indicated
oversteer behavior, thus inducing understeering and vice versa. In this method, the drive
torques of the front and rear axles are adjusted to change the vehicle yaw rate before ESP
intervention, while the driver torque demand remained unchanged. In [43], a feedback
controller was designed for an all-wheel-drive vehicle with independent control of the drive
torque on each wheel. A PI control strategy was implemented to adjust the front/rear
torque distribution by applying yaw rate feedback and change the left/right distribution
by using the lateral acceleration feedback. In [44, 45], a central differential was used
with a small electric motor to distribute the driver’s torque request between the front and
rear axles. The study proposed a control allocation algorithm for following a desired yaw
rate using the lateral stiffness of the tires. In this method, since the torque requests are
calculated indirectly by using the stiffness of the tires, it is hard to consider the physical
limits of actuators and tires.

2.3 Multi-Actuated Vehicle Control

The increasing requirements for safety along with the increasing level of vehicle actuation
technologies encourage manufacturers to equip vehicles with multiple control actuations
to improve vehicle handling and stability. However, despite such improvements in ve-
hicle actuation capabilities, the best cost-performance strategy for optimally controlling
multi-actuated vehicles is yet to be determined. Many studies in the literature propose a
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combined use of control actuations for improving vehicle control performance. However,
none of them propose a control structure for coordination or prioritization of the control
actuations based on their advantages and disadvantages.

One of the common actuator combinations is combined use of active steering and dif-
ferential braking. In [46], a model predictive controller was designed for vehicle lateral
stability using coordinated active front steering and differential braking. The vehicle pre-
diction model calculated the vehicle yaw rate, lateral velocity, and tire slip angles over
the prediction horizon. The vehicle sideslip was enforced within a safe region using soft
constraints on the lateral velocity to ensure that the optimization problem has always a
feasible solution.

A feedback linearization method was used in [47] to design integrated vehicle stability
control with active steering and braking systems. The designed controller mainly used
the steering correction to achieve the control objective and employed braking correction
only when it was necessary. Some other studies also investigated the integration of active
steering with differential braking to improve vehicle handling performance and stability
such as [48, 49, 50].

In [51], a coordinated control strategy was proposed to improve handling stability,
safety, and ride comfort using a coordination among active steering, differential braking,
and active suspension systems. Active front steering and differential braking were used to
reduce respectively the yaw rate error and the sideslip error using sliding model control
method. Active suspension was controlled using backstepping control method to decrease
the effect of irregularities of the road and to improve the roll dynamics and ride comfort. A
nonlinear tire model was used for vehicle modelling, and the actuator model was included
in the control design.

In [52], a modular hierarchical controller was proposed for vehicle motion control using
coordinated active steering and individual wheel torque control. A high-level sliding mode
controller was designed to calculate the generalized forces/moments for satisfying the vehi-
cle control objectives. Then, a control allocation method was used to efficiently distribute
the control effort to the slip and slip angle of each wheel.

In [53], an integrated control of torque vectoring and differential braking was used to
enhance vehicle directional stability and steerability. The corrective yaw moment was cal-
culated using a constrained nonlinear controller with input and state constraints. The con-
troller improved steerability by tracking the desired yaw rate and constrained the sideslip
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within a safe region. Based on the designed integration policy, the controller initially uses
active torque vectoring in the rear wheels to generate the required yaw moment. If ac-
tive torque vectoring cannot generate all the required yaw moment, differential braking is
activated in the front axle to compensate the limitation of active torque vectoring.

In [54], an adaptive feedback linearization control method was designed for vehicle han-
dling control using the combination of active front steering with rear torque vectoring. The
performance of the controller showed its robustness to parameter variations and external
disturbances. In [55], an integrated control of active front steering and active roll moment
systems was proposed to enhance the vehicle controllability in emergency situations. A
robust sliding mode controller was designed for the active front steering system to im-
prove yaw tracking performance. The active roll moment control system was used to resist
the roll motion and also to improve the yaw rate performance by changing the difference
between the normal forces of the front and rear axles.

In [56], a model predictive control design was proposed for improving vehicle yaw dy-
namics using a coordination of active front steering and differential braking. A piecewise
affine approximation of the tire forces was used in the prediction model of a hybrid MPC
control strategy. In [57], a control allocation algorithm was proposed for coordinating
multiple vehicle subsystems including in-wheel electric motors, friction brake system, and
wheel steer actuators to control vehicle motion. A high-level second-order sliding mode
controller was designed to calculate the generalized demands of longitudinal forces, lateral
forces, and yaw moment. A mid-level optimization-based control allocation was designed
with restriction weights into the cost function to determine the priorities of the vehicle
subsystems. Then, the calculated control actions were applied to the actuators using a
low-level controller.

2.4 Roll Stability

Vehicle rollover is a serious safety problem for light vehicles. Rollover accidents are one of
the most dangerous and fatal accidents [58]. There are two steps in rollover prevention of
a vehicle. The first step is a proper detection of a rollover risk, and the second step is the
development of a rollover mitigation technique. To determine an accurate measure about
the rollover risk, different rollover indices have been proposed in the literature. In [59],
some of the well-known rollover indices are compared under different rollover situations.
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After choosing an appropriate rollover index, a rollover prevention controller should be
designed. The rollover prevention techniques can directly or indirectly influence the roll
motion and rollover behavior [60]. Active suspensions and active anti-roll bars directly
influence the roll motion. The indirect effect on roll motion is achieved by actuation systems
that control the planar motion such as differential braking and torque vectoring. Active
suspension can directly affect the rollover behavior by controlling the lateral load transfer
[61, 62]. Differential braking and active front steering can be employed for indirect control
of rollover by reducing the lateral acceleration [63, 64]. This technique, however, may result
in the loss of maneuverability [60, 61]. Lateral acceleration is the most dominant factor
for rollovers on flat roads. Therefore, the most common technique for rollover mitigation
is to decrease the lateral acceleration by controlling the vehicle’s yaw rate.

Uneven roads are also another reason for rollover. The road bank angle directly affects
rollover risk. Road disturbances such as road bumps and curbs may also result in vehicle
rollover. In this regard, vehicle rollovers are categorized into two main types: un-tripped
rollovers and tripped rollovers [65]. A rollover caused by fast maneuvering on smooth roads
is named an un-tripped rollover. On the other hand, a tripped rollover refers to a rollover
caused by sudden impacts that may apply lateral or vertical forces to the vehicle, e.g.,
hitting curbs or bumps.

In [66], a reconfigurable integrated control design was proposed for integrated control
of lateral stability, rollover prevention, and the longitudinal slip. The designed control
structure was reconfigurable for different types and combinations of actuators including
torque vectoring, differential braking, and active steering for three-wheeled as well as four-
wheeled vehicles without reformulating the problem. In [67], a model predictive controller
was designed for rollover prevention using active front steering. A new rollover index was
presented by vehicle parameters and state variables to be capable of being incorporated
into the MPC cost function. The effects of lateral load transfer and the road bank were
considered in vehicle modelling to provide an appropriate control action when it is neces-
sary.

In [68], an integrated vehicle lateral and roll stability control was designed for narrow
tilting vehicles. A high-level controller was designed to manage vehicle stability and con-
trol energy consumption. The calculated forces were then distributed to available actuators
using a reconfigurable control allocation. In [69], an MPC controller was designed for in-
tegrated control of longitudinal slip, lateral stability, handling improvement, and rollover
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prevention using torque vectoring. The interactions of different stability objectives were
considered in the controller, and an optimal solution was calculated by including all ob-
jectives, simultaneously. Barrier functions were used to confine the vehicle states within
their safety limits.

In [70], un-tripped vehicle rollover was controlled using a model predictive control design
via torque vectoring. The vehicle roll angle was estimated in real-time using an observer
on a combined model of vehicle kinematics and roll dynamics. The controller used a soft
constraint to enforce the roll index within the predefined safe region and prevent rollover.
In [71], a new rollover index was developed to predict the risk of vehicle rollover under both
un-tripped and special tripped situations. An H-infinity controller with electro-hydraulic
brake system was used to improve the rollover prevention performance of the vehicle. The
robustness and stability of the active rollover prevention control system were analyzed
using CarSim simulations.

In [72], a multivariable adaptive sliding mode control design was proposed for the
purpose of lane keeping control and rollover prevention in the presence of disturbances
with unknown bound. To ensure the vehicle roll stability, the load transfer ratio (LTR) was
restricted within a safe region using a barrier function. Moreover, the transient response
of the closed-loop system was improved by adaptively modifying the damping ratio of the
system.

Because of the delay of active braking actuators, a vehicle with a traditional stability
control system may be in danger of sideslip or rollover. In [73], the adverse effect of time
delay on vehicle stability control was mitigated using a three-dimensional dynamic stability
controller designed for control of yaw stability, yaw-roll stability, and rollover prevention.
A model predictive control design was used for calculating the tire forces of four wheels,
and then a hydraulic pressure controller was designed to apply the tire forces.

2.5 Path Planning/Tracking and Collision Avoidance

The introduction of new sensing technologies like cameras and radar along with the actu-
ation technologies such as active steering and active braking are making self-driving cars
possible. The reliability and safety of autonomous vehicles are still a big research topic for
academia and industry to ensure their acceptance by customers and regulatory bodies.
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A complete autonomous vehicle system comprises perception, global planning, local
path planning, vehicle model, and estimation as depicted in Fig. 2.1. The available sensors
in the vehicle such as camera, GPS, and IMU prepare the required data for the perception
module [74]. The perception module provides the necessary environmental information like
obstacles for the local path planning controller [75]. This environmental information with
the vehicle states and tire forces calculated by the estimation module [76, 77] enables the
local path planning controller to plan a path that best follows a desired path generated by
the global planning module. In this thesis, the environmental information such as obsta-
cle locations and road boundaries and curvature from the perception module, the vehicle
states and tire forces from the estimation module [78, 79], and the desired path from the
global planning module are supposed to be known and given to the local path planning
module.

Figure 2.1: Autonomous system architecture.

In an autonomous vehicle, the controller usually is composed of a path planner and a
path tracker. The path planner generates a desired path using the given information by
perception systems, and the path tracker calculates the required control action for tracking
the desired path. If the vehicle cannot follow the planned path perfectly, environmental
information about where it is safe to deviate from the desired path should be given.
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One of the most challenging missions for an autonomous vehicle is to plan an appro-
priate collision-avoidance path in emergency scenarios when an obstacle such as a deer
suddenly appears in the middle of the road [80]. In such conditions, an autonomous ve-
hicle is expected to be capable of making the best decision and optimally using available
control actuations and tire forces to properly swerve and avoid any collision. This problem,
however, can become more difficult when the planned path for swerving requires friction
forces near the tires’ saturation limits.

Many researchers utilize a path planner to generate a collision-free trajectory and a
tracking controller to guide the vehicle along the planned path [81, 82, 83]. They have
proposed different methods for path planning, such as the smooth curve planner [84],
neural-network-based [85] and fuzzy-based control [86], artificial potential field [87, 88],
and optimal control methods [89, 90]. Smooth curve planning methods implement different
techniques for path smoothing and curve generation, such as spline curves [91] and Bezier
curves [92]. The curve planning methods generate smooth and obstacle-avoiding paths by
considering feasibility, comfort, and other safety parameters.

Fuzzy and neural-network-based methods are very useful in representing human knowl-
edge in designing collision avoidance or collision warning algorithms [93]. For instance, in
[94], a fuzzy control approach was proposed to avoid rear-end collisions in congested traffic
situations. In [95], a fuzzy-control-based automatic lane-change system was designed for
overtaking maneuvers when a slower vehicle appears in front of an autonomous vehicle.
The lateral motion of an autonomous vehicle was controlled using adaptive-neural-network-
based robust steering controller in [96].

In [97], a parallel motion planning approach was proposed to handle emergency situ-
ations. A deep planning model including a convolutional neural network combined with
the Long Short-Term Memory module was designed to make the planning decisions. In
addition, a parallel deep reinforcement learning technique was also employed to decrease
the planning error and enhance its robustness.

The artificial potential field method is also used for path planning and obstacle avoid-
ance in autonomous vehicles. This method considers the obstacle as a repulsive potential
field added to the optimization cost function [98, 99, 100, 101]. In [101], a motion planning
method was proposed to prevent collision with vulnerable obstacles like pedestrians when
avoiding all obstacles is infeasible. A model predictive controller was used in this method
by applying lexicographic optimization. A similar approach was employed in [102], and
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ethical decision-making during inevitable crashes was included in the design by using ra-
tional ethics. Another approach for avoiding obstacles is constraining the vehicle position
states in an obstacle-free region [103, 104, 105]. These methods require a nonlinear opti-
mization solver because the cost function is nonlinear and nonconvex. The nonlinearity
and non-convexity of this method make it unsuitable in terms of computational complexity
and run time.

In [106], the artificial potential field method was employed for assigning different po-
tential functions to different obstacles. The obstacle-free area was meshed and assigned
resistance values in each edge based on the potential functions, and then a collision-free
path was obtained using a local current comparison technique. Similar approach was used
in [107], where different driver styles were also included such as conservative, moderate,
and aggressive.

In emergency situations when a vehicle cannot safely track the planned path, built-in
stability control systems may be relied on [108, 109]. However, this approach cannot ensure
collision avoidance objectives because the stability controller modifies the control actions
requested by the path tracking controller with no knowledge of an obstacle’s position. This
problem can be addressed by incorporating the stability controller and collision avoidance
objective into the path tracking controller.

In [110], a model predictive control approach was used to integrate the local path
planning, path tracking, and vehicle stability objectives. The controller used a long-enough
prediction horizon that provides sufficient time to respond to dangerous situations that
may arise. The planned trajectory was forced to remain inside two safe envelopes, while
following the desired path. The first envelope used in the control design was the stability
envelope, and the second one was related to environmental constraints. The controller
addressed both environmental constraints and stability constraints; however, the preference
was given to collision avoidance objective if stabilization actions were in conflict with the
required actions for collision avoidance. A simple longitudinal controller was also used to
calculate the required longitudinal forces for following a desired speed profile. This research
was extended in [111] by using a variable time step prediction that included a correction
time step between short time steps and long time steps to ensure that the stationary
obstacles would not appear to move from the controller’s perspective. Another extension
was conducted in [112] by improving the accuracy of the model linearization.

In [113], a feedback-feedforward steering controller was proposed for vehicle stability
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and path tracking at the limits of handling. The desirable path tracking behavior was
achieved by aligning the steady-state vehicle sideslip with the desired path heading through
the feedforward controller. The feedforward approach had no conflict with the robust
stability properties of the feedback controller.

In [114], a shared steering controller was designed for vehicle stability and obstacle
avoidance. The stability envelope and the environmental envelope were used for enforcing
vehicle stability and obstacle avoidance, respectively. The controller was designed so as
to intervene only when the vehicle trajectory exits the two safe envelopes. This approach
made the shared controller minimally invasive with the driver while avoiding a collision
and spinning out. Similar approaches were practiced in [115, 116].

In [117], a new path tracking controller was designed for autonomous vehicles at han-
dling limits. It was discussed in the study that a slip angle-based steering controller is
significantly less sensitive to the accuracy of friction estimation. This approach was in-
spired from the data collected from a race car driver to understand vehicle through slip
angle control. In [118], a convex optimization method was presented for optimally allocat-
ing tire forces in an over-actuated vehicle. The approach was built based on the idea of
equally using the total tire force capacity over all tires. This technique allowed to saturate
all the tires at the same time, providing the vehicle with the full lateral grip. The optimal
tire force allocation algorithm was combined with a trajectory tracking controller near the
limits of handling to follow the desired longitudinal and lateral motions.

Most research done in autonomous vehicle path tracking employs front steering as the
main actuation for controlling a vehicle’s lateral dynamics. However, incorporating other
actuators into the control system may improve the performance of autonomous vehicles,
especially in emergency situations. In [119], a collision avoidance control system was de-
signed using autonomous steering and differential braking. A feedforward controller was
used to calculate the steering angle needed to guide a vehicle to the adjacent lane, and then
an MPC controller was designed to track the centerline of this adjacent lane. A separate
subsystem was used for differential braking to improve vehicle stability.

In [120], a model predictive controller was designed for autonomous vehicles by using
combined braking and steering. The controller’s objective was to track a reference path
generated by a high-level controller. The stability constraint was considered in the control
design, but the effect of deviations from the reference path forced by stability constraint,
which may result in a collision, was not. This work was extended in [121] by adding active
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differentials to front steering and braking to allow for controlling traction and braking
forces at each corner independently. The extension enabled the controller to achieve better
tracking performance without reducing the vehicle speed excessively.

In [122], a nonlinear model predictive controller was presented for a path tracking and
obstacle avoidance problem using front steering and braking at the four wheels. To reduce
the computational complexity of the optimization problem, an algorithm was designed for
iterative linearization of vehicle dynamics and convexification of constraints. The experi-
mental results conducted at high speeds on snow showed the controller’s ability in avoiding
a collision in emergency scenarios involving multiple obstacles.

In [123], two control methods were presented for tracking a given trajectory while
maintaining collision avoidance in an autonomous vehicle using active front steering and
differential braking. The first method was designed based on a single nonlinear MPC
controller with a long prediction horizon. In the second method, a high-level controller
was used to plan a trajectory that avoids the obstacle using a simple point-mass vehicle
model. Then, at low-level, a model predictive controller was used to optimize the vehicle
inputs based on a nonlinear vehicle model to best track the planned trajectory. It was
shown that the two-level method performs better than the one-level approach at high
speeds in terms of computation time.

In an emergency collision avoidance scenario, it is important to know how to properly
and wisely use the available control inputs to prevent a collision as well as instability. If
the collision avoidance constraint is in conflict with the stability constraint, the controller
should carefully use the vehicle’s actuators to guide it. For instance, differential braking
can assist in improving yaw rate responsiveness but at the expense of a drop in the lateral
force capacity. This indirect effect of longitudinal forces, known as force coupling effect,
can exacerbate the problem if it is not considered. The force coupling effect can result in
understeer or oversteer behavior by reducing the lateral forces of the front or rear axles,
respectively, thereby affecting both the vehicle’s stability and its capability to operate near
the limits of handling. Therefore, integrating other actuators into autonomous vehicles
should be done conservatively and wisely to improve vehicle performance. Doing so can
provide an additional yaw moment necessary for preventing collisions.

20



2.6 Summary

In this chapter, the literature of vehicle stability control and vehicle path planning/tracking
control was studied, with special attention to the multi-actuated vehicle control prob-
lem. The vehicle control actuations were divided into direct and indirect yaw control
methods. The literature of direct yaw control actuations such as differential braking and
left/right torque distribution were investigated in Section 2.1. Different methods of gener-
ating left/right torque distribution including individual electric motors, electronic limited
slip differentials, and torque vectoring differentials were discussed.

The literature of the indirect yaw control actuations including active front steering,
active rear steering, and front/rear torque shifting was investigated in Section 2.2. It
was discussed that the indirect yaw control is the corrective yaw moment generated by
control of lateral forces. The control of front/rear torque shifting generates a significant
yaw moment due to the effect of longitudinal forces on the lateral forces. The front/rear
torque distribution is one of the main control actuations studied in this thesis, which can
make a considerable improvement in vehicle’s handling response and stability.

In Section 2.3, the literature of combining vehicle actuations for improving vehicle
stability was investigated. The existing research mostly offers an actuator coordination
by sharing the required control effort between the actuators, and none of them propose a
priority structure between the actuations. In addition, the vehicle control problem can have
different control objectives which can be prioritized based on their importance. Therefore,
this thesis studies the multi-actuation multi-objective vehicle control problem and aims
to develop a prioritization control structure for this problem. Model predictive control
method is adopted in this thesis due to its undeniable advantages and its capability to
properly consider several actuations and several objectives within the control design.

In Section 2.4, the importance of including the rollover prevention objective into the
control design was discussed, and the related literature was investigated. In addition, the
effect of road angles on vehicle stability was illustrated. In this thesis, the roll dynamics
and the effect of road angles on vehicle dynamics are included in the controller design.

In Section 2.5, the literature of vehicle path planning/tracking and collision avoidance
controller design was investigated. In the literature, different methods have been employed
for path planning/tracking control design. In this thesis, LTV MPC control method is
employed for local path planning/tracking because of its capability to properly integrate
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vehicle stability and path planning/tracking control objectives. The existing research does
not provide an appropriate method for collision avoidance in multi-actuated autonomous
vehicles. Therefore, this thesis focuses on an integrated control design to incorporate
torque/brake vectoring for improving the lateral agility of autonomous vehicles in emer-
gency collision avoidance scenarios.
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Chapter 3

Prioritization Model Predictive Control
Design for Multi-Actuated Vehicles

In this chapter, a prioritization model predictive control design is proposed for a multi-
actuation multi-objective vehicle control problem capable of working up to handling limits.
The proposed design first prioritizes the control actuations and the control objectives, and
then combines the actuator priorities and the objective priorities such that the low priority
actuation is activated only when the high priority objective demands it. This prioritization
control scheme considers the actuator and state constraints within the prediction horizon.
The control actuations studied in this chapter are front/rear torque distribution, ELSD,
and differential braking.

This chapter is structured as follows. First, the effect of road angles on vehicle chassis
dynamics is fully modeled using successive rotations of coordinate axes. Next, a coupled
force vehicle prediction model is developed including the lateral motion, yaw motion, and
roll motion. Then, an ELSD model is designed to properly predict ELSD clutch torque
distribution. Next, a prioritization model predictive controller is developed for a multi-
actuation multi-objective control problem. Then, this prioritization control scheme is il-
lustrated for three different case studies. Finally, actuator constraints, state constraints,
and the desired vehicle response are illustrated.
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3.1 Road Angles’ Effect on Vehicle Chassis Dynamics

Road angles can significantly affect vehicle dynamics. In this section, the effect of road
angles on vehicle chassis dynamics is fully modeled using successive rotations of vehicle
body’s coordinate axes. To do so, four rotations are defined with the sequence of 1) road
direction ψr, 2) road grade θr, 3) road bank φr, and 4) vehicle’s heading deviation ∆ψ,
as shown in Fig. 3.1. In fact, the first three coordinate rotations are associated with the
rotation of the road surface, and the last one is related to the rotation of the vehicle body
on the road surface. These successive rotations can be represented as below:

(
Î , Ĵ , K̂

)
→
(
î1, ĵ1, k̂1

)
, RZ(ψr) =


cosψr − sinψr 0

sinψr cosψr 0

0 0 1

 , (3.1)

(
î1, ĵ1, k̂1

)
→
(
î2, ĵ2, k̂2

)
, Ry1(θr) =


cos θr 0 sin θr

0 1 0

− sin θr 0 cos θr

 , (3.2)

(
î2, ĵ2, k̂2

)
→
(
î3, ĵ3, k̂3

)
, Rx2(φr) =


1 0 0

0 cosφr − sinφr

0 sinφr cosφr

 , (3.3)

(
î3, ĵ3, k̂3

)
→
(
î, ĵ, k̂

)
, Rz3(∆ψ) =


cos ∆ψ − sin ∆ψ 0

sin ∆ψ cos ∆ψ 0

0 0 1

 . (3.4)

The total rotational velocity of the vehicle, ~ω, can be obtained by summing the four
rotations as:

~ω =
(
κ k̂1 + λθ ĵ2 + λφ î3

)
u+ ∆ψ̇ k̂, (3.5)
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(a) (b)

(c) (d)

Figure 3.1: Successive rotations of vehicle body’s coordinate axes, (a) road direction ψr,
(b) road grade θr, (c) road bank φr, and (d) vehicle’s heading deviation ∆ψ.

where u is the vehicle’s longitudinal velocity; and κ, λθ, and λφ are respectively the
variations of the road direction, grade, and bank angles with respect to the arc length s,
which are calculated as:

κ =
∂ψr
∂s

, (3.6)

λθ =
∂θr
∂s

, (3.7)

λφ =
∂φ

∂s
. (3.8)
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Although the effect of road grade derivative, λθ, and road bank derivative, λφ, may be
considerable for race car driving, their magnitudes are mostly negligible compared to the
other terms. Therefore, the vehicle’s rotational velocity can be simplified to:

~ω = κu k̂1 + ∆ψ̇ k̂. (3.9)

The rotation transformation matrix R that relates the global coordinate system with
the vehicle body coordinate system can be obtained as:

R = RZ(ψr)Ry1(θr)Rx2(φr)Rz3(∆ψ). (3.10)

Using Eq. (3.10) to substitute for k̂1 in Eq. (3.9) and making small angle assumption
for the vehicle’s heading deviation give the vehicle’s rotational velocity in the vehicle body
coordinate system as:

~ω = (κu sin θr − κu cos θr sinφr∆ψ) î− (κu sin θr∆ψ + κu cos θr sinφr) ĵ

+
(
κu cos θr cosφr + ∆ψ̇

)
k̂. (3.11)

The vehicle’s linear velocity in the vehicle body coordinate system can be written as:

~ν = u î+ v ĵ. (3.12)

Then, the vehicle’s linear acceleration can be obtained by taking the derivative of the
linear velocity, ~ν, as:

~a = ~̇ν = u̇ î+ v̇ ĵ + u ˙̂i+ v ˙̂j, (3.13)

where ˙̂i = ~ω× î and ˙̂j = ~ω× ĵ. Using Eq. (3.11), the components of the vehicle’s linear
acceleration can be calculated as:

ax = u̇− v
(
κu cos θr cosφr + ∆ψ̇

)
, (3.14)

ay = v̇ + u
(
κu cos θr cosφr + ∆ψ̇

)
, (3.15)
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az = −κu2 (cos θr sinφr + sin θr∆ψ)− κuv (sin θr − cos θr sinφr∆ψ) . (3.16)

Knowing that the vehicle’s yaw rate is r = ωz = κu cos θr cosφr + ∆ψ̇, the longitudinal
and lateral accelerations can be simplified to ax = u̇ − vr and ay = v̇ + ur. Moreover,
considering that v/u � 1, and assuming that ∆ψ ≈ 0 results in az = −κu2 cos θr sinφr.
The above equations are used in the rest of this thesis.

3.2 Vehicle Prediction Model

The variations of the road friction coefficient can excite and affect the vehicle’s lateral
dynamics and roll dynamics in a different way. In a low friction surface, the chance of
vehicle lateral instability is more than vehicle roll-over. However, the chance of vehicle
roll-over compared to lateral instability increases by increasing the road friction, especially
for SUVs as they have a higher CG location. The integration of vehicle lateral and roll
stability objectives enables the controller to ensure that both the control objectives are
addressed in any condition. The other control objective in vehicle control problem is wheel
stability. In this thesis, however, it is assumed that the wheel stability control is performed
by a separate controller to prevent wheel spinout or locking which is not the focus of this
study.

The model predictive control design needs a prediction model. The vehicle prediction
model is created using a double track vehicle model (Fig. 3.2) and includes the lateral
motion, yaw motion, and roll motion. Longitudinal velocity, u, is considered constant
over the prediction horizon of the MPC controller. The dynamic equations of the vehicle’s
sideslip, β, yaw rate, r, and roll angle, φ, are expressed as:

β̇ =
mshs
mu

(
msghs cosφr cos θr − kφ

Ic
φ− cφ

Ic
φ̇

)
− r +

1

mu

(
1 +

m2
sh

2
s

mIc

)
FY −

g

u
sinφr cos θr,

(3.17)

ṙ =
1

Iz
(lfFyf cos(δ)− lrFyr + lfFxf sin(δ) +MDY ) , (3.18)

φ̈ =
msghs cosφr cos θr − kφ

Ic
φ− cφ

Ic
φ̇+

mshs
mIc

FY , (3.19)
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(a) (b)

Figure 3.2: Vehicle model diagram, (a) top view, (b) back view.

with FY = Fyf cos(δ) + Fxf sin(δ) + Fyr, and Ic = Ix,s −m2
sh

2
s/m, where ms and m are

the sprung and total mass of the vehicle; lf and lr are respectively the distances between
the vehicle’s CG and the front and rear axles; Iz is the vehicle’s inertia about the yaw axis;
Ix,s is the vehicle’s roll inertia about the roll axis; kφ and cφ are the equivalent roll stiffness
and roll damping of the vehicle; φr and θr are respectively the road bank and grade angles;
hs is the distance from the roll center to the CG of the sprung mass; g is the gravitational
acceleration; and MDY is the direct corrective yaw moment.

One of the control actuations used in this thesis is front/rear torque shifting. This
actuation makes an indirect control of the lateral forces achieved by adjusting the applied
longitudinal forces to the front and rear axles. This indirect effect of longitudinal forces
on lateral forces is due to the force coupling effect [124] and the tires’ combined slip effect
[125]. Developing a combined-slip prediction model requires a tire model that considers
this effect. However, combined slip tire models have a lot of parameters that need to be
estimated [126]. In addition, they need an accurate estimation of slip ratio, which may
not be available. Therefore, to avoid these challenges and complexities, the force coupling
effect is modeled using a brush tire model that captures the effect of the longitudinal force
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on the lateral force [127]:

Fy =

{
−Cα tanα + C2

α

3ξµFz
| tanα| tanα− C3

α

27ξ2µ2F 2
z

tan3 α |α| < αsl,

−ξµFz signα |α| ≥ αsl,

αsl = arctan
3ξµFz
Cα

,

(3.20)

where Cα is the tire cornering stiffness; Fz is the tire normal load; α is slip angle; and ξ
is a derating factor representing the remaining lateral force capacity based on the friction
limit circle:

ξ =

√
1−

(
Fx
µFz

)2

. (3.21)

The longitudinal forces are assumed to be linearly proportional to the torques exerted
on the wheels Fx = Q/Re. The front and rear tires’ slip angles are calculated as follows:

αf =
v + lfr

u
− δ, αr =

v − lrr
u

. (3.22)

The nonlinear plant dynamics is successively linearized at each time step to allow for
the real-time implementation of the MPC controller using a convex quadratic optimization
problem. This linear time-varying model is obtained by linearizing the tire’s nonlinear
behavior around its operating points. To linearize the nonlinear model, the partial deriva-
tives of the lateral force with respect to slip angle and derating factor are calculated. These
partial derivatives create an affine expression for Fyi as follows:

Fyi = F̄yi + C̄αi (αi − ᾱi) + C̄ξi
(
ξi − ξ̄i

)
, (3.23)

where F̄yi, ᾱi, and ξ̄i are the calculated lateral force, slip angle, and derating factor at
the operating time; C̄αi and C̄ξi are sensitivity of the lateral force with respect to slip angle
and derating factor, respectively, at the operating time, shown in Fig. 3.3 and calculated
as follows:

C̄αi =
∂Fyi
∂αi
|ᾱi,ξ̄i , C̄ξi =

∂Fyi
∂ξi
|ᾱi,ξ̄i . (3.24)
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Figure 3.3: Linearization of the tire model with respect to (a) slip angle α and (b) derating
factor ξ.

By taking successive partial derivatives, the derived affine equation for lateral force
(Eq. (3.23)) can be rewritten in terms of axle torque as:

Fyi = F̄yi + C̄αi (αi − ᾱi) + C̄Qi
(
Qi − Q̄i

)
, (3.25)

where C̄Qi is the sensitivity of the lateral force with respect to the axle’s torque at the
operating time, defined as:

C̄Qi =

[
∂Fyi
∂ξi

∂ξi
∂Fxi

∂Fxi
∂Qi

]
ᾱi,ξ̄i

. (3.26)
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The coefficients C̄α and C̄Q are updated at each time step. Figure 3.4 shows C̄α and C̄Q
versus slip angle α for different values of ξ. It can be seen that C̄α decreases by decreasing
the value of ξ. The absolute value of C̄Q increases from zero to its maximum when α

increases from zero to the saturation point. Also, decreasing the value of ξ increases the
magnitude of C̄Q, meaning that the sensitivity of the lateral force to the changes in the
applied torque increases by decreasing ξ. In other words, the lateral force drop achieved
by changing the axle torque from Q1 = 0 to Q2 = δQ is much less than that achieved by
changing the axle torque from Q1 = Q̄ to Q2 = Q̄ + δQ, where δQ is a small variation in
torque.

Figure 3.4: Variations of (a) C̄α and (b) C̄Q versus α for different values of ξ =

0.2, 0.4, 0.6, 0.8, 1.

The capability of front/rear torque distribution in generating corrective yaw moments
is highly dependent to the total requested drive torque. Figure 3.5 schematically visualizes
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the variations of the yaw moment produced by front/rear torque distribution for different
drive torque levels. This figure shows how the available yaw moment capacity, produced
by torque distribution between the front and rear axles, changes with an increase in the
total drive torque. This yaw moment capacity increases when the drive torque increases
up to an optimum point and then starts decreasing. The maximum yaw moment capacity
∆Mz,max is achieved when the total drive torque is able to saturate either the front or the
rear axle. For the input torque of Q1

d, the body yaw moment can decrease from M1
z to M2

z

by transferring torque from one axle to the other. Increasing the driver torque to Q3
d can

provide more authority on the yaw moment and increase the window of achievable yaw
moments.

Figure 3.5: The yaw moment capacity produced by front/rear torque distribution versus
driver torque.

Substituting Eq. (3.25) into Eqs. (3.17) to (3.19) for the front and rear lateral forces,
using Eq. (3.22) for the slip angles, and rewriting the equations in state space form gives:

ẋ = Ax + Bu + d, (3.27)

with x = [β, r, φ, φ̇]T , u = [Qf ,MDY ]T , and
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A =

[
A11 A12

A21 A22

]
,

A11 =


(

1 + m2
sh

2
s

mIc

)
C̄αf cos δ+C̄αr

mu

(
1 + m2

sh
2
s

mIc

)
lf C̄αf cos δ−lrC̄αr

mu2
− 1

lf C̄αf cos δ−lrC̄αr
Iz

l2f C̄αf cos δ+l2rC̄αr

Izu

,

A12 =

mshs(msghs cosφr cos θr−kφ)
muIc

−mshscφ
muIc

0 0

,

A21 =

 0 0

mshs(C̄αf cos δ+C̄αr)
muIc

mshs(lf C̄αf cos δ−lrC̄αr)
muIc

,

A22 =

 1 0

msghs cosφr cos θr−kφ
Ic

− cφ
Ic

,

B =



C̄Qf cos δ−C̄Qr
mu

+ sin δ
muRe

0

lf C̄Qf cos δ+lrC̄Qr

Iz
+

lf sin δ

IzRe
1
Iz

0 0

mshs
muIc

(
C̄Qf cos δ − C̄Qr + sin δ

Re

)
0


,

d =



F̄yf cos δ+F̄yr−C̄αf ᾱf cos δ−C̄αr ᾱr−C̄Qf Q̄f cos δ−C̄Qr Q̄r−C̄αf δ cos δ−mg sinφr cos θr

mu

lf F̄yf cos δ−lrF̄yr−lf C̄αf ᾱf cos δ+lrC̄αr ᾱr−lf C̄Qf Q̄f cos δ+lrC̄Qr Q̄r−lf C̄αf δ cos δ

Iz

0

mshs(F̄yf cos δ+F̄yr−C̄αf ᾱf cos δ−C̄αr ᾱr−C̄Qf Q̄f cos δ−C̄Qr Q̄r−C̄αf δ cos δ−mg sinφr cos θr)
muIc


.
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The corrective direct yaw momentMDY is the summation of the yaw moments generated
by ELSD, the front differential braking, and the rear differential braking MDY = MED +

MDBF +MDBR, which are studied in this thesis.

Actuator Dynamics:

Vehicle actuation systems have inherent dynamics resulting in a delay from the actu-
ation command to actuation effect. The inherent dynamics of actuation systems can be
modeled using first-order models as [128, 129]:

ui =
1

1 + τis
ũi, (3.28)

where τi is the time constant, ui is the actual control command, and ũi is the requested
control command. The actuator dynamics can be written as:

u̇ = Aτu + Bτ ũ, (3.29)

with ũ =
[
Q̃f , M̃DY

]T
, Aτ =

[
−1/τ1 0

0 −1/τ2

]
, and Bτ =

[
1/τ1 0

0 1/τ2

]
.

To improve the accuracy and performance of the controller, the actuator dynamics is
added to the vehicle dynamics, and an integrated dynamic equation is constructed as:[

ẋ

u̇

]
=

[
A B

0 Aτ

][
x

u

]
+

[
0

Bτ

]
ũ +

[
d

0

]
. (3.30)

This augmented dynamic model is denoted as:

ẋa = Aaxa + Baũ + da. (3.31)

This continuous-time augmented model must be discretized to form a discrete-time
model that can be implemented in an MPC controller. The discretization is performed
using zero-order hold (ZOH) method and with the sampling time of ts as:

xa(k + 1) = Ad xa(k) + Bd ũ(k) + dd, (3.32)
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where Ad = eAats , Bd =
∫ ts

0
eAaτBa dτ , and dd =

∫ ts
0
eAaτda dτ . The vehicle prediction

model developed in this section considers the longitudinal and lateral force coupling as well
as the actuator dynamics. This coupled force prediction model is used in the MPC control
design.

3.3 ELSD Model Development

An electronic limited slip differential has similar components to an open differential except
that it can provide an additional path for torque transfer by a clutch. In an open differ-
ential, torque is distributed equally between the left and right wheels, and therefore there
is no torque vectoring. An electronically controlled limited slip differential, however, can
bias the shaft torque to right and left wheels. There are two main types of electronic lim-
ited slip differentials: electro-hydraulic limited slip differential [130] and electro-magnetic
limited slip differential [131, 132]. The active differential studied in this thesis is an electro-
hydraulic limited slip differential.

As discussed in the previous section, when the ELSD differential clutch is activated, it
will try to make the speeds of the left and right wheels the same. Most studies assume
that the speed of the outside wheel is always larger than the speed of the inner wheel while
the vehicle is turning, because the outer wheel experiences a turn with a larger radius
of curvature. As a result, if the ELSD differential clutch is activated, it is assumed to
reduce the outer wheel speed and acceleration. Consequently, the device only transfers the
driving torque from the outside wheel to the inside wheel [133]. Thus, a yaw moment is
generated in the opposite direction to the turn, which increases the understeer tendency
of the vehicle. This paper criticizes the assumptions made for ELSD functionality. The
assumption that the speed of the outside wheel is larger than the inner wheel’s speed may
be inaccurate in some situations. The outside wheel can be assumed to be faster in off-
throttle or low-throttle cases. However, the inner wheel may rotate faster in an on-throttle
case, as is illustrated below.

Vehicle lateral acceleration during a turn reduces the normal load of inner wheels and
increases the normal load of outside wheels. Therefore, if the axle torque is distributed
equally between the inner and outside wheels (open differential), increasing the axle torque
will decrease the difference between the outside wheel speed and the inner wheel speed,
and it can even make the inner wheel rotate faster. The ELSD clutch torque capacity is
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constrained by the maximum ELSD differential capability and the maximum friction force
capacity between tires and road. Therefore, increasing the axle torque decreases the torque
transfer capacity from the outside wheel to the inner wheel; eventually, it can also change
the direction of the differential clutch torque from the inner wheel to the outer wheel when
the inner wheel rotates faster. Thus, the ELSD differential clutch can also generate a yaw
moment in the direction of the turn and increase a vehicle’s oversteer tendency.

To better illustrate the point mentioned above, an open loop test result of an acceler-
ation in turn maneuver is presented in Fig. 3.6. The ELSD differential is activated with
60 percent clutch pressure during the test. Figures 3.6a and 3.6b show the driver inputs,
respectively steering angle and torque request to the rear axle. Figure 3.6c compares the
vehicle yaw rate with the desired yaw rate; and Fig. 3.6d shows the ELSD clutch torque,
which is the torque difference between the rear wheels TC = Trr − Trl. It can be seen that
the ELSD differential provides an understeering yaw moment between t = 1s to t = 3s

that contributes to vehicle stability, but then the direction of the clutch torque changes
between t = 3s to t = 4s, generating an oversteering yaw moment, which triggers vehicle
instability. Therefore, this test result clearly shows that an ELSD differential has the ca-
pability of generating an oversteering yaw moment and making a vehicle unstable, which
necessitates developing an appropriate ELSD model that can predict clutch torque and
avoid unwanted oversteering yaw moments.

Some studies assume an algebraic model for ELSD clutch torque such that the sign
of the wheel speed difference determines whether the ELSD clutch torque is positive or
negative, and they suppose that the maximum clutch torque capacity is always available
and achievable [31, 134]. These assumptions, however, fail to correctly predict the mag-
nitude and direction of clutch torque. One main problem is that they lead to chattering
in the ELSD clutch when the wheel speed difference chatters around zero. In fact, wheel
speed difference may chatter around zero without changing the direction of the differential
torque, especially when the clutch is fully engaged.

Therefore, using an algebraic ELSD model based on the current wheel speed difference
to design an ELSD controller is not logical. To capture the dynamic behavior of the ELSD
clutch, it can be modeled as a torsional spring-damper [30], as shown in Fig. 3.7, with the
clutch torque, TC , calculated as follows:

TC = ct ∆ω +

∫
kt ∆ω dt, (3.33)
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Figure 3.6: (a) Steer angle, (b) axle torque, (c) the vehicle yaw rate, and (d) the ELSD
clutch torque in an acceleration in turn maneuver with 60 percent constant clutch pressure.
The clutch torque provides both understeering and oversteering yaw moments.

where ∆ω = ωrr − ωrl is the wheel speed difference, kt and ct are the clutch spring and
damper coefficients, respectively. The above equation can be written in discrete form as:

TC(t) = TC(t−∆t) + kt ∆ω(t) ∆t+ ct (∆ω(t)−∆ω(t−∆t)), (3.34)

In the spring-damper model, the spring element maintains a full history of the previous
time steps by integrating the wheel speed difference over time. This integral term may cause
an offset in the clutch torque by accumulating the potential errors in the model, especially
at low clutch pressures when the clutch plates are not fully locked and are slipping. To
remedy this issue, the clutch model presented in Eq. (3.34) can be modified as [135]:
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Figure 3.7: Schematic of ELSD model in the rear axle.

TC(t) = (1− λt ∆t)TC(t−∆t) + kt ∆ω(t) ∆t+ ct (∆ω(t)−∆ω(t−∆t)), (3.35)

where the variable λt is introduced as a forgetting factor to allow any accumulated
error to gradually fade away. The ELSD clutch torque is limited by the maximum torque
capacity that the clutch plates can generate, TC,lim, which is a function of the clutch
pressure, P . The clutch torque is also constrained by the maximum torque bias, Tf,lim,
that the friction force capacity between tires and road can provide. Thus, the clutch torque
limit is expressed as:

|TC | ≤ min(TC,lim , Tf,lim), (3.36)

The torque difference between the right and left wheels, ∆Tr = Trr−Trl, can be obtained
as follows:

∆Tr = TC − (Is,rrω̇rr − Is,rlω̇rl), (3.37)

where Is,rr and Is,rl are the right and left output shafts inertia. Neglecting the shafts
inertia, the above equation can be simplified to ∆Tr = TC .

Variations of the clutch pressure affects the ELSD clutch torque, and consequently
the parameters of the ELSD model including the clutch spring coefficient kt, the damper
coefficient ct, the forgetting factor λt, and the clutch saturation limit TC,lim. The clutch
parameters are obtained by estimation using the data set collected from vehicle tests in
different maneuvers with different clutch pressures. The estimated model parameters for
different clutch pressures are shown in Table 3.1.
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Table 3.1: ELSD Model Parameters.

Clutch Pressure(%) kt ct λt TC,lim[N.m]

10 8000 400 0.75 330

20 8000 400 0.75 660

40 8700 300 0.5 1350

60 9200 100 0.2 1900

80 11000 50 0.1 2100

It should be noted that although the physical model of the ELSD may be very compli-
cated, this simple model can successfully represent torque biasing dynamics and provide a
reasonable prediction of the clutch torque. The performance of the developed ELSD model
is evaluated using experimental data in the next chapter.

3.4 Actuator Constraints

The control actuations must be properly constrained in the optimization problem. Gen-
erally, there are two main constraints for the actuators in vehicle stability control. The
first constraint is related to the maximum physical capability of the actuators. The other
constraint is for the maximum friction force capacity between tires and the road.

The ELSD clutch pressure can vary between zero and fully locked. This constraint can
be written as:

0 ≤ P ≤ 1. (3.38)

The drive torque of the front axle is constrained by the maximum torque capability of
the electric motors, Qe,max, and the available friction force capacity, µFz,f . The minimum
value for the front drive torque is assumed to be zero. The rear drive torque is not an
independent control actuation and is related to the front drive torque with an equality
constraint as Qf + Qr = Qd. However, the constraints of the rear drive torque must be
properly addressed. Considering that Qr = Qd − Qf and Qf ≤ Qd, the rear drive torque
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always remains nonnegative, Qr ≥ 0. To ensure that the rear drive torque is smaller than
its maximum allowable value, Qr ≤ Qr,max, the minimum allowable value of the front drive
torque is set to Qf,min = Qd −Qr,max. Therefore, the front drive torque is constrained as:

Qf,min ≤ Qf ≤ Qf,max, (3.39)

where Qf,max = min (Qe,max, µFz,f , Qd), and Qf,min = Qd −min (Qe,max, µFz,r, Qd).

The available friction force limit forms the basis for constraints on actuation of differ-
ential braking. A geometrical analysis of the tire force vector in the force limit circle is
performed to obtain the maximum effective corner brake contribution to vehicle stability
[136]. Differential braking is used only to improve vehicle stability; therefore, it is activated
only in the opposite direction of the turn. Figure 3.8 shows tire force vectors inside the force
limit circles at each corner. Figure 3.8a shows tire force vectors when no longitudinal force
exists at the corners. Vehicle turns in the positive yaw direction (CCW) lead to braking
action in the right corners, generating understeering yaw moment. Figure 3.8b sets out the
optimum force vectors at the right corners for generating the maximum understeering yaw
moment. If no longitudinal force is present, the front right corner generates oversteering
yaw moment. With braking on the front right corner, the force vector direction changes
so that the direction of yaw moment generated by this corner changes from oversteering
to understeering. In this corner, the optimum force vector occurs when the braking force
equals the corner’s force limit, µFz,fr. Therefore, the front differential braking can be
constrained as:

|MDBF | ≤MDBF,max, (3.40)

where MDBF,max = ls
2

(
µFz,fr +

Qf
2Re

)
.

The rear right corner already provides an understeering yaw moment without braking
action.The optimum force vector in this corner, which generates the maximum understeer-
ing yaw moment, is perpendicular to the line drawn between the vehicle CG and the center
of the corner because it has the largest moment arm. This optimum force vector is com-
prised of a lateral force and a longitudinal braking force. Thus, the optimum braking force
can be obtained as:

F op
b,rr = µFz,rr

ls

2
√
l2r + l2s

4

. (3.41)
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Figure 3.8: Tire force vector in the friction force limit circle, (a) with no longitudinal force
at the corners, and (b) the optimum force vectors for generating understeering yaw moment
by differential braking.

If there is a longitudinal force in the rear right corner, generated whether by the
driver’s acceleration pedal or the ELSD, the optimum braking force is added up with
(Qd + TC) /2Re. Therefore, the maximum rear differential braking is considered to be:

MDBR,max =
ls
2

µFz,rr ls

2
√
l2r + l2s

4

+
Qr + TC

2Re

 . (3.42)

Then, the control actuation MDBR is constrained as |MDBR| ≤ MDBR,max. The rear
differential braking is activated when the ELSD clutch cannot contribute to vehicle stability,
and accordingly the ELSD clutch is disengaged when the rear differential braking is applied.
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Therefore, the maximum rear differential braking MDBR,max can be simplified by setting
TC = 0 in Eq. (3.42).

3.5 State Constraints

To ensure vehicle stability, safety limits can be defined on the states of the vehicle model.
The stable bounds of the vehicle’s yaw rate are defined using the steady state assumption
(v̇ ≈ 0, φ̈ ≈ 0) in Eqs. (3.17) to (3.19), resulting in:

rmax =
FY,max −mg sinφr cos θr

mu
. (3.43)

If no longitudinal force is applied to the tires, the maximum lateral force capacity can
be assumed to be FY,max = µN , where N is the vehicle’s total normal force. Applying
a longitudinal force on the rear axle decreases the lateral force capacity of the rear axle,
thereby increasing the vehicle’s oversteer tendency. This reduction in the lateral force
capacity of the rear axle is assumed to shrink the stable region of the yaw rate as:

rmax =
µNξr −mg sinφr cos θr

mu
, (3.44)

where ξr =
√

(µFzr)2 − F 2
xr/(µFzr) is the rear axle’s derating factor. The normal load,

N , is a function of the road’s bank angle, φr, grade angle, θr, and curvature, κ:

N = mg cosφr cos θr −mκu2 sinφr cos θr. (3.45)

Substituting Eq. (3.45) in Eq. (3.44) results in:

rmax =
µξr (g cosφr cos θr − κu2 sinφr cos θr)− g sinφr cos θr

u
. (3.46)

The minimum stable yaw rate is similarly obtained as:

rmin =
−µξr (g cosφr cos θr − κu2 sinφr cos θr)− g sinφr cos θr

u
. (3.47)
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The yaw rate’s constraint can be represented by the following linear inequality:

Hrx ≤ Gr, (3.48)

where Hr =

[
0 1 0 0 0 0

0 −1 0 0 0 0

]
, and Gr =

[
rmax

−rmin

]
.

The stable limit of the vehicle’s sideslip is determined by constraining the rear slip
angle to |αr| ≤ αr,sat, resulting in:

lrr

u
− αr,sat ≤ β ≤ lrr

u
+ αr,sat. (3.49)

This inequality constraint can be written in matrix form as:

Hβx ≤ Gβ, (3.50)

where Hβ =

[
1 −lr/u 0 0 0 0

−1 lr/u 0 0 0 0

]
, and Gβ =

[
αr,sat

αr,sat

]
.

To ensure the roll stability of the vehicle, the lateral load transfer ratio (LTR) is re-
garded as a good measure for vehicle rollover tendency. The LTR index is defined based
on the difference between the normal forces of the right and left tires as:

LTR =
Fz,r − Fz,l
Fz,r + Fz,l

. (3.51)

The LTR can be obtained by writing the roll moment equation in the unsprung mass
around the midpoint of the right and left contact points as:

LTR =
2
(
kφφ+ cφφ̇+ (mhu +ms (hR − hu)) (ay + g sinφr cos θr)

)
mls (g cosφr cos θr − κu2 sinφr cos θr)

. (3.52)

The LTR index can be rewritten using the vehicle states to present it as a stability
limit in the φ - φ̇ phase plane:
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LTR = k̄φφ+ c̄φφ̇, (3.53)

where k̄φ and c̄φ depend on vehicle parameters, road angles (bank and grade), and road
curvature as:

k̄φ =
2
(
kφ

(
1 + mshR+muhu

mshs

)
− (mshR +muhu) g cosφr cos θr

)
mls (g cosφr cos θr − κu2 sinφr cos θr)

, (3.54)

c̄φ =
2 cφ

(
1 + mshR+muhu

mshs

)
mls (g cosφr cos θr − κu2 sinφr cos θr)

. (3.55)

The stable region in the φ − φ̇ phase plane is obtained by limiting the LTR within a
safe threshold [137]. This constraint can be written as:

Hφx ≤ Gφ, (3.56)

where Hφ =

[
0 0 k̄φ c̄φ 0 0

0 0 −k̄φ −c̄φ 0 0

]
, and Gφ =

[
LTRmax

LTRmax

]
.

The defined limits on the vehicle’s yaw rate, sideslip, roll angle, and roll rate in the
β − r and φ− φ̇ phase planes are shown in Fig. 3.9. In the β − r phase plane, the stability
limits create a parallelogram, inside of which is shown in green as it satisfies the stability
constraints of the yaw rate and sideslip. The region outside the yaw rate’s stable limit and
within the sideslip’s stable bounds is shown in yellow, and the region where the sideslip
limit is violated is considered as unstable region (red region). The violation of the stability
parallelogram in the β− r phase plane mostly starts through the channel of yaw rate. The
vehicle trajectory may return from the yellow region to the green region without touching
the red region’s boundary. Therefore, the violation of the yaw rate limit can be regarded
as a warning (low-level unsafe behavior), and the violation of the sideslip limit as a high-
level unsafe behavior. In the φ− φ̇ phase plane, the region outside the safe LTR threshold
is regarded as unstable region (red region) because the vehicle tends to roll-over. This
classification of the safety constraints is used to design a prioritization controller.
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(a) (b)

Figure 3.9: (a) The β− r phase plane, and (b) the φ− φ̇ phase plane. They are divided to
green, yellow, and red regions.

3.6 Desired Vehicle Response

The MPC controller is intended to track a desired yaw rate and sideslip for handling
improvement. To ensure that the vehicle’s sideslip remains small and safe, the desired
sideslip is assumed to be βdes = 0. The desired yaw rate is obtained based on the vehicle’s
linear response to the steering input in the linear range of vehicle operation, which can be
expressed as:

r̄des =
u

l + kusu2
δ, (3.57)

where l is the vehicle’s wheelbase, and kus denotes the vehicle understeer coefficient.
The understeer coefficient shows the vehicle’s sensitivity to the steering input and is an
important criterion in the assessment of vehicles’ handling characteristics. If sufficient road
friction is not available, the desired yaw rate defined in Eq. (3.57) should be adjusted to
limit the yaw rate that the vehicle can assume. For this purpose, the maximum safe yaw
rate defined in Eq. (3.46) is used to define the modified desired yaw rate as:

rdes = min (|r̄des|, rmax) sign r̄des. (3.58)

45



3.7 Prioritization Model Predictive Controller

A prioritization model predictive control design for a multi-actuation multi-objective sys-
tem is proposed in this chapter. Figure 3.10 schematically shows the prioritization structure
for N control actuations and M control objectives. It is assumed that the control actu-
ations can be prioritized in real-time into λ priority levels based on their advantages and
disadvantages in performance, energy usage, constraints, and capabilities. The control
objectives are also prioritized in real-time based on their importance. This structure com-
bines the actuation priorities and the objective priorities so as to activate the actuations
of the priority level li (1 ≤ i ≤ λ) when objectives with the same priority level or higher
necessitate doing so. As a result, a low priority actuation is activated only for the high
priority objectives and will not kick in for a low priority objective [138].

Figure 3.10: General form of the prioritization controller. The priority of control actuations
and control objectives are combined within λ priority levels.

The objective of the prioritization model predictive control is to optimize the control ac-
tuations within the defined priority structure for control actuations and control objectives.
The control objectives are all formulated as soft constraints on the states of the system
using slack variables except for one tracking objective. The controller also uses priority
variables in actuation constraints, which are introduced to allow for prioritization of the
control actuations. The objective function consists of quadratic weights of tracking error
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of system states, control effort, and the proximity of the control actuations. It also assigns
linear weights for violations of systems constraints by penalizing the slack variables used
in the soft constraints. Moreover, the controller penalizes priority variables with linear
weights. The cost function is expressed as:

J =
∑Np

k=1 (x(k)− xdes(k))T Q (x(k)− xdes(k)) + uT (k) Rm u(k)

+∆uT (k) Rp ∆u(k) + Ws s(k) + Wρ ρ(k),
(3.59)

subject to the vehicle prediction model (Eq. (3.32)) and:

Hx(k) ≤ G + s(k), (3.60)

Pumin(k) ≤ u(k) ≤ Pumax(k), (3.61)

s(k) ≥ 0, (3.62)

0 ≤ ρ(k) ≤ 1, (3.63)

where Np is the number of points in the prediction horizon, xdes denotes the desired
states, and s is the vector of non-negative slack variables that are used to change the
hard constraints of the system states to soft constraints to ensure that the optimization
problem always has a feasible solution. These slack variables are penalized in the cost
function to enforce the system’s stability. The vector ρ denotes the priority variables,
which are constrained between [0, 1] and are penalized in the cost function to ensure that
the low priority actuation is not used unless the high priority objective necessitates its
activation. The matrix P is a diagonal matrix in which the first N1 diagonal entries, which
are associated with the priority level l1, are equal to one, and the rest are the priority
variables.

The relative size of the optimization weights of the slack variables and the priority
variables are set as Ws,lλ �Wρ,lλ �Ws,lλ−1

� · · · �Wρ,l2 �Ws,l1 � Q, where Ws,li

and Wρ,li denote respectively the weights of the slack variables and the priority variables
of the priority level li. This control design allows for a combined prioritization of the
objectives and the actuators through the prediction horizon.
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The proposed prioritization model predictive controller is used for vehicle dynamics
control problem. The vehicle control objectives are tracking the desired states and main-
taining the vehicle states within the defined safety limits. Therefore, the state constraints
of the MPC controller, Eq. (3.60), includes the constraints defined in Eqs. (3.48), (3.50),
and (3.56). In addition, the actuator constraints of the controller, Eq. (3.61), is composed
of the constraints defined in Eq. (3.38) to (3.40) and (3.42).

The stability of the proposed controller can be shown using the techniques used for
stability analysis of the constrained model predictive controllers [139, 140, 141], which is
not the focus of our study. The proposed MPC controller is in fact a convex optimization
with a quadratic cost function and linear constraints. This quadratic optimization problem
is solved using qpOASES solver [142] in the numerical and experimental studies. The
solution of this optimization problem is an optimal sequence of control inputs for the
entire horizon at each execution of the controller. The first set of control inputs in this
sequence is selected and applied to the vehicle and the rest are discarded. The optimization
problem is re-solved at the next time step over a shifted horizon with new measurements.

3.8 Prioritization Control of Vehicle Dynamics

The vehicle control problem can have different control actuations and control objectives.
There are different vehicle safety actuations such as differential braking, active torque
distribution, active steering, and active differentials. The vehicle control objectives include:
rollover prevention, maintaining sideslip and yaw rate within their stable limits, wheel
stability, and yaw rate tracking.

The prioritization controller is employed for three different vehicles considered as three
cases. In Case 1, the vehicle is an electric all-wheel-drive vehicle equipped with actuations
of front/rear torque shifting and differential braking. Between front/rear torque shifting
and differential braking, using the former first is preferred because of the drawbacks of
differential braking such as energy waste, speed reduction, and noise. Therefore, the pri-
orities of actuators are (1) front/rear torque shifting, (2) differential braking. The control
objectives and their priorities are (1) enforcing the sideslip constraint, (2) enforcing the
yaw rate constraint, and (3) tracking the desired states.

In Case 2, the vehicle is a performance vehicle equipped with ELSD on the rear axle,
front differential braking, and rear differential braking. The selected control objectives for
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this case are (1) enforcing the yaw rate constraint, and (2) tracking the desired yaw rate.
Between ESLD and differential braking, using the former first is preferable because it does
not drop the vehicle speed. Therefore, the priorities of actuators are (1) ELSD, and (2)
differential braking.

In Case 3, the vehicle is an electric SUV equipped with front/rear torque shifting and
differential braking capabilities. The vehicle has a high CG location, and therefore, roll-
over accidents are likely to happen. Such accidents can be more dangerous than those
involving spinning or skidding. Therefore, the control objectives are prioritized as: (1)
enforcing the roll constraint, (2) enforcing the sideslip constraint, (3) enforcing the yaw
rate constraint, and (4) tracking the desired yaw rate.

Figure 3.11 shows the prioritization control structure for the three cases. In this struc-
ture, the objective priorities and actuator priorities are combined such that differential
braking, which is the low priority actuator, is activated only for the high priority objec-
tives. The proposed structure restrains the controller from using differential braking for
the low priority control objectives. There is one more condition for the activation of the
rear differential braking in Case 2, which is the inability of ELSD to generate understeering
yaw moments.

The prioritization model predictive control method is employed for all the above-
mentioned case studies. In this design, differential braking, which is the low priority
actuation, is set as the second control input, and then the matrix P in actuator constraints,
Eq. (3.61), becomes:

P =

[
1 0

0 ρ

]
. (3.64)

In the second case study, differential braking is divided to front and rear differential
braking; and therefore, there are three control inputs. In this case, the matrix P in actuator
constraints is written as:

P =


1 0 0

0 ρ 0

0 0 ρ η

 . (3.65)
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(a) (b)

(c)

Figure 3.11: The prioritization controller is used for three case studies. (a) Case study 1,
(b) Case study 2, (c) Case study 3.

The variable η is a switch variable that is η = 0 when the ELSD clutch can generate
understeering yaw moments. This switch variable changes to η = 1 only when the ELSD
clutch model predicts that the clutch can generate oversteering yaw moments.

The order of state constraints in Eq. (3.60) is set such that the control objective with
the highest priority, enforcing the roll constraint, is set as the last constraint. There-
fore, the matrices H and G for Case study 3 become H =

[
Hr Hβ Hφ

]T
and G =
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[
Gr Gβ Gφ

]T
, and the vector of slack variables is similarly set as s =

[
sr sβ sφ

]T
.

3.9 Summary

In this chapter, a prioritization model predictive controller was developed for multi-actuated
vehicles with multiple control objectives. The control actuations and control objectives
were prioritized such that the low priority actuation is engaged only for the high priority
objective. In this design, the MPC controller applies the priority of control objectives and
control actuations using slack variables and priority variables, respectively. The prioriti-
zation control structure was implemented for vehicle control problem in three case studies
with actuations of front/rear torque shifting, ELSD, and differential braking.

The vehicle prediction model consists of the vehicle yaw dynamics, lateral dynamics,
and roll dynamics and includes the effect of road angles. The prediction model considers the
force coupling effect to allow for optimal control of front/rear torque shifting. An ELSD
model was designed for estimating ELSD clutch torque, which is then used to properly
control ELSD clutch pressure. The desired vehicle yaw rate is defined based on the steering
input, speed, the vehicle understeer coefficient, and the yaw rate safety limit.

The actuator constraints and state constraints were illustrated and included in the
MPC control design. The constraint of braking forces in differential braking was calculated
using a geometrical analysis of the tire force vectors. The constraints defined on vehicle
states were used to define the control objectives, including rollover prevention, maintaining
sideslip and yaw rate within their stable limits, and yaw rate tracking. Then, the priority
of control objectives was defined based on their importance.
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Chapter 4

Simulation and Experimental Results

In this chapter, the controller designed in the previous chapter is employed for the three
case studies described in Section 3.8. The first case study deals with controlling a vehicle’s
yaw rate and sideslip using front/rear torque shifting and differential braking, which is eval-
uated numerically as well as experimentally with implementation on an electric Chevrolet
Equinox vehicle (Fig. 4.1a). In the second case study, the vehicle’s yaw rate is controlled
using ELSD and differential braking, and the controller’s performance is assessed exper-
imentally using a Cadillac CTS vehicle (Fig. 4.1b). The third case study focuses on the
integrated control of lateral and roll motion using front/rear torque shifting and differen-
tial braking, evaluated numerically using an electric E-Class SUV vehicle in CarSim. The
specifications of the test vehicles are listed in Table 4.1.

The experimental setup diagram for the tests is shown in Fig. 4.2. The controller is
implemented in the Simulink environment, which is compiled on dSpace Micro-Autobox.
The Micro-Autobox communicates with the vehicle actuators and sensors through CAN
bus network. The vehicle IMU sensor provides the yaw rate and longitudinal and lateral ac-
celerations. The longitudinal and lateral velocities are measured by a 6-axis GPS (RT2500)
in Chevrolet Equinox. However, they are obtained by estimation in Cadillac CTS vehicle.
The wheel force transducer sensors are installed at each corner to measure the torque and
speed of wheels. However, the measured corner torques are only used to evaluate the closed
loop performance of the ELSD clutch model, and they are not used within the controller.
The control parameters for the three case studies are shown in Table 4.2.
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(a) (b)

Figure 4.1: Test vehicles used in experimental verifications, (a) the electric all-wheel-drive
Chevrolet Equinox vehicle, and (b) the Cadillac CTS vehicle.

Table 4.1: Specifications of the Test Vehicles.

Parameter Description Value

Case 1 Case 2 Case 3

m [kg] Total mass 2272 1731 1860

Iz [kg.m2] Vehicle moment of inertia 4600 3200 2687

ls [m] Track width 1.6 1.57 1.58

lf [m] Distance from front axle to CG 1.42 1.44 1.18

lr [m] Distance from rear axle to CG 1.43 1.47 1.77

Re [m] Effective radius 0.351 0.316 0.393

Cαf [N/rad] Front cornering stiffness 130000 124000 120000

Cαr [N/rad] Rear cornering stiffness 130000 124000 84000
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Figure 4.2: The experimental setup of the vehicle and the communication network.

Table 4.2: Controller Parameters.

Parameter Value

Case 1 Case 2 Case 3

Np 8 8 8

ts 5 [ms] 5 [ms] 5 [ms]

Q diag(50, 400, 0, 0) diag(0, 600, 0, 0) diag(50, 400, 0, 0, 0, 0)

Rm diag(2, 8)×10−7 diag(3, 2× 10−7, 2× 10−7) diag(2, 8)×10−7

Rp diag(2, 2)×10−5 diag(30, 6× 10−5, 6× 10−5) diag(2, 2)×10−5

Ws 800× [1 100] 30000 1000× [5 20 200]

Wρ 8000 3000 800
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4.1 Case Study 1: Differential Braking and Front/Rear
Torque Shifting

In Case Study 1, the designed prioritization controller is implemented on an electric all-
wheel-drive vehicle equipped with differential braking, and its powertrain includes two
electric motors, each connected to an open differential on the axles. The priorities of the
control actuations and control objectives of this case study are shown in Fig. 3.11a. The
overall structure of the designed controller is depicted in Fig. 4.3. The baseline vehicle
has a constant 40-60 front/rear torque distribution. The prioritization model predictive
controller calculates the control actions to satisfy the control objectives, and then the drive
torques of the front and rear axles and the corner braking torques are applied to the vehicle.
The MPC controller also includes actuator constraints and state constraints. The desired
values of yaw rate and sideslip are generated in the driver command interpreter (DCI).

Figure 4.3: Control structure for Case 1. The controller calculates the adjustments of
front/rear torque distribution and the yaw moment by differential braking, which is con-
verted into corner brakes.

The performance of the proposed controller is evaluated numerically as well as exper-
imentally by implementing it on an electric all-wheel-drive Chevrolet Equinox, shown in
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Fig. 4.1a. The CarSim model is a high-fidelity model of the experimental test vehicle,
and they have the same specifications. The numerical evaluations are performed using
co-simulation in CarSim and MATLAB/Simulink.

The controller’s performance is assessed first numerically in two driving maneuvers,
acceleration in flick maneuver - steering to the right and quickly counter-steering - and
acceleration in double-lane-change maneuver. The tests are carried out on a wet road
with the friction coefficient of µ = 0.5. To illustrate the performance of the proposed
controller (Controller A), the results are compared with the same vehicle equipped with
only differential braking and fixed front/rear torque distribution of the baseline vehicle
(Controller B). Therefore, each maneuver is performed three times: (1) with Controller A,
(2) with Controller B, and (3) without controller. The parameters of Controllers A and
B are tuned similarly to make a fair comparison between them, except that there is no
actuation priority in Controller B. The control parameters are shown in Table 4.2.

4.1.1 Acceleration in Flick Maneuver on Wet Road - Simulation

The first driving scenario is acceleration in a flick maneuver on a wet road with the ini-
tial speed of 60 kph. Figures 4.4a and 4.4b show the driver’s steering input and total
torque request. Figure 4.4c compares the vehicle’s longitudinal velocity in uncontrolled
and controlled maneuvers. Controller A’s performance in longitudinal motion is better
than Controller B’s, with almost 4 kph less speed drop.

Figure 4.5a shows the controlled front/rear torque distribution for Controller A. The
uncontrolled maneuver and Controller B have a constant baseline torque distribution, which
is 40 percent to the front axle and 60 percent to the rear axle. Figure 4.5b shows the yaw
moment generated by the differential braking over the maneuver period for Controllers
A and B. The test results of the uncontrolled and controlled maneuvers are presented
comparatively in Figs. 4.5c and 4.5d, showing respectively the vehicle’s yaw rate and the
rear tire slip angle. The uncontrolled maneuver shows unstable behavior, i.e., the yaw rate
and the rear tire slip angle exceed safety limits. However, in the controlled maneuvers,
the control actuations are activated properly with the defined priorities to improve yaw
tracking and enforce the safety limits of yaw rate and sideslip. Controller A shifts torque to
the front axle whenever the yaw rate or sideslip constraints are violated, to indirectly reduce
the front tires’ lateral force by the effect of longitudinal and lateral tire force coupling and
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Figure 4.4: (a) The steering wheel angle, (b) driver’s torque request, and (c) the vehicle
longitudinal velocity in an accelerating Flick maneuver on a wet road.

consequently generate indirect understeering yaw moment. However, differential braking,
which is the low priority actuation, is activated only between t ≈ 3.8 s to 4.2 s, when
it predicts that the safety limit of the rear tire slip angle, the high priority objective, is
violated to prevent vehicle instability. When the vehicle trajectory is inside the safety
constraints, the controller adjusts the front/rear torque distribution to improve the yaw
tracking performance. For instance, to induce oversteering, the controller allocates more
torque to the rear axle at around t ≈ 4.3 s, when the magnitude of the yaw rate is less
than its desired value. Controller B uses only differential braking to satisfy the control
objectives. Unlike Controller A, it uses differential braking to improve yaw tracking and
enforce the safety limit of the yaw rate. When the safety limit of the rear tire slip angle is
violated, the differential braking is activated with the same effort as with Controller A. The
results show that Controllers A and B have almost similar performance in the yaw rate and
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the rear tire slip angle. However, Controller A has a better performance in longitudinal
velocity because it incorporates the available actuation of front/rear torque distribution
and uses less differential braking.
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Figure 4.5: (a) The front/rear torque allocation for Controller A, (b) the yaw moment by
differential braking for Controllers A and B, (c) the yaw rate, and (d) the rear tire slip
angle, with controller ON (A and B) and OFF in an accelerating Flick maneuver on a wet
road.
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4.1.2 Acceleration in DLC Maneuver on Wet Road - Simulation

The second driving scenario is acceleration in a double-lane-change (DLC) maneuver on a
wet road, with the initial speed of 62 kph. Figures 4.6a and 4.6b show the driver inputs
of steering angle and acceleration torque request. Figure 4.6c shows the vehicle speed
during the uncontrolled and controlled maneuvers. It can be seen that the vehicle speed
in Controller A drops (by almost 3 kph) less than that in Controller B.
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Figure 4.6: (a) The steering wheel angle, (b) driver’s torque request, and (c) the vehicle
longitudinal velocity in an accelerating DLC maneuver on a wet road.

The controlled front/rear torque distribution in Controller A is shown in Fig. 4.7a, and
the yaw moment generated by differential braking for Controllers A and B is shown in
Fig. 4.7b. The vehicle’s yaw rate and the rear tire slip angle are respectively presented
in Figs. 4.7c and 4.7d. The test results show that the uncontrolled maneuver becomes
unstable, whereas the controlled maneuvers are stabilized by properly activating the control
actuations. Controller A adjusts front/rear torque distribution for improving yaw tracking
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performance and transfers torque to the front axle to enforce the safety limits of the
yaw rate and sideslip, but differential braking is activated only to enforce the sideslip
constraint. The activation of differential braking can be seen between t ≈ 5.5 s to 5.9 s,
which is associated with the violation of the sideslip limit. In Controller B, differential
braking is used for satisfying all the control objectives, but with different control efforts.
Controller B enforces the sideslip limit by applying as much control effort as Controller
A does. There is a nearly similar performance in the vehicle’s yaw rate and the rear tire
slip angle of Controllers A and B. However, Controller A’s performance in longitudinal
motion is better than Controller B’s. This capability results from the wise incorporation
of the front/rear torque distribution with differential braking and the design of a priority
structure that allows us to minimize the engagement of brakes because of their negative
impact on longitudinal motion.

4.1.3 Acceleration in Slalom Maneuver on Wet Road - Experiment

The maneuver chosen for experiments is acceleration in slalom on a wet asphalt patch
with the friction coefficient of µ = 0.5. The acceleration in slalom can clearly show the
effectiveness of the designed controller in the transient responses of the vehicle. This
maneuver is performed first without the controller and then with the controller in the
loop.

Figure 4.8 shows the driver’s steering input, torque request, and the vehicle’s longitudi-
nal velocity during the test. It can be seen that the uncontrolled and controlled maneuvers
are very similar; therefore, the results of the maneuvers can be compared to assess the con-
troller’s performance. Comparing the longitudinal velocities of the two maneuvers shows
similar speeds during the maneuvers with the minimum of 53 kph and maximum of 60
kph, thus allowing a fair comparison of the test results.

Figure 4.9 shows the optimized control actuations, front/rear torque distribution and
the yaw moment with differential braking, for the controlled maneuver, and Fig. 4.10 com-
pares the vehicle’s yaw rate and the rear tire slip angle of the uncontrolled and controlled
maneuvers. The uncontrolled maneuver uses a constant 40/60 percent front/rear torque
distribution, and Figs. 4.10a and 4.10c show that the vehicle’s yaw rate and the rear tire
slip angle diverge from their desired values and violate their safety limits. After t ≈ 6 s,
the yaw rate and the rear tire slip angle of the uncontrolled maneuver show a very unsafe
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Figure 4.7: (a) The front/rear torque allocation for Controller A, (b) the yaw moment by
differential braking for Controllers A and B, (c) the yaw rate, and (d) the rear tire slip
angle, with controller ON (A and B) and OFF in an accelerating DLC maneuver on a wet
road.

behavior, and after that, the driver skillfully drops the torque and finishes the uncontrolled
slalom maneuver to avoid spinning and to keep the vehicle under control.

In the controlled maneuver, the controller optimizes the front/rear torque distribution
and differential braking with the designed priority structure to improve the vehicle’s per-
formance. The controller transfers the torque to the front axle whenever the vehicle yaw
rate or the rear tire slip angle exit their safety bounds, thereby decreasing the oversteer
tendency by maintaining the rear tires lateral force capacity and inducing understeering
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Figure 4.8: The steering wheel input, driver’s torque request, and the vehicle longitudinal
velocity in accelerating slalom maneuver on a wet asphalt patch, with controller OFF
(a,c,e) and controller ON (b,d,f).

by decreasing the lateral force of the front axle. The driver’s torque is transferred to the
rear axle at t ≈ 5.5 s to 6 s and t ≈ 7.7 s to 8 s, when the yaw rate becomes less than
its desired value, so as to drop the rear axle’s lateral force and induce oversteering. The
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Figure 4.9: (a) The front/rear torque allocation, and (b) the yaw moment by differential
braking, in the controlled accelerating slalom maneuver on a wet asphalt patch.

controller activates differential braking, the low priority actuation, only at t ≈ 6.3 s to
6.6 s and t ≈ 7.2 s to 7.7 s to prevent violations of the sideslip safety limit, the high pri-
ority actuation. This combination of the objective priority and actuator priority allows
us to minimize the engagement of the low priority actuator, differential braking, to de-
crease the negative impacts of the safety actuators on the vehicle’s longitudinal motion
and driver comfort. Figure 4.9b also shows the bound of the yaw moment MDB,max, which
is calculated using Eqs. (3.40) and (3.42). The optimized yaw moment MDB is distributed
between the front and rear corner brakes proportional to the maximum effective braking
forces of each corner, and then the calculated brakes are applied to the vehicle. Finally,
the comparison of the vehicle performance in the uncontrolled and controlled maneuvers
clearly shows the improvement achieved by the controller in the vehicle’s yaw rate and the
rear tire slip angle.

4.2 Case Study 2: ELSD and Differential Braking

In Case Study 2, the designed prioritization controller is implemented on a performance
Cadillac CTS, shown in Fig. 4.1b. This vehicle is rear-wheel drive and equipped with an
active electro-hydraulic limited slip differential on the rear axle and differential braking
capability. The priority structure of the control actuations and control objectives of this
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Figure 4.10: The vehicle’s yaw rate and the rear tire slip angle in accelerating slalom
maneuver on a wet asphalt patch, with controller OFF (a,c) and controller ON (b,d).

case study are shown in Fig. 3.11b.

The overall structure of the controller is illustrated in Fig. 4.11. The controller improves
vehicle stability and handling performance by tracking the desired yaw rate generated in the
driver command interpreter (DCI) and enforcing the yaw rate safety limit. The controller
calculates the optimal actuations of ELSD clutch pressure and differential braking, and
then the ELSD clutch pressure and the corner braking pressures are applied to the vehicle.

The differential used in the studied vehicle is a hydroelectric ELSD. As it was explained
in Section 3.2, current ELSD differential controllers send a requested clutch torque com-
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Figure 4.11: Control structure for Case 2. The controller calculates the ELSD clutch
pressure and the corner braking forces.

mand to the ELSD’s built-in module. However, in this research, the manufacturer’s ELSD
module is replaced with a controller designed to provide direct control over clutch pressure.
The clutch pressure is controlled by a hydraulic pump that provides the requested pressure
using a PID controller. The PID controller minimizes the error between the requested and
feedback clutch pressures.

Both open loop testing, to collect test data for ELSD modelling, and closed loop testing,
to assess the effectiveness of the controller, are carried out on the vehicle. The open loop
test data is first used to examine the performance and accuracy of the ELSD clutch model.
Various driving maneuvers with different ELSD clutch pressures are carried out to validate
the proposed ELSD model.
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4.2.1 ELSD Model Evaluation - Experiment

Figures 4.12 and 4.13 show the results of the ELSD clutch models in a slalom maneuver
and an acceleration in turn (AIT) maneuver, respectively. Both maneuvers are performed
on a dry asphalt patch with constant ELSD clutch pressures, the slalom maneuver with 40
percent pressure and the AIT maneuver with 50 percent pressure. The ELSD clutch torque
is obtained by calculating the torque difference between the right and left wheels, TC =

Trr−Trl, measured using the wheel force sensors. It can be seen that although the 40 percent
clutch pressure used in the slalom maneuver does not fully lock the differential, it provides a
significant torque bias between the wheels. In the AIT maneuver, the acceleration pedal is
suddenly activated during the turn, which results in a decrease in the wheel speed difference
and subsequently chattering and change in the direction of ∆ω. The torque applied on
the rear axle decreases the clutch torque and even changes its direction for a short time
(t ≈ 3 s to 3.5 s).

The predicted clutch torques using the spring-damper model (Model 1) and its modified
version (Model 2), presented respectively in Eqs. (3.34) and (3.35), are compared with the
measured clutch torques. Both the models properly follow the measured clutch torque, with
just some small local errors at the peaks and saturations except for the end of maneuvers.
In both maneuvers, the clutch torque drops to zero when the maneuver is finished, but
Model 1 fails to properly follow it. The modified model (Model 2) improves the performance
and converges to zero by gradually forgetting the offset error caused by the spring term in
the model.

Figure 4.14 shows the results of the ELSD models for the AIT maneuver illustrated in
Section 3.2 of the previous chapter (Fig. 3.6), and Fig. 4.15 demonstrates the results of
an acceleration in slalom (AIS) maneuver with 40 percent clutch pressure in a wet asphalt
patch. In the AIT maneuver, both the ELSD models, with nearly similar performance,
reasonably follow the measured clutch torque and properly estimate the change in the
direction of the clutch torque. In the AIS maneuver, the high acceleration torque applied
between t ≈ 4.2 s to 8.5 s initiates a change in the ELSD clutch torque, which is very
different with the pattern observed in the previous slalom maneuver (Fig. 4.12d). The
acceleration torque changes the direction of the clutch torque from the inner wheel to the
outer wheel. The comparison of the results of the ELSD models with the measured clutch
torque shows a reasonable performance for this very complex and dynamic maneuver.
Before t ≈ 5 s and after t ≈ 10 s, both the models show a good prediction of the clutch
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Figure 4.12: (a) The steering wheel input, (b) driver’s torque request, (c) wheel speed
difference, and (d) ELSD clutch torque in an slalom maneuver with 40 percent clutch
pressure performed on a dry asphalt patch.

torque. Between t ≈ 5 s to 10 s, there is a reasonable and acceptable error in the ELSD
model results. However, the modified model generally has a better performance than the
original spring-damper model.

The performance of the ELSD model in the performed maneuvers confirms that it can be
used in the controller. This model enables intelligent control of ELSD differential, capable
of working in both off-throttle and on-throttle scenarios to prevent unwanted oversteering
yaw moments. To evaluate the controller’s performance, different maneuvers are conducted
including double lane change (DLC), acceleration in turn (AIT), and acceleration in slalom
(AIS). The tests are performed on both dry and wet asphalt patches with the friction
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Figure 4.13: (a) The steering wheel input, (b) driver’s torque request, (c) wheel speed
difference, and (d) ELSD clutch torque in an AIT maneuver with 50 percent clutch pressure
performed on a dry asphalt patch.

coefficients of µ = 0.9 and µ = 0.6, respectively.

4.2.2 DLC Maneuver on Wet Road - Experiment

The first driving scenario is a double lane change on a wet asphalt patch (µ = 0.6), with the
initial speed of 55 kph. This maneuver is performed with and without the controller. To
illustrate the controller’s contribution, which consists of ELSD and differential braking, on
the vehicle’s longitudinal motion, the maneuver is repeated one more time with differential
braking only. The parameters of the integrated controller and the differential braking

68



0 1 2 3 4 5

0

1

2

3

Time(s)

S
te

e
r 

A
n

g
le

(r
a
d

)

(a)

0 1 2 3 4 5
−1000

0

1000

2000

3000

Time(s)

T
o

rq
u

e
(N

.m
)

(b)

0 1 2 3 4 5
−1.5

−1

−0.5

0

0.5

1

1.5

Time(s)

∆
ω

(r
a
d

/s
)

(c)

0 1 2 3 4 5
−2000

−1000

0

1000

2000

Time(s)

C
lu

tc
h

 T
o

rq
u

e
(N

.m
)

 

 Measured Model 2 Model 1

(d)

Figure 4.14: (a) The steering wheel input, (b) driver’s torque request, (c) wheel speed
difference, and (d) ELSD clutch torque in the AIT maneuver shown in Fig. 3.6.

controller are the same, except that ELSD is off in the latter. The driver’s steering angle
and torque are illustrated in Fig. 4.16. The uncontrolled and controlled maneuvers are very
similar; therefore, the maneuvers are suitable for a comparison to assess the controller’s
performance.

Figure 4.17 compares the vehicle’s yaw rate and the longitudinal velocity of the uncon-
trolled and controlled maneuvers, and Fig. 4.18 shows the controlled ELSD clutch pressure,
front differential braking, and rear differential braking in the controlled maneuvers. In the
uncontrolled maneuver, the yaw rate rises to |rmax| = 0.91 and shows a large deviation from
the desired value, thereby indicating oversteer and unsafe yaw performance. In the con-
trolled maneuvers, the control actuations are activated properly with the defined priorities
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Figure 4.15: (a) The steering wheel input, (b) driver’s torque request, (c) wheel speed
difference, and (d) ELSD clutch torque in an AIS maneuver with 40 percent clutch pressure
on a wet asphalt patch

to improve yaw tracking and enforce the yaw rate’s safety limit. The integrated controller
activates the ELSD whenever the yaw rate response shows oversteering behavior. This
activation of the ELSD generates the clutch torque TC , calculated as TC = Trr − Trl. Fig-
ure 4.18b compares the clutch torque estimated by the ELSD model with the measured
clutch torque and shows that the ELSD model has a reasonable closed-loop performance.
The front differential braking, which is the low priority actuation, is activated whenever
the yaw rate constraint, the high priority objective, is violated to prevent vehicle instabil-
ity. The rear differential braking is not activated because the ELSD, which has a higher
priority on the rear axle, maintains its capability to provide understeering yaw moments
throughout the maneuver.
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Figure 4.16: The driver’s steering wheel and torque in a double lane change maneuver on a
wet asphalt patch, with controller OFF (a,b), controller ON (c,d), and differential braking
(e,f).
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Figure 4.17: The vehicle’s yaw rate and longitudinal velocity in a double lane change
maneuver on a wet asphalt patch, with controller OFF (a,b), controller ON (c,d), and
differential braking (e,f).
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Figure 4.18: (a) Controlled ELSD clutch pressure, (b) controlled ELSD clutch torque.
Front and rear differential braking with controller ON (c,d) and differential braking only
(e,f) in a double lane change maneuver on a wet asphalt patch.

73



The differential braking controller activates the front and rear differential braking when
the yaw rate’s safety limit is violated. The results show that both the integrated controller
and the differential braking controller significantly improve the yaw rate response, with
almost similar performance and with the maximum yaw rate of |rmax| = 0.7, which is
much less than that in the uncontrolled maneuver. However, the integrated controller has
a better performance in longitudinal velocity (with almost 4 kph less speed drop) because
it incorporates the available actuation of ELSD with the prioritization control structure
and uses less differential braking.

4.2.3 Acceleration in Slalom Maneuver on Dry Road - Experiment

The second driving scenario is accelerating during a slalom maneuver on dry asphalt
(µ = 0.9), which is performed with the controller in the loop to evaluate the closed loop
performance of the ELSD model and the actuator prioritization in an on-throttle maneuver.
Figure 4.19 shows the driver inputs of steering and throttle torque along with the vehicle’s
longitudinal velocity and yaw rate. The initial vehicle speed is 35 kph, with acceleration
to 53 kph.

Figure 4.20 presents the ELSD clutch pressure, the ELSD clutch torque, the front
differential braking, and the rear differential braking during the test. The hydraulic pump
controller design is intended to ensure that the clutch pressure feedback closely follows any
changes in clutch pressure request. Apart from a few minor local errors, the ELSD model
is able to follow the measured clutch torque. The controller activates the ELSD clutch
whenever the clutch torque can generate a yaw moment contributing to the yaw tracking
objective. Before t ≈ 6 s, the ELSD clutch has the capability of generating understeering
yaw moment, as predicted by the ELSD model. Thus, whenever the desire yaw rate is
exceeded, the ELSD clutch is activated and damps the excess yaw rate. Between t ≈ 6 s

to 9 s, the ELSD clutch model detects that the direction of the torque biasing capability
of the ELSD clutch has changed. Thus, the controller makes the ELSD inactive to avoid
generating oversteer yaw moments that could jeopardize the stability of the vehicle. The
change in the torque biasing direction is due to the sudden high acceleration torque and the
resultant increase in vehicle speed saturating the inner wheels. During this time, the yaw
rate increases whereas its safety bound drops, causing the yaw rate to violate the safety
limit. As a result, to improve vehicle stability, the controller activates the front differential
braking whenever the yaw rate’s bound is violated. It also involves the rear differential

74



0 5 10 15

−150

−100

−50

0

50

100

150

Time(s)

S
te

e
r 

A
n

g
le

(d
e
g

)

(a)

0 5 10 15
−500

0

500

1000

1500

2000

2500

Time(s)

T
o

rq
u

e
(N

.m
)

(b)

0 5 10 15
30

35

40

45

50

55

Time(s)

L
o

n
g

. 
V

e
lo

c
it

y
(k

p
h

)

(c)

0 5 10 15
−1

−0.5

0

0.5

1

Time(s)

Y
a
w

 r
a
te

(r
a
d

/s
)

 

 Bound Desired Measured

(d)

Figure 4.19: The driver’s steering wheel and torque (a,b), and the vehicle’s longitudinal
velocity and yaw rate (c,d) in an acceleration in slalom maneuver on a dry asphalt patch
with controller in the loop.

braking because of the safety limit’s violation and the inability of the ELSD to generate
understeering yaw moments during this time (t ≈ 6 s to 9 s). When after t ≈ 9 s, the
ELSD model detects that the differential can generate understeering yaw moment again.
Thus, the ELSD clutch is activated if the yaw rate exceeds the desired value.

4.2.4 Acceleration in Turn Maneuver on Dry Road - Experiment

The third driving scenario is an acceleration in turn maneuver on dry asphalt (µ = 0.9), and
this maneuver is carried out 1) with the controller OFF, and 2) with it ON. In Fig. 4.21,
the similarity of the driver inputs (steering angle and torque) of the uncontrolled and
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Figure 4.20: (a) ELSD clutch pressure, (b) ELSD clutch torque, (c) front differential
braking, and (d) rear differential braking in an acceleration in slalom maneuver on a dry
asphalt patch with controller in the loop.

controlled maneuvers indicates that they are suitable for a comparative evaluation of the
controller’s performance.

Figures 4.22a and 4.22b show the yaw rate of the uncontrolled and controlled maneuvers.
The yaw rate response shows that the uncontrolled maneuver becomes unstable, whereas
the controlled maneuver is stabilized by properly controlling the ELSD clutch pressure
(Fig. 4.22c), the front differential braking (Fig. 4.22e), and the rear differential braking
(Fig. 4.22f). The ELSD model properly estimates clutch torque (Fig. 4.22d). The controller
activates the ELSD clutch at t ≈ 1.4 s to damp the excessive yaw rate by generating an
understeering yaw moment. The driver’s acceleration torque on the rear axle reduces the
yaw rate’s safety limit. At t ≈ 3.2 s, the yaw rate violates its safety bound, causing the
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Figure 4.21: The steering wheel input, driver’s torque request, and the vehicle’s longitudinal
velocity in an acceleration in turn maneuver on a dry asphalt patch, with controller OFF
(a,c,e) and controller ON (b,d,f).
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controller to activate front differential braking to enforce the yaw safety limit. At t ≈ 3.5 s,
the direction of the clutch torque transfer changes because of the high acceleration torque,
making the ELSD unable to generate understeering yaw moment. Therefore, the controller
disengages the ELSD clutch to avoid producing unwanted oversteering yaw moment and
endangering vehicle stability, and instead activates the rear differential braking to generate
understeering yaw moment and improve vehicle stability. At t ≈ 4.2 s, the driver suddenly
drops the acceleration torque, thus increasing the yaw rate safety bound. Consequently, the
controller deactivates the differential braking because the yaw rate becomes less than its
safety limit. The reduction of the acceleration torque also results in a change in the torque
biasing capability of the ELSD clutch to the desired direction. Therefore, the controller
again activates the ELSD clutch to provide understeering yaw moment and improve the yaw
tracking performance. This test clearly shows the effectiveness of the controller design and
its intelligent control of the ELSD clutch and actuation prioritization structure (activating
the low priority actuation only when the high priority objective demands doing so).

4.3 Case Study 3: Integrated Lateral and Roll Stability

In Case Study 3, the prioritization controller is implemented on an electric E-Class SUV
vehicle in CarSim equipped with actuations of differential braking and front/rear torque
shifting. The prioritization structure of the control actuations and control objectives is
shown in Fig. 3.11c. Similar to Case Study 1, a constant 40-60 front/rear torque distribu-
tion is used for the baseline vehicle. The controller’s performance is evaluated numerically
using co-simulation in CarSim and MATLAB/Simulink in different driving maneuvers with
different road frictions and road angles. Each maneuver is performed two times: (1) with
the controller OFF, (2) with the controller ON.

4.3.1 Acceleration in Turn Maneuver on Dry Road - Simulation

The first driving scenario is an acceleration in turn maneuver on a dry road (µ = 1)
with the initial speed of 80 kph. Figure 4.23 shows the driver’s steering input and total
torque request. Figure 4.24a shows the controlled front/rear torque distribution. The
uncontrolled maneuver has a constant baseline torque distribution, which is 40 percent to
the front axle and 60 percent to the rear axle. Figure 4.24b shows the differential braking
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Figure 4.22: (a) The yaw rate of uncontrolled vehicle, (b) the yaw rate of controlled vehicle;
(c) ELSD clutch pressure, (d) ELSD clutch torque, (e) front differential braking, and (f)
rear differential braking in an acceleration in turn maneuver on a dry asphalt patch.
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is not activated in this maneuver and remains unused. The vehicle’s yaw rate, the rear tire
slip angle, and the roll index of the uncontrolled and controlled maneuvers are presented
comparatively in Fig. 4.25. In this maneuver, the yaw rate, sideslip, and roll index of
both the uncontrolled and controlled maneuvers are within their safety limits. Therefore,
the prioritization controller properly decides not to activate the differential braking (the
low priority actuation) because the stability limits (the high priority objectives) do not
demand it. However, the controller uses the front/rear torque shifting (the high priority
actuation) to improve the vehicle’s handling performance (the low priority objective). The
yaw rate of the uncontrolled maneuver is less than the desired yaw rate and the vehicle
shows understeer behavior. In the controlled maneuver, the controller allocates more torque
to the rear axle to reduce the rear axle’s lateral forces and induce oversteering, thereby
improving the yaw tracking performance. Therefore, the yaw tracking performance is
improved by simply adjusting the front/rear torque distribution and without engaging
the differential braking, which shows the advantage of the proposed prioritization control
structure.
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Figure 4.23: (a) Steering wheel angle, and (b) driver’s torque request in an acceleration in
turn maneuver on a dry road.

4.3.2 Acceleration in Flick Maneuver on Sticky Road - Simulation

The first driving scenario is acceleration in a flick maneuver on a sticky (high friction)
road with the initial speed of 80 kph. Figure 4.26 shows the driver’s steering input and
total torque request. Figure 4.27a shows the controlled front/rear torque distribution. The
uncontrolled maneuver has a constant baseline torque distribution, which is 40 percent
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Figure 4.24: (a) Front/rear torque allocation, and (b) the yaw moment MFx , in the con-
trolled AIT maneuver on a dry road.
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Figure 4.25: (a) The yaw rate, (b) the rear tire slip angle, and (c) the roll index, with
controller ON and OFF in an acceleration in turn maneuver on a dry road.
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to the front axle and 60 percent to the rear axle. Figure 4.27b shows the yaw moment
generated by the differential braking in the controlled maneuver. The vehicle’s yaw rate,
the rear tire slip angle, and the roll index of the uncontrolled and controlled maneuvers are
presented comparatively in Fig. 4.28. The roll index of the uncontrolled vehicle exceeds the
defined safety zone and endangers the roll stability of the vehicle. However, in the controlled
mamneuver, the control actuations are activated properly to enforce the roll constraint and
prevent the vehicle’s roll over. Whenevr the safety constraints are violated, the controller
activates the differential braking and shifts torque to the front axle to indirectly reduce the
lateral forces of the front tires by the tire force coupling effect and consequently generate
understeering yaw moment. The uncontrolled maneuver’s sideslip is within the safety
limits, and its yaw rate violates the yaw rate’s safety bound only for a short period of
time. In fact, this maneuver excites mostly the vehicle’s roll dynamic and endangers the
roll stability, which is controlled properly with the designed controller.
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Figure 4.26: (a) The steering wheel angle, and (b) driver’s torque request in an acceleration
in a flick maneuver on a sticky road.

4.3.3 Acceleration in Slalom Maneuver on Wet Banked Road -
Simulation

The second driving scenario is acceleration in a slalom maneuver on a wet banked road with
the friction coefficient of µ = 0.5 and the bank angle of φr = −20% with the initial speed
of 50 kph. Figure 4.29 shows the driver inputs of steering angle and acceleration torque
request. The controlled actuations, front/rear torque distribution and differential braking,
are shown in Fig. 4.30. The test results of the uncontrolled and controlled maneuvers
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Figure 4.27: (a) The front/rear torque allocation, and (b) the yaw moment by differential
braking, in the controlled acceleration in flick maneuver on a sticky road.
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Figure 4.28: (a) The yaw rate, (b) the rear tire slip angle, and (c) the roll index, with
controller ON and OFF in an acceleration in flick maneuver on a sticky road.
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are compared in Fig. 4.31. The yaw rate and the rear tire slip angle of the uncontrolled
vehicle violate the defined safety limits and show unstable behavior, whereas the controlled
maneuver is stabilized by properly activating the control actuations. The controller adjusts
front/rear torque distribution for improving yaw tracking performance and enforcing the
defined safety limits, but differential braking is activated only to enforce the safety limits.
The adjustment of torque distribution between t ≈ 2 s to 4.8 s is related to improving the
yaw tracking performance within the safety limits. It should be noted that the roll indexes
of both uncontrolled and controlled maneuvers are within its safety limits because the low
friction surface cannot significantly excite the roll dynamic and endanger roll stability.
However, the low friction surface can be more dangerous for the vehicle’s lateral and yaw
stability. In the controlled maneuver, differential braking is activated whenever the yaw
rate’s limit is violated to maintain vehicle stability.
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Figure 4.29: (a) The steering wheel angle, and (b) driver’s torque request in an acceleration
in a slalom maneuver on a wet banked road.

4.3.4 Acceleration in Slalom Maneuver on Dry Banked Road -
Simulation

The third driving scenario is acceleration in a slalom maneuver on a dry banked road
with the friction coefficient of µ = 1 and the bank angle of φr = −20% with the initial
speed of 80 kph. The driver inputs are shown in Fig. 4.32. The steering angle is the
same as the previous maneuver, but the acceleration torque is increased to 1500 N.m.
Figure 4.33 shows the controlled front/rear torque shifting and differential braking, and
Fig. 4.34 compares the test results of the uncontrolled and controlled maneuvers. In the
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Figure 4.30: (a) The front/rear torque allocation, and (b) the yaw moment by differential
braking, in the controlled acceleration in a slalom maneuver on a wet banked road.
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Figure 4.31: (a) The yaw rate, (b) the rear tire slip angle, and (c) the roll index, with
controller ON and OFF in an acceleration in a slalom maneuver on a wet banked road.
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uncontrolled maneuver, all the defined safety limits for the vehicle’s yaw rate, sideslip, and
roll index are violated and the vehicle shows a very dangerous behavior. In the controlled
maneuver, the controller properly adjusts the front/rear torque distribution and activates
differential braking to enforce the safety limits. In the uncontrolled maneuver, the safety
limits of both the vehicle’s yaw rate and the roll index are violated at around t ≈ 3 s.
Comparing the results of this maneuver to those of the previous maneuver shows that
performing a similar maneuver on a road with higher friction increased the excitation of
roll dynamics and resulted in a higher roll index. While the lateral stability is usually more
important in low friction surfaces, the roll stability can be critical in high friction roads.
Therefore, the integration of the lateral stability, yaw stability, and roll stability systems
enables the controller to ensure that all these safety limits are addressed.
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Figure 4.32: (a) The steering wheel angle, and (b) driver’s torque request in an acceleration
in a slalom maneuver on a dry banked road.

4.4 Summary

In this chapter, the performance of the prioritization model predictive controller developed
in Chapter 3 was evaluated numerically as well as experimentally for the three case studies
described in Section 3.7. In the first case study, implemented on an electric Chevrolet
Equinox, the closed-loop vehicle performance was compared with the uncontrolled vehicle
response. The numerical and experimental tests showed that the axle torque distribu-
tion combined with the differential braking can effectively improve vehicle stability and
handling. In addition, to illustrate the benefit of the proposed prioritization controller
(Controller A), the results were compared with those of the same vehicle equipped with
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Figure 4.33: (a) The front/rear torque allocation, and (b) the yaw moment by differential
braking, in the controlled acceleration in a slalom maneuver on a dry banked road.
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Figure 4.34: (a) The yaw rate, (b) the rear tire slip angle, and (c) the roll index, with
controller ON and OFF in an acceleration in a slalom maneuver on a dry banked road.
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only differential braking (Controller B). The comparison showed that the actuation priori-
tization enables the controller to enhance the vehicle’s performance in longitudinal motion
by decreasing the use of differential braking.

In the second case study, implemented on a Cadillac CTS vehicle, the accuracy of
the designed ELSD model was validated experimentally in different maneuvers and with
different ELSD excitation levels. The designed ELSD model was used in the controller
to properly control ELSD clutch pressure and to allow for correctly switching the control
actions on the rear axle. Experimental evaluation during a range of driving maneuvers
on various road surfaces confirms the proposed controller’s performance. To control the
vehicle’s yaw rate, it properly engages and disengages the control actions while considering
their capabilities and the defined priorities. Similar to Case 1, the prioritization scheme
resulted in decreasing the use of differential braking, with a consequent lessening of the
controller’s impact on the vehicle’s longitudinal motion.

In the third case study, the controller performance was evaluated numerically using
an E-Class SUV vehicle in CarSim. The designed controller activates differential braking
to ensure roll, lateral, and yaw stabilities. Its performance, evaluated in different driving
maneuvers with different road frictions on flat and non-flat roads, illustrates the importance
of integrating roll dynamics with lateral dynamics. The results show that maneuvers
performed on high friction roads mostly excite the roll dynamics thereby endangering roll
stability, whereas those performed on low friction roads mostly excite the lateral dynamics.
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Chapter 5

Integrated Vehicle Stability and Path
Planning/Tracking Control Design

In this chapter, the stability controller designed in the previous chapters is extended to act
as a path planning/tracking controller through the addition of two new control objectives
- tracking a desired path and collision avoidance - within the model predictive control
design. The controller considers a short prediction horizon for vehicle stability and a long
prediction horizon for path planning/tracking. When a sudden obstacle appears on the
road, autonomous steering may not be able to respond fast enough to prevent a collision
or instability. Therefore, the controller may employ torque/brake vectoring conservatively
when needed, to produce an additional yaw moment, thereby improving a vehicle’s lateral
agility and responsiveness. Another challenge that an autonomous vehicle needs to tackle
is uncertain road condition. To this end, the designed path planner is extended to a
contingency path planner to ensure avoidance maneuvers, while still following the given
path as closely as possible.

This chapter describes the following in the order given: the system modeling, which
includes the vehicle model and its discretization; the system constraints, including the
environmental and actuation constraints; the control design, with its lateral and longitu-
dinal controllers; the extension of the designed controller to a contingency MPC controller
capable of handling sudden events; and finally, the simulations performed to evaluate the
effectiveness of the designed controllers.
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5.1 System Modelling

The control-oriented model is created using a planar bicycle model with two velocity states,
lateral velocity, v, and yaw rate, r, and two position states, heading deviation, ∆ψ, and
lateral deviation, e, from the desired path, illustrated in Fig. 5.1. The vehicle is front-
wheel drive and is equipped with active front steering and differential braking. The desired
longitudinal velocity of the vehicle along the path is given, and a longitudinal controller
is used to calculate the drive/brake torque to follow the desired speed. Therefore, the
longitudinal velocity, u, is considered to be known by the lateral controller. Using the
small angle assumption, the lateral dynamics of the vehicle are as follows:

v̇ =
Fyf + Fyr

m
− ur − g (cos θr sinφr + sin θr ∆ψ) , (5.1)

ṙ =
MFy +MFx

Iz
, (5.2)

Figure 5.1: Bicycle model diagram.

where m and Iz are the vehicle’s mass and moment of inertia, respectively; Fyf and
Fyr are the front and rear lateral tire forces; φr and θr are respectively the road bank
and grade angles; MFx and MFy are the yaw moment produced by longitudinal forces and
lateral forces, respectively.

Lateral agility of a vehicle is defined as how fast the vehicle’s heading and lateral position
can be changed. In autonomous path tracking problems, it is accepted that front steering
can have full authority for guiding a vehicle along its path. Front steering produces lateral
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forces on tires, resulting in the yaw moment MFy = aFyf − bFyr. In emergency situations
if the yaw moment MFy cannot provide an appropriate reaction to avoid collision, the yaw
moment provided by longitudinal forces (differential braking for instance),MFx , is added to
MFy to improve the vehicle’s lateral agility and allow faster responses, thereby facilitating
collision avoidance.

To avoid collision, the vehicle may need to operate up to its handling limits, reaching
its maximum lateral acceleration capacity. In this regard, assuming the front and rear
tires saturate at the same time, the maximum limit of lateral acceleration, ay,max, can be
written as:

ay,max =
1

m
(Fyf,max + Fyr,max), (5.3)

where Fyf,max =
√

(µFzf )2 − F 2
xf and Fyr,max =

√
(µFzr)2 − F 2

xr are obtained based on
the friction limit circle. This equation shows that the maximum limit of lateral acceleration
decreases when the longitudinal forces increase. Therefore, incorporating the yaw moment
MFx is a trade-off between increasing the lateral agility and decreasing the maximum lateral
acceleration capacity due to tire force coupling effect. Figure 5.2 uses the friction limit
circle to show that constraining the applied longitudinal forces within a certain limit of the
tire capacity causes only a negligible reduction in lateral force, but produces a considerable
yaw moment that improves lateral responsiveness.

Additionally, it should be noted that the front and rear tires will not always saturate at
the same time. Considering a front wheel drive vehicle, the front tires may saturate before
the rear ones if the longitudinal controller applies drive torque to the front axle. In this
situation, when the vehicle tends toward understeering and the front tires are saturated, the
remaining capacity of the rear tires can provide an additional yaw moment by longitudinal
forces, with only minimal effect on the maximum lateral acceleration. This additional yaw
moment can compensate for the reduction in yaw moment of the lateral forces caused by
the longitudinal force applied to the front axle.

Although the yaw moment from differential brakingMFx improves the yaw rate respon-
siveness to prevent collision, it can endanger the vehicle’s stability. This risk of instability
also occurs because of the lateral force drop due to tire force coupling effect. This problem
can be resolved by constraining the limit of differential braking, especially when the lateral
velocities violate a predefined stability constraint. When the vehicle’s trajectory exits the
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Figure 5.2: Friction force circle. Applying a limited longitudinal force has minimal effect
on the lateral force capacity.

defined stable region (stability parallelogram), the tires are on the nonlinear and saturation
region, and the vehicle is prone to instability. Therefore, the limit of differential braking
needs to be constrained properly to avoid instability. This constrained or limited use of
differential braking is called conservative differential braking in our study.

The tire forces Fyf and Fyr are obtained using the brush tire model presented in
Eq. (3.20). The rear lateral force Fyr is modeled by repeatedly linearizing the tire force
model at each time step around the current rear slip angle ᾱr. Also, the front lateral force
Fyf is considered as the first control input instead of the steering angle, and then is mapped
to δ. Finally, the lateral dynamics of the vehicle can be written as affine functions of the
velocity states and the inputs Fyf and MFx :

v̇ =
Fyf + F̄yr + C̄αr (αr − ᾱr)

m
− ur − g (cos θr sinφr + sin θr ∆ψ) , (5.4)

ṙ =
lfFyf − lr

(
F̄yr + C̄αr (αr − ᾱr)

)
Iz

+MFx . (5.5)

The position states - heading deviation, θ, and lateral deviation, e - are local to a path
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with given curvature, κ(s), and specify the equations of motion as:

∆ψ̇ = r − uκ(s) cosφr cos θr, (5.6)

ė = u∆ψ + v. (5.7)

The resulting continuous-time vehicle model containing the vehicle dynamics and po-
sition states can now be expressed as:

ẋ = Ak
tx + Bk

tu + dkt , (5.8)

with x = [v, r,∆ψ, e]T , u = [Fyf ,MFx ]
T , and

Ak
t =


C̄αr
mu

− lrC̄αr
mu
− u −g sin θr 0

− lrC̄αr
Izu

l2rC̄αr
Izu

0 0

0 1 0 0

1 0 u 0

,

Bk
t =


1
m

0
lf
Iz

1

0 0

0 0

, dkt =


F̄yr−C̄αr ᾱr

m
− g cos θr sinφr

− lr(F̄yr−C̄αr ᾱr)
Iz

−uκ(s) cosφr cos θr

0

.

The continuous-time model should be discretized to form a discrete time model that can
be implemented in an MPC controller. To properly predict the vehicle behavior along the
prediction horizon, an appropriate discretization method and sampling time ts are chosen.
To accurately model vehicle stability and capture the propagation of the velocity states, v
and r, at a high frequency, the sampling time is chosen to be small enough for the initial
time steps. However, longer time steps are used later in the prediction horizon to make
the horizon long enough. Doing so gives the vehicle sufficient time to react to upcoming
dangerous situations. Thus, the sampling time tks for discretization, including intermediate
time steps linearly elongated, can be written as:
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tks =


tshort 1 ≤ k ≤ N1,

tshort + (tlong − tshort) k−N1

N2−N1
N1 < k ≤ N −N2,

tlong N −N2 < k ≤ N,

(5.9)

where N1, N2, and N are the number of short, long, and total time steps, respectively.

The most common discretization method for MPC is zero-order hold (ZOH). This
method assumes a constant control input between time steps, which is not accurate enough
for a path planning problem with long time steps. To improve the accuracy of discretiza-
tion, first-order hold (FOH) method can be employed [111]. In first-order hold method, a
linear variation is assumed between u(k) and u(k + 1) as u(k + 1) = u(k) + tks u̇(k). To
calculate discrete-time model, first the following augmented matrix Λk is constructed.

Λk =


Ak
t Bk

t dkt 04×3

03×4 03×2 03×1 (1/tks)I3×3

03×4 03×2 03×1 03×3

 . (5.10)

Then, taking the matrix exponential of Λktks gives:

eΛktks =


Ak Φk

1 Φk
2

03×4 I3×3 I3×3

03×4 03×3 I3×3

 . (5.11)

Defining Bk
1 = (Φk

1−Φk
2)× [I2×2; 01×2], Bk

2 = Φk
2× [I2×2; 01×2], and dk = Φk

1× [02×1; 1],
the discrete-time model can be written as:

x(k + 1) = Akx(k) + Bk
1u(k) + Bk

2u(k + 1) + dk. (5.12)

5.2 System Constraints

To ensure vehicle stability, the stability constraints on vehicle yaw rate and sideslip, as
defined in Eqs. (3.48) and (3.50), are considered in this system. In addition, another safety
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constraint can be defined for the vehicle to ensure that the planned path does not collide
with any obstacle or road edges. Since the longitudinal velocity is known in the prediction
horizon, the vehicle distance along the path is known over the horizon. The lateral deviation
of the vehicle at each time step in the prediction horizon can be constrained between a
maximum and a minimum value, which are set to be within the road edges and free of
obstacles. Figure 5.3 shows the vehicle in the road with two pop-up obstacles. The first
and second obstacles are observed by the vehicle when it passes the first and second lateral
dashed lines, respectively. To create a convex region for lateral deviation, one of the two
areas between the obstacle and the road edges is ignored, maintaining the safer tube for
path planning problem. This safety constraint on the lateral deviation is defined as:

emin(k) +

(
ls
2

+ es

)
< e(k) < emax(k)−

(
ls
2

+ es

)
, (5.13)

where ls is the vehicle width and es is a minimum safe distance to the boundaries of
the safe region. The safe region on position states can be written as:

Hex(k) ≤ Ge, (5.14)

where He =

[
0 0 0 1

0 0 0 −1

]
, and Ge =

[
emax(k)−

(
ls
2

+ es
)

−emin(k)−
(
ls
2

+ es
)].

The maximum capacity of the control actuations Fyf andMFx are constrained based on
the maximum physical capability of the actuators and the maximum friction force capacity
between tires and road. These actuator constraints can be written as:

|Fyf | ≤ Fyf,max, (5.15)

|∆Fyf | ≤ ∆F k
yf,max, (5.16)

|MFx| ≤MFx,max, (5.17)

|∆MFx| ≤ ∆Mk
Fx,max, (5.18)
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Figure 5.3: The safe region for position states is represented by defining a constraint on
the lateral deviation.

where ∆F k
yf,max and ∆Mk

Fx,max
are respectively the maximum allowable change in front

lateral force and the yaw moment generated by differential braking. These maximum slew
rates are dependent on the time step size. Indeed, the variations of the control actions can
get larger for the longer time steps.

∆F k
yf,max =

tks
tshort

∆F 0
yf,max, (5.19)

∆Mk
Fx,max =

tks
tshort

∆M0
Fx,max, (5.20)

To protect the vehicle’s lateral force capacity, the maximum yaw moment allowed by
differential braking is set to be limited by a portion of the tire force capacity, as illustrated
in Section 5.1. However, to improve the effectiveness of the controller design, the maximum
allowable yaw moment gradually decreases when a vehicle’s trajectory exits the handling
stability region. This modification decreases the contribution of differential braking and
prevents fast changes of yaw rate out of the stability parallelogram, thus reducing the
vehicle’s tendency to instability. Therefore, MFx,max can be modified as:

MFx,max = χM̄Fx,max, (5.21)

where M̄Fx,max is the maximum allowable yaw moment inside the stable region and
χ ∈ [0, 1] is obtained by χ = min(χ1, χ2) with χ1 and χ2 defined as:
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χ1 =


1 |r| ≤ rmax,

1− |r|−rmax
ρ1rmax

rmax < |r| ≤ (1 + ρ1)rmax,

0 |r| > (1 + ρ1)rmax,

(5.22)

χ2 =


1 |αr| ≤ αr,max,

1− |αr|−αr,max
ρ2αr,max

αr,max < |αr| ≤ (1 + ρ2)αr,max,

0 |αr| > (1 + ρ2)αr,max,

(5.23)

where ρ1 and ρ2 are scaling parameters for the transition region width out of the stability
region.

The optimized yaw moment MFx is distributed between the front and rear axles at
a constant ratio unless the vehicle trajectory leaves the stable region. If it does so, the
braking distribution is adjusted so that the rear braking is less involved. This manipulation
contributes to vehicle stabilization because of tire force coupling effect. This idea arises
from the fact that the lateral force of the rear axle drops when the rear brakes are activated,
pushing the vehicle towards oversteer. Shifting the rear braking to the front axle indirectly
increases the rear lateral force and decreases the front lateral force, assisting in instability
avoidance. Therefore, the modified distribution of the differential braking between the
front and rear axles can be modeled using the following equation, with η representing the
ratio of the allocated differential braking on the front axle [143]:

η = ηf − χ(ηf − ηe), (5.24)

where ηe and ηf are defined as the ratios of the allocated brakes on the front axle for
χ = 1 and χ = 0, respectively. Therefore, η is linearly increasing from ηe to ηf as the
vehicle trajectory leaves the stable region and χ moves from one to zero.

Figure 5.4 shows the variations of the maximum yaw moment MFx,max and the ratio
η in the phase plane. The performed modifications provide a conservative differential
braking structure that improves the vehicle’s responsiveness in emergency situations so as
to prevent collisions and instability.
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Figure 5.4: The maximum yaw moment MFx,max and the braking distribution ratio η are
adjusted out of the stable region using the scaling variable χ.

5.3 Emergency Path Planning/Tracking Controller

The control objectives that are addressed in our control design are: tracking the desired
path, enforcing vehicle stability, and avoiding collisions. To satisfy these objectives, a
model predictive controller has been developed to determine the optimal control inputs of
the front lateral force Fyf and the yaw moment MFx . The calculated MFx is provided by
applying brakes on the left or right wheels (both axles) to produce the yaw moment in the
desired direction. Longitudinal velocity is adjusted using a separate speed controller by
applying a positive longitudinal command to the electric motor or a negative command to
the brakes. The overall control structure is depicted in Fig. 5.5.

5.3.1 Longitudinal Controller

The vehicle speed is controlled by calculating the required longitudinal command to track
the desired speed. The net force required in the longitudinal direction, Fx,net, is obtained
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Figure 5.5: Control structure. The designed controller calculates longitudinal and lateral
control inputs, based on which drive, brake, and steering commands are obtained.

using a proportional controller as follows:

Fx,net = max,des + kp(udes − u), (5.25)

where udes and ax,des are the desired longitudinal velocity and acceleration, and kp is
a speed tracking gain. Since the lateral controller uses differential braking to produce
yaw moment, the brake forces applied by differential braking are compensated for by the
longitudinal controller. Therefore, the drive torque applied to the vehicle ensures that the
desired longitudinal velocity is achieved.

The global path planning module in autonomous vehicles needs to plan an appropriate
longitudinal velocity along the path. To approximately calculate the maximum safe driving
velocity for a curved non-flat road, the force limit circle can be used as:

F 2
x + F 2

y ≤ µ2N2. (5.26)

Neglecting the longitudinal forces, Fx, simplifies the above equation to:
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|Fy| ≤ µN. (5.27)

Substituting Eqs. (3.15), (3.45), and (5.1) in Eq. (5.27), making steady state assump-
tion (v̇ ≈ 0 and ∆ψ̇ ≈ 0), and assuming θr ≈ 0, ∆ψ ≈ 0, and v/u ≈ 0 gives:

|κu2 cosφr + g sinφr| ≤ µ
(
g cosφr − κu2 sinφr

)
. (5.28)

The above inequality gives the vehicle’s maximum speed as:

umax =

√
g (µ cosφr − sinφr)

κ (cosφr + µ sinφr)
. (5.29)

The calculated maximum speed, umax, can be used as a constraint in longitudinal path
planning on a curved banked road.

5.3.2 Lateral Controller

The lateral dynamics of the vehicle is controlled using an MPC controller. The following
optimization problem calculates the optimized control inputs at each time step, generating
a trajectory that can best follow a desired path while satisfying the constraints related to
stability and position.

J =
∑N

k=1 xT (k)Qx(k) + uT (k)Ru(k) + ∆uT (k)P∆u(k)

+Wsss(k) + Wese(k),
(5.30)

subject to the discrete-time vehicle model Eq. (5.12) for (k = 1, ..., N), and

|u(k)| ≤ ukmax, (5.31)

|∆u(k)| ≤∆ukmax, (5.32)

Hsx(k) ≤ Gk
s + ss(k), (5.33)
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Hex(k) ≤ Gk
e + se(k), (5.34)

ss(k) ≥ 0, (5.35)

se(k) ≥ 0, (5.36)

where ∆u(k) = u(k)− u(k − 1), ukmax = [F k
yf,max,M

k
Fx,max

]T , and ∆ukmax = [∆F k
yf,max,

∆Mk
Fx,max

]T . The first term in the cost function is for tracking the desired path. This
term penalizes heading and lateral deviations with respect to the desired path. The second
term penalizes the magnitude of control actuations. The magnitude of the front lateral
force is not penalized, but the magnitude of the yaw moment from differential braking is
penalized in the objective function. This measure enables the controller to rely on front
steering and activate differential braking only when an additional yaw moment is needed.
The third term penalizes the proximity of the control actuations, allowing the vehicle to
hold a constant steering angle and change smoothly during differential braking. The fourth
and fifth terms assign costs for the non-negative slack variables that are used to ensure
a feasible solution for the optimization problem. The first slack variable ss(k) is used for
the stability constraint on yaw rate and lateral velocity states. The second slack variable
se(k) is used for the position constraint. The positive semi-definite weight matrices Qk,
Wk

s , and Wk
e determine the priority between the control objectives. These weights are set

such that the priority is given first to collision avoidance and then stability. Therefore,
the designed MPC controller performs optimal path planning to prevent collisions and
instability by deviating from the desired path. The optimized yaw moment along with the
calculated longitudinal force for longitudinal controller and the updated distribution ratio
η determine the drive or brake commands at each corner.

5.4 Contingency Path Planning/Tracking Controller

The wide acceptance of autonomous vehicles in the future requires their ability to han-
dle the surprises and challenges that a human driver would routinely encounter, such as
children suddenly running out into traffic or unanticipated icy surfaces. One solution for
improving their capability to avoid collisions is to improve their lateral agility and re-
sponsiveness. To this end, the incorporation of conservative torque/brake vectoring was
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suggested in the previous section. Another solution for enhancing the safety of autonomous
vehicles is to make the path planning/tracking controller robust to possible variations of
system parameters. One of the unexpected events that is challenging to predict is the sud-
den loss of road friction. Several studies in the literature propose robust control methods
to handle road friction uncertainties [96, 144, 145]. However, a path planner needs reliable
information about upcoming road conditions to be able to plan a safe path in emergency
scenarios. Even though the effect of varying road conditions on vehicle dynamics has been
well studied and included in robust control designs for improving vehicle handling and sta-
bility, it has only recently been considered in the context of motion planning at the limits
of handling [146, 147, 148, 149].

Although accurately determining what road friction conditions a vehicle may encounter
in the immediate future (i.e., a few dozen meters) is not possible, the perception module
in autonomous vehicles may be able to anticipate changes in road friction using the data
available about the upcoming road surface. This capability enables a path planner to
prepare for contingency events.

To properly plan a safe path in contingency events, a contingency model predictive
controller is designed to ensure the path planner’s robustness to road friction uncertainties.
In contingency MPC, a prediction horizon tree is built, which branches from a single stage-
node at x0 [148]. At this stage, a nominal horizon and a contingency horizon are employed
that share their first control action as illustrated in Fig. 5.6. With this equality constraint
in the CMPC control design, the vehicle will adhere to its desired path as closely as possible,
while maintaining the ability to maneuver to avoid a contingency event.

The contingency path planner is designed by extending the deterministic path planner
developed in the previous section. The system model, Eq. (5.12), is duplicated to include
both xnom and xc state vectors and support both the nominal and contingency prediction
horizons as follows:
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Figure 5.6: Contingency MPC prediction horizon. A nominal and contingency trajectory
are computed, which have equal control action at the first step.

x(k + 1) =

[
xnom(k + 1)

xc(k + 1)

]

=

[
Ak
nom 0

0 Ak
c

]
x(k) +

[
Bk

1,nom 0

0 Bk
1,c

][
unom(k)

uc(k)

]

+

[
Bk

2,nom 0

0 Bk
2,c

][
unom(k + 1)

uc(k + 1)

]
+

[
dknom

dkc

]
. (5.37)

The following optimization problem is extended from the deterministic MPC controller
illustrated in Eqs. (5.30) to (5.36). In this section, the conservative differential braking is
not employed, and front steering is the only control input.
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J =
∑N

k=1 xT (k)

[
Qnom 0

0 Qc

]
x(k) + ∆uT (k)

[
Rp,nom 0

0 Rp,c

]
∆u(k)

+
[
Wr,nom Wr,c

] [sr,nom(k)

sr,c(k)

]
+
[
Wβ,nom Wβ,c

] [sβ,nom(k)

sβ,c(k)

]

+
[
We,nom We,c

] [se,nom(k)

se,c(k)

]
,

(5.38)

subject to the discrete-time system model Eq. (5.37) for (k = 1, · · ·, N), and

|u(k)| ≤

[
ukmax,nom

ukmax,c

]
, (5.39)

|∆u(k)| ≤

[
∆ukmax,nom

∆ukmax,c

]
, (5.40)

[
Hr,nom 0

0 Hr,c

]
x(k) ≤

[
sr,nom(k)

sr,c(k)

]
, (5.41)

[
Hβ,nom 0

0 Hβ,c

]
x(k) ≤

[
sβ,nom(k)

sβ,c(k)

]
, (5.42)

[
He,nom 0

0 He,c

]
x(k) ≤

[
se,nom(k)

se,c(k)

]
, (5.43)

unom(1) = uc(1), (5.44)

where all the slack variables are non-negative. Diagonal matrices are used in the opti-
mization problem to penalize and constrain the contingency and nominal trajectories in-
dependently. As with the deterministic MPC controller, under the contingency controller,
the weight matrices are tuned so as to give the highest priority to collision avoidance.
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It should be noted that the yaw rate’s safety constraint is in fact based on the maximum
lateral acceleration, which is limited by the maximum available friction force. Therefore,
the designed CMPC controller can properly address the contingency events with uncertain
road frictions and plan a conservative path to ensure safety.

For instance, in the contingency event shown in Fig. 5.7, there are possible icy patches
near an obstacle on a wet road. A deterministic path planner that is unaware of the
potential loss of friction in the path may end up with a collision. On the other hand,
the contingency path planner can anticipate the potential friction drop and react more
conservatively to plan a safer path that avoids a collision.

Figure 5.7: A contingency event with possible icy patches on a wet road.

Another type of contingency events is related to road angle uncertainties. Road bank
affects the maximum lateral acceleration capacity and consequently the yaw rate’s stability
limit. In fact, road bank shifts the stability parallelogram upward or downward. The
CMPC controller can properly respond to identified potential changes of road bank angle
and plan a conservative path that ensures collision avoidance.

5.5 Numerical Study

In this section, the performance of the designed controller is evaluated numerically using
co-simulation in CarSim and MATLAB/Simulink. The test vehicle is a high fidelity CarSim
model of a Chevrolet Equinox, with the specifications listed in Table 4-1.

The performance of the path planning controller in improving lateral agility using
conservative differential braking is assessed in two driving scenarios with pop-up obstacles
appearing on the road. The tests, carried out on a road with the friction coefficient of
µ = 0.5 and the desired longitudinal velocity of 60 kph, are performed twice: (1) with
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differential braking OFF (Controller A) and (2) with differential braking ON (Controller B).
In other words, Controller A uses front steering only, but controller B employs integrated
front steering and differential braking. The parameters of Controllers A and B are the
same except that differential braking is off in Controller A.

The performance of the contingency path planning controller is evaluated in three
contingency scenarios that push the limits of vehicle handling. Each scenario was performed
three times: (1) with the deterministic path planner and assuming that the contingency
event does not happen, (2) with the deterministic path planner and assuming that the
contingency event happens, (3) with the contingency path planner and assuming that the
contingency event happens. The controller parameters are shown in Table 5.1.

Table 5.1: Path Planning/Tracking Controller Parameters.

Parameter Value

Emergency Controller Contingency Controller Contingency Controller

Nominal Horizon Contingency Horizon

N , N1, N2 40, 10, 20 70, 10, 50 70, 10, 50

tshort, tlong 0.01, 0.2 [ms] 0.01, 0.2 [ms] 0.01, 0.2 [ms]

Q diag(0, 0, 200, 4) diag(0, 0, 4, 4) diag(0, 0, 2, 2)

Rm diag(0, 4× 10−5) 0 0

Rp diag(3× 10−5, 8× 10−5) 6× 10−5 6× 10−5

Wr 3000 50 50

Wβ 3000 50 50

We 50000 400 400

5.5.1 Emergency Scenario 1: Straight Road with a Sudden Ob-
stacle

The first scenario is a straight road with the centerline as the desired path (Fig. 5.8). A
pop-up obstacle suddenly shows up when the vehicle passes from x = 30m. It is assumed
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that the obstacle extends to the bottom edge (boundary) of the road (e = −6m), indicated
in Fig. 5.8a by dashed red lines, leaving the easier and more feasible tube for path planning.
The result is a convex region for lateral deviation at each distance along the path. The
blue and green lines respectively represent the vehicle track path optimized by Controllers
A and B. In Fig. 5.8, Controller A fails to respond fast enough and to properly change
the heading of the vehicle, thus collides with the road boundary after avoiding the pop-up
obstacle. With Controller B, however, the conservative differential braking intervenes and
improves the yaw rate response to prevent a collision with the road boundaries. Figure 5.8b
shows a 3D result of the scenario 1, where the blue and green cars are respectively related
to Controllers A and B.
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Figure 5.8: (a) The optimized paths and (b) 3D results for Controllers A (blue) and B
(green) confronting a pop-up obstacle suddenly introduced (magenta dashed in (a)) in a
straight road (scenario 1). The red rectangle in (a) and the crates in (b) indicate the
obstacle area to be avoided.

Figure 5.9 shows the closed-loop trajectories of the vehicle in the v − r phase plane
for Controllers A and B. In contrast to Controller A, Controller B can change the yaw
rate sign faster and keep it outside the parallelogram for a little longer, which turns the
vehicle’s heading faster, enabling the controller to avoid a collision.
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Figure 5.9: The vehicle trajectory in the phase plane of lateral velocity and yaw rate for
Controllers A (blue) and B (green) in scenario 1.

The optimized control inputs of steering and differential braking are shown in Fig. 5.10,
and the vehicle yaw rate, lateral acceleration, and longitudinal velocity are presented in
Fig. 5.11. Figure 5.10b shows how controller B uses the yaw moment MFx to better react
to dangerous situations. The first intervention of the yaw moment MFx happens at around
2 s, to assist in avoiding the obstacle by providing a positive yaw moment. The major
contribution of the differential braking, however, can be seen between 3 s to 4 s, when
the vehicle is about to collide with the road edges. This additional yaw moment results
in a faster response in yaw rate, that can be seen in Fig. 5.11a, to change the vehicle’s
heading. The maximum lateral acceleration of the vehicle during the maneuver (Fig. 5.11b)
indicates that the controller operates up to the vehicle’s handling limits (ay,max ' µg ' 5).
Figure 5.11c shows that the vehicle’s longitudinal velocity follows the desired value of 60 kph

for Controllers A and B, meaning that both have the same speed during the maneuver.
The improvement in collision avoidance by Controller B is achieved without compromising
longitudinal velocity.
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Figure 5.10: (a) The steer angle and (b) MFx for Controllers A (blue) and B (green) in
scenario 1.
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Figure 5.11: Vehicle response (a) yaw rate, (b) lateral acceleration, (c) speed for Controllers
A (blue) and B (green) in scenario 1.

5.5.2 Emergency Scenario 2: Curved Road with Two Sudden Ob-
stacles

The second scenario is a curved road with two pop-up obstacles. As shown in Fig. 5.12,
the first and second obstacles are observed at s = 30m and s = 62m, respectively. Both
controllers A and B successfully avoid the first obstacle with no collision with the road
boundary. However, controller A is unable to pass the second obstacle, and collides with
the boundary. This collision happens because the controller is unable to rapidly change
the vehicle’s heading. With Controller B, the additional yaw moment from differential
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braking improves the yaw rate responsiveness, enabling the controller to mitigate any
collisions. Figure 5.12b shows the 3D result of this scenario, where the blue and green cars
are respectively related to Controllers A and B.
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Figure 5.12: (a) The optimized paths and (b) 3D results for Controllers A (blue) and
B (green) confronting two pop-up obstacles suddenly introduced at distances 1 and 2
(magenta dashed in (a)) in a curved road (scenario 2). The red rectangles in (a) and the
crates in (b) indicate the obstacle area to be avoided.

The closed-loop trajectory of the vehicle in the v − r phase plane (Fig. 5.13) shows
how Controller B’s superior responsiveness provides the short-term higher yaw rate needed
to mitigate collisions. The vehicle trajectory exits the stable region through the yaw rate
channel and then a negative lateral velocity builds up, due to the domination of the negative
term −ru over the positive term (Fyf +Fyr)/m in Eq. (5.1). Finally, the trajectory returns
to the stable region after a transition period. The trajectory generated by controller A
is unable to provide a fast enough yaw rate response to prevent collision with the road
boundary.

Figure 5.14 shows the optimized control inputs of steering and differential braking,
and Fig. 5.15 shows the vehicle yaw rate, lateral acceleration, and longitudinal velocity. In
Fig. 5.14b, the main intervention of differential braking happens after the vehicle passes the
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Figure 5.13: The vehicle trajectory in the phase plane of lateral velocity and yaw rate for
Controllers A (blue) and B (green) in scenario 2.

first obstacle and when the second obstacle appears. In this moment, the controller needs to
avoid a collision with the second obstacle as well as the road boundary. Both controllers A
and B can properly avoid the second obstacle, but Controller A fails to provide enough yaw
moment to avoid collision with the road boundary. Controller B uses differential braking
and applies a positive yaw moment between 4 s to 5 s. This yaw moment results in a faster
yaw dynamic, as shown in Fig. 5.15b, and mitigates collision. Figure 5.15c indicates that
the vehicle reaches its maximum lateral acceleration limit (ay,max ' µg ' 5m/s2) when
avoiding the obstacles. In Fig. 5.15d, the longitudinal velocities for Controllers A and B are
almost the same during the maneuver. Therefore, the improvement in collision avoidance
by Controller B is achieved without compromising the longitudinal velocity.

The simulation results show the effectiveness of the controller in satisfying the three
control objectives in the prioritized structure. In other words, the controller tracks the
desired path when there is no violation of the stability and collision avoidance constraints,
but it deviates from the desired path when it is necessary to avoid instability or collision.
Also, since the priority is given to collision avoidance over vehicle stability, the controller
may temporarily violate stability criteria, if necessary, to avoid a collision.
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Figure 5.14: (a) The steer angle and (b) MFx for Controllers A (blue) and B (green) in
scenario 2.
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Figure 5.15: Vehicle response (a) lateral deviation, (b) yaw rate, (c) lateral acceleration,
and (d) speed for Controllers A (blue) and B (green) in scenario 2.

5.5.3 Contingency Scenario 1: Mixed Wet and Icy Road with Two
Obstacles

The first contingency scenario is a straight road with the centerline as the desired path and
two obstacles in the road. For comparing how the two path planners perform in response to
road friction, two roads are considered: Roads A and B. Road A is totally wet, and Road B
is wet in the middle and icy near the sides, as shown in Fig. 5.16. The desired longitudinal
velocity is assumed to be u = 36 kph constant. Figures 5.17a and 5.17b show the vehicle
track paths optimized by the deterministic and contingency path planners respectively for
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Road A and Road B. Figure 5.18 shows the results of the steer angle, yaw rate, and lateral
acceleration for the three simulated cases. On Road A, the deterministic path planner
properly and minimally deviates from the desired path and prevents a collision with the
obstacles and road edges. However, on Road B, the deterministic path planner collides with
the road edges because it was unaware of the ice on the sides and consequently started to
deviate very late. This failure occurs because it assumes the lateral acceleration capacity
of a wet road everywhere on the road and catches the friction drop when it is too late to
avoid collision. In contrast, the contingency path planner, which anticipates the presence
of ice on the sides, steers earlier to manage the low lateral acceleration capacity of the sides
and make the curve gentler and more conservative.

(a) (b)

Figure 5.16: The first contingency scenario is a straight road with two obstacles. (a) Road
A is totally wet, and (b) Road B is wet in the middle and icy near the sides.
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Figure 5.17: The vehicle track paths calculated by the deterministic and contingency path
planners on (a) Road A and (b) Road B in the first contingency scenario.
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Figure 5.18: (a) The steer angle, (b) yaw rate, and (c) lateral acceleration for the de-
terministic and contingency controllers on Road A and Road B in the first contingency
scenario.

5.5.4 Contingency Scenario 2: Left Turn on Mixed Snowy and Icy
Road

The second contingency scenario is a 90-degree turn with the centerline as the desired
path. Two roads with different conditions are considered for the simulations. Road A is
totally snowy, whereas Road B is assumed to be snowy before the turn and icy after that, as
shown in Fig. 5.19. The desired longitudinal velocity is assumed to be u = 18 kph constant.
Figure 5.20a shows the vehicle track path controlled by the deterministic path planner for
Road A, and Fig. 5.20b depicts the path optimized by the deterministic and contingency
path planners for Road B. The steer angle, yaw rate, and lateral acceleration of the three
simulated cases are shown in Fig. 5.21. Comparing the results of the deterministic path
planner on Road A with those on Road B shows that although the deterministic path
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planner/tracker can properly track the desired path with minimum deviation on Road A,
it fails to keep the vehicle within the road boundaries on Road B. In fact, the deterministic
path planner/tracker was unaware of the ice ahead on Road B and followed the centerline.
Consequently, it could not provide the lateral forces needed for tracking the path when
it comes to the icy part of the road. Once the vehicle is on the ice, nothing can ensure
safety. To escape collision, the vehicle should have behaved differently before the turn.
On the other hand, the contingency path planner/tracker did anticipate the presence of
ice on Road B and therefore steered earlier to increase the radius of curvature, making
the vehicle’s behavior look like the outside-inside-outside behavior of professional race car
drivers.

(a) (b)

Figure 5.19: The second contingency scenario is a 90-degree turn. (a) Road A is totally
snowy, and (b) Road B is snowy before the turn and icy after that.

5.5.5 Contingency Scenario 3: Potential Change in Road Bank in
a Curved Road

The third contingency scenario is an icy road (µ = 0.14) with the centerline as the desired
path and two obstacles in the road. The road is straight before s = 50m and curved
after that. To compare how the two path planners perform in response to road bank, two
roads are considered: Roads A and B. Road A is totally flat, and Road B is flat in the
straight part and banked (φr = −6 %) in the curved part, as shown in Fig. 5.22. The
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Figure 5.20: The vehicle paths controlled with the deterministic and contingency path
planners on (a) Road A and (b) Road B in the second contingency scenario.

desired longitudinal velocity is assumed to be u = 36 kph constant. Figure 5.23a shows the
vehicle track path controlled by the deterministic path planner for Road A, and Fig. 5.23b
depicts the path optimized by the deterministic and contingency path planners for Road
B. The steer angle, yaw rate, and lateral acceleration of the three simulated cases are
shown in Fig. 5.24. Comparing the results of the deterministic path planner on Road
A with those on Road B shows that although the deterministic path planner/tracker can
properly deviate from the centerline to avoid collision with the obstacles, it fails to maintain
collision avoidance on Road B. The deterministic path planner/tracker was unaware of the
road bank ahead on Road B and consequently did not prepare for the reduced lateral
acceleration capacity in the negative direction. On the other hand, the contingency path
planner/tracker anticipated the change in road bank in the curved section of the road and
reacted more conservatively to ensure collision avoidance.
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Figure 5.21: (a) The steer angle, (b) yaw rate, and (c) lateral acceleration for the deter-
ministic and contingency path planners on Road A and Road B in the second contingency
scenario.

5.6 Summary

In this chapter, an integrated vehicle stability and path planning/tracking controller was
designed for emergency collision avoidance in autonomous vehicles. The designed controller
is in fact an extension of the vehicle stability controller developed in Chapter 3, achieved
by integrating a vehicle stability objective with the collision avoidance and path tracking
objectives within the model predictive control design.

The integrated controller uses a combination of steering and differential braking to im-
prove yaw rate responsiveness and mitigate collisions. The integrated controller constrains
the use of differential braking so as to decrease the chance of instability. It should be
noted that differential braking can be simply replaced with torque vectoring or any other
actuation that can provide an additional corrective yaw moment to the system. This MPC
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(a) (b)

Figure 5.22: The third contingency scenario is a curved road with potential change road
bank. (a) Road A is totally flat, and (b) Road B is flat in the straight section and banked
in the curved section.
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Figure 5.23: The vehicle paths controlled with the deterministic and contingency path
planners on (a) Road A and (b) Road B in the third contingency scenario.

controller uses slack variables to combine the control objectives with the priorities of (1)
collision avoidance, (2) vehicle stability, and (3) path tracking. The designed controller has
also been extended to a contingency MPC controller to handle uncertain road conditions.
The CMPC controller uses a nominal prediction horizon and an emergency prediction
horizon that share their first action.

A high fidelity CarSim model was used to demonstrate the effectiveness of the de-
signed controllers in emergency scenarios. The path planning controller’s performance in
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Figure 5.24: (a) The steer angle, (b) yaw rate, and (c) lateral acceleration for the deter-
ministic and contingency path planners on Road A and Road B in the third contingency
scenario.

improving lateral agility using conservative differential braking was evaluated in two driv-
ing scenarios. The simulations were iterated two times, with (1) differential braking OFF
(Controller A) and (2) differential braking ON (Controller B), and comparisons show the
advantages of the integrated controller. The presented scenarios are the typical challenges
of autonomous vehicles. These scenarios are designed to push the vehicle to its limits of
handling and to necessitate a quick response in yaw rate to avoid collisions. In harsher
scenarios with shorter distances, where the collision is unavoidable, the violation of the
collision avoidance constraint for Controller B will still be less than Controller A’s.

The contingency controller’s performance was assessed in three contingency scenarios,
and the results confirmed the controller’s ability to ensure collision avoidance. The contin-
gency controller anticipates the friction loss and reacts earlier by planning a conservative
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path, while the deterministic controller reacts very late and fails to prevent a collision.

120



Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, a prioritization model predictive controller was designed for multi-actuation
multi-objective vehicle control problems. The designed controller was employed for three
case studies with three actuations: front/rear torque shifting, ELSD, and differential brak-
ing. The controller performance was evaluated using software simulations as well as ex-
perimental tests. A model predictive control design was also designed for the integrated
collision avoidance and stabilization of autonomous vehicles, and its effectiveness was as-
sessed numerically in several harsh maneuvers. The major findings and contributions of
this thesis are listed below.

A prioritization control structure was designed that restricted the engagement of low
priority actuators to high priority control objectives. The proposed MPC controller was
employed for two actuation sets 1) front/rear torque shifting and differential braking, 2)
ELSD and differential braking. It was discussed that using a costly actuator for improving
vehicle handling is not a good idea when the other available actuators can provide the
same control effort with less cost. For this reason, differential braking was considered as
the low priority actuation to reduce unwanted speed dop and energy waste.

A coupled force vehicle prediction model was designed to enable the MPC controller to
optimize front/rear torque distribution. The prediction model was designed by linearizing
the nonlinear lateral tire force model with respect to variations of slip angle and torque to
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capture the effect of longitudinal forces on lateral forces. It was shown that the sensitivity
of the lateral force to the changes in the applied torque increases by increasing the axle
torque. It was shown schematically that the corrective yaw moment capacity, generated
by front/rear torque shifting, increases when the drive torque increases up to an optimum
point and then starts decreasing.

Vehicle lateral stability and roll stability were integrated to ensure vehicle stability in
any road friction and road angle conditions. To ensure the controller’s effectiveness on
non-flat roads, the effects of road angles on vehicle dynamics and vehicle stability limits
were considered in the control design. It was shown that the road bank and grade affect
the rollover index and shift the yaw rate safety limits downward, which must be included
in the controller.

A dynamic model was designed for an ELSD clutch to provide an appropriate estima-
tion of the clutch torque. It was discussed that the existing research on ELSD control
mostly assumes an algebraic equation for ELSD clutch torque based on wheel speed differ-
ences, which can cause chattering or unwanted oversteering yaw moments. This challenge
was resolved by designing a dynamic ELSD model based on the spring-damper model by
assuming torsional spring and damper elements between ELSD clutch plates. Including a
forgetting factor in the model allowed accumulated errors to fade away. Using this ELSD
model enabled the controller to correctly activate and deactivate the ELSD clutch by si-
multaneously predicting the clutch torque.

The performance of the proposed controller was evaluated using co-simulations of MAT-
LAB/Simulink and CarSim. A high-fidelity model of an electric Chevrolet Equinox and
an E-Class SUV vehicle in CarSim were used in these simulations. Integrated axle torque
distribution and differential braking were used in two case studies with multiple control
objectives. The vehicle performance was assessed in several accelerating driving scenarios
such as acceleration in turn, acceleration in slalom, and acceleration in flick under different
road frictions on flat and non-flat roads. The simulation results showed the controller’s
ability in improving handling and stability and enhancing the vehicle’s performance in
longitudinal motion by decreasing the engagement of differential braking. The controller
was able to prevent rollover in high friction roads and avoid skidding or spinning on low
friction surfaces.

The proposed prioritization control scheme was implemented in real-time on dSpace
Autobox and tested on an electric Chevrolet Equinox and a Cadillac CTS. The real-time
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performance of the controller was evaluated in different driving maneuvers. The controlled
vehicle’s responses were compared with the uncontrolled vehicle’s responses. The controller
was able to activate the control actuations with the defined priorities to improve vehicle
response and stability in all the driving maneuvers. In addition, the performance of the
ELSD model was evaluated in different open-loop and closed-loop driving maneuvers. The
estimated ELSD clutch torque was compared with the measured value by wheel force sen-
sors, and the results confirmed the performance of the ELSD model in properly estimating
clutch torque distribution. The results of on-throttle maneuvers also confirmed the ELSD
controller’s ability in preventing unwanted oversteering yaw moments.

The designed vehicle stability controller was extended to incorporate integrated collision
avoidance and stabilization of autonomous vehicles. Combining differential braking with
front steering enabled the controller to improve the vehicle’s lateral agility in emergency
collision avoidance scenarios. The controller used differential braking conservatively by
adjusting the constraints on differential braking and its distribution between the front and
rear axles based on vehicle response to maintain vehicle stability while improving lateral
responsiveness.

A contingency path planning/tracking controller was designed to maintain vehicle safety
and avoidance in uncertain road conditions. Combining a nominal prediction horizon and
a contingency prediction horizon that have equal action at their first step enabled the
controller to plan a conservative and safe path that avoids collisions. This control strategy
provided robustness to potential friction losses in contingency scenarios.

The performance of the controller designed for emergency collision avoidance was eval-
uated in several emergency maneuvers. Each maneuver was performed with and without
differential braking, and comparisons showed the integrated controller’s capability of im-
proving lateral agility to avoid collisions. The results also showed the capability of the
controller in prioritizing the control objectives when it temporarily violates the stability
criteria to ensure the collision avoidance objective. In addition, the contingency controller’s
performance was assessed and compared with the deterministic controller’s performance in
three contingency maneuvers with road friction and road bank uncertainties. The results
confirmed the CMPC controller’s ability to prevent collision by acting conservatively and
preparing for the potential losses of the lateral acceleration capacity.
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6.2 Future Work

A few suggestions are made in this section to continue the work done in this thesis to
improve the performance of the developed models and controllers. These suggestions aim
to extend the contributions of this thesis to multi-actuated vehicle control and autonomous
vehicle control.

• Extending the prioritization control structure based on vehicle states: In this thesis, a
prioritization control design was developed for multi-actuated vehicles with multiple
control objectives. This design can be extended to consider the vehicle states in
objective prioritization. In addition, the actuation prioritization can be updated in
real-time based on vehicle states and the capabilities of actuations.

• Considering the roll stability in local path planning/tracking control designs: In
emergency collision avoidance scenarios on surfaces with a high friction coefficient,
the vehicle roll rate and roll angle are considerable, resulting in significant lateral
load transfer. Therefore, to prevent vehicle rollover, the vehicle’s roll dynamics and
roll stability limits need to be included in path planning/tracking control designs.

• Integrating longitudinal path planning with lateral path planning: The local lateral
path planning designed in this thesis assumes that the desired vehicle longitudinal
velocity is given by a high-level module. This separation of the longitudinal velocity
planning and lateral path planning makes the controller unable to plan the maximum
optimal speed in the maneuver. The integration of longitudinal and lateral path
planning would improve the performance of path planning/tracking controllers in
emergency collision avoidance scenarios.

• Extending the contingency MPC controller for use in other contingency events: In
this thesis, a contingency path planning/tracking controller was designed to handle
uncertain road conditions. This design can be extended to address other contingency
events in vehicle motion planning problems such as uncertain behavior of other road
vehicles or pedestrians crossing the road. To ensure safety, the contingency controller
can be extended to plan contingency horizons for both longitudinal and lateral mo-
tions.
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