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ABSTRACT

This dissertation is a presentation to generalize boundedness and pseudocom-
pactness in pointfree topology. We first obtain and introduce a boundedness
notion for elements of a frame. This is then further inspiration to introduce a
definition of bounded frame homomorphism whose domain may be any frame

E, not just the frame of open sets of the reals.

Consequently we arrive at a generalization of pseudocompactness which

we term:
( E—Pseudocompactness Of Frames )

Where a frame L is E-pseudocompact if any homomorphism with domain F

and codomain L is bounded.

After surveying pseudocompactness in both general and pointfree topol-
ogy, we give our definition of bounded element in a frame and study re-
lated properties before introducing bounded frame homomorphisms and F-
pseudocompact frames. Various properties of these are studied and compared

with classical result of pseudocompactness in topology and frame theory.

Key Words:
Frame, Bounded frame element, bounded frame homomorphism, Pseudocom-

pact space, Pseudocompact frame, E-pseudocompact frame
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INTRODUCTION

In the late 1940’s, Hewitt [22] introduced the notion of pseudocompactness
in classical topology, founded on the relationship between two rings of real
valued continuous functions. (A space X is pseudocompact if the rings of real
valued continuous functions and the rings of bounded, real valued continu-
ous functions on X coincide.) This notion was translated into the context
of pointfree topology by Baboolal and Banaschewski [I], in a paper which
showed that the Stone-Cech compactification of a completely regular frame
is locally connected if and only if the frame is locally connected and pseudo-

compact.

Already in 1989 Gilmour expressed (in private communication) that the
pseudocompactness of frames can be characterized in terms of a cover con-
dition, that is: a frame L is pseudocompact if and only if every completely
regular sequence (a,) in this frame such that \/a, = 1 terminates. This was

a central result in [5].

These concepts were developed by a number of topologists to give more
related properties and results in frame theory. These ranged from charac-
terizations of pseudocompact frames to related compactness properties and
their interaction with other topological properties such as connectedness. For

example:

e Banaschewski and Pultr [7] gave some characterizations within the cat-

egory of completely regular frames.

e In [5], Banaschewski and Gilmour systematically explored the concept

in frames, their central idea was to describe the pseudocompact frames
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without reference to the (localic) reals.

e Marcus obtained further results regarding the pseudocompactness prop-
erty, through an investigation of the relationship between pseudocom-
pactness, realcompactness and compactness. He also proved that the

compact pseudocompact frames are realcompact [29].

e Walters-Wayland [38] showed that, a completely regular frame is pseu-

docompact if and only if it admits only paracompact uniformities.

e A comparison between pseudocompactness for frames and other weaker
forms of compactness; namely, feeble compactness and countable com-
pactness was presented by Hlongwa in [23]. These ideas were extended

by Banaschewski, Holgate and Sioen in [6].

e In Dube and Matutu’s studies [17] some external characterizations were
established giving necessary and sufficient conditions for a completely

regular frame to be pseudocompact.

e On the other hand, in [I5] Dube and others demonstrated that not
every completely regular pseudocompact frame is spatial. In contrast
to the compact regular case, there is a non-spatial completely regular

pseudocompact frame.

Boundedness is central to the study of pseudocompactness. Classically,
boundedness is a metric but not a topological property. The definition of
boundedness for a subset of a topological space was introduced by Lambari-
nos in 1973 [27]. This was an inspirational idea for Dube to define a bounded
quotient frame homomorphism and other variations of the concept, such as
almost bounded frames and H-quotients. He then related them to the con-
cept of compactness in pointfree topology in a number of contexts [14]. In
this direction, we will compare the bounded quotient frame homomorphism

with a new definition of boundedness and bounded frame homomorphism.

Why pseudocompactness?

http://etd.uwc.ac.za/
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Historically, the archetypal definition of pseudocompactness in topology is:

A topological space is pseudocompact if all of its continuous real-valued

functions are bounded.

Thus pseudocompactness is first and foremost about bounded maps. Nev-
ertheless, in pointfree topology the study of bounded elements in general

frames have never been defined before, this is one contribution of this thesis.

The main aim of this thesis is to introduce a new definition of bounded
element in a frame and thus provide a generalization of pseudocompactness in
terms of bounded frame homomorphisms which in turn depends on bounded

elements.

Our method relies heavily on techniques that are developed around the
above mentioned bounded elements in a general frame. This is the main
contribution which we make and it suggests a direction for future study as

well.
Thesis outline

Chapter 1 recounts the relevant definitions pertaining to frame theory and

outlines the required background for the ensuing chapters.

Chapter 2 is divided into two sections, the first section is dedicated to
pseudocompact spaces, summarising properties which for the most part ap-
peared in [34, 22]. The second section sets out to survey key results regarding
the pointfree version of pseudocompactness which has been investigated in

many of the aforementioned references .

In Chapter 3, the definition of a bounded element in frames is intro-
duced. In the first section, we start with the definition of bounded elements
in frames, then we give some examples and properties then end up with a
relationship between a bounded element in a Boolean frame with a “Dube
bounded” sublocale which maps this frame to the downset of the bounded

element.

In the second section, we introduce the notion of E-pseudocompact frames
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and explore some examples and properties.

Finally, we end with a brief overview of unsolved problems which we have

faced in this dissertation.
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1. PRELIMINARIES

The history of frame theory goes back to Stone [35], and Wallman in [37],

who initially studied topological concepts using lattice theory.

By the end of the 1950’s, Ehresmann and Benabou (18], [9]) considered
certain complete lattices with an appropriate distributivity property which
deserved to be studied as a generalisation of topological spaces called ’local

lattices’.

In a series of papers in the 1960’s and 1970’s, Dowker and Papert ([12],
[11], [I3]) introduced the term frame for a local lattice and extended many
results of topology to frame theory. More historical information about the
concept of frames and their categorical dual which are called locales can be
found in Johnstone (J25], [20]) and the more recent text by Picado and Pultr
[32].

In this chapter a brief introduction to some needed background material
on frame theory is given. We concentrate on the definitions, results and
properties required for this thesis. Full details can be found in [32], 25] and

most of our proofs are taken from these texts.

1.1 Lattices
A binary relation < on a set L is called a partial order if it is:

(1) reflexive, a < a for all a € L,

(2) antisymmetric, a < b and b < a implies a = b for all a,b € L, and
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1. Preliminaries 6

(3) transitive a < b and b < ¢ implies a < ¢ for all a,b,c € L.

The set L together with the partial order < is called a partially ordered

set or poset.

If A is a subset of a poset L then, an element b € L is called an upper
bound (lower bound) of A if a < b (a > b), Va € A. Further, the join
(meet) of A is the least upper bound (the greatest lower bound) of A. We
denote the join of A by \/ A, and the meet by A\ A. If A = {a,b} has only
two elements then we write \/ A=aVband AA=aAb.

In addition, a poset L is:

(1) A meet-semilattice (join-semilattice) if there exists a meet (join)

for any two elements a,b € L.

(2) A lattice if there is meet and a join for any two elements in L. A

lattice L is called:

(a) Modular, if the implication below holds for all elements of L,
d 3c i PV 4 3 (@ Djie.

(b) Distributive if the equality below holds for all elements of L,

aV(bAc)=(aVDb)A(aVc).

(3) A bounded lattice whenever all finite subsets of L have a meet and a
join. This means that L is a lattice which has a greatest (top) element

1, and a least (bottom) element 0.

(4) A complete lattice if every subset of L has a meet and a join.

Note that every complete lattice L is bounded with

Op=V0=ALand 1, =A0=\L.

http://etd.uwc.ac.za/



1. Preliminaries 7

A complemented lattice is a bounded lattice, in which every element

a has a complement, i.e. an element b such that:
aVb=1and aANb=0.

A complemented, distributive lattice is called a Boolean Algebra.

A mapping f : X — Y between two posets X, Y is called monotone if:
f(z) < f(y) wherever z < y.

It is called an isomorphism if it is bijective and its inverse is monotone as
well. Moreover, we say that f.is a lattice homomorphism if X and Y are

lattices and:
flavy) = fleyv ), flxAy)= fl@)A fy), Yo,y € X.

An adjunction map is a pair of monotone maps f and g X ? Y

between two posets such that Vo € X and y € Y the relation holds:
f(z) < yifand only if & < g(y).

Then f is called a left adjoint of g and ¢ is called a right adjoint of f.
Equivalently,the pair f, g is adjoint if g o f is above the identity on X and
f o g is below the identity on Y. General theory tells that:

e adjoints are unique,
e a right (left) adjoint preserves all existing meets (joins),

e a monotone map f : X — Y has a right adjoint ¢ iff Vy € Y the
right-hand side in the identity below exists and f preserves all such

joins:

g(y) =\V{z | f(x) <y}

http://etd.uwc.ac.za/



1. Preliminaries 8

e dually, a monotone map f : X — Y has a left adjoint g iff Vy € Y
the right-hand side in the identity below exists and f preserves all such

meets:

9(y) =Mz |y < f(@)}-
Remark 1.1.1. The adjunction maps in this section are a special case of

adjunctions in category theory. We will later see such an example when

dealing with frames and topological spaces in Section [1.2.5]

In a lattice L with 0, an element a in L is said to have a pseudocom-
plement if there exists a greatest element x in L such that a Az = 0. We

denote such an x by a*. Equivalently, a* is the pseudocomplement of « if:
Th Ol < F BUE B,

More formally
a*=\{z €Ll |zNAa=0}

The lattice L is called pseudocomplemented if every element in L has a
pseudocomplement. For example every finite distributive lattice is pseudo-

complemented.

Note that lattice homomorphisms do not necessarily preserve pseudocom-
plements. One has obviously f(a*) < f(a)* if f is monotone, but the other
inequality generally need not hold.

Pseudocomplements, if they exist, satisfy the following properties:

3. a < b implies b* < a*,
4. (a AND)*™ = a™ AND*.

5. (aVb)* =a* Ab* [De Morgan Law]|.

http://etd.uwc.ac.za/



1. Preliminaries 9

1.2 Frames

A frame L is a complete lattice such that for any point ¢ € L and any set
M C L the following infinite distributive law holds:

a/\\/M:\/{a/\m|m€M}.

Example 1.2.1. Any complete Boolean algebra is a frame.

If the existence of joins and the above distributive law hold for countable
sets M C L then the bounded lattice L is called a o-frame. This can be
generalized to subsets M C L of cardinality » and the resulting lattices are

called sk-frames.

A subframe P of a frame L, is a subset P C L which is a frame under

the same operations (A and \/) as L, with 0.,1, € P.

An atom (co-atom) in a frame L is an element a > 0 (a < 1) such that
for each x € L, a > x> 0 implies that & = a (@ < & < 1 implies that z = a).

A Boolean algebra is atomic if each of its element is a join of atoms.

A frame L is said to be a zero-dimensional frame if every element is a
join of complemented elements, also L is called a Boolean frame if L = BL,
where BL is the set of all complemented elements of the frame L. As is noted

in [32], a frame L which is a Boolean algebra coincides with a Boolean frame.

Lemma 1.2.1. (|32] Proposition I1.5.4.2) In a Boolean frame L the following

statements are equivalent.

(1) L is atomic,
(2) Each element of L is a meet of co-atoms,

(3) L is isomorphic as frame to the power set of the set X of all atoms of
L.

http://etd.uwc.ac.za/



1. Preliminaries 10

A frame homomorphism is a map h : M — L between two frames which

preserves:

e All finite meets (h(x Ay) = h(z) A h(y) for all z,y € M),

e All arbitrary joins (h(\/ X) = \V/{h(z) | z € X} for any X C M).

Note that such an h is automatically order preserving and preserves both
the top (h(1p) = 11) and the bottom (h(0y) = 0r).

A frame homomorphism #h is said to be:

dense if h(a) =0=a =0,
e codense if h(a)=1=a=1,
e a quotient map if it is onto,

e an isomorphisim if it is onto (surjective) and one-to-one (injective).

Because a frame homomorphism A preserves arbitrary joins, h has a right
adjoint h, : L — M satisfying the property that z < h.(y) in M if and
only if h(x) <y in L. For a € L,

he(a) =\/{x € M | h(z) < a}.

A homomorphism is called closed if h.(h(z) Vy) = = V h.(y), Vx €
MYy € L.

Example 1.2.2. The standard (you may say motivating) initial example of a
frame and frame homomorphism is taken from topology. If X is a topological
space then the set OX of all open subsets of X forms a frame ordered by set
inclusion. Let f: X — Y be a continuous map between topological spaces
X and Y, the map Of : OY — OX which is given by

Of(U) = f~YU), YU CY with U open,

http://etd.uwc.ac.za/



1. Preliminaries 11

is a frame homomorphism.

In fact O is a (contravariant) functor from the category Top to Frm.

Remark 1.2.1. In the category of frames, any frame homomorphism h :

M — L has a factorisation fog

M —2s nM] -5 L

~_ .

via the image of M under h with surjective g and injective f described by
g(a) = h(a) and f(h(a)) = h(a) forany a € M. A related factorisation gives
a useful result which states that every frame homomorphism A : M — L

has an onto dense factorisation:

ns AP Wb ofid * Y

h

where 1 h.(0) = {a € M | a > h.(0)} and ¢ is a quotient frame map
z +— zV h,(0) and h:1 h,(0) — L is dense mapping as h.

We note the following lemma which relates surjective homomorphisms,

their adjoints and pseudocomplements.

Lemma 1.2.2. For a surjective frame homomorphism A : M — L with
a € L and h.(a) = \/[{z € M | h(x) = a}. If h is dense surjective, then
hi(a*) = (hi(a))*.

1.2.3 Regular and completely regular frames

In a bounded lattice L, an element a € L is said to be rather below b € L,

denoted a < b, if there exists a separating element ¢ € L such that

http://etd.uwc.ac.za/



1. Preliminaries 12

aNc=0andcVb=1
If L is pseudocomplemented, then this is equivalent to:
a<bsa*Vvb=1,.
Then a frame L is called regular if for every b € L,
b=\V{aeL|a=<b}

Regularity for frames is a conservative notion, meaning that for a topo-
logical space X, X is regular (as a space) if and only if OX is regular (as a

frame).

Further, for a,b € L, a is said to be completely below b, denoted

a <= b, if there is a set of elements
{c;€ L|r€eQnIo,1]}

such that a = ¢y and b= ¢, ¢, < ¢, when p <. We say that the sequence

{c.} witnesses the relation a << b.

A frame L is called completely regular in case every b in L is the join

of elements completely below it,
b=V{a€L]|a=<<b}

In a frame L an element a is said to be way below b written a < b if
b=\/S implies a < \/ F for some finite ' C S. Whenever every element a

in a frame L can be written,
a=V{b|b<a}

then L is called a continuous frame.

We mention two useful results concerning the above.

http://etd.uwc.ac.za/



1. Preliminaries 13

Lemma 1.2.3. In regular frames, any dense frame homomorphism is injec-

tive.

Lemma 1.2.4. In a regular (completely regular) frame L,

a<b=a=<0b(a=<<b)

1.2.4 Filters and Ideals
A non-empty subset F' of a frame L is said to be a filter if it is:

(i) an upset (e < band a € FF = be ['), and

(i) closed under finite meets (a,b € F = aAbe F).

F is a filter base if 1 F = {b € L | there exists a € I’ with a < b} is a
filter on L. (The filter t{a} for a € L is written as T a.) A filter (base) F' is

said to:

e be (completely) regular if Vo € F there is y € F such that y < =
(y << ), and

e cluster if \/{z" | x € F} # 1.

Further, a filter F' is prime if when a V b € F', then either a € For b € F.

It is completely prime if
\/S € F, then SN F # 0.

The set of all completely prime filters on L is denoted by L.

On the other hand, a non-empty subset I of a frame L is an ideal if it is:

(i’) a downset (a <band b€ [ = a € I), and

(ii’) closed under finite joins (a,b € [ = a Vb€ I).

http://etd.uwc.ac.za/
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The set of all ideals of a frame L is denoted J L. This is itself a frame
ordered by set inclusion. As for downsets there is the notation | A = {b € L |
there exists a € A with b < a} for A C L. The principle ideal | {a} for a € L
is written as | a and |: L — JL is a frame homomorphism with left inverse
\V :JL — L given by J — \/ J.

A o-ideal is an ideal I which is closed under countable joins, i.e, for any
countable X C I, \/ X € I. The collection of all o-ideals of L is denoted by
HL. Like JL, HL is a frame ordered by set inclusion. In fact we can view

these as functors J : Frm — Frm and H : cFrm — Frm.

Moreover, if L is a o-frame then HL is called the envelope of L. Similar
to ideals, the relation between a o-frame L and its frame envelope is a o-
frame homomorphism I — H L taking each a € L to its principal ideal | a,

while the natural HL — L is given by a join map.

Anideal I in a frame L is called proper if 1, ¢ I. It is called o- proper
if \/ S # 1, for every countable S C [, and also called completely proper

i\ 11,

1.2.5 Points of frames

We assume that the reader is familiar with the basics of topological spaces.

A point in a frame L is a frame homomorphism ¢ : L — 2. (2 is the
frame with two elements 0 < 1.) The set of all points in a frame L is denoted
L. This is called the spectrum of L.

We already used the notation XL for the set of completely prime filters on
a frame L. This is permitted because there are several equivalent descriptions
of the points in a frame — homomorphisms, completely prime filters and prime

elements.

By a prime element we mean an element p in a frame L which has the
property that for any a,b € L, a A b < p implies that either a < p or b < p.

(Prime elements are also called meet irreducible elements.)

http://etd.uwc.ac.za/



1. Preliminaries 15

Assume ¢ : L — 2 is a point, and put ' = (~!(1). Then:

eagcFanda<b=1=((a) <{(b) = ((b) =1.
e a,be F=((a)=1,((b) =1= ((aNb) =((a) N((b) = 1.

o \/SeF=(\VS)=1= V,Cs)=1=3s€ 5((s) =1=
SNF #0.

This correspondence is easily reversed. If F'is a completely prime filter
on L then ¢ : L — 2 is defined by ((a) =1 iff a € F.

These points can be also described as prime (meet irreducible) elements
1#pelL. For (: L — 2 put

2=V 0).

Then a Ab < p = ((a) N((b) = ((aAb) =0=>((a) =0 or ((b) =
0= a<porb<p. Then pis prime. This correspondence is reversed by
making ((a) = 0 iff a < p for prime element p and a € L.

We now define a topology on the set XL. For a € L define
Vo K9 (W= W CA R

It is easy to check that {3, | a € L} is a topology on XL since ¥, N3, =
Yany and J,cg Xa = Ly g with £g = 0 and X; = X L. (It is called the spectral

topology.)

Now, assume that h : L — M is a frame homomorphism and:
Yh: XM — XL
is defined by:

Sh(¢) = (oh, V¥ € SM

http://etd.uwc.ac.za/



1. Preliminaries 16

Foreach a € L, (Xh)"H(2,) = i), because ¢ € (Xh)"HZ,) < (Zh)(() €
Yo & (Coh)a) =1 & ((h(a)) =1 & ¢ € Xp). This shows that
Yh : XM — XL is continuous.

In fact ¥ : Frm — Top is a (contravariant) functor which is right
adjoint to O : Top — Frm sending each frame L to the space XL and each

frame homomorphism to the continuous map >h : XM — L.

For a topological space X define ex : X — XOX by:
ex(z)U)=1U € O0X)<=zecU
Note that ex is continuous since:
e Cv)={z]l&x @) EXyY={z |z €U =U, VU € OX

If h: L — OX is a frame homomorphism, define ' : X — XL by
B (z)(a) =1 <= x € h(a) which is unique with the property that Yhoex =
n.

X %08
Tt
Y

On the other hand, define n;, : L — OXL for a frame L by np(a) = 3,.

Then 7y, is a frame homomorphism and we get adjunction identities:

ox 9% ovox 2% ox

I LI 315) 3} SN 3} §

In general ex : X — X OX is not a bijective map, and if it is then X is
called a sober space. Similarly, n; : L — OXL is not generally a bijection,

if it is L is called a spatial frame.

http://etd.uwc.ac.za/



1. Preliminaries 17

A closed set F' in a topological space X is called (join) irreducible if
F = Dy U Dy with Dy,D5 closed implies F' = Dy or F' = Ds.

Lemma 1.2.5. A space X is sober <= each closed irreducible set F'is the

closure of a unique point.

Lemma 1.2.6. (|32] Propositions 11.5.3, 11.5.4.3, 11.5.4.4)
(1) A frame L is spatial iff each of its elements is a meet of prime elements.
(2) In a Boolean algebra every prime element is a co-atom.

(3) Every element of a spatial Boolean frame is a meet of co-atoms and

consequently, a Boolean frame-is spatial only if it is atomic.

1.2.6 Frames of reals

There are various equivalent ways to introduce the frame of real numbers.

We consider the description which is introduced in [4].

Definition 1.2.1. The frame of reals, denoted L(R), is the frame generated
by all ordered pairs (p, q) where p,q € Q, subject to the relations:

(R1) (@) A(r,s) = (pVT,qAs).
(R2) (p,q) V (r,5) = (p,s) where p <7 < ¢ <s.
(R3) (p,g) =V{(r,s) [ p<r<s<q}

(R4) 1em) = VA{(p,9) | p.q € Q}.
Remark 1.2.2. It follows from (R3) that if ¢ < p then (p,q) = 0.
Proposition 1.2.1. ([32] Proposition XIV.2.1) The frame L(R) is com-

pletely regular.

Proof. If p < r < s < q then (r,s) < (p,q). Considering {(u,v) | p < u <
r<s<wv<gqin Q} it is clear that (r,s) << (p,q), and then by (R3), it
immediately follows that £(R) is completely regular. ]
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1. Preliminaries 18

1.2.7 Compactness and compactification of frames

A cover C of a frame L is a subset C of L such that \/C = 1. A subset
D C C'is a subcover of C'if \/ D = 1.

A cover C is co-completely regular if for each ¢ € C, 3d € C such that
c<=<d.

A frame L is compact (countably compact) if each of its covers (count-
able covers), admits a finite subcover. Similarly, L is Lindel6f if each of its

covers admits a countable subcover.
A surjective (quotient map) dense frame homomorphism h : M — L is

called a compactification of L if M is a compact regular frame.

For completely regular frames, a compact frame K together with a dense
frame homomorphism % : K — L is called the Stone-Cech compactification
of the frame L if for every dense frame homomorphism with compact domain
¢ : K' — L there is a unique frame homomorphism ¢’ : K’ — K such

that the following diagram commutes.

The existence of such a compactification for completely regular frames is

well established in point free topology.

We note the following results without proof.

Proposition 1.2.2. ([32] Propositions VII.2.2.2, VII.6.3.4)

(1) Each dense frame homomorphism h : M — L is injective if L is

compact and M is regular.

(2) Each compact regular frame is spatial.
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Note: Compactness in frames is hereditary. This is easy to see because joins

in a subframe are exactly as in the larger frame.

1.2.8 C(Cozero Sets of Frames

An element a in a frame L is said to be a cozero element if there is a frame

homomorphism:
¢ : L(R) — L, such that a = ¢(—,0) V ¢(0, —),

where (—,0) = V{(p,0) | 0 > p € Q} in L(R) and (0,—) = V{(0,p) [ 0 <
p € Q}. We write the cozero element a above as a = coz(y) and denote by

CozL the set of all cozero elements of L.

The following results show that cozero elements can be characterised with-

out requiring reference to the frame of reals, L(R).

Lemma 1.2.7. (|32] Propositions XIV 5.2.2 and 6.2.1) In a frame L, if
a <= b then there exists ¢ : L(R) = L with a < ¢(3, ) < ¢(0,—) <b.

Proof. If {c, | r € QN [0, 1]} witnesses a <= b then define ¢ : L(R) — L by

o(x,—) = \/ G it Qe <l

z<r<1

o(—,x) = \/ cq_, if 0<a<1

0<r<z
with p(z,—) =1ifx <0, p(x,—) =0if > 1 and ¢(—,z) = 0 if x <0,
o(—,z)=1ifz > 1.

Similar to the proof of Proposition below we can show that ¢ takes
the relations (R1) to (R4) to identities in L and is thus a homomorphism.
The inequalities a < ¢(3, —) < (0, —) < b follow since

1
a< \/ Cs :(10(57_) and 90(07_) = \/ cs < b.

OSSS% 0<s<1
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Proposition 1.2.3. (See [5] or [32] Propositions XIV 6.2.3) For any frame

L the following are equivalent for a € L:

(1) a € CozL
(2) a=V =z, where z,, << aforalln=1,2,...

(3) a =\ a, where a,, << a,41, forallm =1,2,...

Proof. : (1 =2) If a = cos(p) for some ¢ : L(R) — L then, a = p(—,0) V

1 1 . 1 1
90(07 _) = VneN (10((_7 _E) \% (57 _)) Since (_a _E) \ (E? _) << (_?O) \
(0,—) and any homomorphism preserves << which concludes that z, =

Pl(= =)V (- -)) <<

(2=3): Let a=\/, _yZn as in (2). Now define a,, inductively by:

neN
ay = T1, Ap V Tpi1 << Ay << a,

which is possible since << interpolates and is stable under binary joins.

(3 = 1): For each n, let {c | r € QN |0,1]} be an interpolating sequence
witnessing a,, << a,.1. For each r € Q N [0, 1] define:

G LR r
T (r) Ty ™ n—+1

—1
where 7, is an increasing bijection between QN [0, 1] and QN [n , :L_ 1],
n 'n

which defines an interpolating sequence {c, | r € QN [0,1)} between a; and

a such that a = \/ ¢, and a, = ¢;_1 for each n € N. Then define ¢ as

reQN[0,1)
follows

p(p.q) = \{e-ncs | p<s<r<gq}}

It can then be shown that ¢ is a frame homomorphism and:

90(_70)\/90(07_)20\/ \/ Cs = Q.

0<s<1
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The authors in [5] have also shown the following as significant conse-
quences of Proposition for any frame L:

e (CozL is a regular sub o-frame of L.

e A frame L is completely regular if and only if it is generated by its

cozero elements.

e In any completely regular Lindeldf frame L, a € L is cozero iff it is
Lindelof. (An element a € L is Lindelof if for any S C L, a <\/ S =
a <\/ S for some countable S C S.)

In fact Coz is a functor Frm — RegoFrm which is right adjoint to H
restricted to RegoFrm. The unit and co-unit are |: L — CozHL given by
taking any element of frame L to its principle ideal, and \/ : HCozL — L
is given by the join map. This adjunction and the fact that it preserves

compactness and regularity originally appeared in [33] and [g].

1.2.9 Nearness Frames

In frame theory, the set of all covers of a frame L is denoted by CovL. Let
A,B € CovL then, we say that A refines B (written A < B) if for any
a € A, there exists b € B such that a < 0.

Furthermore, we say that A star refines B, (written A <* B)if AA< B
with:

AA={Ax |z € A} and Ax =\/{s € A | s Az # 0}.

Let A be a system of covers of L, the relation <4 on L is called uniformly

below and is defined by

x <4y if and only if Az <y for some A € A.
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This system of covers A is then called admissible if each x € L is the

join of elements uniformly below it:

Ve e L, x:\/{y|y<l,4x}

A nearness AN on a frame L is an admissible filter N' in CovL. This
nearness is called a uniformity if for each A € N there exists B € A such
that B <* A.

If A is a uniformity on L then the pair (L,.A) is called a uniform frame.

Let (L, A) and (M,B) be uniform frames. A uniform homomorphism
h:(L,A) — (M, B) is a frame homomorphism h : L — M such that:

VA e A h(A) € B.

A uniform map h : M — L is called a surjection if it is both onto on
the underlying frames and the uniformities. A uniform frame L is said to be

complete if every dense surjection i : M — L is an isomorphism.

A completion of a uniform frame L is a dense surjection M — L with

M complete.

A nearness frame (L, N) is totally bounded if every A € N is refined
by some finite B € N. In other word, a nearness frame is totally bounded

iff every uniform cover has a finite uniform subcover.

A subset S of a frame L is said to be locally finite if there exists a cover
C such that each element ¢ € C' meets finitely many elements of S. Then

the frame is paracompact if every cover has a locally finite refinement.

1.2.10 Normal Frames

A frame L is said to be normal if for any a,b € L, if a V b = 1 then there is
¢ € L such that:
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aVe=1and c*Vvb=1.

A cover A of a frame L is said to be normal whenever there exists a
sequence of covers (A,)uen such that A = A; and A, <* A,,,Vn. Then L

is called fully normal if every cover of it is normal.

Lemma 1.2.8. In a normal frame L the relation < is interpolated and coin-
cides with the << one, which implies that regularity coincides with complete

regularity.

Lemma 1.2.9.

e For every cover {a; | 4 € N} of a normal frame L there is a cover
{bz | 1€ N} such that Vz, bz =< Q;.

e A compact regular frame is normal.

1.2.11 Metrizable Frames

A frame L is metrizable if it admits a countably generated uniformity. We
collect some useful facts about such frames. The proof of these facts can be
found in [I7, 36].

Facts 1.2.1.

Each metrizable frame is fully normal.

Each metrizable frame is paracompact.

A metrizable frame is compact iff it is countably compact.

The quotient of a metrizable frame is metrizable.
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2. PSEUDOCOMPACTNESS

As indicated in the introduction, the study of pseudocompactness in a topo-
logical space was initiated by Hewitt [22]. He gave one characterisation of
the property in terms of the Stone-Cech compactification, and another in

terms of the zero sets of continuous real-valued functions.

In [20] Glickberg characterised pseudocompactness via convergence prop-
erties of sequences of continuous functions and in terms of sequences of
closed neighbourhoods. For instance, a space X is pseudocompact if for
any U = {U,, : n € N}, a sequence of non empty open subsets in X such that
Eﬂﬁj = () whenever i # j, then U has a cluster point in X. (Consequently
pseudocompact spaces are those spaces in which each locally finite family of

open subsets is finite.)

Mardesic and Papic [31] obtained a very elegant characterization of pseu-
docompactness in terms of a covering property which was discussed by Iseki
and Kasahara [24] in which a completely regular space is pseudocompact if

and only if every locally finite open covering has a finite subcovering.

Bagley, Connell and McKnight [2] characterised pseudocompact com-
pletely regular spaces by means of a convergence property of continuous
functions. That is, a space X is pseudocompact if every locally convergent
sequence of continuous functions on X, converges uniformly on X. This hap-
pens if every sequence of continuous functions which converges uniformly at

each point of X, converges uniformly on X.

Stephenson [34] investigated whether subspaces of pseudocompact spaces

are pseudocompact, he also presented several product theorems which apply
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to non completely regular pseudocompact spaces. (For completely regular
spaces, these properties related to pseudocompactness were investigated in

|2] as mentioned above.)

In the current chapter, we start with an introduction of pseudocompact-
ness in classical topology. Then we turn to the pointfree context and present

some results on pseudocmpactness of frames.

2.1 Pseudocompact spaces

In this section we denote the family of continuous functions between topo-
logical spaces X and Y by C(X,Y), with C(X, R) denoted by C(X) where
R has the usual topology. Furthermore C*(X) will denote the family of
bounded functions in C(X).

These rings of real valued continuous functions on topological spaces orig-
inally received interest because some of their algebraic properties could de-
scribe topological properties of the underlying spaces. Also, algebraic tech-
niques applied to these rings might serve as powerful tools for solving topo-
logical problems. In the case of completely regular spaces, the rings of all
continuous real valued functions are large enough to describe the topology of

base spaces.

In [22], Hewitt used a relationship between C'(X) and C*(X) to describe
a topological property called pseudocompactness. A space X is pseudo-
compact if the two rings coincide, that is if C'(X) = C*(X).

Before we continue, we establish notation and terminology that will assist

in describing such pseudocompact spaces.

If X is a topological space and f € C(X), the zero set f~1(0) will
be denoted by Z(f). Put Z(X) = {Z(f) | f € C(X)}. The cozero set
X —Z(f) = f' (R —{0}) is denoted by Coz(f), put Y(X) = {Coz(f) | f €
C(X)}-
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L(X) is the set of all continuous functions f such that f: X — [0, 1].

If B is a collection of sets, then B is the notation for the set of all finite
intersections of elements of B, and B is said to be fixed (free) if (B # ()

(NB=0).

A filter base F on a space X is said to be an open filter base if and
only if every F' € F is open. An open filter base F is called completely
regular if for each F' € F there exists F' € F and a function f € L(X) such
that f(F') =0and f(X — F) = 1.

An open cover C of a space X is said to be cocompletely regular if for
each A € C, 3A" € C and a function f € L(X) such that f vanishes on A and
equal to 1 on X — A’. (We should note that a continuous map f vanishes on
A whenever f(A) =0.)

We refer to [54)], [22] and [39] as references for this part of the thesis.

Recall that a topological space X is called countably compact if and
only if each of its countable open covers admits a finite subcover. Countable
compactness has a number of useful characterisations, of which we mention

two:

e A gpace is countably compact if and only if each of its sequences has a

cluster point.

e A Ti-space is countably compact if and only if every infinite subset of

it has a cluster point.

Definition 2.1.1. A space X is said to be pseudocompact iff every con-

tinuous real-valued function on X is bounded, i.e, if C'(X) = C*(X).

Example 2.1.1. Every countably compact space is pseudocompact accord-
ing to Theorem 17.13 in [39], which says that:

A continuous real-valued function on a countably compact space is bounded.

To see this, suppose that f : X — R is a continuous map on a countably

compact space X, then { f~[(—n,n)| | n € N} is a countable open cover of X,
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countable compactness of X implies that f~'[(—k, k)] = X for some k € N.
Thus f is bounded.

It is well known that a topological space X is called normal if and only
if whenever A and B are disjoint closed sets in X, there exist disjoint open
sets U and V such that A C U and B C V, a space Y is a completely normal

space if every subspace of Y is a normal space.

In terms of the normal space definition, it is easy to see that a compact
Hausdorff space is normal since every compact Hausdorff space is a T);-space.
(Theorem (17.10) in [39], where a T}- space is defined as a normal T}-space.)

Furthermore, if X is a metric space, then X is normal.

Urysohn’s Lemma says: A space is normal if and only if whenever A;
and Ay are non-empty disjoint closed sets in X, there exists a continuous
function f: X —[0, 1], with f(A4;) = {0} and f(As) = {1}. This leads to

Tietze’s extension theorem which states:

If X is a normal topological space and f : A — R is a continuous map
with A a closed set in X, then there is a continuous map ¢ : X — R with
g(a) = f(a), Va € A. Furthermore g may be chosen such that sup{|f(a)| | a €
A} =sup{lg(z)| | v € X} i.eif fis bounded then g is also bounded. Such g

is called a continuous extension of f.

The following Lemma was proved in [22] by using the idea of Tietze’s

extension theorem.

Lemma 2.1.1. A normal space is pseudocompact if and only if it is countably

compact.

The equivalences in the next proposition are proved by Hewitt and Stephen-
son in [22] and [34]. The result sets out a number of characterisations of
pseudocompactness, which have served as an inspiration for many topolo-
gists to prove similar result in the point-free context as we can see in the

next section.
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Note that while pseudocompactness can be defined for any topological
space X, it is more meaningful for completely regular topological spaces as
these spaces have enough continuous maps to R for C(X) and C*(X) to hold

significant information about X.

Proposition 2.1.1. For any completely regular topological space X, the

following are equivalent:
(A) X is pseudocompact.
(B) For every space Y and function f € C'(X,Y), f(X) is pseudocompact.

(C) For every completely normal space Y and function f € C(X,Y), f(X)

is countably compact.

(D) For every metric space Y and function f € C(X,Y), f(X) is compact.
(E) For every [ € C(X), f(X) is compact.

(F) For every f € C*(X), f(X) is compact.
(G) f(X) is a closed subset of R for every f € C*(X).

(H) For every f € C*(X), Jxg € X such that f(z) = inf.cx f(x).

(I) If B is a countable subset of Z(X) and () ¢ B, then B is fixed.

(J) Every locally finite subset of Y(X) is finite.
(K) Every countable completely regular filter base on X is fixed.

(L) Every countable co-completely regular cover of X has a finite subcover.

Proof.

(A) = (B) Assume X is pseudocompact and f € C(X,Y). Consider the
factorisation of f through f(X) and let ¢ € C(f(X)).

X—>f LR

\l
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Since X is pseudocompact ¢ o f’ is bounded. So there exists (a,b) C R such

that (¢of") " [(a,0)] = X = [~ (¢ [(a,b)]) = X = [/(f 7 (67'[(a,D)])) =
f(X). Since f is onto this implies that:

¢~ [(a,b)] = f(X).

(B) = (C) Follows from Lemma

(C) = (D) Since any metric space is completely normal and countably com-

pact metric spaces are compact.
(D) = (E) Since R is a metric space.
(E) = (F) Clear, since C*(X) C C(X).

(F) = (G) By the Heine-Borel Theorem, that is, a subset of R is compact if

and only if it is closed and bounded.

(G) = (H) Let f € C*(X) and assume there is no zp € X, such that
I
i

(H) = (I) Let B = {Z, | n € N} be a family of zero sets such that 0 ¢ B,
but (VB = (. For each n € N, put B, = [\;_, Z; then

x9) = infiex f(z).- Now put-inf,cx f(z) = ¢ then t is in the closure of
X) but not in f(X). This contradicts (G).

...CB,C...CB3CByC B, and ﬂBn:@.

neN
Note that for each n € N there exists a function f, € C(X) such that
B, = f;71(0), where f, is the finite product of functions corresponding to

zero sets Z;, 1 =1...n.

Now define g, = min{f2 1} then g,'(0) = B, and consider the function

¥ = Z 27" gn-
n=1

Since (),—, B, = 0, for each p € X there exists m € N with p € BS,. Thus

o) =27 gm(p) >0
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and ¢ is strictly positive. On the other hand, if p € B,, then

G=92=...=gu(p) =0
and so .
)= D 2% gulp) <27
k=n+1

Since (B # 0 it follows that inf,ex p(p) = 0 and ¢ is a function which
contradicts (H).

(I) = (J) Suppose that D = {C,, | n € N} is an infinite locally finite system
of non empty elements of Y (X), it follows from the normality of R that, for
each i there is a function g; € L(X) which equal to 1 on X — C; and vanishes
on C;. For each n € Nand z € X let h,(z) = inf{g;(z) | i < n}, then each
Z(hy) is non empty and contain Z(h,+1), and since D is locally finite, each
h, € L(X) and ({Z(hyn)} = 0, which contradicts (I)

(J) = (K) Let F = {F, | n € Z} be a completely regular filter base on X
such that F, 1 C Fj,. For each F € F choose a function fr € L(X), which
vanishes on X — F" and equals to. 1 on some set in F'. Then (J) implies that
there is a point = at which {Coz(fr) | F' € F} is not locally finite. Evidently
ze{F|FeF}=NF.

(K) = (L) Assume that there is a countable co-completely regular cover U
of X which has no finite subcover. Then ) ¢ {X —m\U € U}. Since for
each set U € U there is a set, U’ such that U C U’, and also () ¢ V =
{X — ﬁ\\U € U}. Thus V is a countable open filter base on X. Consider
G={X-U;|i=1,...,s} €V. For each i there is U € U and a function
fi € L(X) such that f; vanishes on U; and equals to 1 on X — U/. Define
G'={X-U/|i=1,..s} for some s € Nand f = min{f; | 1,...., s},
and let g be the function given by g(z) = 1 — f(z). Then G' € V , g €
L(X),9(G") =0, and g(X —G) = 1. Thus V is free.

(L) = (A) For any arbitrary function f € C(X). Let U, = f~'((—n,n)),
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Vn € N, and define Y = {U,, | n € N}. Then U is a countable co-completely
regular cover of X, so (L) implies that there is k € N such that X C Uy, thus

f e (X).

2.2 Pseudocompact frames

Definition 2.2.1. [5] A frame homomorphism ¢ : L(R) — L is called
bounded if there exist p,q € Q such that p(p,q) = 1. The frame L is said
to be pseudocompact whenever all frame homomorphisms ¢ : L(R) — L

are bounded.

It is well established that these properties are conservative. We give the

details of the proof below. Remember that £(R) is generated by pairs (p, q)
with p,q € Q.

Proposition 2.2.1. [5] A topological space X is pseudocompact if and only
if the frame OX is pseudocompact.

Proof. For any topological space X, there is a bijective map
Frm(L(R),0X) — Top(X,R)
taking each ¢: L(R) — OX to ¢ : X — R, where
p<o(@) <qe e ppaq)

First note that the points of £(R) coincide with the points of R. Any
homomorphism (¢ : L(R) — 2 determines A € R such that p < A < ¢ iff
1o = {(p,q). This A is given by the Dedekind cut (U, V') where:

U={reQ|{(r,q) =1z for some ¢ € Q},
V={seQ|{(p,s) =1z for some p € Q}.
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Observe that (U, V) is an open Dedekind cut. To check that:

(1) 1wy = Vi @) | g € QF = 12 = V{{(p,q0) | p,q € Q} = Tp,
q € Q such that ((p,q) =1ls andsop € U and g € V.

(2) To show that V' is a upset, let s’ > s € V then (p,s) < (p,s’). Thus,
((p,s) =1a = ((p,s') = 13 and ' € V. Similarly U is a downset.

(3) Letr € U then (r,q) = \/neN(qu%, q),since ((r,q) = 12 = \/,,cy C(r+
1 1
—,q) = lg, this implies that Iny € N such that {(r + —, q) = 1, and
n n
similarly for any s € V. ’

(4) Let p < g in Q, then

Vien((@ = 1, @) Vpsp+n)) = Lew)

= (V,pen((@ =n.9) V.A(p,p+n)) =
= Voen(C(@ —1,0) V{(p.p+n)) = 1z
= 3Ing, ((¢ — n0,q) V C(p,p + no) =

= JInyg, (¢ — 1o, q) = 13 or {(p,p + no)zlz
= peUorqelV.

(5) Let m € V. NU. Then there exist.r and s with ((r;m) = 12 = ((m, s).
Hence ((r,m) A (m,s) =1but (r,m) A (m,s) = 0, a contradiction,

This shows that (U,V) is a Dedekind cut. Taking (U,V') to represent a
real number A, for p,q € Q we have that

p<AepeUand A\<qg<&qgeVifandonlyif A € (p,q).

We note that ((p,q) = 1o & p € U and ¢ € V and so (U, V) determines A
such that A € (p,q) < ((p,q) = 12 as claimed.

On the other hand, given A € R, define ¢, : L(R) — 2 by

G g) =12 Xe(p,q)

then using the relations R1 to R4 for the frame of reals we observe:
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(R1) Cu(p.q) A G(myn) = 12 < Q(p,q) = 12 = Gi(m,n) < A € (p,q) and
A€ (mn) s Ae(pVvm,gAn)< G(pVm,gAn) =1,.

(R2") Consider p <r < s <gq. Then (\(p,q) =1la = X € (p,q) & X € (p,s)
or A € (7”7 q) <~ C)x(pa S) \% C/\(rv Q) = 12-

(R3) up,q) = 12 & A € (p,q) & 3(r,s) such that p < r < s < ¢ with
A€ (r,s) & J(r,s) such that p < r < s < ¢ with (\(r,s) = 15 &
VA{G(r,s) | p<r<s<q}=1la.

(R4’) For any A € R, dp,q € Q such that p < A\ < g then ()(p,q) = 1. Thus
1y = G(p. ) < V{G(r,s) | r,s € QF < ((1r) = 1a.

Thus we have a frame homomorphism ¢y : L(R) — 2 and the correspon-
dences established above ¢ —— A and A —— (, are inverse to each other.

Hence we have a bijective map;
7:XL(R) — R

satisfying p < 7(¢) < ¢ < ((p,q) = 1 ¥p,q € Q. It remains to show that 7

is a homeomorphism.

Now, the topology of XL(R) is generated by the sets

Ypg = 1¢C €XL(R) | ¢(p, q) = 1}

and 7 maps these to

T(Zpg) ={7(Q) | C(p,q) =1} ={7(Q) | p < 7({) < ¢} = (. q)

the open real intervals which generate R. This induces an isomorphism
OYXL(R) — OR taking each ¥, to (p,q).

Applying the observations above shows that any continuous function f :

X — R corresponds to a unique homomorphism

v: LR) — OX
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pp,q) ={re X |p< f(z) <q}.

Clearly f is bounded (for some p,q, p < f(z) < ¢ for all x € X) if
and only if ¢ is bounded (for some p,q, ¢(p,q) = X). Hence a space X is

pseudocompact if and only if the frame OX is pseudocompact. n

Proposition 2.2.2. [17|] For any pseudocompact frame L and any a € L

with T(a V a*) pseudocompact, then Ta* is also pseudocompact.

Proof. Assume that h and ¢ are frame homomorphisms such that:

ey e

where g maps v +—— xVa

Since 1 (aVa*) is pseudocompact, goh is a bounded frame homomorphism.
Thus ds € R such that

17 = g(h(—=s; 8)) = h(=s,8) Va.

Now, define a map f: L(R) — L by:

(2.1)

f(U):{ h(s,00) Ab(U)Aa ,s¢ U

h(—s,s)V h(U) ,seU
which is a frame homomorphism and the way to check that is similar to
the argument used in Proposition |3.4.3]

Now, since L is pseudocompact Ir € R with f(—r,7) = 1. By the
definition of f it follows that s € (—r,r). So 1y = f(—r,7) = h(—s,8) V
h(—r,r) = h(—r,r). Therefore h is bounded which implies that 1 a* is

pseudocompact.
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Lemma 2.2.1. [3] For any compact o-frame, its frame envelope is compact

as well.

Proposition 2.2.3. [5] For any completely regular frame L the following are

equivalent:

(1) L is pseudocompact

(2) Any sequence ap << a; << az << ...in L with \/ a,, = 1, terminates,

that is a; = 1, for some k.
(3) CozL is compact

(4) The frame H CozL is compact

Proof. (1) = (2) For any sequence ag << a3 << ay <= ... in L with
V a, = 1;, assume that ¢, and ¢(p,q) are defined as in Proposition [1.2.3]
We have bounded ¢ : L(R) — L since L is a pseudocompact frame. So
Jp, q € Q such that ¢(p,q) = 1. We may assume that ¢ < 1 and so there is
ke Nwithg<1— % < 1 which gives:

ar > V{eq | p<d<ab = ViggAcg | p <B4 <qt=vpq =1
— a, =1

(2) = (1) Assume that, ¢ : L(R) — L is a frame homomorphism. Put
a, = ¢(—,n) then ag << a; << as << ... in L and \/a, = 1 = 3k such
that a5 = 1.

Similarly, put b, = ¢(—n,—) and by << by << by << ... in L with
\/ b, = 1. Thus 35 such that b; = 1. Therefore:
Thus L is pseudocompact since ¢ is a bounded frame homomorphism.

(2)=3)If1, =V, {an | a, € CozL} then by Proposition|1.2.3] for each n €

N we can find a,, for all £ € N such that a,, = \/ ap, Where an, <= ap(r41)-
keN
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Put ¢, = a1, V as, V ...... V Gpp. Then ¢, << ¢,41 and \/ ¢, = 1, hence
¢, = 1, for some k, then a; V as..... V ay = 1, from which the compactness

follows.
(3) = (4) Since CozL is a sigma frame, by Lemma HCozL is compact.

(4) = (1) Any ¢: L(R) — L lifts through % CozL. Thus there exists
@ : L(R) — HCozL such that \/ o@ = . Since L(R) is completely regular,
as was remarked after Proposition it follows that ¢: L(R) — L is a

map into CozL.

Now define B(p, q) € HCozL, for any p,q € Q by

?(p,9)=10(p;q)in-CozL.

———> HCozL
\ lv

Now the map

L(R), 2~ Cozk coth 3 Cpod g Souswh

is a o-frame homomorphism, and since

Vo, q) =V o, q),

it follows that
V=g

Because (p,q) generate L(R), and it is given that H CozL is compact, we
conclude that @ : L(R) —H CozL is bounded which makes \/ » = ¢ also
bounded. Thus L is pseudocompact.
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Independently, Clarke and Gilmour [I0] have recently presented the pseu-
docompactness property on sigma frames, with results bearing much simi-
larity to the pseudocompactness characterizations in Proposition The
main difference between them is that pseudocompactness is not always avail-

able in sigma frames (as it is in frames).

A related result to those above states that a pseudocompact frame is
compact if it is Lindelof, this conclusion was evolved from the following ob-

servations:

A countably generated regular frame is pseudocompact if and only if it is
compact and then apply the fact that every frame which admits a countable

basis is a Lindeldf one [5].

Lemma 2.2.2. [I7] A paracompact normal frame is pseudocompact if and

only if it is countably compact.

Proof. (=) Suppose {a; | i € N} is a countable cover of a normal paracom-
pact frame L. Then there exists a cover {b; | i € N} such that b; < q;
for each i € N (Lemma [1.2.9). Now since L is a normal frame, then
b; << a; (Lemmal.2.8) and thus there is a cozero element ¢; such that
b; < ¢; < a;. Therefore {c; | i € N} is a cover of CozL. Thus there
are finitely many ¢; which have join 17, since CozL compact by pseudo-
compactness of L. So there are finitely many a; that cover L therefore

L countably compact.

(<) Obvious.

Proposition 2.2.4. [I7] The following are equivalent for any frame L:

(1) L is pseudocompact

(2) For any injective map h : M — L, M is pseudocompact.
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(3) For any injective map h : M — L with M normal and paracompact,

M is countably compact.

(4) If M is a metrizable frame with an injective map h : M — L, M is
compact.
(5) For any composition

OR — s vy

If f is a surjective map and h is an injective map, f(OR) is compact.
Proof.

(1)= (2) Assume that ag << a; << ag << ... is a sequence in M with \/a, =
1. Then h(ag) << h(a;) << h(az) << ... is a sequence on L, and
\/ h(a,) = 1 and by pseudocompactness of L there exists k with h(ay) =

1. Since h is injective, a; = 1.
(2)= (3) Lemma shows that M is countably compact.

(3)= (4) Follows since a countably compact metrizable frame M is compact.

(By facts [1.2.1})

(4)= (5) Since OR is metrizable then by facts[l.2.1] f(OR) is metrizable. Then
M is compact implies that f(OR) C M is also compact.

(5)= (1) Consider ¢ : OR — L factoring through its image

OR —L f(OR) — L
é

with surjective f and injective h. Since f(OR) is compact and the set
{f(=n,n) | n € N} covers f(OR), then Ik € Nsuch that h(f(—k,k))) =
h(1) = 1, showing that L is pseudocompact.
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Proposition 2.2.5. [I7] For any frame L, the following are equivalent:

(1) L is pseudocompact.
(2) Every locally finite subset of CozL is finite.
(3) Every countable completely regular filter base in L clusters.

(4) Every countable co-completely regular cover of L admits a finite sub-

cover.
Proof.

(1)= (2) Suppose that there exists a countably infinite locally finite set B C
CozL consisting of nonzero elements. Let C be a cover of CozL that
finitizes B, i.e. for any a € C, a A b, = 0 for all but finitely many
b, € B. Now for any n € N define a,,:

a, =AM{z LA ik O YEI> nlld € @1b, € B}.

We have a,, < api1,Vn €N, a, € Cozl; also A = {a, | n € N} is a
cover of CozL. By Proposition CozL is compact which implies
that:

dk € N such that a; = 1.

S0:

b =bp AN 1

=b ANV{z|2zAb=0,Vi>k,xeC b € B}

=V{zAby | zNb; =0,Vi > k,x € C,b; € B}, but = A by, = 0 always
and thus by = 0 which contradicts the assumption that any element of

B is non-zero.
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(2)= (3) Let F' be a countable completely regular filter base and let y,, be a meet
of finitely many elements of F', that is y,, = x1 Axg A ....... A xp. It is
clear that y, # 0 and y,41 < y,. For p € N find x,,,z,, .. Ty, € F

such that x,, << x1,...,7,, << 1, which implies
Ty NTpy NTpy oo . NTp, LTI ANT2 N ... Tp = Yp,
put m = max{ny, ns....n,}. Then
ym::cl/\:cQ/\.../\xmgxm/\.../\:cnp <= Yp,

thus from y,, we can get a subsequence (Y, Jken such that y,,, < y; for
each k and :

v =L Yms =X Yy <= Y1

Therefore there exist cozero elements c¢i,¢s ... and d;,d, ... with:

o ... < Yn, FCE e and

o yi <di <yl < MK vidl, 48 < L <HH-

For each n, z} <y, since y, < @,.

If F' does not cluster, then \/, _yvys = 1and D = {d, | n € N} is a
cover of CozL. To prove that C'= {c, | n € N} is locally finite in CozL,
pick n(k), I(k) € N with dj, <y and cyw) < Ynr) for any k € N.

Since y:(k) AYnky = 0 and ¢, decreases, then dj, has non-zero meet with
at most ¢y, ..., ¢x)—1, thus C C CozL is locally finite and hence finite

(by the hypothesis).

Now put C = {cg, ..., ¢} With ¢, > ¢, > ... > ¢,

\/ieN (G \/ieN Y, = Vo, =1

But \/ ¢j = ¢} ,soc; = 1and then y;, = 0 for some k, which contradicts
that F'is a filter base.
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(3)= (4)

Suppose that there exists a countable co-completely regular cover C
which has no finite subcover, and suppose S = {A, .p2* |[F C C, F
finite}.

Claim: S is a filter base. Let ¢, ..., ¢, be finitely many elements of
C, it must be shown that (\/]", ¢;)* # 0.

Let ¢ Acs A ... Ac}, = 0 then there are d; ...d,, € C with ¢; << d;

and we have:

c1Veg.. Ve <<diVdy...Vdy,and (Ve V... Vey) V(diVdy V
...Vdy,) =1 Since (Ve V... Vep) = AN A ANc:, =0 then
diVdyV...Vd, =1 which means that C' admits a finite subcover,
which it does not. Thus S is a filter base.

Now, let s = 27 A x5 A ... Az}, be an arbitrary element of S. Choose
y; € C such that x; << y; for each 4, then y* << z; for each i.
Therefore y; A yy A ... Ay is an element of S which is completely
below s. Thus S is a completely regular countable filter base and by
assumption S clusters. So there is contradiction against C' being a

cover since for all ¢ € C', ¢* € S and hence:
1# V,egr* 2B LACK.

If {a,} is a sequence with a; << as << ... with \/a, = 1. Then
{a, | n € N} is a countably co-completely regular cover of L and by
the hypothesis it has a finite subcover such that a,, Va,,V...Va,, =1

which implies that L is a pseudocompact frame.

O

Lemma 2.2.3. [16] Every frame which has a dense pseudocompact quotient

is pseudocompact.

Proof. Suppose h : M — L is a dense surjective frame homomorphism

with L pseudocompact. If F'is a countable completely regular filter base in

M, then h(F) is a countable completely regular filter base in L.
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Now by Proposition since L is pseudocompact it follows:

VRt | t € F}Y # 1.

Hence, we have h(\/{t* | t € F'}) # 1 (because dense frame homomor-
phisms preserve pseudocomplements) and therefore \/{t* | t € F'} # 1, giving
that M is pseudocompact. O

Proposition 2.2.6. [16] For any completely regular frame L, the following

are equivalent:

(1) L is pseudocompact.

(2) If M is Lindelof, for any frame homomerphism h: M — L, 1h,(0) is

compact.

(3) If M is hereditarily Lindel6f, for any frame homomorphism h: M —
L, h[M] is compact.

(4) If M is countably generated, for any frame homomorphism h : M —
L, h[M] is compact.

Proof. (1)= (2) Given that M is Lindelof and ¢ (given by ¢(a) = a V h.(0))
is a closed quotient, 1 h.(0) is Lindeldf.

M —2 1 h(0) —— B[M]

Now since L is pseudocompact then h[M] is pseudocompact as a subframe
of L, also since h is dense onto then by Lemma it follows that 1 h.(0)
is pseudocompact. Thus 1 h,(0) is compact.

(2)= (3) h[M] is a Lindeldf frame since it is a quotient of hereditarily Lindel6f
M. Now suppose ¢ : h[M] — L is the inclusion map, the compactness of
1.(0) implies also ¢, (0) =0,
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h[M] —— 1 ¢.(0) —— L

and we have p dense with 1. (0) compact, thus by Proposition s an

injective map which makes h[M] compact.
(3)=-(4) Since any countably generated frame is hereditarily Lindel6f.

(4)=(1) Suppose f : L(R) — L is frame homomorphism. £(R) is Lindel6f
since it is a countably generated frame, then by the hypothesis, f[(LR)] is
compact. Choose the collection {(—n,n) | n € N} which covers L(R). Then
{f(=n,n) | n € N} is a cover of f[L(R)]-which has a finite subcover. Since
the f(—n,n) form an increasing sequence, thereis ak € Nwith f(—k, k) = 1.

Thus L is pseudocompact.
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3. BOUNDED FRAME ELEMENTS AND
E-PSEUDOCOMPACT FRAMES

In general topology, boundedness is typically understood to be a metric or
uniform property, not a topological one. In the 1970’s, a variety of math-
ematicians independently presented definitions as candidates for a bounded
set in a general topological space. A subspace A C X of a topological space

X was termed:

e Absolutely bounded (Gagola and Gemignani 1968 [19]) if A is con-

tained in a member of any directed open cover of X.

e e-relatively compact (Hechler 1975 [21]) if any open cover C of A

contains a finite subcover of A.

e Bounded (Lambrinos 1973 & 1976 [27], [28]) if any open cover C of X

contains a finite subcover of A.

These definitions can all be interpreted as a form of relative compactness,
free from the additional constraint of closedness. In fact, it is not difficult to

prove that the three definitions above are actually equivalent:

If A is absolutely bounded and C is an open cover of A, then D = {|JB| B
is a finite subset of CU{X \ A}} is a directed open cover of X. A is contained
in a member of D implies that A is contained in a finite subcover of C and

A is e-relatively compact.

Clearly if A is e-relatively compact then it is bounded since any open

cover of X also covers A. And further, if A is bounded then it is absolutely
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bounded since the union of any finite subset of a directed cover is contained

in a member of that cover.

Boundedness in the above sense has a number of natural properties, for
example the finite unions of bounded sets are bounded; a subset of a bounded
set is bounded as well; and A is bounded if and only if A is bounded. From
our perspective it lends itself to a natural definition in pointfree topology

too.

Not very much has been studied about “bounded elements” in pointfree
topology. Marcus first studied boundedness in the pointfree context, when
he defined the bounded elements in continuous frames as those which are
way below the top element of the frame, i.e. ais bounded in L if a < 1.
He then used these to define the concept of bounded frame homomorphisms
in [30].

Dube followed Lambrinos’ approach, introducing bounded sublocales (quo-
tient frame homomorphisms) via covers in [14]. We will see that these notions

are closely linked but not quite equivalent in any frame.

In this chapter, we now proceed to define the notion of bounded elements
in frames and use it to define bounded frame homomorphisms and thence

E-pseudocompactness.

3.1 Bounded frame elements

Definition 3.1.1. An element a € L is bounded if and only if every cover

of L containing a* has a finite subcover.

The set of all bounded elements of a frame L is denoted by Bd(L).

ok >k

Remark 3.1.1. (1) Since in any frame L, a* = a*** it follows immediately
that a is bounded if and only if a** is bounded. This is in accord with
the intuition that in topology a set is bounded if and only if its closure

is bounded.
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(2) It is clear that a frame L is compact if and only if 1, is bounded.

Example 3.1.1. (1) An element a of a Boolean frame is bounded iff a is

the join of finitely many atoms (see below).
(2) Any U € OR is bounded iff U C (—a, a) for some a € R.

(3) In a compact frame M, every element is bounded (since the top is
bounded). So a frame is compact if and only if every element is
bounded.

Proposition 3.1.1. For any frame L, Bd(L) is an ideal.

Proof.

(1) The bottom element is bounded for any frame L since 0* = 1.

(2) Bd(L) is a downset.
Assume that b < a with a a bounded element in L, also let K € CovL
with b* € K. Put K" = Ku{a"}, which gives K" € C'ovL such that a* €
K’ which thus has a finite subcover. This ensures {kq, ko, ..., ky,a*}

with each k; € K and k1 V ks V...V k,Va* = 1. Since a* < b*, then:
]{?1V]€2\/...Vk’n\/b*:kl\/kig\/...\//{?n\/a*\/b*zll,.
Thus {k1, ko, ..., k,,b*} is a finite subcover of K.

(3) If a,b are bounded in L then a V b is bounded as well.
Assume K € CovL with (a V)" € K. Put K' = {k € K | k # (aVb)*}

:>(CL\/b)*\/\/K,:1L
= (a* ANV )VVK =@ VVEK)ANVVVEK)=1,.

Thus there exists finite K; C K’ and Ky C K’ such that:
a* \/\/K1 = 1L and b* \/\/KQ = 1L-

Now, put K = K; U Ky which is finite and:
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a*VVK=bVVK=1, = (@*AV)VVK=(aVD)*VVK =1,.
Thus K U {(a V b)*} is a finite subcover of K.

]

As mentioned above, Marcus introduced the notion of a bounded element
in [30] specifically in the case of a continuous frame L. In that setting a € L

is defined to be bounded if a < 1. This is closely related to our definition.

Proposition 3.1.2. Let L be a frame and a € L.

(1) If @ is bounded then a < 1.
(2) If L is regular then a is bounded if and only if @ < 1.

(3) If \/ Bd(L) = 1, then a is bounded iff a < 1.

Proof. (1) If a is bounded and 1, < \/ A, for A C L, then AU {a*} is a
cover of L and so there exists finite B C AU{a*} which covers L. Since

a A a* = 0p it must be that a < \/(B\{a*}) and so a < 1.

(2) Let L be regular and a < 1. Since L is regular, for any cover C of
L,C={x €L |z =<cforsomecc L} also covers L. Thus if C' is a
cover of L with a* € (', then C is also a cover and 1, <V C. So since
a < 1p there is a finite {¢1,¢9,...,¢,} C Cwitha<c Ve V... Ve,
By definition of C' there are {di1,ds,...,d,} C C with ¢; < d; for each

¢ from 1 to n. This gives

n n
a < \/CZ' < \/dz
=1 =1

Thus a < /!, d; and so a* vV \/!_, d; = 11 and {d;,ds,...,d,,a*} is a

finite subcover of C.
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(3) Assume that \/ Bd(L) = 1. If a < 11 then 1, < \/ Bd(L) implies
that there is a finite A C Bd(L) with a <\/ A. But since Bd(L) is an
ideal, \/ A € Bd(L) and so a € Bd(L) too.

]

Proposition 3.1.3. Let X be a topological space. U € OX is bounded if

and only if U is compact.

Proof. If U is the closure of U in X, we know that U* = X \ U.

(=) Assume U is bounded in OX and let C be an open cover of U in X.
C U {U*} is an open cover of X and since U is bounded there is a
finite subcover ¢’ C € U{U*}. Then C"\ {U*} C C is finite with
U CJ(C"\ {U*}) and U is compact.

(«=) Assume U is compact, assume also that /C is a cover of OX containing
U*. Then {ANU | A€ K} is a cover of U which has a finite subcover
{A;NU |i=1,2,...;n} Now {4; | n=1,2,....n} J{U*} is a finite
subcover of IC. Therefore U is bounded.

]

Proposition 3.1.4. Let L be a Boolean frame. The following are equivalent

for an element a € L:

(1) a is the join of finitely many atoms;
(2) a is bounded.

3) a is compact.
(3) p

Proof.
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(1) = (2)

Let a = \/ S, where S is a finite set of atoms in L. Let K € CovL with
a* € K. Now, s < \/(K \ {a*}) for each s € S. Since s is an atom
there exists ks € K \ {a*} with s < kg then:

a=\/5<\/{kls € S}.
So, we have
1, =aVa <a*Vv\/{kls € S}
and
{ks|]s € S}U{a"} C K
is a finite subcover.
Ifa <\/ K then \/ K'Va* =17, s0 KU{a"} € CovL. Thus there exists
a finite K C K with a*V\/ K = 17 thena = aA(a*V\/ K) = a AV K,

soa <\ K and a is compact.

Let a be compact, then | a = {z € L|z < a} is a compact Boolean

frame. Now, since compact Boolean frames are spatial, a is the join

of atoms (Lemma Lemmall.2.1)). Then it follows by compactness
that a is the join of finitely many atoms.

]

We say that a filter F' on L clusters if \/ 2" # 1 and that F is

convergent if I intersects every cover of L.

Proposition 3.1.5. Consider the following properties of a € L.

(1)
(2)
(3)
(4)

a is bounded.
a1
For all filters F' on L, a € F = F clusters.

For all filters F' on L, a* ¢ F = F clusters.
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(5)

For all prime filters /' on L, a € F = F'is convergent.

Then (1) = (2) = (3) & (4) and (2) = (5). If L is regular then (1) <
(2)=B)e @ .

Proof.

(1)=(2)

(2)=(3)

Shown above.

Assume that a € F but that F does not cluster, so \/ 2" = 1. Since
a < 1 there is a finite A C F with a < \/xeA z*. But then because
a € F, \/,c,2" € A, and because A is finite, A A € F. However,
(ANA)A(V,eq 7)) =0 which is a contradietion. Thus \/ ., z* # 1 and

F clusters.

If a* ¢ F then x Aa # 0forallz € F. (Else t Na =0= 2 < a*
giving a* € F.) Thus F U {a} is a filter base containing a and so
Vierugay ™ # 1. Obviously then \/, . z* # 1 and F' clusters.

Immediate since a € F'= a* € F because a N a* = 0.

Let F' be a prime filter with a € F"and let C'"be a cover of L. We have
to show that F.nC # 4. Since a <1, 1 <\/C = a <\/ D for a finite
D C C. Then because a € F' it follows that \/ D € F' and then since
D is finite and F is prime, D N F # ().

Let L be regular, and assume (3). We show that a < 1, and together
with Proposition the result follows. If a &« 1, then there is a
cover C' of L so that for all finite A C C, a £ \J A. Form the set
D={deL|d=<\A, Ais finite, A C C} and since L is regular, D

is a cover of L.

Put FF={aAd" | d e D} and we show that F is a filter base on L.

(a) For each d € D there is a finite Ay C C with d < \/ A4y, i.e.
d*V\A; = 1,. But a £ \/As and so a A d* # 0. (Else
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a=aNly=aNn(d*V\ Ag) = (aNd*)V(aN\ Ag) =an\ Ay =
a<\/Ag)

(b) D is closed under finite joins. If di,ds € D then there are finite
subsets Ay, and Ay, of C' with d; < \/ Ay, and dy < \/ Ag,. But
then (d; Vds) < (V Ag, VV Ag,) = V(Ag, UAy,) and Ay, U Ay, is
a finite subset of C, so d; V dy € D.

Thus F is closed under finite meet since for dy,dy € D, (a Ad}) A
(anNds)=aN(djNdy) =aN(dyVdy)* €F.

Now a € Fsince \/ ) = 0r € D gives a = aAly = aA0% € F. So by (3)

\/ (@Ad")" # 1;. But forany d€ D, (aNd*)* > a*Vd* > a*Vd > d
deD
so it then follows that \/ D # 1, contradicting that D is a cover. Hence

a < 15 and the result follows.

3.2 Bounded sublocales

A commonly adopted generalisation to frames of the topological notion of a
subspace is to use surjective frame homomorphisms, which are also termed
sublocales. Bounded subpaces are thus generalised by considering bounded
sublocales, or bounded surjective homomorphisms (quotient maps). In [14]

Dube defines such a bounded notion on a quotient frame map as follows.

Definition 3.2.1. A quotient map h : L — M of L is called bounded if for
every cover C' of L there exists a finite K C C' such that h[K] is a cover of
M.

We will refer to this definition of bounded quotient as D-bounded to
distinguish it from our notion of bounded homomorphism given in Definition

below. The next two propositions show how our definitions of bounded

frame elements relate to associated D-bounded closed and open sublocales.
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Proposition 3.2.1. An element a in a frame L is bounded if and only if the

quotient map — V a* : L —1a* is a D-bounded sublocale.

Proof. (=) Let a be bounded and C be a cover of L. Put C' = C U {a*}
then there is a finite K’ C ¢’ with \/ K/ = 1. Now if K = K’ \ {a*}
then \/ K Va* =1, = 14,+ and — V a¢* is D-bounded.

(<) Let C be a cover of L with a* € C. By D-boundedness, there is a finite
K C C such that \/ K Va* = 144« = 1, then K’ = KU {a*} C Cis
finite with \/ K’ = 1.

O
Proposition 3.2.2. An element a < 1 in a frame L if and only if the

quotient map — A a : L —Ja is a D-bounded sublocale.

Proof. (=) Let a < 1, and C be a cover of L. There is a finite K C C
with a <\/ K. Then \/ K Na=a =1, and — A a is D-bounded.

(<) Let C be a cover of L then by D-boundedness, there is a finite K C C
such that \/ K ANa=1,=a. Thusa <\ K.

3.3 Bounded frame homomorphisms

In general topology, a map f : X — Y is bounded if there is a bounded
subspace B of Y with f(X) C B. Using this as our motivation we introduce

the following definition for bounded frame homomorphisms.

Definition 3.3.1. A frame homomorphism f : £ — L is bounded if and
only if f(b) = 1, for some bounded b € E.

Example 3.3.1.

(1) If E is a compact frame, then every frame homomorphism h : E — L

is bounded, since 1g is bounded.
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(2) Let X and Y be metric space and suppose f : X — Y is a continuous
map then the frame homomorphism f~!(—) : OY — OX is bounded

if f is bounded in the usual sense.

(3) Let X and Y be sets and suppose f : X — Y is a function. Then
fY=): P(Y) — P(X) is bounded if and only if f~}(F) = X for
some finite subset F' of Y.

(4) Let M and L be Boolean frames. Then f : M — L is bounded iff

f(s) =1, where s is a join of finitely many atoms in M.

(5) If f: R — R is a continuous map, the frame homomorphism:
fY=): OR — OR is bounded iff f=1(=a,a) = R for some a € Q.

An obvious option is to consider h to be bounded if when taking the

factorisation of h = fog through its image produces g a D-bounded sublocale.

We call such h D-bounded too, i.e. h: L. — M for which any cover C' of
L contains a finite K such that h[K] covers M.

Proposition 3.3.1. A frame homomorphism h : L. — M is D-bounded if

it is bounded.

Proof. Let h : L — M be a bounded frame homomorphism, and assume
C € CovlL, then:

\/ B(C) = h(\/ C) = h(1) = 1ar = h(b)
for some b € Bd(L).

Put C' = C'U {b*}, then there exists a finite K’ C C with \/ K = 1. Now,
let K ={ke K |k#b},s0b<\ K= 1y =h() <h(VK)=\h(K)

which is a cover of M. ]
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While in general if h: L — M is bounded then it is D-bounded, in the
absence of additional assumptions on the frames or on Bd(L) it is not possible
to extract a generic bounded element from a D-bounded map to show that
it is bounded. The most natural element to consider is h.(0)* = (\/{a €
L | h(a) = 0})*, the pseudocomplement of the largest element mapped by h
to 0.

Proposition 3.3.2. If h: L — M is bounded then h,(0)* is bounded.

Proof. Let h : L — M be bounded with b € Bd(L) such that h(b) = 1.
Then h(b*) < h(b)* =1 =0 = b* < h(0) = h.(0)" < b*™. But since b is
bounded, b** is also bounded, and then because Bd(L) is an ideal, h,(0)* is
bounded too. O

Lemma 3.3.1. If h: L — M with h(z) =1 and = < y then h,(0)* <.

Proof. 1f h(x) = 1 then h(z*) < h(z)" =0 = 2* < h(0) = h(0)* < z**. If
x <y then 2 Vy =12*Vy =1 and so 2 < y giving h,(0)* < z** <y. O
Proposition 3.3.3. For L a regular frame, if h : L — M is D-bounded
then h.(0)* is bounded.

Proof. According to Proposition it suffices to show that h.(0)* <« 1r.
Given a cover C' of L, because L is regular we form the cover ¢ = {z €
L | x < cfor some ¢ € C'}. Then since h is D-bounded, there exists a finite
K C C such that h(\/ K) = 1.

By the construction of C, for each k € K there is a corresponding ¢, € C

with & < ¢;. Then \/ K </, . ¢x and by Lemma since h(\/ K) = 1,
h.(0)* < Ve ck- This shows that h,(0)* < 1p. O

Corollary 3.3.1. If L is Boolean, then h : L — M 1is bounded iff A is
D-bounded iff (h.(0))* is bounded.

Proof. Combine Proposition and Proposition with the observa-
tion that in a Boolean frame h((h.(0))*) = 0V h((h«(0))*) = h(h«(0)) V
h((h+(0))*) = h(h.(0) V (hs(0))") = (1) = 1. O
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Corollary 3.3.2. In regular frames, if h : L — M is a bounded (hence
D-bounded) dense quotient then L is compact.

Proof. L is compact if and only if 1, < 1. If h is D-bounded then by
Proposition (h+(0))* is bounded, hence by regularity (h.(0))* < 1;.
But by denseness h,(0) = 0y, rendering (h.(0))* = 1, and L is thus compact.

[

Proposition 3.3.4. If \/ Bd(L) = 1 then h : L — M is bounded iff A is
D-bounded.

Proof. One direction follows from Propesition [3.3.1] For the other, assume
that h is D-bounded, then since \/ Bd(L) =1, there is a finite A C Bd(L)
with A(\/ A) = 1,,. Since Bd(L) is an ideal and A is finite, \/ A € Bd(L)
and h is bounded. O

3.4 FE-Pseudocompact Frames

A topological space X is pseudocompact if every real-valued continuous map
with domain X is bounded. With a more general definition of bounded
map (not only real-valued) we can introduce a more general definition of

pseudocompactness.

Definition 3.4.1. Let E be a frame. A frame L is E-pseudocompact if and

only if every frame homomorphism f : £ — L is bounded.

Example 3.4.1.

(1) E = OR. A completely regular frame L is an E-pseudocompact frame

precisely when L is a pseudocompact frame.

Proof. If ¢ : OR — L is a bounded frame homomorphism, then
3(p,q) € OR such that ¢(p,q) =11, (p,q) is bounded in OR. ]
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(2) Consider E = ON. A zero dimensional frame L is E-pseudocompact
iff BL is finite.

Proof.

(=) If L is E-pseudocompact then any frame homomorphism from
E = ON is bounded and also it is known that a zero dimensional

frame is bounded if it is finite.

(<) It is clear that L is bounded which means every frame homomor-
phism h: ON — L is bounded.

[]

(3) Let A be asub o-frame of L, and E = HA then L is £—pseudocompact

if A is compact

In general topology, the pseudocompactness property is not very well
behaved. It is closed under continuous images but not under products or
(closed) subspaces. We conclude by considering a few results of this nature

in the point-free setting.

Proposition 3.4.1. If h: L — M i3 injective and M is F-pseudocompact,
then L is E-pseudocompact.

Proof. Consider f : E — L, then if M is E-pseudocompact, ho f is bounded
and there is a bounded element d € E with (ho f)(d) = 1p. Since h is

injective, f(d) = 1, and f is bounded showing that L is F-pseudocompact.
0

Proposition 3.4.2. If h : L. — M is a co-dense quotient and M is E-

pseudocompact, then L is E-pseudocompact.

Proof. To show L is E-pseudocompact, let g : E — L be any frame homo-

morphism.
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E—25 1L
Nt
M

Since M is E-pseudocompact, then f = ho g is bounded, so 3b € Bd(F)
such that h(g(b)) = 1. Because h is codense, g(b) = 1, . O

Pseudocompactness is not closed under (closed) subspaces in general

topology but we finish with the following result in that direction.

Proposition 3.4.3. For any E—pseudocompact frame L and any a € L with

T(a V a*) E—pseudocompact, then Ta* is also E—=pseudocompact.

Proof. Assume that h and g are frame homomorphisms such that:

o —— T(aVa®)
where g maps ¢ — 'V a

We know that h(s) Va = go h(s) = 1, for some bounded s € E and must
show that h is bounded.

Define a map f: E — L by

s )AR(z)ANa ssAT =0
f(x)—{ h(s) V h(x) ,SAx#£0 (3.1)
Since x < s* if s Ax =0, then:
) Mz)Aa ,sANx =0
fm_{ hs)V h(z) ,sAz#0 82)

f(z) defines a frame homomorphism which we may prove by the following:
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o f(0)=h(0)A(a)=a*"Na=0,and f(1) =h(s)Vh(l) =

e To show f(z Ay) = f(z) A f(y) we consider three cases:

(1) shz=0and sAy =0,

flzny)

h(x)
I
=f(x)

=|
=|

h(y)] A (a)

A
x) Aal Ah(y) A d]
A\

(y)-

(2) shz#0and sANy#0andz Ay #0

Flo Ny)=h(s)Vh
=h(s)V h
=h(s) V. [h(:
=[h(s) V. h
=f@)A T

(3) shz=0and sANy #0

f(@) A fy)

=la Ah(z)] A
=a A [(h(z) A

[(h(y) V h(s)]
h(s)) V (h(x) A h(y))]
s) V h(z Ay)]

=a A [h(0) V h(z A y)]

[

=a A [h(z A
[
[a”

=aAN|a V
=(aNa")V
=flzAy)

h(z A y)]
(a ARz Ay))

e To show f(\/x;) =V f(x;), we consider three cases:
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(1) sAx; =0,Vi

FO\ ) =h(\/ z:) Aa
=[\/ h(z:)] A a
=\/["(z:) A d]
=\/ f(x:)

(2) sAz; 0, Vi

f(\/xi =h \/ i)
4\/h )V h(z;)]
—\/f xi

(3) First consider f(x Vy), where sAz=0and s ANy #0

f@) Vv f(y)

[a Ah(z)] V [(A(y) V b(s)]
[(h(z)) v iy Vs A (aV h(y V s)]
[a(@Vy v s)] ALY h(y)]
hzVyVs)
f(zVy)

e What about f(\/ A) for A C E?

In general for A C F put A = AU Ay, VA=V A VvV A, for
VA As=0and \/ As A's # 0, by applying (1),(2) (3) above we
get:

FOV ) =F(\ A v\ 4s)
=f(\/ A1) v (£ \/ A2)(by(3))
=\/ F(A1) v \/ F(A2) (by(1), (2))

=\/ 14
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Now, since L is E—pseudocompact, there exists bounded r € E with
f(r) = 1, and without loss of generality we may assume that r > s. Thus
f(r) = h(s) V h(r) = h(r); therefore h is bounded which implies the E-

pseudocompactness of T a*. O
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FINAL REMARKS

In this thesis, after recalling some classical results regarding pseudocompact-
ness, we offered a new definition of a bounded element in a frame. We have
seen many interesting properties of this boundedness notion and used it to
define bounded homomorphisms. In particular these new notions are con-
servative (generalising what is known from topology) and offer some simpler

proofs. For example:

e The relationship between a bounded element in frames with its closure
in a classical topology (Proposition [3.1.3)).

e FE-pseudocompact frames provide a generalization of pseudocompact
frames, making the study of bounded frame homomorphisms easier,
without requiring the frame of reals. (Compare Proposition and
Proposition )

However, the boundedness notion in frame homomorphisms brings about

many open problems of which we will list a few:

e Proposition shows that Dube’s bounded definition ([I4]), which
is defined by the frame theoretic analogue of subspaces, is implied by
Definition B.3.1] which is defined via bounded elements in frames. We
contend that this is a very natural definition for bounded frame homo-

morphisms.

The converse of this proposition is an unsolved problem in general. Tt
can be obtained for Boolean frames (see Corollary [3.3.1).
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e Chapter 2 highlighted characterisations of pseudocompactness of frames,
in many instances by using the cozero part of frame. This has no im-
mediate analogue for E-pseudocompactness since a cozero set is only
associated with the reals. None-the-less linking properties of E with
properties of E-pseudocompactness will make an interesting further

study.
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