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Abstract

In this paper, the problem of full state approximation by model reduction is
studied for stochastic and bilinear systems. Our proposed approach relies on identi-
fying the dominant subspaces based on the reachability Gramian of a system. Once
the desired subspace is computed, the reduced order model is then obtained by a
Galerkin projection. We prove that, in the stochastic case, this approach either
preserves mean square asymptotic stability or leads to reduced models whose min-
imal realization is mean square asymptotically stable. This stability preservation
guarantees the existence of the reduced system reachability Gramian which is the
basis for the full state error bounds that we derive. This error bound depends on the
neglected eigenvalues of the reachability Gramian and hence shows that these values
are a good indicator for the expected error in the dimension reduction procedure.
Subsequently, we establish the stability preservation result and the error bound for
a full state approximation to bilinear systems in a similar manner. These latter
results are based on a recently proved link between stochastic and bilinear systems.
We conclude the paper by numerical experiments using a benchmark problem. We
compare this approach with balanced truncation and show that it performs well in
reproducing the full state of the system.

Keywords: Model order reduction, stability analysis, error bounds, stochastic and
bilinear systems, Galerkin projection
MSC classification: 60H10, 65C30, 93A15, 93C10, 93D20, 93E15.

1 Introduction

Galerkin approximation is an important methodology to obtain surrogate models for high
fidelity systems. It relies on the fact that, in many applications, the state of the system
is well approximated in a lower-dimensional subspace. In other words, for z(t) € R™ with
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n > 1, there exist V' € R™*" such that z(t) ~ VZ(t). The choice of the right basis V' plays
a crucial role in the approximation quality. Several approaches to construct the dominant
subspaces have been proposed for deterministic linear systems, see, e.g., [5]. Among
them, a commonly used approach is the proper orthogonal decomposition (POD) [0
17], which identifies dominant subspaces empirically by extracting them from snapshot
matrices. These empirical methods have been successfully used in many applications.
However, they are input-dependent in the setup of control systems, i.e., the quality of
reduced order model (ROM) will depend on the choices of inputs used to generate the
snapshots. In the setup of stochastic systems considered in this paper, a POD approach
would require the simulation of an enormous amount of samples being numerically costly
in practice. Moreover, a deeper theoretical analysis of such empirical methods is often
not feasible.

Given stability in the original model, it is of interest to preserve this property in the
reduced system. Galerkin methods have been shown to preserve stability for determin-
istic linear dissipative systems, see, e.g., [28]. Additionally, the authors in [21] propose
a POD scheme combined with linear matrix inequalities to construct ROMs that are
locally stable in a nonlinear deterministic setting. In general, Krylov based methods
for deterministic linear [I4] and bilinear systems [I0] do not guarantee stability in the
ROM. However, in [22], the authors have proposed equivalent dissipative realizations to
arbitrary Galerkin projected linear systems that are stable. To the authors’ knowledge,
stability preservation using Galerkin projections has not been studied in the literature
of stochastic systems.

In this work, we focus on model order reduction of linear stochastic and bilinear systems
aiming for a full state approximation. Therefore, we study a Galerkin approach based
on the dominant reachability subspaces, which leads to input-independent projections,
i.e., the corresponding ROMs are (pathwise) accurate for a large set of inputs. This
approach relies on the computation of the reachability Gramian of the underlying dy-
namical system. These Gramians are encoded by generalized Lyapunov equations and,
hence, can be computed in a numerically efficient way in large-scale settings (see, e.g.,
the review papers [7), 29] for low-rank methods). Once the Lyapunov equation is solved,
the dominant subspaces are then identified by the span of eigenvectors of the Gramian
associated with the large eigenvalues. Hence, the ROM is obtained by projecting the
dynamical system onto the identified subspace. We show that this procedure either
preserves the underlying stability or at least ensures the existence of the reduced order
Gramian, which is vital for the error analysis. As a consequence, the minimal realization
of the reduced model is stable. Subsequently, we propose error bounds for the approxi-
mation, which show how the reduction error is related to the neglected eigenvalues of the
Gramian. It is worth noticing that this approach has already been successfully applied
in the literature of deterministic linear time-invariant systems, e.g., in the context of
structured systems [30], and port-Hamiltonian systems [20]. However, to the authors’
knowledge, the stability analysis and error bounds for stochastic and bilinear systems
considered in this paper have not even been established for deterministic linear systems
so far.



It is worth mentioning that one way to address the problem of full state approximation
is to use balanced truncation, see [I8] for deterministic linear systems and [I, 2 [6]
23] for stochastic and bilinear systems. This method is generally suitable when one
wants to approximate a quantity of interest y(t) = Cx(t), with C' € RP*™ and p < n.
For this method, one needs to compute the observability Gramian in addition to the
reachability Gramian. Subsequently, a ROM is obtained by Petrov-Galerkin projection
based on these two Gramians. One advantage of balanced truncation is that it is,
under some mild conditions, stability preserving [3 19] and it guarantees error bounds
[6] [13], 25]. However, whenever, p =~ n, it suffers from the issue that the computation of
the observability Gramian is not feasible in practice since low-rank methods are no longer
applicable in this context. This scenario is given if the full state shall be approximated,
since C' = I in this case. For the deterministic linear case, the authors in [8] propose a
scheme enabling the computation of the Petrov-Galerkin projection without the explicit
computation of the observability Gramian. The approach is numerically feasible but
costly since it relies on a quadrature scheme using the low-rank factors of the reachability
Gramian pre-multiplied by shifted systems. Additionally, those results are no longer
applicable for stochastic and bilinear systems.

The paper is organized as follows. In Section Bl we present the main setup for linear
stochastic systems and the concept of mean square asymptotic stability along with some
literature results. Then, in Section B we described the proposed Galerkin projection
based procedure using the reachability Gramian. Additionally, an interpretation of the
dominant subspaces is derived therein. Section Ml is dedicated to showing the properties
of the ROM. First, we prove that this procedure either constructs a reduced model which
is mean square asymptotically stable or a ROM which has a realization satisfying the
desired stability property. It is worth noticing that modified versions of those results
are also valid for the class of deterministic bilinear systems, which we also establish
in this paper. In Subsection B2l we derive bounds for the approximation error and
their relation to the neglected singular values of the reachability Gramian. In Section
Bl similar results for the class of bilinear systems, including stability preservation and
error bounds, are derived. In Section [6] some numerical experiments are conducted to
illustrate the performance of the proposed approach and in order to compare it with
balanced truncation.

2 Linear stochastic systems and mean square stability

2.1 Stochastic problem setup
We consider the following linear stochastic systems
q
dx(t) = [Az(t) + Bu(t)dt + > Naz(t)dW;(t), t>0, (1)
i=1

where we assume that A, N; € R"*™ and B € R™ ™ are constant matrices and its initial
condition is 2(0) = 0. The vectors z and u are called state and control input, respectively.



Moreover, let W = (W7y,... ,I/Vq)T be an R%-valued standard Wiener process for sim-
plicity of the notation. The results can be extended to square integrable Lévy processes
with mean zero and general covariance matrix (see, e.g., [23]). All stochastic processes
appearing in this paper, are defined on a filtered probability space (2, &, (Ft)¢>o0, ]P’. In
addition, W is (J%)¢>0-adapted and its increments W (t + h) — W (t) are independent of
F; for t,h > 0. Throughout this paper, we assume that u is an (F);>0-adapted control
that is square integrable, meaning that

T
2 2
Jullyy = [ fufa)lfds < oo

for all T'> 0, where ||-||, denotes the Euclidean norm. Moreover, ||-|| will denote the
Frobenius norm, whereas ||-|| represents an arbitrary matrix/vector norm. The aim is to
identify a low-dimensional subspace V of R™ that approximates the manifold of the state
z. Choosing a matrix V' € R™ " of orthonormal basis vectors of V, an approximation of
the form V'Z(t) =~ x(t) can be constructed. Inserting this approximation into the original
system (), we enforce a Petrov-Galerkin condition by multiplying the residual with VT
leading to a ROM

di(t) = [AZ(t) + Bu(t)]dt + Zq: Niz(t)dW;(t), t>0, (2)
=1

where A=VTAV, B=V'B, N; = V' N;V and &(t) € R", #(0) = 0, with » < n. Our
main goal is to construct the matrix V', such that, the approximation error is small for
every input u considered.

2.2 Mean square asymptotic stability and generalized Lyapunov oper-
ators

We introduce the fundamental solution ® to (). It is defined as the R™*"-valued solution
to

®(t, s) :1+/tAc1>(T,s)dT+Z/tN@(T,s)dWT), t>s. (3)
s i=1YS

It is the operator that maps the initial condition xg to the solution of the homogeneous
state equation, i.e., u = 0, with initial time s > 0. We additionally define ®(¢) := ®(¢,0).
Moreover, notice that we have ®(t,s) = ®(t)®~1(s).

Throughout this paper, we assume that the uncontrolled state equation (Il is mean
square asymptotically stable, i.e, E||®(t)]|* < e ¢ for some constant ¢ > 0. With A(-)
denoting the spectrum of a matrix/operator, this is equivalent to

MK)cC_, (4)

Y(F4)4>0 is right continuous and complete.



where K := I A+ A® I+ Y7, N;® N; and - ® - is the Kronecker product of two
matrices, see for instance [12], [16]. Moreover, the system is called mean square stable if
A (K) c C_. Notice that A(K) = A(£ 4 +1IIy), where the generalized Lyapunov operator
L4+ 1y is defined by X + L4(X) = AX + XAT and X — TIy(X) = >, XN,
In Section B we will introduce a reduced system which does not necessarily preserve
(@) but it is always mean square stable, i.e., K can additionally have eigenvalues on the
imaginary axis. Therefore, we need the following sufficient conditions for mean square
stability.

Lemma 2.1. Given a matriz' Y > 0, let us assume that there exists X > 0 such that
La(X)+Iy(X) <-Y.
Then, we have X (K) C C_.

Proof. An algebraic proof can be found in [3, Corollary 3.2]. We refer to [23, Lemma
6.12] for a probabilistic approach. O

Let a(La+1Ix) := max{R(u) : u € A(La+1Ix)} be the spectral abscissa of the operator
L4 + Iy, with R(-) being the real part of a complex number. Since the stability of a
stochastic system is related to the eigenvalues of £4 + Iln, we formulate the following
result.

Lemma 2.2. There exists Vi > 0, Vi # 0, such that Lo(V1)+1 (V1) = a(La+1Ix)V5.

Proof. A proof in a more general framework can be found in [I2] Section 3.2]. We also
refer to [3, Theorem 3.1] and the references therein. O

Finally, spectral properties of the Kronecker matrix involving both the reduced and the
original model matrices are required.

Lemma 2.3. Given that the full model is mean square asymptotically stable, whereas
the reduced system is just mean square stable, i.e., we have

q q
>\<I®A+A®I+ZN¢®NZ-> cC_ andA<I®A+A®I+ZNi®NZ-> cC_.
=1 =1
Then, it holds that
A~ q A
A<I®A+A®I+2Ni®Ni> cC_.
=1

Proof. A probabilistic version can be found in [23] Lemma 6.12] and an algebraic ap-
proach is given in [3, Proposition 3.4]. O



3 Dominant subspaces and reduced order model

3.1 Dominant subspaces of ()

We identify the redundant information in the system by using the reachability Gramian
oo
P .= IE/ ®(s)BBTd" (s)ds.
0

Notice that P exists due to the exponential decay of the fundamental solution ®. Prac-
tically, one can compute P by solvmg a generalized Lyapunov equation. Using Lemma
AIwith s =0, A=A, B= B, N; = N; and t — oo, we obtain that the reachability
Gramian is a solution of the following generalized Lyapunov equation

q
AP+ PAT +Y N;PN, = -BB". (5)
i=1

Let z(t, xo,u), t > 0, denote the solution of ([Il) with initial value xy and control u. Then,
for z € R”, we have

1

sup E |(z(t,0,u), 2)2] < (27P2)" |lul 3 (6)
t€[0,T]

using the results in [24]. Let (py)r=1, . be an orthonormal basis of R" consisting of
eigenvectors of P. Then, the state variable can be written as

n

x(t,0,u) = Z (x(t,0,u), pk)y Pk-

k=1

Setting z = py in (@), we obtain

1
sup E |(x(t,0,u),pk>2| < )‘]i HUHL% ) (7)
t€[0,T]

where Ay is the corresponding eigenvalue. Consequently, we see that the direction py
is completely irrelevant if A\ = 0. On the other hand, if A; is not zero but small,
then a large component in the direction of py requires a large amount of energy by ().
Therefore, the eigenspaces of P belonging to the small eigenvalues can also be neglected.

A ROM can now be obtained by removing the unimportant subspaces from (IJ). This is
done by first diagonalizing P. If P is diagonal, we have that py is the kth unit vector and
the diagonal entries of P indicate the relevance of the respective unit vector. A reduced
system can then be easily derived by truncating the components of x associated to the
small/zero entries Ay of a Gramian of the form P = diag(\1,...,An).



3.2 Reduced order model by Galerkin projection
We introduce the eigenvalue decomposition of the reachability Gramian as follows

P=STAS,

where 71 = ST and A = [/\01 /?2] = diag(A1, ..., A,) is the matrix of eigenvalues of P.
For simplicity, let us assume that the spectrum of P is ordered, i.e., Ay > ... > A, >0
so that Ag contains the small eigenvalues. Let us do a state space transformation using
the matrix S. The transformed state variable then is x = Sz. Plugging this into (),
we find

dap(t) = [Apa(t) + Byu(t)|dt + Y Nipz(t)dWi(t), >0, @
i=1
x(t) = STacb(t),

where the balanced matrices are given by
Ni11 Ni
Ay = SAST = [ﬁ; g;;} , B,:=SB= [g;} Ny = SN;ST = [N;i N;Z] . (9)

We refer to () as the balanced realization of the linear stochastic system. The fundamen-
tal solution of the balanced realization is ®, = S®S T which can be seen by multiplying
@) with S from the left and with ST from the right. Therefore, the reachability Gramian

of () is
Py=E [ @(s)ByB] @] (s)ds = SPST = A. (10)
0

We partition x, = [} ], where x1 and x5 are associated to A; and Ag, respectively. Now,
exploiting the insights of Section B.I] x5 barely contributes to the system dynamics. We
obtain the reduced system by truncating the equation related to z9 in (). Furthermore,
we set the remaining zo components equal to zero. This yields a reduced system (2))
with matrices

A=A =VTAV, B=B =V'B, N;=Ni;1=V'N}V, (11)

where V are the first 7 columns of ST = [V S2].

In large-scale settings, the reachability Gramian can be computed using low-rank meth-
ods (see [7, 29]), i.e., we find a matrix Zp € R™! with | < n, such that P ~ ZpZ}.
Consequently, in this setup, the Galerkin projection can be identified using the singular
value decomposition of Zp.

4 Properties of the reduced system

4.1 Mean square stability and reduced order Gramian

In this section, we study stability preservation and the existence of the Gramian for the
reduced system in (II). The next result guarantees mean square stability.



Proposition 4.1. Suppose that Ay = diag(A1,...,A\.) > 0. Then, the reduced order
system ([2) with A=Ay and N; = N; 11, introduced in (@), is mean square stable, i.e.,

q
M @A +An @1+ Z Ni11 ® Nij11) € C_.
i=1

Proof. According to ([I0)), the balanced reachability Gramian is the diagonal matrix A of
eigenvalues of P. Using the partition of the balanced matrices in (@), we therefore have

q
A11 A12 A1 0 + A1 Airl A; + z 11 Nz 12 A1 0 NiTll NiT21
A1 Asz 0 Az 0 Az Al, A Z Ni21 Ni22 0 Az N,T1o N
—1 ) )
B1B] B1Bj]
By B B2BJ

The left upper block of the above equation is

q q
A+ MAL+D) N nMN = —BiBl =) N 1AoN, <0
=1 =1

Since Ay > 0 by assumption, Lemma 2.1] yields the claim. O

Using Proposition A1l and Lemma 2] the reduced order system is asymptotically mean
square stable if and only if 0 ¢ A1 ® A1 + A1 ® I + 3.7 | Ni11 ® N;11). With the
following example it is shown that the zero eigenvalue can indeed occur.

Example 4.2. Let N; =0, A = [ _18] and B = [{})]. Then, system () is already
balanced since the reachability Gramian is given by

o
A T AT
P:/O e BB'e” *ds=[%?].

Moreover, we have rank([ B AB]) = 2 which means that the system is reachable or locally
reachable if N; were non zero. According to Section[3.2 the reduced matrices are A1y = 0,
By =0 and N; 11 = 0. Consequently, the reduced system is not asymptotically stable and
the reachability of the system is also lost since the reduced system is uncontrolled.

Example shows a difference to balanced truncation for stochastic systems, where
mean square asymptotic stability is preserved under relatively general conditions [3] 4].
Mean square asymptotic stability ensures the existence of the reachability Gramian P .=
E fo s)B1 By @T(s)ds, where & represents the fundamental solution of the reduced
system. However, asymptotic stability is only a sufficient condition for P to exist. The
next example illustrates such a scenario.

Example 4.3. Let N; =0, A= [Z] Z1] and B =[}]. Then, we have

|:e—2t +1 e—2t 1

Z 6_2‘@“} and ®()B = [<31].
2 2




Clearly, ® does not decay exponential to zero but ®B does. Therefore, the reachability
Gramian exist and is P = [933 0-32], whereas the set of solutions to (H) is given by
P+y[7' 4], yeR

Example [1.3] emphasizes that it is important to distinguish between a Gramian (given
by an integral representation) and a solution of a Lyapunov equation. The next theorem
proves that even if the reduced system is not mean square asymptotically stable, the
existence of the reduced order reachability Gramian can be guaranteed. This is one of
the main results of the paper which is also vital for later considerations, where we prove
an error bound in which P is involved.

Theorem 4.4. Given the reduced system (2)) with matrices A= A1, B= By, NZ = N; 11

defined in @) and Ay = diag(A1,..., ) > 0. Moreover, let ® denote the fundamen-

tal solution to this reduced order system. Then, there is a constant ¢ > 0 such that
; 2

EH@(t)BlHF < e, Hence, the reachability Gramian P = Efo (s)B1B] & (s)ds

exists and satisfies

q
AP+ PAL +) NinPN],, = -BiB]. (12)
=1

Proof. We set K:=I® Anp+An @I+ 23:1 N;11 ® N; 11 and consider the case that
the reduced system is mean square asymptotically stable, i.e., 0 & A(K ). According

L2 . 2
to Section this is equivalent to E ’<I> (t H < e~ implying E Hfb(t)Blup < e

Given this condition the infinite mtegral P exists. Moreover, using Lemma [AJ] with
A=A= A, B = B=DB;and N; = N; = N; 11 and exploiting that the left hand side
of ([@9) tends to zero if t — oo, we see that P solves (I2]).

Let us consider the case of 0 € A(K) = A(K ). If further B; = 0, the result of this
theorem is true. Therefore, we additionally assume that By # 0. Then, by Lemma 221
there exists V' > 0 such that

£A1T1 (V) + HNIT1 (V) A V + VA11 + Z 11VN2 11 = 0. (13)
=1
Moreover, according to the proof of Proposition 4.1l we have
q
A1+ AlAirl + Z NZ 11A1N 11 = BlBT Z NZ 12A2N 12 = : —R. (14)
i=1 i=1

‘We observe that

—~(R,V)p = (Lay (A1) + Iy (A1), Ve = (A, Lag (V) + Hyr (V) = 0.



Using the properties of the trace this yields

. 2 TN 12 . . d . .
ViB 1H +3° HV%Ni,leg = (VBB VE) + Y (V2N 12AN; 1,V )
Dt 3 i=1 7
= (R,V)p =0
This implies that
~ ~ 1
VBl =0 and VNZ'712A22 = 0. (15)

The case V > 0 is excluded since then it holds that B; = 0. Therefore, we consider the
scenario in which V' does not have full rank. We then assume that V is an eigenvector
with maximal rank, i.e., for any other eigenvector V > 0 corresponding to the zero
eigenvalue, we have rank(V) < rank(V).

Introducing the eigenvalue decomposition of V:
~ ~ 7T A A A
V=[v 0] [28] [ ] = DV, (16)

D > 0, we find a basis of the kernel by the columns of V3, i.e., ker(V) = im(V3). Inserting
(I6]) into (3] yields

Vl Bl =0 and ‘/1 ZIQA2 =0. (17)

A~ T
We use a state space transformation based on S = [ng } involving the following matrices
2

& & iy A Niu N, Sa &T Py P
A T —. [/}11 412] N oT _. [ i,11 112} A —. [ 11 A12]
SAnS Az1 Aga |’ S s Nia1 Niga |’ Shis P P |’

. 1

VITNZ'JQAQQ _ |: 0 1 ]
. 1 - 7T AT 2 |
VQTNi712A22 VQ Nz,12A2

where ([7) was exploited. We multiply (Id) with S from the left and with ST from the
right and obtain

q ~ N
5P AT A Ao T T
[An Alg] [Pu P12] [lf'u Piu] [A1T1 A;] + § : [ 0,11 Nz 12] [1?11 Pfu] N;11 Ny
Ao1 Asg P, Py P, P A, A, — Ni21 Niao Pl P NT.. NT.

(18)

A~ ‘A/TB 0 A~ 1
SB, = [vﬁwi] =i’ ] > SNinAf =

7,12 1,22
= - (33 19)

with R = VQTBIB;—‘A/Q + 23:1 VQTNZ'712A2NZT12‘A/2 > 0. Before we evaluate the blocks of
(I9), we show that

A12 = ‘/1 A11V2 = 0 and Nz 12 — Vl 111‘/2 = 0 (20)

10



To do so, we show that the kernel of V is invariant under multiplication with A;; and
Nii1. Let z € ker(V'). Then, we obtain

q

N ~ 1 2

0= (A V + VA11 + E 11VN’L 11) Zz = E T z‘TllVNi,llZ = E - HVEN@',IIZ )
1=

=1

implying that ‘A/Ni,nz = 0. Using this fact provides that

<A V + VA11 + Z 11VN1 11) zZ = VAHZ.
i=1

Hence, we have Ajj ker(V), Nj 11 ker(V) C ker(V). Since the columns of Vs span ker (V)
and due to the invariance, there exist suitable matrices A1 and N; 11 such that

A Vo =VoAy and  NjiiVe = Va1 (21)

EXplOltlng that V1 Vo = 0 gives us (IQIII) Moreover, we see that Ay = V2 AV =
V2 VQAH = Ay; and similarly N, 99 = N, 11 using that V Vg = I. Taking (20) into
account, the left upper block of (IIEII) is

q
APy + PhAj + Z Nz 1PN 1 =0
i=1

q
& P AL+ AnPR + ) P Nin PuNL PR =0, (22)
i=1
The evaluation of the right upper block yields

q .
N.T.
A11P12+P11A21+P12A22+Z 1110 [Pu P12] [Az,m] =0

P12 P22 NiT22
T
5—1 71 P A—1p AT A—1 Py Pr1a N; 21
& A21 = — <P11 A11 P + Py PraAgy + Z [P'N;11 0] {PITQ ng] [NZTQQ ]) . (23)
=1 ’

Finally, the right lower block is given by

q N
s i B L BTAT LA i oo [Py Pl [N -
Ao Pio + Ao Poy + P1T2A2Tl + P22A;2 + Z [Ni,21 N¢,22] [ AlTl A12] Afl =—R. (24)
— Py Pao Ni,22
1=
We set P22 == p22 - Pngpﬁlpm, NZ‘,Ql == Ni,Ql - Pl—gpl_llNi,ll and insert (m) into (@)
in order to obtain

~ ~ ~ T 1 13'11 p12 NiTQI
AgoPas + PagAgy — PLH(AL P + Py Aun) Pro + 21 wor Moz [PITQ 1522] [NJQJ
(2

q

Z . - Pu Pio | [ (BT PN, )T] A
+ N; N; 124711 4Vi,11 = —R.
— [ Nir iz ] [P1T2 P22] [ 0

1=

11



Using (22)) for the above relation leads to

q -~
P T
A1 D AT § : & & P11 Pr2 N1 B
A22P22 + P22A22 + [Ni’gl Ni722:| |:PT ng :| |:N1T = —R
— 12 1,22
1=

We add and subtract Y 7 , NZ 22P22N g Tesulting in

q .
Aoo P Do A Y p p NT .
AgPog + Py A, + Z N; 22PN, 22+ Z 121 Nia2 {1?1# o } [ #21] =—R.

£ Py P1T2P11 Py Ni,22
=1
{PlTl - {5521 . } is positive semidefinite since it holds that
Pyy Pp Py Pra
N ~ 1 1 2
Py P2 Y TH TP TpHT p—1p A§ A_EA
[T =T | o7 prpip, | (2] =y Puy+2y Pioz+z PPy Poz=|Ply+ P *Poz|| >0,
12 F12411 F12 9

where [¥] is an arbitrary vector of suitable dimension. Therefore, we have

q g N
A N AT < A T 7~ ~ - 1511 1512 N1'T21
AgyPoy + Poy AT, + Z; ) (R + Z; [N S ] | 3 5o 2885 | [NJ D

<0 (25)

R A s 1—1
and Pas > 0 since it is the inverse of the right lower block of L};l% ]P;u] . By Lemma[2.T]
12
this implies A(I@AQQ +A22®I+Z f 22®NZ 22) C C_. Let ®4 denote the fundamental
solution of the system with matrlces (A22, i.22). Moreover, we set B2 = V;Bl Then,

Wwe can express

E H(i)(t)BlHi _E stsci)@)sngglui ~E[Se0sT [ 5]

(26)

We partition S®(t)ST = [i;gg 228} and find the associated equation by multiplying

the one for ® with S from the left and ST from the right resulting in
b1 d12| _ 110 An O by ‘i>12 1 11 ®11 P12 .
[ém <i>22] o [OI]+/() [Am A22] [ém doo S+Z/ Ni o1 N122 [<b21 ¢22}dWZ(S)'
(27)

Evaluating the right upper block and subsequently the right lower block of (21), we see
that @19 = 0 and ®99 = P9. Therefore, (26]) becomes

(28)

sl =505

.

12



In addition, we obtain the following rank relation

To ¢ = rank([Bl A11B7 ... A;;lBl ]) = rank([S‘Bl (S’AHST)SBl .. (S’AHST)T_lS’B]) (29)
= rank([Bg AQQBQ Ag;lég ]) = rank([Bg AQQBQ A;% 132 ])

where 7 is the number of rows/columns of 12122. If there is no zero eigenvalue of the
Kronecker matrix associated to (Agg, i22), then <i>2 decays exponentially and the claim
of this theorem follows by ([28]). If the projected system still has a zero eigenvalue, then
by Lemma 2] there is Vay > 0, Vao # 0, such that

Ao Vg + Voo Agy + Z 22V22Nz 22 = 0.
=1

Now, one can further project down the reduced system with matrices (12122, BQ,NLQQ)
by the same type of state space transformation as in (I8) based on the factor of the
elgenvalue decomposition of Vgg instead of S and based on (Iﬂ) instead of (I4]). Notice
that V22 cannot have full rank since else we have B2 = V2 Bi = 0 which, together
with (7)), implies By = 0. One proceeds with this procedure until a mean square
asymptotically stable subsystem is achieved. Such a subsystem exists since if one reaches
a system of dimension 7¢, then it holds that ro = ro in (29). This local reachability
condition combined with (23] is equivalent to mean square asymptotic stability, see [12]
Theorem 3.6.1]. Since (28]) is then also obtained with the mean square asymptotically
stable subsystem, the result follows which completes the proof.

O

Remark 1. The only structure of the reduced system that was used in the proof of
Theorem is the existence of an equation of the form (I4l). Therefore, this theorem
can be extended to any reduced system for which there exists a matriz X > 0 such that

q
AX + XAT+> N, XN <-BB'.
=1

The following implication of Theorem [£4] shows the square mean asymptotic stability
of the ROM ([IIJ) is preserved in some extended way.

Corollary 4.5. Suppose that the reduced system (2]) with matrices A=Ay, B=DB; #0
and N; = = N; 11 defined in (@), and associated to the fundamental solution d, is not
mean square asymptotically stable. If we further have that A; > 0, then there exists
Vo € R"*70 - rq < r, with VO Vo = I leading to a projected system Ay = VOTAHVO,
Bo = Vo By and NOZ = Vo i,11V0, associated to the mean square asymptotically stable

A

fundamental solution ®y. Moreover, it holds that
d(t)B; = Vo (t) By

13



Proof. As in (28), we can write ®(£)B; = ST (S®(t)ST)SB; with the orthogonal matrix
ST = [¥1 1, ]. Following the steps of the proof of Theorem B4, we see that ®(t)B; =
VQ@Q (t)Bg, where Bg = \72TB1 and where <i>2 is the fundamental solution for the system
with matrices VQTAH Vg and VQTle VQ. If Ci)g is mean square asymptotically stable, we
have that Vp = Va. Else, by the proof of Theorem [£.4] the projection procedure can be
repeated until an mean square asymptotically stable subsystem is achieved. In this case,
Vb is the product of matrices like Va. U

Corollary shows that the obtained ROM always has a mean square asymptotically
stable realization. In other words, the procedure described in Section Bl produces a
ROM that is either mean square asymptotically stable or that can be further reduced to
a mean square asymptotically stable system without an additional approximation error
given that xg = 0.

The following corollary will be useful for interpreting error bounds for the approximation
error in Section

Corollary 4.6. Given the assumptions of Theorem [{.4), we have that

A~

tr(P) < tr(Ay),

where P is the reachability Gramian of the reduced system with coefficients A = Ay,
B = B1 and NZ = Ni,ll'

Proof. As in the proof of Theorem [4.4] three cases need to be considered. Let us first
assume that the reduced system is mean square asymptotically stable, i.e., 0 ¢ A(K).
Subtracting (I2]) from (I4]) we see that A — P satisfies

q q
All(AI — P) + (Al — P)AE + Z Ni,ll(AI — P)Nz—,rll = — ZNi712A2NzT12 =: —Ro.
i=1 =1
(30)

Now, equation (B0) is uniquely solvable. According to Section [B.1], this solution is repre-
sented by E [° ®(s)Ro® " (s)ds > 0. Therefore, we have that A; > P implying the claim
of this corollary. Now, let us study the case of 0 € )\(K ). B1 = 0 implies that P=0
leading to A1 > P. Tt remains to consider the case of an unstable reduced system with
By # 0. We use the arguments of the proof of Theorem 4] and assume w.l.o.g. that the
projected reduced system with matrices (AQQ,BQ,NZ"QQ) and fundamental solution <i>2
is already mean square asymptotically stable. Else we could project down the reduced
system further and the same arguments apply as the ones we use below. Integrating
both sides of (28] over [0,00) and using the definition of the Frobenius norm, we obtain

tr <E/OOO @(t)BlBchﬁT(t)dt> = tr (IE/OO éz(t)BQBgég(t)dt)

0

=P =P,
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Due to the mean square asymptotic stability, we know that P, is the unique solution to

q
A22P2 + P2A;r2 + Z N¢722P2Ni,—r22 = —BQB;.
i=1

Comparing this equation with (25]), we find that Py < Poy = Py —P1T2]51_11]512 < Pyy. We
exploit (I8) leading to tr(P) < tr(Py) < tr(Pag) + tr(Py1) = tr(SALST) = tr(Ay). O

4.2 FError bounds

In this subsection, we derive error bounds for the model reduction procedure proposed in
Section Bl We begin with an error bound that is general in the sense that it only requires
the existence of the Gramians P and P and does not exploit any further structure of the
reduced system. Once this general bound is established, an error estimate for the choice
in ([II)) is given allowing to identify the scenarios in which this ROM leads to a good
approximation. The next result characterizes the error in a full state approximation.
Notice that we use similar techniques as in [6l, 27], where output errors were considered.
However, we state the following proposition under milder assumptions.

Proposition 4.7. Suppose that ® denotes the fundamental solutions of (), and o

denotes the fundamental solutions of ([2)) obtained by Galerkin projection using V € R"*"

with V'V = I. Moreover, let x and & represent the solutions to both systems. If there
12

is a constant ¢ > 0 such that E ||®(t)B|*, E H@(t)B ‘ <e  and if 1o = 0 and &9 = 0,

we have

sup E[z(t) — Vi(t)|, < <tr(P) +te(P) — ztr(PQvT))5 lull 2 ,
te[0,T] T

where the matrices P := E [[° ®(s)BB'®" (s)ds, P .= E [;° ®(s)BBTd " (s)ds, Py :=
E [;°®(s)BBT®"(s)ds satisfy

q
AP+ PA" +> N,PN; = -BB', (31a)
=1
A A A ~ q A A A A A
AP+ PAT +> N,PN =-BB', (31b)
=1
~ q A A
AP, + R AT +> N;PN;' = -BB'. (31¢)
=1

Proof. 1t can be shown that the solution of () is given by

x(t) = ®(t)zo —i—/o ®(t, s)Bu(s)ds,

15



see, e.g., [12]. Setting the initial states in (II) and (2]) equal to zero and using the solution
representations for both systems, we obtain by the triangle inequality that

E |l2(t) - Vx()|]2<E/ |(2t.5)8 Ve, 5)B) uls)|, ds
< E/O |t 518~ v, B[ u(s)l, ds.

We apply the inequality of Cauchy-Schwarz and obtain

1
t . NI 2
E|lz(t) — Vi(t)|l, < (E/ H(I)(t, s)B — V(I)(t,s)BHFds> lull . -
0 t
The definition of the Frobenius norm and properties of the trace operator yield
5 517 TeT
E H(I)(t, s)B — V(t, S)BHF = tr (IE [@(t, s)BBT® (¢, s)])
+tr (VE[ (t,s)BBT & (t, s)vTD
~otr <IE [@(f, s)BBTd7 (1, 5)} VT) .

Using Corollary A2 ®(t,s) and ®(t,s) can be replaced by ®(t — s) and ®(t — s) above.
Writing the resulting trace expressions by the Frobenius norm again, we obtain

) - Valo)ly < (& [ o -8 - Vit - 8] as) uly

_ <IE /Ot H@(S)B - Vé(s)BHidsf lull 2
< <IE /Ooo o) - V@)(s)BHids)é el

The infinite integral above exists due to the exponential decay of ®B and dB. Taking
the supremum over [0, 7], inserting the definition of the Frobenius norm and exploiting
that V'V = I, we obtain

1

sup E [lz(t) = Vi)l < (tr(P) + tr(P) = 26e(PV 7)) ull 3
te[0,7

The infinite integrals P, P and P, satisfy (BI]) due to Lemma[A.T] using the exponential
decay of ®B and ¢B. O

Remark 2. Under the assumptions of Proposition [{.7, the solutions of [BIl) are not
necessarily unique as Example [{.3 shows. Uniqueness can be ensured if we further have
that @ and ® decay exponentially in the mean square sense.
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Based on the result in Proposition 4.7, we now find an error bound for the reduced
system introduced in Section Output error bounds for balanced truncation in the
same norm based on different choices of Gramians are proved in [6,[26]. The error analysis
for the scheme in Section is more challenging since less structure than in the case
of balanced truncation can be exploited which is a method where the reachability and
observability Gramian are both diagonal and equal (after a balancing transformation).
Moreover, in contrast to balanced truncation, we need to discuss the case in which mean
square asymptotic stability is not preserved.

Theorem 4.8. Let x be the solution to the mean square asymptotzcally stable system @
and T the solution to ([2) with zero initial states and with A= Aqq, B= B, N N; 11
being submatrices of the balanced partition in Q). Let A = diag(Ai, A2) be the matriz of
ordered eigenvalues of the reachability Gramian P with Ay = diag(Ay,...,\.) > 0. Let
ST = [V S2] denote the factor of the associated eigenvalue decomposition of P. Then, it
holds that

1

sup E|o(t) = Vat)ly < (b(P = Ar) + tr(A2Wo) ) ul 5 . (32)
te[0,7

where P is the reduced reachability Gramian and
Wo = I + 241, +ZNZT12 <2Y [NZZD .
i=1
The matrix Y = [Y1 Y2 is defined as the unique solution to

A Y+YAb+Z Y Nip=—(SV)" = —[10]. (33)
i=1

If it moreover holds that 0 ¢ A(I ® Aj1 + A1 @ I + 23:1 Ni11 ® Nj11), then Q can be
introduced as the positive semidefinite solution to
~ A q ~
A1T1Q + QA + Z NZTllQNi,ll = 7. (34)
i=1

Hence, the error bound becomes

sup E [l(t) — VE(t)]y < (tr(AsW))? lull s
t€[0,T]

where the weight is
W =T + 24]. Y2+ZNZT12 (2Y [ “2} QNHQ) .
i=1
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Proof. Since the original model is asymptotically mean square stable and due to Theorem
M4 the assumptions of Proposition 7 are met such that we have

sup E||z(t) — Vi(t)], < <tr(P) + tr(P) _zm«(vaT)) lull 2.
t€[0,T]
Notice that P uniquely solves (BIal). Since the ROM is mean square stable by Proposition
41 and due to Lemma 23] P» is also the unique solution to ([BIc). However, there can
still be infinitely many other solutions to (3Ihl) besides P. Using the balanced realization
in (@), the error bound then becomes

sup E|Jz(t) — Vi(t)], < (tr(A)—i—tr(ﬁ)—%r(STXVT)) lullz . (35)
te[0,7

where A and X = S P, uniquely solve

q
AA+AA] + Y NpAN}, = —ByBy (36)
=1
AX + XAl + Z Nip XN, = —B,B/. (37)

By Lemma[2.3] there is a unique solution to (33) which we can use to rewrite tr(ST XV ") =
tr(Y ByB{ ). Based on the partition (@), we evaluate the first r columns of (B8] and ob-
tain

“BB] = Ay [M] + [Aﬂ +ZNMA[N1TE}
- ] e [ 3 ([N T+ 3] o).
Inserting this into tr(Y ByBy) yields
] (30 ]+ 3 (8] + [] o)
Y[AH}JFA Y1+ZN,THY[ :;}D

fil

q
Ny,
ALYs + ) NilY [N,-,Z }] > :

i=1

—tr(STXVT) =tr (Y

= 1r (Al
tr (AQ

The first r columns of ([B3]) yield

q
T T N;,
AYa + ) NiipY [mi}
=1

—tr(STXVT) = —tr(Ay) + tr <A2
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Inserting this into the bound in (B3] leads to

tr(A) + tr(P) — 2tr(STXV ") = tr(P — Ay) + tr (Ag

q
[+240Y, +23 N,y [%ﬁ;g]] ) ,
=1

which proves (32)).

Now let us consider the case where 0 ¢ A(I ® A1 + A1y @ I + >0 1 N;11 ® N;11), Le.,
the reduced system is mean square asymptotically stable by Proposition 1] and Lemma
Therefore, ([34) has a unique positive semidefinite solution Q Subtracting the left
upper 7 X r block of (B6) from (31Dh), we find

q q
AH(P — Al) + (P — AI)AE + Z Ni,n(P — Al)NZ—,rll = Z Ni,12A2NZ’:|—12-
i=1 i=1

Hence, we have

q
tr(P—Ay) = —tr < A1T1Q + QA + ZNL1QN@11

(P — A1)>

i=1
q
= —tr <Q Ap(P—A)+ (P — Al)AlTl + Z Nin(P— Al)NJH] >
i=1
q A
= —tr <A2 Z NleZQNi,H) ,
i=1
which concludes the proof of this theorem. O

Theorem [4.8] is a vital since it shows the relation between the truncated eigenvalues
contained in Ay and the error of the model reduction procedure. By Corollary 4.6l we
know that tr(P — A;) < 0 and therefore (32) shows that the error between z and Vi is
small if Ay has small diagonal entries. Consequently, the reduced system is accurate if
only the small eigenvalues of P are neglected. Moreover, this tells us that the reduced
order dimension r can be chosen based on the eigenvalues of P since their order is a
good indicator for the error. Certainly, the error bound representation in Proposition
[47 is more suitable for practical computations than the one in Theorem 8 This is
because one only needs to solve for P and P, satisfying B1H) and (3Id) in addition to
the Gramian P which is already computed within the model reduction procedure.

5 Full state approximation for bilinear systems

In this section, we discuss the extension of the proposed results for the class of bilinear
systems. We consider the Galerkin projection based model reduction scheme that was
studied in Section for deterministic bilinear dynamical systems governed by

4(t) = Az(t) + Bult) + Y Niz(t)u(t), t>0. (38)



Roughly speaking, (B8] is obtained by replacing the white noise processes dgtVi in ()
(¢ = m) by the ith component u; of the control vector u € L2, which we assume
henceforth to be deterministic. Transferring the results from the linear stochastic to the
deterministic bilinear case is not trivial, since from the theoretical point of view (38) and
() are very different, since white noise is not a function. However, due to the recently
shown relation between stochastic and bilinear systems in [25], we are able to establish
the results of the previous sections for (B8] in a similar manner. Let us assume that
the matrix A is Hurwitz, i.e., A(4) C C_. Writing the solution z = z(-, z9, B) to ([B8)
dependent on the initial state zy and the input matrix B, A(A) C C_ implies

I2(t, 20,0)l; S e, >0,

for all zo € R™if [ |u(s)||3 ds < oo, i.e., the homogeneous equation is asymptotically
stable with exponential decay, see [25]. If N; for all i = 1,...,m is sufficiently small, A
being Hurwitz implies mean square asymptotic stability in the sense of (4]). This can
be, e.g., seen by the sufficient condition for () in [12], Corollary 3.6.3], see also [31]. We
can now control the matrices N; by recalling (B8]) with v > 0 resulting in

, 1 1

i(t) = Az(t) + [;B] u(®)] + Y [= Nilz () bui (1), (39)

i=1 v

compare also with [2 [IT], where this technique has also been used. If «y is sufficiently
large, @) can be guaranteed for the pair (A, %N,) which provides the existence of a
unique solution to

1 & 1
AP, + P, AT + . > NiPyN] = —ﬁBBT. (40)
i=1

According to Section B.I P, is the reachability Gramian of the stochastic system ()
with coefficients (A4, %B , %Nl) Choosing P, for v = 1 as a reachability Gramian in the
context of model reduction for bilinear systems was first proposed in [I] and, e.g., further
investigated in [2]. By [25] we know that P, takes a similar role as in the stochastic case
(compare with (7)), i.e., it characterizes redundant information in (B8] by

1 2
sup [(2(t,0,B),py k)2 < )\3/7,g exp {0,572 HUOHH },y ”uHLQT , (41)
t€[0,7 T

where (p, 1) is an orthonormal basis of eigenvector of P, with associated eigenvalues
(Ay,x) and u? the vector of controls entering the bilinear part of the equation, i.e.,

m %
u;, else.

0 if N;=0
W= (ud u) .. ul)T with uOE{’ b (42)

Therefore, the eigenspaces of P, corresponding to the zero eigenvalues are irrelevant for
the system dynamics. Moreover, assuming that the control energy is sufficiently small,
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(4T tells us that z(-,0, B) is small in the direction of p., i, if A, j, is small. Therefore, these
eigenspaces can also be seen as less relevant in (38]) and can hence be removed leading
to ROMs. A somehow different way of characterizing unimportant states in a bilinear
equation was discussed in [2} [15], where local estimates for the reachability energy based
on P,, v =1 have been shown.

Remark 3. So far, we observed some essential differences between stochastic and bilin-
ear systems. System ([B8) only requires A to be Hurwitz instead of {l). On the other
hand, we consider a family of Gramians for the bilinear case depending on ~y rather than
a fired Gramian. Although the characterization of irrelevant states are similar in both
cases, the exponential in (A1) indicates that we need a certain smallness assumption on
u® and ~ in order to make our arguments valid.

The above considerations motivate to conduct the same reduced order modeling proce-
dure as explained in Section We introduce the eigenvalue decomposition of

_ T A'y,l 0
P’Y _S’Y |: 0 A%2 S’Y’

where A, 1 > 0 contains the large and A, 2 the small ordered eigenvalues of P,. Using
the partition

(M 40 () N O
T _ | Air Aie _ | Bi oT _ | Nenn Niga
S,AST = |:qu) Ol SB={gn ] SN = |0 N (43)
i, i,

the eigenvectors associated to small eigenvalues of P, are then truncated, resulting in
the reduced model

51 = AQ 2 () + B u(t) + Y N & (Huwi(t), > 0. (44)
i=1

The properties of (4] can now be immediately transferred from the considerations in
the stochastic case. By Proposition 4.1l we have

1 « ol
M @AY +AY oI+ = S NN T (45)
i=1

Example shows that eigenvalues on the imaginary axis can occur in (45]), but they can
be excluded by Lemma[22]if 0 ¢ )\(I®Ag) —i—Ag) QI+ 712 oy Ni(})l ®Ni(3)1). However,
even though there is a zero eigenvalue, the existence of the reduced order Gramian can
be guaranteed using the arguments of Theorem [4.4]

In order to keep the discussion around the error bound for bilinear systems short, we
do not discuss the scenario of a zero eigenvalue (@3] in detail. Therefore, let us exclude
this case below. We can now transfer the result of Proposition [4.7] to the bilinear case
by the results of [25].
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Proposition 5.1. Let z be the solution to [B8) with A\(A) C C_ and let z, represent the
solution to ([@dl). Moreover, let v > 0 such that

1 m
A(I®A+A®I+?2Ni®Ni)cC,
i=1

and that the ROM coefficients satisfy
1 m
Og)\(I@’AS) +A§71)®I _QZ 211

Given zero initial states to both equations and V, € R™™" being the first v columns of the
factor S;r of the eigenvalue decomposition of Py (unique solution to ([@Q)), we have

1
R ~ 2 2
sup [|2(t) = Va2, (1)l < (6r(Py) + tx(Py) = 242(P, 2V,)) * exp {0597 (|75 } 5 gz
t€[0,T] r

where Py o and ]57 are the unique solutions to

AP 2+P QA(,Y)

AP+ Al

”MS ||M3

Q|,_. Q

Proof. Given the assumptions Py, P, and ]57 exist. The result is then a direct conse-
quence of Corollary 4.3 in [25]. O

Theorem 5.2. Under the assumptions of Proposition [5.1], we have

A 1 2
sup [|2(t) = Vo2, (1)l < (bx(Ay sW5)) 2 exp {0.592 W] 7}y llullz . (46)
te[0,T] r

where the weight is

N('Y) N
W, =1+240 v, t3 Z N, <2Yy [ Qif] - QWSQ) :

122

Above, Y, = [Yy1 Yy2| and Qw are defined as the unique solutions to

ADY, + v, A 4 szNﬂl YoNG =~ [r10],
1=1

11 Qv "‘Qv " "+ 3 Z 11 Q’YNl(,I)l =1,
where we set Al(;Y) = SA,ASJ/— and NZ.(Z) = SA,NZ‘SJ{—.
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Proof. The result directly follows from the proof of Theorem [4.8]in which B and N; need
to be replaced by %B and %Ni. O

As in the stochastic framework, we can conclude that truncating the small eigenvalues
of P, leads to small diagonal entries of A, > and hence to a small error in the dimension
reduction according to Theorem given that the exponential in ([46]) is not too domi-
nant. Therefore, the eigenvalues of P, can be used as a criterion to determine a suitable
reduced order dimension 7.

6 Numerical experiments

In this section, we test the efficiency of the proposed method (see Sections and
B), denoted here by 08, in some numerical examples. We compare the results with
the ones obtained by applying the standard balanced truncation method for a full state
approximation, denoted here by BT (see, e.g., [2] for the bilinear and [6] for the stochastic
case). All the simulations are done on a CPU 2.6 GHz Intel® Core™i5, 8 GB 1600 MHz
DDR3, MATLAB® 9.1.0.441655 (R2016b).

For this study, we consider a standard test example representing a 2D boundary con-
trolled heat transfer system; see, e.g., [2]. Its dynamics is governed by the heat equation
subject to Dirichlet and Robin boundary conditions, i.e., the following boundary value
problem

Orr = Az, in(0,1) x (0,1),

n-Vr =08ujx onl'y,
T = ug, onl'y,
r = 0, 0I1P3,P47

where I'y = {0} x (0,1), 'y = (0,1) x {0}, I's = {1} x (0,1) and I'y = (0,1) x {1}.
In this system, there are two source terms, namely u; and us, which are applied at the
boundaries I'; and I's, respectively. A semi-discretization in space using finite differences
with & = 20 grid points results in a control system of dimension n = 400 of the form

& = Az(t) + Nz(t)ui(t) + Bua(t). (47)

We refer to [2] for more details on the matrices in (47]).

6.1 Stochastic example

First, we consider that the boundary I'; is a perturbed by noise, i.e., u; = dd_V;/ with W
being a standard Wiener process. Hence the resulting dynamical stochastic system is of
the form

dx(t) = [Az(t) + Bus(t)]dt + Nz (t)dW (1), t> 0.
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In order to apply BT, we additionally need to compute the observability Gramian @),
which satisfies the following Lyapunov equation

q
ATQ+ QA+ NJQN; =-I (48)

i=1

with ¢ = 1 and N; = N. This method was studied in detail in [6]. However, solving (48))
leads to much higher computational cost especially due to the full-rank right hand side
which does not allow the usage of low-rank solvers. Figure [I] depicts the decay of the
eigenvalues/singular values of P as well as the decay of square root of the eigenvalues of
PQ (Hankel singular values). As shown in Theorem [£.8] the eigenvalues of P play an
important role in the error bound for 0S and provide an intuition for the expected error.
Similarly, the Hankel singular values are also associated the error bound for BT, see [6].
The decay of both curves in Figure [l indicates that a small reduction error can already
be achieved for for small r.

Singular values decay

T T T T -
—0S
—1 -
10 — BT
1076 ¢ |
~C
© '
10711 E *\
P

10-16 | \ \ \ \ \
0 50 100 150 200 250 300 350 400

k

Figure 1: Decay of singular values oj: the blue curve corresponds to eig P. The red

curve corresponds to /eig PQ).

For this example, we compute reduced systems of order r = 25 for both 0S and BT.
As a next step, we compare the quality of the reduced-order systems by simulating
their responses for the input ug(t) = u(t) = efétsin(wt). To determine the transient
response, we apply a semi-implicit Euler-Maruyama scheme with step size h = 1/256
and simulate the original system and the reduced-order models in the time interval [0, 1].
Additionally, those simulations are done using 10° samples. The mean error between the
original and the reduced models are depicted in Figure2las well as the error bounds from
Proposition @7l Table [I] presents the numerical values for the error bounds and max
mean error for both methods. We notice that both reduced models are able to follow the
behavior of the original system. Furthermore, this figure shows that the two methods,
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Method | Error bound | max mean error
0S 5.46 - 1073 3.56 - 1074
BT 5.63-1073 2.05-10~*

Table 1: Stochastic example: Error bounds and the max value of the mean error for 0S
and BT for the simulation presented in Figure

BT and 08, provide very similar quality reduced models in terms of the magnitude of the
error, an observation we also made with other test examples. However, we note that BT
is a numerically more expensive method, since one needs to additionally solve for Q).

Time domain expected values simulation

L

— (S

106 ——BT

=== Error bound 0S8
Error bound BT

10—8 | | | | | I I I
0 01 02 03 04 05 06 07 08 09

time (t)

1L

L

Absolute mean value error

—_

Figure 2: Stochastic simulationlz mean error between the original model and the ROMs
for the input us(t) = u(t) = e~ 2" sin(10¢).

Additionally, for different reduced orders varying in in the range r = 1, ..., 25, the input-
independent part of the error bound given in Proposition [£.7is computed in Figure Bl
i.e., for each reduced order r we plot the value

1
2

e(r) = (tr(P) + te(P(r)V () 'V (r) = 2u(B(r)V (1))

where V(1) is the reduced basis of order r, and P(r), Py(r) are the solutions of (BIh) and
(BId). Notice that we added V()" V (r) in the second summand of the error bound since
V(r)TV(r) # I for BT. As expected, the bound decays if the reduced order is increased
for both 0S and BT.

6.2 Bilinear example

As our second numerical example, we consider the heat transfer system in (47) with
us = u1 = u. As a consequence, this leads to a bilinear system having only one input.
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Error bound as function of the reduced order
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reduced order r

Figure 3: Decay input-independent part of error bound for 0S and BT computed for
different orders r =1, ..., 25.

Method | Error bound | L, error
0S 5.46 - 1073 3.56 - 1074
BT 5.63-1073 2.05-10~%

Table 2: Bilinear example: Error bounds and the L., error for 0S and BT for the simu-
lation presented in Figure @Al

For this example, we need to solve the Lyapunov equation in ([40]). To this aim, we set
v = 1 leading to the same reachability and observability Gramians as for the stochastic
example. Hence, Figure [1l also gives the decay of singular values for 0S and BT. Simi-
larly, Figure Bl shows the decay of the input-independent part of the error bound from
Proposition B.11

As in the previous example, we obtain reduced systems of order » = 25 by using 08
and BT and compare their quality by simulating their responses for the input u(t) =
e 2! sin(10¢). To determine the transient response, we use the MATLAB®solver ode45
to simulate the original system and the reduced-order models in the time interval [0, 10].
The results are depicted in Figure d Table @ presents the numerical values for the error
bounds and max error for both methods. Similar to the stochastic example, we notice
that the two methods, BT and 0S, provide very similar quality reduced models in terms
of the magnitude of the error. Once again, we note that BT is a computationally more
expensive method, since one needs the solution to the additional Lyapunov equation in
(4]). Finally, Figure [l shows the simulation of the error for reduced models obtained by
0S with different orders. As expected, the error decays once the order is increased.
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Norm of error between the original and ROM
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Figure 4: Bilinear simu%ation: absolute error between the original model and the ROMs
for the input u(t) = e~ 2" sin(10¢).

A Matrix differential equations and their solutions

Lemma A.1. Let & be the fundamentalA solution of (d) defined in [B)) and let d be the
one of system [2)). Suppose that B and B are matrices of suitable dimension. Then, the

R™ " -valued function E [@(t, s)BBT® (¢, s)] , t > s, satisfies

t t q t
X(t)=BB" + / AX (1)dr + / X(r)ATdr +> / N X(r)N;"dr.  (49)
S S i=1 S

Proof. The result is a direct consequence of [6, Proposition 4.4] or [27, Lemma 2.1]. O

Corollary A.2. Given the assumptions in Lemma A1, we find that
EFNLﬁBBT@WL$}=E[®@—sﬂﬂf@T@—sﬂ, t> s (50)
Proof. Setting X (t) :==E [@(t)BBT@T(t)], by Lemma [AT] we find that

t—s t—s q t—s
X(t—s)=BB" + AX (1)dr + X(r)ATdr+> / N; X ()N, dr.
0 0 =1 Y0

Setting v = 7 + s, by substitution, we see that

t t 4t

X(t—s)=BB'" + / AX (v — s)dv + / X(w—s)A"dv+ Z/ NiX(v—s)N," dv.
S S i=1 S

Consequently, both sides of (B0) satisfy ([49]). Therefore, they are equal. O
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Absolute error for different orders

Absolute error

Figure 5: Bilinear simulation: time domain error for different reduced orders using 0S.
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